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This paper studies a composite problem involving the decision making of the
optimal entry time and dynamic consumption afterwards. In stage-1, the
investor has access to full market information subjecting to some information
costs and needs to choose an optimal stopping time to initiate stage-2; in stage-
2, the investor terminates the costly full information acquisition and starts
dynamic investment and consumption under partial observations of free public
stock prices. The habit formation preference is employed, in which the past
consumption affects the investor’s current decisions. By using the stochastic
Perron’s method, the value function of the composite problem is proved to be
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1. Introduction

We consider a simple model to incorporate information costs in a continuous time
portfolio-consumption problem. In particular, we study a two-stage composite problem
under complete and incomplete filtrations sequentially. The drift process of the stock
price is assumed to be of the Ornstein-Uhlenbeck type. In the first stage from the
initial time, the investor needs to pay information costs to access the full market
information generated by both drift and stock price processes to update their dynamic
distributions and decide the optimal time to enter the second stage. The information
costs may refer to search cost, storage cost, communication cost, investor’s attention
cost or other service costs. We consider the simple linear information cost in the present
paper, which is modeled by a constant cost rate and will be subtracted directly from the
investor’s wealth amount. That is, the longer the first stage is, the higher information
costs the investor needs to afford. Some previous work have addressed impacts of
information costs to optimal investment from different perspectives, see [18], [29], [1]
and [20]. In our first stage, the mathematical problem becomes an optimal stopping
problem under the complete market information filtration. The second stage starts
from the chosen entry time and the investor terminates the full observations of the
drift process. Instead, the investor starts to dynamically choose the investment and
consumption based on the prior data inputs and the free partial observations of the
stock price, which can be formulated as an optimal control problem under incomplete
information filtration. As the value function of the interior control problem depends
on the stopping time and data inputs of the drift process, the exterior problem can
be interpreted as to wait in an optimal way so that the input values can achieve the

maximum of the interior functional.

Portfolio optimization under partial observations have been extensively studied in
past decades, see a few examples in [22, 34, 8, 25, 6, 7] with different financial moti-
vations. As illustrated in these work, the value function under incomplete information
filtration is strictly lower than the counterpart under full information filtration and this
gap is usually regarded as the value of information. The present paper attempts to
study partial observations from a different perspective that the full market information

is available but costly because more data, services and personal attentions are involved.
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The information costs may change the investor’s attitude towards the usage of full
observations because it is no longer true that the more information he observes, the
higher profit he can attain. Moreover, from some previous work on partial observations,
we know that the value function eventually depends on the given initial input of the
random factor such as the drift process. As in [22, 8], it is conventionally assumed that
the initial data of the unobservable drift is a Gaussian random variable so that the
Kalman-Bucy filtering can be applied. We take this input into account and consider
a model that the investor can wait and dynamically update the distribution of inputs
using the full market information subjecting to information costs. We can show that
starting sharp from the initial time to invest and consume under incomplete information
may not be optimal.

On the other hand, the habit formation has become a new paradigm for modelling
preferences on consumption rate in recent years, which can better match with some
empirical observations, see [11, 24]. The literature suggests that the past consumption
pattern may enforce a continuing impact on individual’s current consumption decisions.
In particular, the linear habit formation preference has been widely accepted, in which
there exists an index term that stands for the accumulated consumption history. The
habit formation preference has been well studied by [12, 14, 26] in complete market
models and by [35, 36] in incomplete market models. It is noted that the utility
function is decreasing in the habit level. In the present paper, we assume that there is
no consumption during stage-1 and the investor starts to gain consumption habit only
in stage-2. Therefore, an early entry time to stage-2 may not be the optimal decision
because the investor has longer time to develop a much higher habit level. This is
our second motivation to investigate the exterior optimal entry time problem to see
whether longer waiting can benefit the investor more as the resulting habit level can
be much lower that may lead to a higher value function.

We show that the value function of the composite problem is the unique viscosity
solution to some variational inequalities. To this end, we can choose to apply either
classical Perron’s method or the stochastic version of Perron’s method introduced in [2].
For classical Perron’s method, to establish the equivalence between the value function
and the viscosity solution, we have to either prove the dynamic programming principle

or upgrade the global regularity of the solution and prove the verification theorem.
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The convexity (concavity) of the value function with respect to the state variable is
usually crucial in some standard arguments to conclude the global regularity. However,
this property is not clear in our composite problem, see Remark 4.1 for details. The
global regularity of the value function is not guaranteed, and the direct verification
proof for our exterior problem becomes difficult. Therefore, we choose the stochastic
Perron’s method instead, which allows us to show the equivalence between the value
function and the viscosity solution without global regularity. For some related works
on optimal stopping using viscosity solution, we refer to [31] and [27]. See also some
recent work on stochastic control problems using stochastic Perron’s method among
[2, 3,4, 5, 33, 23]. One important step to complete the argument of stochastic Perron’s
method is the comparison principle of the associated variational inequalities, which is
established in the present paper.

The rest of the paper is organized as follows: Section 2 introduces the market
model and the habit formation preference and formulates the 2-stage optimization
problem. Section 3 gives the main result of the interior utility maximization problem
with habit formation and partial observations. Section 4 studies the exterior optimal
entry problem with linear information costs. Using the stochastic Perron’s method, we
show that the value function of the composite problem is the unique viscosity solution
of some variational inequalities. Some auxiliary results and proofs are reported in

Appendix A and B.

2. Mathematical Model and Preliminaries

2.1. Market model

Given the probability space (2, F,P) with full information filtration F = (F})o<i<r
that satisfies the usual conditions, we consider the market with one risk-free bond and
one risky asset over a finite time horizon [0,7]. It is assumed that the bond process
satisfies S = 1, for ¢ € [0, 7], which amounts to the standard change of numéraire.

The stock price S; satisfies
dSt = /,LtStdt + O'SStth, 0 S t S T, (21)

with Sy = s > 0. Some empirical studies such as [9, 10, 15, 30] have observed that the
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drift process of many risky assets follows the so-called mean reverting diffusion. We
also consider here that the drift process p; in (2.1) satisfies the Ornstein-Uhlenbeck
SDE by

Here, (Wy)o<i<r and (Bi)o<i<r are Fi-adapted Brownian motions with correlation
coefficient p € [—1,1]. For simplicity, the initial value pg of the drift is a given constant.
We assume that market coefficients og, A, i and o, are given nonnegative constants
based on calibrations from historical data.

It is assumed that the investor starts with initial wealth 2(0) = zo > 0 at time ¢t = 0.
Also, starting from the initial time ¢ = 0, the access to the full market information
Fi generated by W and B incurs information costs xt, where x > 0 is the constant
cost rate per unit time. The information costs may refer to storage cost, search cost,
communication cost, investor’s attention cost or other service costs to fully observe the
market information F;. Moreover, to simplify the mathematical problem, it is assumed
that starting from ¢ = 0 to a chosen stopping time 7, the investor purely waits and
updates dynamic distributions of processes u; and Sy and does not invest and consume
at all. This assumption makes sense as long as the value of the optimal entry time 7
is short in the model. The dynamic wealth process after the information costs at time
t is simply given by a deterministic function x(t) = xg — kt for any t < 7.

