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Abstract

Researchers have proposed many different concepts and models to study the day-to-day
dynamics. Some models explicitly model travelers’ perceiving and learning on travel costs,
while some other models do not explicitly consider the travel cost perception but formulate
the dynamics of flows as the functions of flows and measured travel costs (which are
determined by flows). This paper investigates the interconnection between these two types of
day-to-day models, in particular those models whose fixed points are stochastic user
equilibrium.  Specifically, a widely wused day-to-day model which combines
exponential-smoothing learning and logit stochastic network loading (called the logit-ESL
model in this paper) is proved to be equivalent to a model based purely on flows, which is the
logit-based extension of the first-in-first-out dynamic in Jin (2007). Via this equivalent form,
the logit-ESL model is proved to be globally stable under nonseparable and monotone travel
cost functions. Meanwhile, the model in Cantarella and Cascetta (1995) is shown to be
equivalent to a second-order dynamic incorporating purely flows and is proved to be globally
stable under separable link cost functions. Further, other discrete choice models such as

C-logit, path-size logit and weibit are introduced into the logit-ESL model, leading to several
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new day-to-day models, which are also proved to be globally stable under different
conditions.
Keywords: day-to-day dynamics; stochastic user equilibrium; logit; first-in-first-out (FIFO)

dynamic; weibit

1. Introduction

As a complement to the user equilibrium (UE) theory to model and understand the
transportation system, the day-to-day dynamics look into the evolution of traffic flows under

travelers’ repeated route choice behavior from day to day.

The day-to-day dynamics are modelled as dynamical systems. The independent variable of
the day-to-day dynamical systems is the calendar time, e.g., a day or an epoch such as the
morning peak of working days. The independent variable (calendar time) of a day-to-day
model is discrete in nature; however, both the discrete-time and continuous-time models are
widely used in the literature. Simply put, the continuous-time model is an approximation of
the discrete-time model, while the stability of the former is easier to analyze; meanwhile, the
stability of a continuous-time system can partially imply the stability of its discrete-time
counterpart: if a continuous-time system is stable, then there exists a sufficiently small
discrete step size such that the corresponding discrete-time model is stable. Deeper and more
detailed discussions on the difference and relationship of the discrete-time and

continuous-time day-to-day models can be found in Watling (1999) and Cantarella and
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Watling (2016). For the convenience of theoretical analysis, this paper focuses on

continuous-time models.

In a day-to-day dynamic, the state variables represent the status of the transportation system
and evolve according to certain rules. The normally used state variables are flows and
perceived costs, either on links or on paths. These state variables have been used since the

earliest research on day-to-day dynamics, viz. Horowitz (1984) and Smith (1984).

Horowitz (1984) assumed that the evolution of network flows is driven by travelers’ learning
behavior regarding their perception/prediction on future travel costs. To illustrate, we assume
a network (Figure 1) with one origin-destination (OD) pair and two parallel links/paths
numbered 1 and 2. Travelers are assumed to have their perception p, on the travel cost of
each path k {12}, which may be different from the actual travel costs. The flow f, on
path k is determined by the perceived costs on both paths, i.e., f, = fk(pl, pz), through
some network loading rule such as the logit rule. The actual travel cost ¢, on each path k
is decided by the cost-flow relationship, i.e., ¢, =¢,(f,, f,). After knowing the actual costs,
travelers will update their perception on each path, based on some learning rule such as the
exponential smoothing:
b =a(c —p), k=12
where p, =dp, /dt is the derivative of p, with respect to the calendar time t, and o >0

IS a constant parameter.
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Figure 1. Network with one OD pair and two parallel links

Following Horowitz (1984)’s idea, many day-to-day models have used perceived costs as the
state variables to consider travelers’ perceiving/predicting and learning behavior on travel
costs. A typical structure of such models is illustrated in Figure 2: the flow on each path is
determined by travelers’ perceived costs on all paths through certain network loading rules;
once travelers experience/know the new path costs, they will update their perception through
a learning process by combining the old perceived costs with the new actual costs. In the
literature, most of these models have stochastic UE (SUE) as their fixed points due to the
stochastic network loading (SNL) procedure adopted for deciding the path flows (e.g., Bie
and Lo, 2010; Bifulco et al., 2016; Cantarella, 2013; Cantarella and Cascetta, 1995; Watling,
1999; Xiao and Lo, 2015; Ye and Yang, 2013; Ye et al., 2021), with a few exceptions which
consider the dynamics of both flows and perceived costs and converge to Wardrop’s UE (He

and Liu, 2012; Xiao et al., 2016).
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Figure 2. Flow chart of a typical day-to-day model using perceived costs as state variables
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Different from Horowitz (1984), Smith (1984) proposed the proportional-switch adjustment
process (PSAP) (also known as the Smith dynamic as in, e.g., Sandholm, 2010). For the same
network in Figure 1, the PSAP is formulated as
f =a(f, max{c, —c,,0} - f, max{c, —c,,0}), (k,s)e{(12),(2.1)}

PSAP assumes that travelers will switch from higher-cost paths to lower-cost paths, and the
switching rate is proportional to the cost difference between each pair of paths and the flow
on the higher-cost path. Different from Horowitz (1984)’s model, PSAP uses flows as the
state variables, and does not contain any “perceived costs” in its formulation. This initiated
another stream of day-to-day models which do not incorporate perceived costs in the model
formulation but only flows (and actual travel costs which are functions of flows). A typical
structure of this type of models is illustrated in Figure 3: they employ the link/path flows as
state variables, and do not include the terms of perceived costs in the model formulation; the
dynamics of flows are formulated as functions of flows and actual travel costs, under the
assumption that the demands are intended to switch from higher-cost routes to lower-cost
routes. Usually, the fixed points of this type of models are Wardrop’s UE, and many of them
belong to the “rational behavior adjustment process” framework (Guo et al., 2013, 2015;
Yang and Zhang, 2009; Zhang et al., 2001), including those in Friesz et al. (1994), Han and
Du (2012), He et al. (2010), Jin (2007), Nagurney and Zhang (1997), Smith (1984), and
Smith and Mounce (2011). Only a handful of them have other types of fixed points such as
boundedly rational UE (Di et al., 2015; Guo and Liu, 2011; Ye and Yang, 2017) or SUE

(Guo et al., 2013; Smith and Watling, 2016; Xiao et al., 2019; Yang and Liu, 2007).
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Figure 3. Flow chart of a typical day-to-day dynamic using only flows as state variables

Since invented, these two types of day-to-day models (with and without perceived costs in
the model formulation) have both achieved extensive development. Although both types of
models can simulate the day-to-day evolution of the transportation network towards the same
steady states, their inter-relationship is rarely studied. Even though some models do not
include the perceived costs in the formulation, it does not mean that travelers do not behave
perceiving or learning in these models; in fact, travelers’ cognitive process such as perceiving
and learning can be one of the underlying factors that cause the observed flow fluctuation in
the transportation system and thus determine the flow evolution rules assumed by these
models. For instance, Xiao et al. (2016) showed that the double dynamics of flows and

perceived costs they proposed is equivalent to a second-order dynamic of flows.

This paper aims at investigating the interconnection between several day-to-day models,
some including perceived costs in the model formulation, while others don’t. Section 2
focuses on two models. One model has logit-SUE steady states and is a widely used model
composed of a dynamic of perceived costs based on exponential smoothing and a static logit

SNL (Watling, 1999). It is called the logit-based exponential-smoothing-and-loading
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(logit-ESL) dynamic in this paper. The logit-ESL dynamic is transformed to an equivalent
form without perceived costs, which is an extension of the first-in-first-out dynamic in Jin
(2007) by adding flow-related terms to the travel costs. Based on this equivalent form, the
logit-ESL dynamic is proved to be globally asymptotically stable under nonseparable and
monotone cost functions. In Section 3, the day-to-day model formulated by Cantarella and
Cascetta (1995) is transformed to an equivalent form without perceived costs, and its global
stability under separable travel cost functions is proved. Section 4 introduces other SUE
concepts such as extended logit (C-logit and path-size logit) and weibit to the logit-ESL
model, derives equivalent forms of these new models, and proves their global stability under
different conditions. In Section 5, numerical case studies are conducted to investigate the
global stability of several day-to-day models that have been theoretically analyzed in the
previous sections, but under more general/common assumptions on the travel cost functions.

Section 6 draws the conclusions and proposes possible directions for future research.

2. The logit-ESL dynamic and its equivalent form

We consider a general road network with a set A of links and a set W of OD pairs. Each
OD pair weW has a fixed demand d, and a set R, of paths. Let f,_, denote the flow
on path reR,, weWw, f=(f,w,reRW,WeW)T the path flow vector (where “T”
represents the transpose operation), and Qz{f ‘f > O,ZreRW f,= dW,WEW} the path flow
set where all paths carry positive flow. The path travel cost functions are denoted by
c(f)=(cn(f).reR,,weW) where c,(f) is the cost on path reR

weW , which

W !
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is assumed to be continuously differentiable and has a strictly positive lower bound and a

finite upper bound.

As reviewed in Section 1, some day-to-day models assume that travelers have their own
perceptions on the future travel costs of all paths in the network. The perceived cost includes,
as a common assumption for discrete choice models, a deterministic component and a
stochastic component. The deterministic component is denoted by p,, for path reR,,
weW , and is updated following some learning rules based on the actual travel cost of the
same path. The most widely used learning rule is the exponential smoothing rule given
below:

P =N(Cyy—Pyy), M>0, reR,, wew 1)
We assume that the initial values of all p,, are positive, and therefore p,, are positive
along the whole evolution process. The perceived costs then determine the traffic flows via

SNL, where most commonly, a logit form is used:

_ eXp(_Ber)
M s EXP(-BP,,)

f , B>0, reR,, wew @)

Egs. (1) & (2) together describe a day-to-day model which has been widely discussed or used
in Watling (1999), Huang et al. (2008), Bie and Lo (2010), Ye and Yang (2013) and Xiao and
Lo (2015), just to name a few. In this paper, we call this model the logit-based

exponential-smoothing-and-loading (logit-ESL) dynamic.