As the full market information filtration is costly, the investor needs to choose
optimally choose an Fi-adapted stopping time 7 to terminate the full information
acquisition and enter the second stage. From the chosen stopping time 7, he switches
to the partial observations filtration ¥ = F,\/o(Sy : 7 < u < t) for 7 <t < T,
which is the union of the sigma algebra F, and the natural filtration generated by the
stock price S up to time ¢t. Moreover, for any time 7 < ¢ < T, the investor chooses a
dynamic consumption rate ¢; > 0 and decides the amounts m; of his wealth to invest
in the risky asset and the rest in the bond. Without paying information costs, the
drift process p; and Brownian motions W; and B; are no longer observable for ¢t > 7.
Therefore, the investment-consumption pair (7, ¢;) is only assumed to be adapted to
the partial observation filtration fts for 7 <t < T. Recall that at the entry time 7,

the investor only has wealth x(7) = ¢ — k7 left. Under the incomplete filtration F;°,



6 Y. YANG and X. YU
the investor’s total wealth process X, can be written as
dX; = (M — c)dt + osmdWy,, 7<t<T, (2.3)

with the initial value XT = 2(7) = 29 — kT > 0. Note that W is no longer a Brownian
motion under the partial observations filtration F;°, we have to apply the Kalman-Bucy

filtering and consider the Innovation Process defined by

n 1 1 /dS;
dW; := — — fi)dt dWi| = — | —== — jiedt <t<T
t os |:(:ut Mt) + s ti| o5 ( St Mt )a T>U> 4,

which is a Brownian motion under F7. The best estimation of the unobservable
drift process p; under F; is the conditional expectation process ji; = E[ut‘fts }, for
7 < t < T with the initial input i, = pu,, P-a.s., at the stopping time 7 where the
distribution of u, is determined via (2.2) by paying information costs up to 7. By
standard Kalman-Bucy filtering (see equation (18) of [8] or equation (21) of [25]), fit
satisfies the SDE

X(t) +osoup

dity = =A(fie — p)dt + (
os

) dW,, 7<t<T, (2.4)
with fi; = pr, P-a.s.. Moreover, the conditional variance (t) = IE[(/,Lt - ﬂt)Q‘ftS}
satisfies the deterministic Riccati ODE (see equation (19) of [8] or equation (23) of
[25])

o

ds(t) 1. (  20up

- QA)E(t) F(1-pHod, T<t<T,  (25)
gs

with the initial value (1) = ]E[(,uT - [LT)z‘}"ts] = 0 in view of i, = p,, P-a.s.. It can

be solved explicitly as

. ky exp(2(XE)t) + k
() = Vkos— s 1) 2_<A+Uup>aé7 T<t<T,
kr exp(2(E)t) — ks os

S

where k = A\?0% + 2050, \p + U;2u ki = Vkog + (A% + og0,p) and ko = —Vkog +
(A% + os0,p).

For the second stage dynamic control problem, we employ the habit formation
preference. In particular, we denote Z; := Z(c;) as habit formation process or the

standard of living process, which describes the consumption habits level. It is assumed
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conventionally that the accumulative reference Z; satisfies the recursive equation (see
[12]) that dZ; = (6(t)er — a(t)Zy)dt, T <t < T, where Z, = zy > 0 is called the nitial
consumption habit of the investor. Equivalently, we have
Zy = zpe~ Jia(wdu 4 /t o(u)e” Ja aldse du, 7<t<T,
™

which is the exponentially weighted average of the initial habit and the past con-
sumption. Here, the deterministic discount factors a(t) > 0 and §(¢) > 0 measure,
respectively, the persistence of the past level and the intensity of consumption history.
We are interested in addictive habits in the present paper, namely it is required that
the investor’s current consumption strategies shall never fall below the level of standard
of living that ¢; > Z; a.s., for 7 <t <T.

Under the partial observation filtration (F;),<;<7, the stock price dynamics (2.1)
can be rewritten by dS; = [i:S:dt + USStth and the wealth dynamics (2.3) can be
rewritten as dX; = (mefiy — cp)dt + osmdWy, T < t < T. To facilitate the formulation
of the stochastic control problem and the derivation of the dynamic programming
equation, for any ¢ € [0,T], we denote A;(z) the time-modulated admissible set of
the pair of investment and consumption process (7, ¢s)i<s<7 With the initial wealth
X, = x, which is ]-'f -progressively measurable and satisfies the integrability conditions
ftT n2ds < +oo, P-a.s. and ftT csds < +o00, P-a.s.. with the addictive habit formation
constraint that c; > Zg, P-a.s., t < s < T. Moreover, no bankruptcy is allowed, i.e.,

the investor’s wealth remains nonnegative, i.e. X, >0, Pas, t<s<T.

2.2. Problem formulation

The two-stage optimal decision making problem is formulated as the composite
problem involving the optimal stopping and the stochastic control afterwards, which

is defined by

V (0, s10; o, 20) := supE
72>0

esssup [E l/TT st‘?f” . (2.6)

(m,c)eAs(zo—KT)

In particular, starting from the chosen stopping time 7, we are interested in the utility
maximization on consumption with habit formation, in which the power utility function
U(z) = 2P /p is defined on the difference ¢; — Z;. To simplify the presentation, we only

consider in the present paper that the risk aversion coefficient p < 0. The indirect
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utility process of the interior control problem is denoted by

/ 7(08 ) ds‘fts
t p

T
s_Zs p > ~ S
= esssup E l/ (Cp)ds‘Xt =20 — K, flg = g, Zy = 20; 5(t) = O‘| .
¢

IA/(t, xo — Kt, 20, p130) 1= esssup E
(m,c)€A(xo—Kt)

(m,c)eAs(xo—Kt)

To determine the exterior optimal stopping time, we need to maximize over the
inputs of values T, XT, Z, and f[ir. Recall that the investor does not manage his
investment and consumption before 7, it follows that XT = x9 — KT, Zr = 29 and
3(7) = 0 can all be taken as parameters instead of variables. That is, p, = fir is

the only random input and we can regard pu; as the only underlying state process.

Mt=771~

(2.7)

Therefore, the dynamic counterpart of (2.6) is defined by

T —Z)p
esssup E l/ (Cépzé))dslffl

(m,c)€ A (xo—KT)

17(15, n;xo — Kt, 29) := esssup E
T>t

Remark 1. We focus on the case p < 0 in the present paper because functions A(t, s),
B(t,s) and C(t, s) as solutions to some future ODEs (3.4), (3.5), (3.6) are all bounded
and the utility U(z) is also bounded from above, which can significantly simplify the
proof of the verification result in Theorem 3.1 and the proof of comparison results in
Proposition 4.1. The other case 0 < p < 1 can essentially be handled in a similar
way. However, as the process fi; in (2.4) is unbounded and functions A(t, s), B(t,s)
and C(t,s) may explode at some ¢t € [0,7], one needs some additional parameter
assumptions to guarantee integrability conditions and martingale properties in the

proofs of some main results.

Assumption 2.1. According to Remark 3.1 for the interior control problem, it is
assumed from this point onwards that xg — kt > zom(t) for any 0 <t < T, i.e. the
initial wealth is sufficiently large after paying information costs such that the interior

control problem is well defined for any 0 <t < T, where m(t) is defined by

m(t) = /tT exp (/:(5(1)) — a(v))dv) ds, 0<t<T. (2.8)

We note that m(t) in (2.8) represents the cost of subsistence consumption per unit of
standard of living at time t because the interior control problem is solvable if and only

if Xf >m(t)Zy, 0 <t <T, see Lemma B.1.
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The function V can be solved in the explicit form given in (3.7) later. The process
V (t, s 2o — Kt, z9) with the function V defined in (2.7) is the Snell envelope of the

process \7(757 xo — Kt, 20, pt¢) above. The function V in (2.7) can therefore be written as

‘7(t7 ;0 — K, ZO) = €sSsup E ‘7(7-7 Lo — KT, 20, /J'T)
T>t

He = 77} .

The continuation region, interpreted as the continuation of full information observa-
tions to update the input value, is denoted by C = {(t,n) € [0,T) x R : V(t,n;z9 —
Kty 20) > ?(t,xo — Kt, z0,m)} and the free boundary is 9C = {(¢,n) € [0,T) x R :
XN/(t,n; xo — Kt, 20) = YA/(t,xo — kt,20,m)}. Let us denote 17(t,77; xg — Kt, z0) by ‘7(25, n)
for short when there is no confusion. By some heuristic arguments, we can write the

HJB variational inequalities with the terminal condition I7(T, n) =0,n €R, by

- ~ ov (¢, ~
min {V(t,n) — V(t,xo — Kt, 20,M), —% - CV(t,n)} =0, (2.9)
where LV (t,n) = —A(y — ﬁ)%(t,n) + 302 8;7]‘;/ (t,n). To simplify notations in the

following sections, we shall rewrite (2.9) by

oV 9V 92V _
F(t7’r]avvﬁ7%7 5772)_07 on [OaT) XR7 (210)
v(T,n) =0, forneR,
with the operator F'(t,n, v, v, vy, Uyy) := min {1} — ‘A/, —% — Ev}.
Remark 2.1. The part —%—‘Z — LV =0in (2.9) is a linear parabolic PDE and does
not depend on the interior control (r, ¢). The comparison part V—Vin (2.9) depends
on the optimal control (7, ¢) because the V is the value function of the interior control

problem provided the input X, =x0 — Kt, Zy = zp and fiy = py = 1.
The next theorem is the main result of this paper.