As a key property of the day-to-day models, stability of the logit-ESL dynamic (and other
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more complex models based on it) has been analyzed only in a local sense (i.e., the local
asymptotic stability). In this paper, we will prove that it is also globally stable (in this paper,
the global stability refers to the global asymptotic stability, and the rigorous definitions of
local and global asymptotic stability are provided in Appendix A). To do so, we first
transform the logit-ESL dynamic to an equivalent form which does not include perceived

costs, as stated in Theorem 1.

Theorem 1. Model (1) & (2) is equivalent to the dynamic defined by Eq. (3):

anfrw sw|:C =G +B(Inf —In frw)j|’ rERW’ weW (3)

W seR,

Proof. From Eq. (2), we have

£, ©P(-BP.)

fo  exp(—Bpy,) @
and then
Inf,,—Inf, =—B(Pn — Pu) (5)
Taking derivative on both sides of Eq. (2) with respect to the calendar time yields
e exP(—BPuy) D, EXP(~BPay) Py — Pr EXP(—BPo) D €XP (PP, )
C X op(-pea) |
= 2 T (P = Pr)
T (6)

B

d,

dﬁzR rw swl:n C —C ) (psw_prw):l
B_n frw fsw |:Csw_crw+1(|n fsw_ln 1:rw):|
d, B

where the second, third and fourth equalities are obtained by substituting Egs. (2), (1) and (5),
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respectively. This completes the proof. O

To verify that the fixed points of dynamic (3) are logit SUE, let f,w =0 inEq. (3),i.e.,

Z frw fsw |:Csw _Crw +%(In fsw —In frw)j|

seR,

=T z f,, (CSWJF%In fswj— z f,, (crw+%ln frwﬂ

_SeRW seR,,

I 1 1
=f., folCy+=Inf, |—-d,lc,+=Inf,
2 ( B j ( B ﬂ

_SERW

In the last equality, since f, >0, then

C,W+1In frwziz fsw[csw+lln fswj, VreR,, weW
p d p

w seR,

and thus

vr,keR,, wewW

kw 1

crw+éln frwzcm+%ln f

which implies logit SUE. Therefore, the fixed points of dynamic (3) are logit SUE.

Remark 1. In this paper, we call dynamic (3) the logit-FIFO dynamic, as its fixed points are
logit SUE and it can be treated as an extension of the following first-in-first-out (FIFO)

dynamic proposed by Jin (2007),

f=0ty Y fofo(Cy—Co), @, >0, TeR,, wew 7)

seR,,

Mathematically speaking, Eq. (3) is obtained by adding the logarithms of path flows to Eqg.

(7). From a behavioral point of view, the logit-FIFO dynamic seems to assume that travelers

10
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: . 1
are making decisions based not on the path costs but on the compound costs c,, +Eln fo

However, it is not intuitive why Inf_, will be considered as part of the travel cost.
Regarding this, the literature has provided several interpretations.
Smith and Watling (2016) proposed an extended PSAP model which has logit SUE as
the steady states. They assumed that the flows will evolve towards the flow pattern
resulted from the logit SNL under current actual costs, and that the flow swapping

between two paths is determined by the following odds ratio:

f/f
psrw — SW/ rw

= —e’Bcsw/e7BCM , nseR,weW (8)

which can also be written as

Inp,,, =In f, —Inf,+B(c,—C,) 9)
Intuitively, if pg, >1 (or Inp, >0), some demand is expected to switch from path
s to path r, and the opposite if pg, <1 (or Inpg, <0). Then a mathematically

tractable day-to-day model can be formulated based on the FIFO dynamic as

frw =a, Z frw fsw In Psw = awB Z frw fsw |:%(In fsw —In frw)+ Csw _Crw:| (10)

seR, seR,,

which, when a,, =n/d,,, is the logit-FIFO dynamic (3). Therefore, following Smith and
Watling (2016), the In f_, terms are explained as the result of the log odds ratio

assumed in the route switching mechanism.

The term In f_, also appears in Chow et al. (2017) where they used a same formulation
as the logit-based PSAP in Smith and Watling (2016) to describe the discrete strategy

games with uncertainties in the decision making. In the general context of game theory,

11
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Chow et al. (2017) interpreted In( fm/dw), the logarithm of the probability of choosing
a particular strategy (where a strategy is a path in the context of route choice), as the
noises which capture the randomness caused by players’ irrationality due to making
mistakes or taking risks.
In Xiao et al. (2019), In f_, is defined as part of the path potential and analogized with
the chemical potential in thermodynamics.
In this paper, considering the equivalence of the logit-FIFO dynamic (3) and the
logit-ESL dynamic (1) & (2), the term In f,, actually originates from travelers’ random
perception errors which follow the Gumbel distribution.
As we can see, via the model transformation in Theorem 1, we can explain the emergence of
the logarithmic term In f, in dynamic (3). However, none of the interpretations above can
perfectly explain the physical meaning of this term, or say why travelers would consider
In f,, as part of their travel cost. Although we may guess that this must be related to the
Gumbel distribution, it is still unclear how to derive the term directly from the Gumbel

distribution, which poses an interesting question for future research. m

_ 1
Remark 2. According to Jin (2007), letting C, =d—ZSERW f..Ce denote the average cost

w
between OD pair weW , we will have

Z fsw (Csw_crw)= dw (CW _Crw) (11)

seR,

Substituting Eq. (11) into Eq. (7), the FIFO dynamic can be rewritten as

frw = 0Lwdw frw (EW - Crw) (12)