Theorem 2.1. ‘N/(t, n) defined in (2.7) is the unique bounded and continuous viscosity
solution to variational inequalities (2.9). In addition, the optimal entry time for the

composite problem (2.7) is given by the Fi-adapted stopping time
7% :=T Ninf {t > 0: V(t, s wo — kt, z0) = V(t, zo — Kt, zo,,ut)} . (2.11)

We also have that the process V(t,ut;xo — Kt, z0) is a martingale with respect to the

full information filtration Fy for 0 <t < 71*.

The proof will be provided in Section 4.
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3. Interior Utility Maximization under Partial Observations

We first solve the interior stochastic control problem under partial observations of
stock prices.
3.1. Optimal consumption with Kalman-Bucy filtering

For some fixed time 0 < k < T, the dynamic interior stochastic control problem

under habit formation is defined by

T

> s Zs p

V(k,z,z,m;0):= sup E / uds’]—',f
(m,c)EAR () k p

T _ p
= sup E / 7(05 Zs) ds
(m,c)EAL () k p

where A (x) denotes the admissible control space starting from time k. Here, as the

(3.1)

ka,Zkz,ﬂkn;f)(k)G],

conditional variance f)(t) is a deterministic function of time, we set 6 as a parameter
instead of a state variable.
By using the optimality principle and 1t6’s formula, we can heuristically obtain the

HJB equation as

(f](t) + Uso'up> ’ .

_ (c—2)P
Vi —a(t)zV, — X(n—n)V, —cV, o)V, + ——
t—a(l)z (n—m)V,+ 207 nn+(g§gA[c + sV + ,
1 N
+(mz)1xA WT)VI+§U§7T2VM+VM (E(t)—kasau;))w}—(), E<t<T,
m,c)E
(3.2)

with the terminal condition V (T, z,z,1) = 0.

3.2. The decoupled solution and main results
If V(t,x, z,m) is smooth enough, the first order condition gives

—nV — (f](t) + Usaup) Van

ﬂ—*(tvxazvn) = 0'2V
sVxx

i

1
1

Gt 2m) = 2 + (vx - J(t)VZ) T

Thanks to the homogeneity property of the power utility, we conjecture the value
function in the form V (¢, z,z,n) = M]\ﬂ_p(t,n) for some functions m(t,n)

and N (t,n) to be determined. It also follows that the terminal condition that N(T,7) =
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0 is required. In particular, we find that the simple ansatz of m(t,n) := m(t) satisfies
the equation (2.8). After substitution, the HJB equation reduces to the linear parabolic
PDE for N(t,n) as

P

i 2
pr’ <(ﬂ+%%@<MW+Q+MWMﬂy1

——— —N(t
2(1— p)20% (,m) + 202
n(f](t) + Usaup)p

(1-p)o?

Ny +

+ [—A(n—R)+ Ny(t,m) =0,
with N(T,n) = 0. We can further solve the linear PDE explicitly by

T _r_
Nt = [ (14 56m) " e (At + Bt +Cles) ds, (33)

for k <t <s<T. A(t,s), B(t,s) and C(t, s) satisfy the following ODEs:

Aty s) + m +2 | -2+ W A(t,s) + 25 (1) J;gsg“p)zAQ(t,s) =0,

(3.4)

L PB(H) + 050up) s S At s

Bi(t,s)+ |-A+ 21— p) B(t,s) + 2ARA(t, s)
+2QXQ_+;“MprKLSﬂ%LS)=0, (3.5)

s
(f](t) + UsUup)Q
Cy(t, s) + NaB(t, s) + = (B?(t, s) + 2A(t, s)) —0,  (3.6)
Os

with terminal conditions A(s,s) = B(s,s) = C(s,s) = 0. The explicit solutions of
ODEs (3.4), (3.5), (3.6) are reported in Appendix A. For fixed ¢ € [k, T, we can define
the effective domain of the pair (z,z) by D; = {(2/,2') € (0,400) x [0,+00); ' >
m(t)z'}, where k < t < T. The HIB equation (3.2) admits a classical solution on
[k, T] x Dy x R that

V(t,z,zmn)

- {/tT (1+ 5<S>m(5))% exp (A(t, 5)0° + B(t, s)n + C(t,5) ) ds] @ =—m®)2)"
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Remark 3.1. The effective domain of V(¢,x, z,7) requires some constraints on the
optimal wealth process Xt* and habit formation process Z; such that Xt* > m(t)Z; for
t € [k, T]. In particular, we have to enforce the initial wealth-habit budget constraint

that X, > m(k)Z; at the initial time k.

Theorem 3.1. [The Verification Theorem] If the initial budget constraint Xy, > m(k)Z
holds at time k, the unique solution (3.7) of HJIB equation equals the value function

defined in (3.1), i.e., V(k,z,z,n) = V(k,a@z,n), Moreover, the optimal investment

policy wf and optimal consumption policy c; are given in the feedback form by wf =

ﬂ*(t,Xf,Zf,ﬂt) and ¢ = c*(t,X;‘,Zf,ﬂt), k<t <T. The function 7*(t,x,z,m) :

[k, T] x Dy x R = R is given by

\ N U (i(tHUS"“'O) Nyt |,
7 (t,z,z,m) = A=p)o2 + p Nt (z —m(t)z), (3.8)

and the function c*(t,z,z,n) : [k, T] x Dy x R — R is given by

cH(tyx,z,m) =2+ o m(t)f) . (3.9)

(1 n (5(t)m(t)) N (t,m)

The optimal wealth process X; ,k<t<T, is given by

X7 =(z —m(k)z NGt fie) ex L) u L m(t)Z;
i (o mwa) o |t [l ) + m0z

(3.10)

4. Exterior Optimal Stopping Problem

4.1. Stochastic Perron’s method

We next study the exterior optimal entry problem. Recall that X, = zg — KT,
7, = zy and f](T) = 0 are all taken as parameters. Our aim is to solve an optimal

stopping problem in which pu; is the only underlying state process.

Remark 4.1. Recall that the interior value function Vs of the form in (3.7). More-
over, by Remark A.1, functions A(t,s) < 0 and B(t,s) < 0 in (3.7) due to p < 0.
That is, if we take ‘7(7', i) as a functional of the input fi,, it is not globally convex
or concave in i, € R because the function exp (A(t,s)n* + B(t,s)n + C(t,s)) is not
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globally convex or concave in the variable n € R, which depends on values of A(t, s)
and B(t,s). Therefore, the composite value function V (t,n) in (2.7) is not globally

convex or concave in 1 € R, which actually depends on all model parameters.

We choose to apply the stochastic Perron’s method in the present paper to verify
that the value function of the composite problem is the unique viscosity solution of some
variational inequalities. We first introduce sets of stochastic semi-solutions YV and V~
and prove that v~ < V < vT, where v~ and v" are defined later in (4.2) and (4.3). By
using the stochastic Perron’s method, we can show that v is a bounded and upper
semi-continuous (u.s.c.) viscosity subsolution and v~ is a bounded and lower semi-
continuous (l.s.c.) viscosity supersolution. At last, we prove the comparison principle,
that is, if we have any bounded and u.s.c. viscosity subsolution v and bounded and
l.s.c. viscosity supersolution v of (2.10), we must have the order u < v. It follows
that vt < v~, which leads to the desired conclusion that v~ = V = v+ and the value

function is the unique viscosity solution.

We next present the definitions of stochastic semi-solutions, which are mainly mo-

tivated by [4].

Definition 4.1. The set of stochastic super-solutions for the PDE (2.10), denoted by
VT, is the set of functions v : [0,7] x R — R which have the following properties:

(i) v is ws.c. and bounded on [0,7] x R and v(t,n) > V(t,z0 — kt, z9,n) for any
(t,n) € [0,T] x R.

(ii) for each (t,n) € [0,T] x R and any stopping time ¢ < 71 € T, we have v(7y, firy ) >
E[v(7a, tiry )| Fry]s P-a.s., for any 72 € T and 72 > 71. That is, the function v along
the solution of the SDE (2.2) is a supermartingale under the full information filtration

(Ft)teo,) between 71 and T

Definition 4.2. The set of stochastic sub-solutions for the PDE (2.10), denoted by
VY, is the set of functions v : [0,7] x R — R which have the following properties:

(i) v is L.s.c. and bounded on [0,7] x R and v(T,n) < 0 for any n € R.

(ii) for each (¢t,71) € [0,T] x R and any stopping time ¢ < 71 € T, we have v(7y, pir, ) <
Elv(ta AC, rync)|Fr ], P-aus., for any 7 € T and 7 > 71. That is, the function v along

the solution to (2.2) is a submartingale under the full information filtration (F):epo, 1)
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between 71 and (, where
Ci=inf{t € [r, T] : v(t, s xo — Kt, 20) > V(t, 20 — Kt, 20, 1) }- (4.1)

Remark 2. We note that the definitions of stochastic super-solutions and stochastic
sub-solutions for the optimal stopping problem are not symmetric, which are consistent
with the similar definitions in [4]. The main reason for these differences comes from
the natural supermartingale property of the Snell envelop process and its martingale
property between the initial time and the first hitting time ¢ in (4.1). That is, we
naturally need v(t,n) > ‘7(75,350 — Kt, z0,m) for all (¢,n7) € [0,T] x R including the
terminal time T in item (i) of Definition 4.1 of stochastic super-solution, but we only
require v(T,n) < V(T, xo—Kt, 20,m) = 0 at the terminal time 7" in item (¢) of Definition
4.2 for stochastic sub-solution. These comparison results and the supermartingale and
submartingale properties will play important roles to establish the desired sandwich

result v~ < V < v in Lemma 4.4.
Lemma 4.1. ‘A/(t,mo — kt, 20,m;0) is bounded and continuous for (t,n) € [0,T] x R.

Proof. For fixed z¢ and zg, it is clear that ‘7(7&, xo — Kt, z0,m) in (3.7) is continuous
and ‘A/(t, xg — Kt, 20,71) < 0. Therefore we only need to show that V is lower bounded.
By Appendix A, we know that A(u) < 0, B(u) < 0 and C(u) < K for some K > 0
thanks to p < 0. We hence obtain that (A(u)n2 + B(u)n + C(u)) < K for some
K > 0 and it follows that ‘A/(t,xo — Kt, z0,m) is lower bounded by some constant for

(t,m) € [0, T] x R again by p < 0. O
As it is trivial to see that 0 € V= and 0 € VT, we have the following result.
Lemma 4.2. V1 and V= are nonempty.

Definition 4.3. We define

v = sup p, (4.2)
pEV™

ti= inf q. 4.3

! qler%ﬁq ( )

Similar to Lemma 2.2. of [2], the next result holds.

Lemma 4.3. We have v- € V™ and vt € Vt.
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We have the first important sandwich result.
Lemma 4.4. We have v— <V < v+,

Proof. For each v € V*, let us consider 7; =t > 0 in Definition 4.1. For any 7 > ¢,

~

we have v(t,n) > Elv(r, pur)|Ft] > E[V (1,20 — KT, 20, it )| Fz] thanks to the super-

~

martingale property in Definition 4.1. It follows that v(t,7) > esssup,<, E[V (7,20 —
KT, 20, i )| F¢]. This implies that v(t,n) > V (t,7) in view of the definition of V (¢, 7) and
hence V < v by the definition in (4.3). On the other hand, for each v € V=, by taking
71 =t > 0 in Definition 4.2, we have v(t,n) < E[v(7 A, ptrac)|F) for any 7 > t because
of the submartingale property in Definition 4.2. In particular, using the definition of (,
we further have v(t,n) < E[v(7 AC, prnc)|Fi] S E[V(TAC, 20— f(TAC), 20, rnc )| Fe] <
esssup, >, E[V (7,20 — KT, z0, ptr )| Fe] = V (£, 7). Tt then follows that V > v~ because of

(4.2). In conclusion, we have the inequality v~ < 1% <qot. O
Theorem 4.1. v~ in Definition 4.3 is a bounded and l.s.c. viscosity super-solution of

F(t,n,v,v,0,,0,) >0, on[0,T) xR,

(4.4)
o(T,n) >0, for anyn € R,
and vT in Definition 4.3 is a bounded and u.s.c. viscosity sub-solution of
F(t,n,v,vs,0p,0p9) <0, on|0,T) xR,
(t,n ) [ ) (4.5)

v(T,n) <0, foranyneR.

Proof. We follow and modify some arguments in [2, 4] to fit our setting.

(i) The sub-solution property of v*. First, definition in (4.3) and Lemma 4.3 imply
that v™ is bounded and upper semi-continuous. Suppose v™ is not a viscosity sub-
solution, there exists some interior point (£,7) € (0,7) x R and a C1:2-test function
¢ :[0,T] x R — R such that v* — ¢ attains a strict local maximum that is equal to
zero and F(t,7,v, vg, v, vg5) > 0. It follows that

~

U+(t_7 ﬁ) - V(t_7 o — f(t_)720777) > 0)
— G0 (t71) — Lp(t.7) > 0.

There exists a ball B(Z,7, ) small enough that

f%f — Lo >0 on B(t,7,¢),

o >vt on B(t,7,e)\(t,7).
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In addition, as ¢(Z,7) = v (£,7) > V(£,zo — f(£),20,7), ¢ is continuous and V is
continuous, we can derive that for some ¢ small enough, we have p—e > V on B(t,1,¢).
Because v — ¢ is upper semi-continuous and B(t,7,¢)\B(t,7, §) is compact, it then

follows that there exists a d > 0 such that ¢ — & > v on B(t,7,¢)\B(t,7, 5).

If we choose 0 < £ < § A ¢, the function ¢¢ = ¢ — ¢ satisfies that

—%—“f—£<p5>0 on B(t,n,¢),
¢ >vt on B(t,7,¢)\B(L,7,5),
¢ >V on B(i,7,e),

and ¢ (t,7) = v*(t,7) - €.
Let us define an auxiliary function by

vF At on B(t,7,¢),

o
v outside B(t,1],¢).

It is easy to check that v¢ is upper semi-continuous and v¢(¢,7) = ¢*(£,7) < vt (£, 7).

We claim that v¢ satisfies the terminal condition. To this end, we pick some € > 0

that satisfies T > t + ¢ and recall that vt satisfies the terminal condition. We then

continue to show that v € V* to obtain a contradiction.

Let us fix (¢,n) and recall that ((us)i<s<r, (Ws, Bs)i<s<r, Q2 F, P, (Fs)i<s<r) €
X, where x is the nonempty set of all weak solutions. We need to show that the
process (v5(s, iis))i<s<7 is a supermartingale on (,P) with respect to (Fs)i<s<r-
We first assume that (v (s, us))i<s<r has right continuous paths. In this case, v*
is a supermartingale locally in the region [t,T] x R\B(t,7, §) because it equals the
right continuous supermartingale (v* (s, ps))i<s<7. As the process (v5(s, fis))i<s<T is
the minimum between two local supermartingales in the region B(t,7,¢), it is a local
supermartingale. As two regions [t,T] x R\B(t,7, §) and B(t,7,¢) overlap over an
open region, (v&(s, i1s))t<s<7 is actually a supermartingale.