12
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which has the same form of the best-known replicator dynamic (Taylor and Jonker, 1978) in

evolutionary game theory. This shows an interesting finding that, the replicator dynamic with

additive terms %In f., on cost functions is identical to the logit-ESL dynamic which

combines exponential smoothing and logit SNL. m

Theorem 1 shows that the logit-ESL dynamic (which assumes the perception and learning
behavior and incorporates the terms of perceived costs in the model formulation) is
equivalent to the logit-FIFO dynamic (whose formulation does not include the perceived
costs but only the path flows and actual travel costs). This equivalence indicates that,
although the logit-FIFO dynamic does not explicitly assume travelers’ perceiving and
learning process, it may indeed reflect such behavior. This is similar to the case in Xiao et al.
(2016) which showed that a double dynamic of flows and perceived costs is equivalent to a
dynamic based purely on flows. Moreover, such equivalence brings two conveniences. On
one hand, although explicitly modeling the cognitive process (e.g., perceiving and learning)
can help build a more practical day-to-day model, its calibration is difficult as cognition is
difficult to measure or estimate. With the equivalent form, the cognition-related parameters
B and m inmodel (1) & (2) can be calibrated via form (3) using the path flow and travel
cost data, which may be easier to collect in practice, either from lab experiments (Ye et al.,
2018) or from real urban road networks (via GPS, Bluetooth and other sensors, license plate
recognition, etc.). On the other hand, the formulation of the logit-FIFO dynamic facilitates

the analysis on the global stability of the logit-ESL model (with nonseparable travel cost

13
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functions), as given by the following theorem.

Theorem 2. If the path travel cost functions are monotone, i.e.,
(f—g)T[c(f)—c(g)]zo, vi,geQ (13)
then under the logit-FIFO dynamic (3), any path flow pattern in Q will converge to the

logit SUE.

Remark 3. The monotonicity condition (13) is satisfied if the link travel cost functions are

monotone and additive (being additive means c,, :zaeASarca, where ¢, is the cost on

link aeA, 9, =1 ifpath r useslink a,and 6, =0 otherwise). O

To prove Theorem 2, we need the following lemma.

Lemma 1. There exists a real number Y >0, such that given any Y’ e(O,Y], the compact
(closed and bounded) set

Q(Y)={f|feqQ f2VY} (14)
is a positively invariant set with respect to dynamic (3), where f >Y' means f_, =Y’ for
all reR,, weW, and the definition of (positively) invariant set is given in Appendix B.
Proof of Lemma 1. Since the link costs have a strictly positive lower bound and a finite

upper bound, then so do the path costs. Thus we can define

14
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Q&inf{c,, (f)-c,(f)|sreR,wew,feQj

to be finite, where “inf” stands for infimum. Therefore, for the right-hand side of Eq. (3),

Zfrwfsw|:s -c, +B(Inf ~In frw)}

seR,,

> f Zfsw{(%ﬁ(lnf Infrw)}

seR

=f ZfSWQ+ > f,In W——Zfswlnf J (15)

seR, SER SeR

=T, de+%z f,, In fsw—%dW In fmj

seR,

>f | Qd, +E|nf2fswlnf _Ed In f }

seR,

where the last inequality holds because lim f,Inf,=0 and thus

fan =0+ “sw

inffeg(z fIn fsw) exists and is finite. Substituting Eq. (15) into Eq. (3), we have

seR, W
f >0 if
Qd, +=inf 3 f,,In f,,~=d, In f,, 20 (16)
B SeR B
i.e.,
f. _exp(BQJr—lnf > fInf j (17)
Further, let
Y = mlnexp(BQ+—|nf > fInf, ] >0 (18)
seR,,

then combining Egs. (3) and (15)-(18), we have that, if f, <Y, then frw >0. Therefore,

referring to Definition B1 of Appendix B, the set Q(Y') defined in (14) is a positively

invariant set of dynamic (3). This completes the proof. |

15
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Now we are ready to prove Theorem 2.

Proof of Theorem 2. Let
~ 1
¢(f)=c(f)+=Inf
B
then the logit-FIFO dynamic (3) is rewritten as

frw = [;_n Z frw fsw (Csw - Crw) (19)

w seR,
Assume f"=(f;.re RW,WeW)T to be a fixed point of dynamic (3) and thus a logit SUE,
then it satisfies the following variational inequality (Zhou et al., 2012),

(f-1) ¢(f)20, vfen (20)
Further, if ¢(f) satisfies the monotonicity condition (13), then €(f) is strictly monotone,
i.e.,

(f-9)'[e(f)-¢(9)]>0, Vf.geQ, f=g (21)
as the In(-) function is strictly increasing. In this case, f  is the unique logit SUE
(Theorem 1.6, Nagurney, 1999) and thus the unique fixed point of dynamic (3). To prove that

f* is globally stable, we adopt the following Lyapunov function which was used by