If the process (v' (s, uis))i<s<7 is not right continuous, we can consider its right
continuous limit over rational times to transform it to the special case discussed above.
In particular, for a given rational number r and fixed 0 < ¢t <r < s < T and n € R,
it remains to show the process (Y, )i<u<r = (vg(u,,uu))tgugT between r and s is a

supermartingale, which is equivalent to show that Y, > E[Y,|F,].
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Let us denote Gy = v7(u, ity), 7 < u < s and freeze the process G after time s,
ie. Gy = vt (s,us), s <u<T. As (Gy,)r<u<r may not be right continuous, by

Proposition 1.3.14 in [19], we can consider its right continuous modification by

Gl (w):= lim Guw), r<u<T.

u —u, u'>u, u' €Q
Note that GT is a right continuous supermartingale with respect to F that satisfies
the usual conditions. Because vt is upper semi-continuous and the process remains
the same after s, we conclude that G, > G}, Gy = Gf. Recall that vt < ¢ — § in

the open region B(t,7,e)\B(t,7, §), if we take right limits inside this region and use

continuous function ¢, we have

. - _ - _ €
GI < ng(unuu)v if (u7/1'u) € B(tvnvg)\B(tﬂL 5)

Thus, if we consider the process

Gy (u,pa) € B(,7, 5),

YT = t
GE NS (u, p), (u, o) € B(E, 17, €),

u

we also have Y, > Y, 7, Y, =Y.
Because G has right continuous paths, we can conclude that Y is a supermartingale

such that
Y, > YrJr > E[Ysﬂfr} = E[YS‘-}—T]'

(i1) The terminal condition of v™.

For some 79 € R, we assume that v* (7', 1) > 0 and will show a contradiction. As 1
is continuous on R, we can choose an € > 0 such that 0 < v*(T,19) —¢ and |[n—no| < &.
On the compact set (B(T,n9,2)\B(T,n0,5)) N ([0,T] x R), v* is bounded above by
the definition of V* and that v* € V. Moreover, as v+ is upper semi-continuous on

this compact set, we can find § > 0 small enough such that

2
5
vt (T, no) + 5 >e+ sup vt (t,n). (4.6)
(tm€(B(Tm0,e)\B(T',m0,5))N([0,TTxR)

Next, for k > 0, we define the function @< (t,n) := v+ (T, ny) + W + k(T —t).

For k large enough, we derive that —gpf’e’k — Lp>*F >0 on B(T,no,¢). Moreover, we

have the following result in view of (4.6)

#"*F > e 4" on (B(T,m0,2)\B(T'm0, 5)) N (0, 7] x R),
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and @>* (T, n) > vt (T,1m9) > 0+ ¢ for |n —no| < e.

Now, we can find £ < € and define the function as follows,

v A (905@16 - 5) on B(Tv 77075)7
v outside B(T,no,¢).

Py

By following similar argument in (), one can obtain that v>%¢ € VT but v>=k&(T, ng) =
v (T, mo) — &, which leads to a contradiction.

(iii) The super-solution property of v—

Let us only provide a sketch of the proof as it is essentially similar to Step (7).
Suppose that v~ is not a viscosity super-solution, then there exist some interior point
(t,7) € (0,T) x R and a C*2-test function v : [0, T] x R — R such that v~ — 1) attains
a strict local minimum that is equal to zero. As F\(t, 1, v, v, v5, vg5) < 0, there are two
separate cases to check.

case(i) v=(£,7) — V(,zo — f(E),20,7) < 0. This already leads to a contradiction
with v~ (£,7) > V (£, 20 — f(£), 20,7) by the definition of v~

case(ii) —%—v’f(t_, ) — E@[J(t_, 1) < 0. We can find a ball B(t,7,¢) small enough such
tha ——w — Ly < 0 on B(t,7,e). Moreover, as v~ — 1) is lower semi-continuous
and B(t,7,e)\B(t, 7 ,5) is compact, there exists a 6 > 0 such that ¢» +0 < v~ on
B(t,7,¢)\B(t, 1, 5) We can then choose ¢ € (0, 3) small such that 1)¢ = v + £ satisfies
three properties: (i) —2% —£4¢ < 0on B(t,17,¢); (i) we have v~ > 948 > h+& = ¢
on B(t,7,e)\B(t,17, ); (iii) V&t n) =, 7) + € =v(t,7) + & > v ({,7). Thus, we

can define an auxiliary function by

v™ VYt on B(t,7,e),
v~ outside B(t,7,¢).

of =

By repeating similar argument in Step (i), we have that v¢ € V= by showing that
(vf(s,us))tgsgq« is a submartingale. If v~ has right continuous paths, the proof is
trivial. In general, by Proposition 1.3.14 in [19], we can consider the right continuous
submartingale Gt (w) = limy sy, weu, weg Gw (W), w € QO r < u < T, where
Gy == v (u,py), » < u < s and we stop it at time ¢. Similar to Step (i), we note

that G is the right continuous submartingale and therefore G, < G, Gy = GT. As
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GE > ¢%(u, pu), if (u, ) € B(E,7,€)\B(¢,7, 5), we can define the process

G v (), (i) < BETTS

Yu+ =
We can conclude that Y, < Y,", Y, =Y.' and Y is a submartingale that Y, <Y, * <
E[Y,t|F,] = E[Y;|F,], which completes the proof.

(iv) The terminal condition of v™.

For some 79 € R, suppose that v~ (T,7n9) < 0 and we will show a contradiction.
As V is continuous on R, we can choose an ¢ > 0 such that 0 > v~ (T,70) + € and
|n — no| < e. Similar to Step (i¢), we can find § > 0 small enough such that

2

v (T, n0) — < inf v (t,n) —e. (4.7)
40 7 (1) e(B(Tm0,2)\B(Tym0,5)N([0,T] xR)

Then, for k > 0, we consider ¥>**(t, ) := v~ (T,n0) — % — k(T —t). For k large

6sk

enough, we have that — — Ly%%* < 0 on B(T,ng,e). Furthermore, in view of

(4.7), we have
P=F <v™ — e on (B(T, no,e)\B(T, no, %)) N ([0,T] x R),

and >k (T, n) < v (T,ny) < —¢ for [n —no| < e.
Next, we can find £ < € and define the function by

vTV (Y +€) on B(T,m,¢),
v~ outside B(T,no,¢).

pOEkE

Similar to Step (iii), we obtain that v>**¢ € V= but v>&*&(T,ng) = v~ (T,no) + &,
which gives a contradiction. O
Let us then reverse the time and consider s := T — ¢t. However, for the simplicity

of presentation, let us continue to use ¢ in the place of s if there is no confusion. The

variational inequalities can be written by

mm{Wumm—f@—wa—?w%—f@—wﬁmm,3@§m—cﬁwm}—a

(4.8)

where LV (t,1) = —\(n — u)%j( n) + 502 (t n) with the condition V(0,7) = 0.

Mc’)n
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Let us denote it equivalently as

F(t’777v7vt,vmvnn) =0,0n (O,T] x R,

(4.9)
v(0,m) = V(0,20 — f(0),20,n), for any n € R,

where F(t,n,v, v, Uy, Upy) = min {v — ‘A/, % — /.Zv}. We also have the continuation

region as C = {(t,n) € (0,T) xR : V(t,g;mg— f(T—1), 20) > V(t,m9— f(T —1), 20,7)}.

Proposition 4.1. [Comparison Principle] Let u,v be u.s.c viscosity subsolution and
l.s.c. wviscosity supersolution of (4.9), respectively. If u(0,nm) < v(0,n) on R, then we

have u < v on (0,T] x R.