Hofbauer and Sandholm (2009) for the replicator dynamic,

Vi(f)=-— 3 3 £2In, (22)

Bn weW reR,

The derivative of V;(f) with respect to calendar time reads

16
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SOID I

n weW reR,, frW
1B
frw

_nz frw sw w )

W SER

DI N

n weW reR,

=—Z 2 2t (6 =Ca)

WeW w reR, seR,

1 g A
:_z Z z frw swCsw T d_ Z Z frw fswcrw

WeW w reR, seR,

==2 2 fuc sw+22fn~

weW seR,, weW reR,,
fo—f )¢
- Z Z( w o rvv)crw
weW reR,

=(f 1) &(f)
(=) ¢e(f)
0

IA

IN

where the first and second inequalities hold due to Egs. (21) and (20), respectively, and
Vi (f)=0 iff f=f", ie, {f|\/1(f):0, f eQ}:{f*}. Obviously, the largest invariant

setin {f} is itself.

Further, according to Lemma 1, the compact set Q(Y’) defined in (14) is a positively
invariant set of dynamic (3). Since the right-hand side of Eq. (3) is differentiable in Q and
thus Lipschitz continuous, then by LaSalle’s theorem (Theorem Bl in Appendix B), if
f"eQ(Y'), then any path flow pattern in C(Y) will convergeto f". As in definition (14)
of Q(Y"), Y’ can be arbitrarily close to zero, and lim,_,Q(Y')=Q, then it actually

means that, any flow pattern in ©Q will converge to f”. This completes the proof. i

3. Logit-ESL dynamic with logit-dynamic flow adjustment

17
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Cantarella and Cascetta (1995) proposed a day-to-day model considering the dynamics of
both flows and perceived costs. The perceived costs are updated following the same rule as
Eqg. (1), and the flows are assumed to evolve following dynamic (23):

(-], 20T
D ocr, EXP(=BP,)

Model (23) & (1) can be treated as an extension of the logit-ESL model (1) & (2) when the

—f,|, >0, reR,, wew (23)

path flows follow a dynamical adjustment process (23) rather than the static SNL (2). It can
also be treated as an extension of dynamic (24), the so-called logit dynamic in the
transportation context (YYang, 2005) or the perturbed best response dynamic with logit choice

rule in evolutionary game theory (Fudenberg and Levine, 1998):

i _ola olPe(f) (24)

T R ew(Ben (1)

Similar to transforming the logit-ESL dynamic in Theorem 1, Cantarella and Cascetta

(1995)’s model (23) & (1) can also be transformed to a form with no perceived costs. Let

Xy = 1 f +f., then Eq. (23) can be rewritten as

(0

_ eXp(_Bprw)
M s eXP(-BP,,)

Further let x=(x

X

(25)

wil € RW,WEW)T, then the feasible region of x is also Q. Taking
derivative on both sides of Eq. (25) and following the procedure in the proof of Theorem 1,

we can transform model (23) & (1) into the following equivalent form (26) & (27).

frw =0 (X — o) (26)

18
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er =B_n Z XrWXsw|:CsW( f )_Crw( f )+%(In XSW_In XFW):| (27)

d, &
Note that model (26) & (27) is a second-order dynamic which includes the first- and
second-order dynamics of just path flows but no perceived costs. The equivalence between
model (23) & (1) (which includes the dynamics of both flows and perceived costs) and model
(26) & (27) (which includes the dynamics of only flows) is similar to that in Xiao et al. (2016)
which found that, the double dynamics of flows and perceived costs that they formulated is
equivalent to a second-order dynamic of flows. However, Xiao et al. (2016)’s model is based

on Wardrop’s UE, while Cantarella and Cascetta (1995)’s model (23) & (1) is based on SUE.

With the help of the equivalent model (26) & (27) established above, we can prove that
Cantarella and Cascetta (1995)’s model (23) & (1) is globally stable under separable link

travel cost functions, in Theorem 3 below.

Theorem 3. If the link travel cost functions are separable and additive, then under dynamic
(23) & (1), when the path flow pattern is in Q and the perceived costs are positive, then

they will converge to the logit SUE path flows and path costs, respectively.

Proof. To prove the theorem, we first prove that dynamic (26) & (27), i.e., the equivalent

form of dynamic (23) & (1), is globally stable.

First, comparing Eqgs. (27) and (3), we have that, similar to Lemma 1, givenany Y'e (O,Y],

19
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where Y is defined in Eq. (18), the compact set Q(Y') defined in (14) is also a positively
invariant set of x . Further, according to Eq. (26), if x,=Y" and f <Y’  then
Xy — Ty 20 and thus f,>0. This means, given Y'e(0,Y], xeQ(Y') and any
Y"e(0,Y'], the compact set

QY ={f|feq f2Y"} (28)

will be a positively invariant set of f . For convenience, we define the set

G(Y.Y")={(f.x)

Y e(0,Y],Y"e(0Y],xeQ(Y'), f eQ(Y")) (29)

which is a positively invariant set of (f,x) with respect to dynamic (26) & (27).