Proof. We will follow and modify some arguments in [5, 28] to fit our setting.
Suppose that ©(0,17) < v(0,7) on R, and we will prove that v < v on [0,T] x R. We
first construct the strict supersolution to the system (4.9) with suitable perturbations
of v. Let us recall that A < 0, B < 0 and C' is bounded above by some constant in
Remark A.1. Moreover, we know that ‘A/(t,xo — Kt z0,m) < 0. Let us fix a constant
Cy > 0 small enough such that A > Cyo? and set ¢(t,n) = Coe' + @ with some
Co > 1. We have that

o _ L1p =Cpe' + Co [2(\ — 0203)772 — 2\ — Uﬂ eC2n’

ot

—2(A — 0203)02 — A2
2(A — Ca02)
—2(\ — C’QUZ)Ui — A2

2()\ - CQO—?L)

>Coe’ + Oy

>Coy + Cy

—2(A—Cao})op — N[

We can then choose Cy > 1 large enough such that Cy + Cy 50— Caod) > 1,
m
which guarantees that
oY
— =Ly > 1. 4.10
" (1.10)

Let us define v := (1 — A)v + Ay on [0, 7] x R for any A € (0,1). It follows that

VAV =(1=-Av+Ap—V = (1—A)v+A(Coet+eCQ7’2)—‘7

> (1= Ao+ A(Coel + €27 ) £ AV -V (4.11)

~

> (1—A)(v—TV)+ACy > A,
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where we used v — V > 0 in the last inequality. From (4.10) and (4.11), we can deduce

that for A € (0,1), v» is a supersolution to

. A S GvA A
min ¢ v* =V, Tl Lu®» > A (4.12)

In order to prove the comparison principle, it suffices to show the claim that sup(u—
v}) <0 for all A € (0,1), as the required result is obtained by letting A go to 0. To
this end, we will prove the claim by showing a contradiction and suppose that there
exists some A € (0,1) such that M := sup(u — v™) > 0.

It is clear that u, v and V have the same growth conditions: in view of the explicit
forms of A, B,C and 17, it follows that V has growth condition in ¢ as """ for some
K7 < 0 and has growth condition in n as eX2n” for some K5 < 0; on the other hand,
1) has growth condition in ¢ as e! and has growth condition in 1 as eCan® Thus, we
have that u(t,n) — v(t,1) = (u — (1 — A)v — AY)(t,n) goes to —oo as t — T, 1 — 0.
Consequently, the u.s.c. function (u — v*) attains its maximum M.

Let us consider the u.s.c. function ®.(t,t',n,n') = u(t,n) —v™*(t',n') — ¢ (t, ', n,7'),
where ¢.(t,¢',n,7') = 5=((t = t')* + (n —1')?), € > 0 and (t,tL,n.,n.) attains the

maximum of ®.. We have
M, = max®. = D (t.,t.,m-,n.) = M and ¢c(te,tl,ne,n.) — 0 when e — 0. (4.13)

Let us recall the equivalent definition of viscosity solutions in terms of superjets and
subjets. In particular, we define P> u(f,7) as the set of elements (g, k, M) € RxR xR
satisfying u(t,n) < u(f,7) +q(t — ) + k(n —7) + 5 M(n—7)> + o((t =) + (n —7)?). We
define P%~ v’ (%, 7)) similarly. Thanks to Crandall-Ishii’s lemma, we can find A., B. € R
such that

e A A )
€ €
(e BTN By e PR (),

3
02(775)145 - 02(77;)35 < g(ff(??s) - 0(77;))2~
By combining the viscosity subsolution property (4.5) of u and the viscosity strict
supersolution property (4.12) of v, we have that

te —tL e — 1l 1
_ 0 - ! b(tsﬂ?s) - 502(776)145} <0,

(4.14)

min{u(te,n.) = V(te o = £(t), 20.1.), =
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te —t —n’ 1
= () — 5ot () B. | = A,

min{vA(t’E,né) — V(tL,zo — f(tL), 20,mL), .

(4.15)

where b(te, nc) = —A(ne — i), 0%(ne) = o7, b(tL, 1) = —A(n. — ) and o (1) = 0.

Ifu—V <0in (4.14), then because v™ — V>Ain (4.15), we obtain that u — v <
—A < 0 by contradiction with sup(u — v®) = M > 0. On the other hand, if u—V > 0
in (4.14), then we have

fte %b(tsans) - %02(776)145 <0,

€

te—t, =L
e _Belep(tlnl) — 20%(nl)B. > A

€

Furthermore, combining two inequalities above, we derive that

Lﬁé(b(ts,ns) Bt ) + (o (n.) — o(o))?

€ 2e
Ne — 77; / / 1 2 2/ 1
> - (b(te,me) — b(tz,mz)) + 5(0 (ne)Ae — o*(n)Be) > A.

The first inequality holds by Crandall-Ishii’s lemma. In addition, by letting ¢ — 0, we
get %(b(t& ne) = b(tL,nl)) + 2= (o(n:) —o(n.))? = 0 thanks to (4.13). It follows that

we have 0 > A > 0, which leads to a contradiction and therefore our claim holds. [

Lemma 4.5. For all (t,n) € C in the continuation region, V in (2.7) has Holder

continuous derivatives.

Proof. The proof follows closely the argument in Section 6.3 of [16]. First, let us
recall that N N N
%—‘:(t,n)—&—)\(n—ﬂ)%—‘;(t,n) - éoi?;n‘;(t,n) =0onC. (4.16)
The definition of viscosity solution of V to (4.8) gives that V is a supersolution to
(4.16). On the other hand, for any (£,7) € C, let ¢ be a C? test function such that
(£,77) is a maximum of V — ¢ with V(£,7) = ¢(f,7). By definition of C, we have
V(7)) > V(E 2o — f(D), 20,7), so that

%

ot (E’ﬁ) + )‘(77 - ﬂ)i(fa ﬁ) -5 7(577?) <0,

on

due to the viscosity sub-solution property of V to (4.8). It follows that Visa viscosity

subsolution and therefore viscosity solution to (4.16).
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Let us consider an initial boundary value problem:

ow _ Ow 1 ,0%w B
—E(tﬂ?) — Al — M)afn(tﬂl) + 5%877’2(75’77) =0on QU Br,
w(0,m) =0 on B, (4.17)

~

w(t,n) = V(t,xg — Kt, 20,m) on S.
Here, @@ is an arbitrary bounded open region in C, @ lies in the strip 0 < ¢ < T.
B =Qn{t=0}, Br = Qn{t =T}, Br denotes the interior of By, B denotes
the interior of B, Sy denotes the boundary of @ lying in the strip 0 < ¢ < T and
S = So\Br. Theorem 3.6 in [16] gives the existence and uniqueness of a solution w
on QU Br to (4.17), and the solution w has Hélder continuous derivatives wy, wy,
and w,,. Because the solution w is a viscosity solution to (4.16) on @ U By, from
standard uniqueness results on viscosity solution, we know that V =won QU Bp. As
Q@ C C is arbitrary, it follows that V has the same property in the continuation region

C. Therefore, V has Hélder continuous derivatives 17,5, ‘777 and ‘N/m,. O

Finally, we can prove Theorem 2.1.

Proof. We have shown the inequality v~ = sup,ey-p < V <ot = infyep+ g in
Lemma 4.4. By using the comparison result in Proposition 4.1, we also have v+ < v~.
Putting all pieces together, we conclude that v™ = V(t,n) = v~ and therefore the
value function ‘7(75, 1) is the unique viscosity solution of the HIBVI (2.9). By following
similar argument for Theorem 1 in [13], fix the F;-adapted stopping time 7* defined
in (2.11), Ité-Tanaka’s formula (see Theorem IV.1.5, Corollary IV.1.6 of [32]) can be
applied to YN/(t, wt) in view of Holder continuous derivatives of \7(16, 1) and we get that

i * *
V(7" AN Tpy o — KT A Tn,y 205 frar, )

:‘N/(t,,ut) + [‘7(7'* A Tn, o — KT A Tny 205 reAr, ) — ‘7(7'* A Tn,/j,.r*/\.,-n):|

AT, 17 TEAT,

n aV n
Jr/ g 7(&#5)st+/
t "o t

where 7, T T is the localizing sequence. As XN/(t, n) satisfies HIBVI (2.9), by taking

OV (s, 1)
ot

+ EYN/(S,/LS)] ds,

conditional expectations and the definition of 7* in (2.11), we obtain that

E; [‘7(7—* N Ty o — KT A Tns ZOaNT*/\Tn)]-{T*STn}] + K¢ |:‘7(TTL7,U’7'7L)1{T*>T"}:| = V(ta ,Ut)
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By taking the limit of 7,, and dominated convergence theorem, we can verify that

E; [V(T*,xo — KT, 20, pbr= ) | = V (8, 114)
and therefore 7* is the optimal entry time.
At last, the martingale property between t = 0 and 7* follows from the definition

of stochastic subsolution and stochastic supersolution. O

Moreover, we can also easily verify the following sensitivity results of the composite

value function.
Lemma 4.6. We have the following sensitivity properties of the value function ‘7(t, n):

(i) Suppose that o > and & > 0 are both constants in the definition of habit
formation process such that § > a. We have that ‘7(t,77; a,0) is decreasing in &

and increasing in o.
(ii) If the initial habit zy increases, the value function V(t,n) decreases.