Now, define

V,(f.0)=-aY 3 fulnx, +(atn) Y 3 £, (In f, 1) +pnY [ e, (0)do

weW reR,, weW reR, acA

where va(f) is the flow on link a< A given path flow pattern f . Note that, since
X, <d, (accordingto Eg. (25))and f €Q, then

a3 Y f,Inx,>-a> Y f,Ind, =-a> d,Ind,

weW reR,, weW reR,, weW

and inf, (ZreR

W

f,In frw) is finite (as lim, . f,Inf, =0). Therefore, V,(f,x) is

bounded from below by a finite number.

Since the link travel cost functions are assumed to be separable and additive, then

M:—alnxm+(“+n)ln frw—f_BnC"V‘/ (30)

rw

and
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=—q - (31)

The derivative of V,(f,x) with respect to calendar time is then calculated as

D IP I L S 3 e (32)

weW reR,, weW reR,,

In Eq. (32), the second term on the right-hand side reads

pIpi

weW reR,, rw
Yy aM—” 3 [iaw}
weW reR,, XrW dW seR, B
—aBnZ {Z fru D Xou (csw+lln XSWJ— DD X [crw+lln xrwﬂ (33)
WeW w | reR seR,, B reR, seR,, B

:—aBnZ{Z xSW[cstr%In xswj— > frW(Cer%'n xmﬂ

weW | seR, reR,

~opn % X (%, ) o 20, |

weW reR,,

where the first equality is obtained by substituting Eqs. (27) and (31), and the third equality

holds because >’ _ f, => _ x, =d,.Substituting Egs. (33), (30) and (26) into Eq. (32),

we further get

x)=>" > [-alnx, +(c+n)Inf, +Bnc, Jo(x, - f,)

weW reR,,

—afn Y. D (X — fm)(crw+%ln xrwj

weW reR,,

a(a+n) D D> (Inx, = f,) (X — fu)

weW reR,,

<0

where the inequality holds because In(-) is strictly increasing. Hence V,(f,x)=0 iff

f =x.

To show the convergence of f and x, let

21



Author Accepted Manuscript, https://doi.org/10.1287/trsc.2021.1080

WE{(F,X)V,(F,x)=0,f eQxeQ}={(f,x)f=xfeQxeq
Since the right-hand side of dynamic (26) & (27) is differentiable and thus Lipschitz
continuous, then by LaSalle’s theorem, under dynamic (26) & (27), if (f,x)eG(Y'Y")
(where G(Y',Y") is the positively invariant set defined in Eq. (29)) and G(Y'Y")NY¥ =,
then the pattern ( f,x) will converge to the largest invariant setin G(Y',Y")\'¥. Further,
since in the definition of G(Y',Y"), Y' and Y" can be arbitrarily close to zero, and
limyoy0(G(Y.Y)NW) =W, then any (f,x) pattern satisfying feQ and xeQ

will converge to the largest invariant setin ¥ .

To find out the largest invariant set in ¥, suppose at time t,, (f(to),x(to))e‘P, ie.,
f(t,)=x(t,)= f” é(fr‘jv,reRW,WeW)T. Letting (f(t),x(t))e¥ forall t=t,, we have
f(t)=x(t), vt=t, (34)
Substituting condition (34) into Eq. (26) leadsto f(t)=0 andthus f(t)=f(t,)=f" for
all t>t,. Combining this with condition (34), we have
x(t)=f", vtxt, (35)

Substituting condition (35) into Eq. (27) gives us

erzg—nzfrfvfjv[csw(f#)—crw(f#)+%(ln f* —In f;jv)}:o, reR,, wew (36)

w SeR,
According to Section 2, condition (36) holds iff f* is logit SUE. This means the largest
invariant set in ¥ is {( f,x)‘ f = x=logit SUE}. Therefore, any flow pattern f eQ will

converge to the logit SUE path flow pattern. Consequently, according to Eq. (1), the

perceived costs p,, will converge to the logit SUE path costs. This completes the proof. o
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4. Day-to-day dynamics based on other SUE concepts

The logit model is popular due to its closed-form formulation and thus the convenience for
analysis and calibration. However, it is deficient in dealing with overlapping paths and
heterogeneous perception errors. To overcome these shortcomings while maintaining a
closed-form expression of choice probabilities, various discrete choice models have been
proposed. Some models modify the deterministic terms in the utility functions to consider the
impact of path overlapping while maintaining the logit structure. These include the C-logit
(Cascetta et al., 1996), the path-size logit (PS-logit) (Ben-Akiva and Bierlaire, 1999) and so
on. Some models change the assumptions on the error terms to follow the Weibull
distribution (Castillo et al., 2008) or to be multiplicative (Fosgerau and Bierlaire, 2009),
leading to the weibit model. In this section, we use these alternative discrete choice models to

formulate new day-to-day dynamics.
4.1. C-logit and PS-logit

The C-logit and PS-logit extend the standard logit model by adding path-specific constants to

the path costs, and can be described by the following unified form:

_ exp[_B(pM+YFW)] reR
" ! ZseRw eXp[—B( psw +ySW ):I , "

where vy, are path-specific constants with different interpretations in C-logit and PS-logit

f weW (37)