(iii) If the information cost rate k increases, the value function YN/(t, n) decreases

foranyt <T.

Proof. By the definition of ‘7(25,7]) and the explicit form of ‘A/(t,xo — kt, 20,7) in
(3.7) and m(t) in (2.8), for given § > a, it is clear that V (¢, 29 — kt, 20, 7) is decreasing
in § and increasing in «, which implies that 17(15, 1) has the same sensitivity property.
Similarly, it is clear that V(t,mo — Kt,29,7n) decreases while z increases, and hence
17(75, 7n) is decreasing in z. At last, IA/(L‘7 xo — Kt, 20,m) decreases if xg — Kt decrease, it

readily follows that ‘7(t, 1) is decreasing in x. O

Appendix A. Explicit solution to the auxiliary ODEs

Our ODE problems (3.4), (3.5), (3.6) are similar to ODEs in [8] for terminal wealth
optimization problem, in which some insightful observations are made that we can solve
these ODEs with time ¢ dependent coefficients by solving the following five auxiliary

ODEs with constant coefficients, see Section 4 of [8] for detailed discussions.

Lemma A.1. For k <t < s < T, let us consider the following auxiliary ODEs for
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a(t,s), bt,s), l(t,s), w(t,s) and g(t,s):

20—p+pp®) 5 4 2ppoy, p
—_ ST PThP) Py W Ll T IPA Al
a T TP e ) e Y

2(1—p+pp?) , _ Ppo,
by=— T PTPP) 20 9y A PP Yy A2
+ 1 s Jﬂa ,Uza+ (1 —p)O'S 5 ( )
(1—p+pp*)o;
ly=—o0%a— —— " " Hp2_ \[ib, A3
A 1
wy =—2(1 — p2)aiw2 + ZMw + —, (A.4)
og 20%

gr =05 (1 = p*)(w —a). (A.5)

with the terminal conditions a(s,s) = b(s,s) = I(s,s) = w(s,s) = g(s,s) = 0. Direct
substitutions and computations show that the solutions of ODEs (3.4), (3.5), (3.6) are

given respectively by

Altys) = alts) B = UL I

(1=p) (1= 2a(t, 5)5(0)) (1=p) (1= 2a(t. 5)5(0))

2(75) 2 1-p S

C(t,s) = ——|I(t,s b (t,s) — lo — 2a(t, s)X
(t:5) 1‘[@)+@—%@ﬂﬂ® (t,5) = —5 L log (1 - 2a(t, 9)2(1))

(A.6)

Following the same arguments in [21], we can actually solve auxiliary ODEs (A.1),
(A.2), (A.3), (A.4) and (A.5) explicitly in the order that we first solve the simple ODEs
(A.1) and (A.4) to get a(t, s) and w(t, s), and then obtain b(¢, s) and ¢(t, s) by solving
ODEs (A.2) and (A.5). At last, we solve ODE (A.3) to conclude I(t,s). We therefore
can get that

p(1 — e2€(t=9))
2(1 - p)o? [25 (€)1 — le(t—s))} ’
pA(1 — ef(t=9))2
(1= p)o€ |26 — (€ +12) (1 — ex)]
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. p N2 ope
l(t,s)_2(1_p)0% < 52 _731_£2> (S—t)

pA* R’ [(f + 2792)eX(E=5) — 4oy ef(t=5) 4 2y — 5}
2(1 — p)o2&? [26 — (€ + 72) (1 — eX (=)
it 26 — (€4 72)(1 — X(79)

21— P)oR(E D) 26e5(=)
1 _ e261(t—s)

205 (0581 + Aos + poy) + (0561 — Aog — po,)e26 (=)

o5) =L 1o ({5600 ) + (053 s — 60
2 20’561661(75_5)

(1 —p)(1—p?) . ((055 +Aos — 22) + (05€ — Aos + %)625(t5)>

+

)

log ‘

2(1 —p+pp?) 20 gEet(t=9)
_ P*A(s —t) _ pou(s —t)

2(l=p+pp*) 2(1-p+pp?os’

where
2\ . o2
A=\ 2P P0 (A7)
(I1-plos  (1-p)og

and

(1—p?)o2 + (Mos + po,)?
¢ =VA=1/v3—n7, €1i\/ ;

os
1—p+pp? ppoy, p
"= U=pter) )0',2“ Yo 1= —A PPy

1—p (1-p)os (1-p)og’

Moreover, it is straightforward to see that a, b, [, w and g are globally bounded if

we have that v3 > 0, or y; > 0, or v < 0.

Remark A.1. Under the assumption that p < 0, (A.7) clearly holds and we have
5 < 0. We can see that a(t,s) < 0 and b(t, s) < 0 are bounded and 1—2a(t, s)3(t) > 1
and 1 — w(t,s)S(t) > 1. By expressions in (A.6), we can conclude that A(t,s), B(t, s)
and C(t, s) are all bounded on k <t < s < T as well as A(t, s) = a(ts) <0

) T (1-p)(1-2a(t,s)B(t) —
_ t,s
and B(t,s) = =P (1=2a(t050) <0, fork<t<s<T.

Appendix B. Proof of the verification theorem

We first show that the consumption constraint ¢; > Z; implies the constraint on the

controlled wealth process in the next lemma.
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Lemma B.1. The admissible space A is not empty if and only if the initial budget
constraint x > m(k)z is fulfilled. Moreover, for each pair (w,c) € A, the controlled

wealth process X;° satisfies the constraint
X >mt) 2y, k<t<T, (B.1)

where the deterministic function m(t) is defined in (2.8) and refers to the cost of

subsistence consumption per unit of standard of living at time t.

Proof. Let’s first assume that x > m(k)z, we can always take m; = 0, and ¢; =
zeli(B@W)—a()dv o1 ¢ ¢ [k T]. It is easy to verify X7° > 0 and ¢; = Z; so that
(m,c) € A, and hence A is not empty.

On the other hand, starting from ¢ = k with the wealth z and the standard of living
z, the addictive habits constraint ¢; > Z;, k < t < T implies that the consumption

must always exceed the subsistence consumption ¢, = Z(t;¢;) which satisfies
de, = (6(t) —a(t))adt, ep=2 k<t<T. (B.2)

Indeed, since Z; satisfies dZ; = (6;¢; — ay Zy)dt with Z, = z > 0, the constraint ¢; > Z;

implies that
dZt > (6tZt - OétZt)dt, Zk = Z. (B3)

By (B.2) and (B.3), one can get d(Z; —&;) > (6: — o )(Zy — & )dt and Zy, — ¢, = 0, from
which we can derive that eflf(‘ss’as)ds(Zt —¢) >0,k <t<T. It follows that ¢; > ¢,

which is equivalent to

¢ > zeliG@maldv <y < (B.4)

~ ~ ~ ~n2
Define the exponential local martingale H; = exp (— lj g—;de — % lj gg dv)7 k<
S

t <T. As ji; follows the dynamics (2.4), we derive that

t (f](u) +os0 p) .
i = e P+ p(l — e ) + / MU=t " aw,.
k gs

Similar to the proof of Corollary 3.5.14 and Corollary 3.5.16 in [19], Bene§’ condition
implies that H is a true martingale with respect to (Q, 72, P).
Now, define the probability measure P as Z% = I;TT, Girsanov theorem states that

W, =W, + fkt g—;dv, k <t <T is a Brownian Motion under (P, (F5)g<i<r). We can
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rewrite the wealth process as X7 + fkT codv =2 + fkT Ty05dW,. As we have X7 > 0,
it is easy to see that f; Wvodev is a supermartingale under (Q,]FS,]IN”). By taking
the expectation under ]T”, we have z > E [ fkT cvdv]. Thanks to the inequality (B.4),
we further have z > zE [fkT exp ([, (6(u) — a(u))du) dv]. Because §(t) and «(t) are
deterministic functions, we obtain that > m(k)z. In general, for V¢ € [k, T}, following
the same procedure, we can take conditional expectation under filtration 7%, and get
X, > ZtIAF:[ftT exp (ftv((?(u) - a(u))du)dv
we get X; > m(t)Zy, k<t <T. 0

]-"ts} . Again as §(t), a(t) are deterministic,

We can finally prove Theorem 3.1 for the interior control problem.

Proof. For any pair of admissible control (m,¢;) € A, It6’s lemma gives

(E(t) +osoup

d V(t,Xt,Zt,ﬂt)} = [g”vatV(t,Xt,Zt,ﬂt)} dt + |Veosm +Vy ) dW;,

gs

(B.5)

where we define the process G™“V (i, Xt, Zy, ir) by

(f)(t) + Usaﬂp)g
20%

GT oV (8, Ko, Zuy ) = Vi = a(t) 20V = Mjie = 1)V + Vim — Vs

(ct — Zy)P

1 N
+ () V, + + mefie Vi + QUZW?VMC + Vi (E(t) + asaup) .

For any localizing sequence 7,, by integrating (B.5) on [k,7, A T|] and taking the

expectation, we have

T NT (Cs

_ ZS p N .
V(kvxa Z,T]) 2 E [/ p ) dS + E|:V(Tn N T7 Xrn/\Tv Zrn/\TvﬁL'rn/\T) .
k

(B.6)

Similar to the argument in [17], let us consider a fixed pair of control (m,c;) €
A = A,, where we denote A, as the admissible space with initial endowment z. For
Ve > 0, it is clear that A, C Ay, and (7, ¢r) € Azie. Also it is easy to see that
)A(t””re = Xf—l—e = Xﬁ—e, k <t <T. Asthe process Z; is defined using this consumption
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policy ¢, under the probability measure P, . ,, we can obtain
/TTLAT A(CS - Zs)pfds
k p

Monotone Convergence Theorem first leads to

T AT o p T o p
lim E/ (s =Z)P | _ g / (es =25 |
n—+o0 k p k p

For simplicity, let’s denote Y; = (Xt - m(t)Zt). The definition (3.7) implies that:

Vik,z+ez2mn) >E T E[V(Tn AT, Xo nr 4 € Zo s fir nr) |

(B.7)

V(ta AT, X a7 + € Zo AT flr AT) = %(YTn/\T + e)pNTlrjfT. Lemma B.1 gives X; >

m(t)Z; for k <t < T under any admissible control (7, c;), we get that Y, A7 + € >

€e>0,Vk <t <T. As p <0, it follows that
sup(Yo AT + €)F < € < +00. (B.8)

Remark A.1 gives that A(t,s) < 0, B(t,s) and C(t,s) are all bounded on k <t <
s <T,Vk <t<s<T. Also m(s), d(s) are continuous functions and hence bounded
on [k, T]. Hence N(k,n) < ki exp(kan), for some constants kg, k1 > 1. It follows that
there exist some constants ks, k1 > 1 such that

1-p _ _
sup N, P < sup (k1 eXp(kzﬂt)) < k1 exp <k2 sup ﬂt> .
n te(k,T) te(k,T]

The process [i; satisfies (2.4), which leads to

' (S +os0up)
fr=e P+l —e ) + / MU=t dW,.
k gs

Hence, there exists positive constants [ and [y > 1 large enough, such that SUPse 7] it <

L+ supycir 1) LW,, t € [k,T). Using the distribution of running maximum of the

Brownian Motion, there exist some positive constants [ > 1 and I; such that

E [supNiﬂfT] <hLE lexp( sup 1B;)| < 4o0. (B.9)
n tek,T)

At last, by (B.8) and (B.9), we can conclude that

E [sup V(itn AT, Xrn/\T + €, 2 AT, [LTH/\T)} < +o00.
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Dominated Convergence Theorem and N (T, tir) = 0 imply that

lim E[V(Tn AT, Xy 7+ € Zoo s ﬂwT)] —E [ (Vi + PN(T, ip) | = 0.

1
n—oo p
Combining this with equation (B.7) and (7, ¢;) € A, we have that

~

T
G*ZSP
V(k,x + € 2,n;60) > sup El/ uds =V(k,x,zmn,0).
k

T,cEA p

Note that V (¢, x, z,1; 0) is continuous in variable z. By letting € — 0, we deduce that
Vik,x,z,m;0) = liH(l) Vik,x+¢€2,m) > ?(k,x,z,n,ﬁ).
€E—>

On the other hand, for 7} and ¢} given in (3.8) and (3.9), we first need to show that
the SDE

dX} = (7fpy — ¢)dt + ogmidWy, k<t <T, (B.10)

with initial condition z > m(k)z admits a unique strong solution that satisfies the
constraint X7 > m(t)Z}, Vk <t < T. Denote Y;* = X} — m(t)ZF. By Ito’s lemma

and substitution of ¢ using (3.9), we obtain that

e -
e (1 + 5(t)m(t)) 2 (Z(t) + Usaup) N, . e
tT N + (1—p)oi + o2 N
- S(t) + og0 p)
Ht ( #E ) Ny * 717
— | Y, dW,.
Tla=pes s N

In order to solve X explicitly, we define the auxiliary process by I'; := M, for
t

k<t <T. Itd’s lemma gives that

. 2 .
dry =Lt N, — A — BN (E(tHGS%p) N, +ﬂt (E(t)+asg”p>p
A T e e T e
=P ~9 N
1-p put — ~
1 — N O |—= ,
+( +6(t)m(t)> + (1= p)Po2 dt + T [(1p)05] dW,
(B.11)

As N(t,n) satisfies the linear PDE (3.3), (B.11) is reduced to

/\2 A~
bl — Mt 2
dar, =T, |—PHt L ar 4, | —H | aw,
' t[2(1p)20%} - t[(lp)as} "



Optimal Entry and Consumption under Habit Formation 31

N (k,m)
z—m(k)z

that Ty > 0, Vk < t < T. Therefore, it holds that the SDE (B.10) admits a unique

and the existence of the unique strong solution is verified and I'y, =

> 0 implies

strong solution defined in (3.10) and the solution X satisfies the constraint (B.1).

Next, we verify the pair (7], ¢}) is indeed in the admissible space A. First, by the
definition (3.8) and (3.9), it is clear that 7} and ¢} are F;° progressively measurable,
and by the path continuity of Y;* = X7 — m(t)Z; and of 7} and ¢}, it is easy to
show that fkT(WZ‘)zdt < +oo and fkT ctdt < 400, a.s. Also, because X7 > m(t)Z;,
Vt € [k, T], by the definition of ¢}, the consumption constraint ¢; > Z;, Vt € [k, T] is
satisfied. It follows that (7}, ¢}) € A.

Given (7], c}) as above, instead of (B.6), the equality is proved that

V(k,x,2:0) = E l/
k

Monotone Convergence Theorem gives lim,,_, 4 oo E [ kT nAT W dt} ) [ fkT W dt} _

ToANT
n * _ 7R\P
(Ct i) dt

+ E |:V(Tn A T7 X:n/\Tv Z::n/\Tv [IJTn/\T):I .

Moreover, as we have V (¢, z,z,7) < 0 by p < 0, Fatou’s lemma implies that

limsup B[V (5 AT, X5z, 25, s frrant)| < B[V, X3, Z5jir)| = 0.

n—-+4oo

It follows that

V(k,z,21n;0) <E <V (k,z,z2,,90),

/T CRTA
k b

which completes the proof. (I
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