(Chenetal., 2012). Egs. (37) & (1) then give a day-to-day model which is more general than

the logit-ESL dynamic (1) & (2). Following the same procedure in the proof of Theorem 1,

23



Author Accepted Manuscript, https://doi.org/10.1287/trsc.2021.1080

model (37) & (1) can be transformed to the following logit-FIFO-like form (named

C/IPS-logit-FIFO):

i _Pn 3 £t {(csw +7,)—(Co +ym)+%(|n f.—In frw)} (38)

dw seR,
which can be proved to be globally stable under the monotonicity condition (13), by

following the same proof for Theorem 2 (the complete proof is omitted here).
4.2. Weibit

Based on the weibit model (Castillo et al., 2008; Fosgerau and Bierlaire, 2009), the

weibit-SUE path flow pattern satisfies

-p
f =d (¢ () =, B>0, reR

T X ()

As the path costs are assumed to be positive, the path flows are always positive and their

weW (39)

W !

feasible regionis also Q.

Using the same technique of creating the logit-FIFO dynamic via the log odds ratio in Eq.

(10), we can get the following weibit-FIFO dynamic:

. f_/f 1
frw =0ty Z fru o In% - O‘wp’z o Tou {(In Cy—1IN Crw)"'B(ln fo —In 1Erw)} (40)
SERW SW ™w SERW

Comparing the forms of the logit-FIFO dynamic (10) and the weibit-FIFO dynamic (40),
their only difference lies in that, the travel costs in logit-FIFO dynamic are replaced by
logarithms of travel costs in weibit-FIFO dynamic. This is because, as pointed out by Castillo

et al. (2008) and Fosgerau and Bierlaire (2009), the weibit model (39) can also be treated as a
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logit model with respect to the logarithms of path costs, as shown below:

C 4 exp(—BInc,W(f)) (41)

e ZSGRW exp(-Blnc,,(f))

Recalling the equivalence of logit-ESL dynamic and logit-FIFO dynamic, a natural question
IS, whether the weibit-FIFO dynamic also has an equivalent form which reflects travelers’
perceiving and learning behavior. Below, we provide two weibit-based models which
consider such behavior, named the type-1 and type-11 weibit-ESL dynamic, respectively, and

we will show that only the type-I dynamic is equivalent to the weibit-FIFO dynamic.

Type-1 weibit-ESL dynamic. Referring to Xu et al. (2015), the alternative formulation (41)
of the weibit model can be interpreted as, for long trips, travelers may evaluate their travel
costs in a logarithmic manner. Therefore, we can assume travelers’ learning rule to be
pw=n(InC,,—p,), n>0, reR,, wew (42)
while using the same logit SNL in Eq. (2) to generate the path flows. We name dynamic (42)
& (2) the type-1 weibit-ESL dynamic as its steady states are weibit SUE. This dynamic is

equivalent to the weibit-FIFO dynamic as revealed by the following theorem.

Theorem 4. The type-1 weibit-ESL dynamic (42) & (2) is equivalent to the weibit-FIFO

dynamic (40).

Proof. Following the same procedure in the proof of Theorem 1 while using the new learning
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rule in Eq. (42), we readily have

B” 31, SW[ IncSW—Inc,W)Jr%(In f —In fm)} (43)

W SER

which has the same form as the weibit-FIFO dynamic in Eqg. (40). The proof is thus

completed. m

Type-I1 weibit-ESL dynamic. To build our second weibit-based day-to-day model, we can

use the same learning rule in Eq. (1), and adopt weibit SNL to get the path flows as

.
frw=d, % (44)
seR, pSW

Egs. (44) and (1) then give us the type-Il weibit-ESL dynamic. Taking derivative on both
sides of Eq. (44) and applying the similar procedure in Eq. (6), we get
~BPa " Prw s Pon ~ P 2o (B) P P

(X, 0d)

P P D Pov . Pov e P Pay

=-B|d, i
(X, o) (X 0t)

=_B er - rWSEzR,WE pst
Pow P
f Pow _ Prw
ZR o Paw pmj

B Z frw sw (CSW_ pSW)_n(CﬂNp_ prw)i|

w seR, psw

Bn C C
=1 fof | Zw_Zw
d Z rw " sw }

w seR, Psw  Prw (45)
where the third and fifth equalities are obtained by substituting Egs. (44) and (1), respectively.

Further, according to Eq. (44), given a particular path k € R, between each OD pair

26



Author Accepted Manuscript, https://doi.org/10.1287/trsc.2021.1080

weW , we have

1 1
f B f \B
prw = frW pkw’ psw = fSW pkvv (46)
kw kw

Substituting Eq. (46) into Eq. (45) vyields

f —B”LZ Fro Fau (Ca TP =, £27) (47)

w _E D, fk\]f,B = SW ' sw
The form (47) still includes the perceived cost of path k, and thus needs to be combined
with Eq. (1) to describe a complete day-to-day model. Therefore, the type-11 weibit-ESL

dynamic (44) & (1) is not equivalent to the weibit-FIFO dynamic (40).

The equivalent forms of the type-1 and type-1l weibit-ESL dynamics facilitate the analysis on
their global stability, which is provided by the subsequent Theorem 5 and Theorem 6. The
two theorems require the path travel cost functions to possess different monotonicity

properties, which will be specified in each theorem.

Theorem 5. If the logarithms of path travel cost functions are monotone, i.e.,
(f—g)T[Inc(f)—Inc(g)]zo, vi,geQ (48)
then under the type-l1 weibit-ESL dynamic (42) & (2), or equivalently the weibit-FIFO

dynamic (40), any path flow patternin Q will converge to the weibit SUE.

Remark 4. For simplicity, hereafter we call a function c() satisfying condition (48) to be

log-monotone. Generally speaking, c() being monotone does not mean that it is
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log-monotone, and vice versa. However, condition (48) is satisfied if the link travel cost
functions are log-monotone and multiplicative. The link travel cost functions would be

log-monotone if they are separable and increasing. The link costs being multiplicative means

ch:H c’> , or equivalently the logarithmic link costs being additive, i.e.,

acA @

Inc, = ZaeABar Inc, , which was the assumption adopted in Kitthamkesorn and Chen (2013,

2014) when solving the weibit SUE via mathematical programming. o

Proof of Theorem 5. Referring to the alternative formulation (41) of the weibit SUE and the
monotonicity of In c( f) in condition (48), Theorem 5 can be readily proved by replacing
c(f) in the proofs of Lemma 1 and Theorem 2 with Inc( ). Just note that, since the path
costs have a strictly positive lower bound, then the logarithms of path costs would have a

finite lower bound. The complete proof is omitted here. m

For the type-Il weibit-ESL dynamic (1) & (44), its global stability can be proved when the

link travel cost functions are separable, which is stated below.

Theorem 6. If the link travel cost functions are multiplicative and separable, then under the
type-11 weibit-ESL dynamic (1) & (44), or equivalently the dynamic (1) & (47), any feasible
path flows and positive perceived costs will converge to the weibit-SUE path flows and path

costs, respectively.
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To prove Theorem 6, we need the following lemma.

Lemma 2. Under the type-Il weibit-ESL dynamic (1) & (47), there exists a number L >0,

such that given any L' e (0, L], the compact set
Q(L)={f|feq f=L} (49)

is a positively invariant set of the path flows.

Proof of Lemma 2. The proof is similar to the proof of Lemma 1.

Since the lower and upper bounds of the path travel costs are finite and positive, we can
define

Qu 2inf{c,, (f)|reR,,weW,feq}>0 (50)
and

Q. Esup{c,,(f)|reR, weW, f eQ}>0

where “sup” stands for supremum. Therefore, for the right-hand side of Eq. (47),

z frw sw (Csw 'I:s.:l\f/B Crw frlv\//B) z frw sw( inf fslv\//B qup frlv\//B)

seR,, seR,
= fr ( inf ZRW f e supdw fr]v{/B) (51)
( L |nf Z f (B+1)/p Supdwfjfvﬁ]
Substituting Eq. (51) into Eq. (47), we have
. _pn 1 (B+1)/B
frw 2 d_ Py fj/ﬁ rw |nf Inf S;w f supdw .I:r\ll\//B (52)
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Since p,, isalways positive (according to Eq. (1)), then from Eq. (52), we have f_ >0 if

w —

[3+1
Qe inf 3 1" ~Q,,d f>0

upPw rw =
seR,,

B
f n_jnf $ 1B 53
. [Qs > } )

up w SER

Note that Eq. (53) is valid because |nffegz P s strictly positive due to the

constraint f € Q. Define

B
i inf (B+1)/
L= rvplmr{ |nf z f } >0

sup w SER

then from Eq. (52) and condition (53), we have f >0 if f <L, reR,, weW.

w —

Therefore, the set (49) is a positively invariant set of the path flows. This completes the proof.

Now we are ready to prove Theorem 6.

Proof of Theorem 6. Define

Ny =Co f? (54)
then

Inh,=Inc, +£In f

and Eq. (47) can be rewritten as

f f 55
" dpmfwzmsw h.,) (55)

kw SeR

Further define
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ZI 'Inc, (0)do+= ZZf (Inf,, (56)

acA WeW reR,

which is the objective function of the mathematical programming formulation used by
Kitthamkesorn and Chen (2013) for solving weibit SUE with separable and multiplicative

link travel cost functions. Then we have

v, (1)
of

w

=In crw+%ln f,=Inh, (57)

and

V()
af rw

Va(f)=zz
—ZZMhrWBnplefM w )

weW reR w kW seR (58)
=y = Inh, > f

:_EZ " fYB Z Z frwfsw Inh _Inh )(hfW_hSW)

WeW d pkw fkw reR, seR,

where the second equality is obtained by substituting Egs. (55) and (57), and the last equality
is obtained by swapping the summation indices r and s on half of its left-hand side. In Eq.
(58), as f >0, p2(p,.reR,,weW) >0, and the In(§ function is strictly increasing,
then we have V, (f)<0, with the equality holding iff

h,=h

rw sw !

vVrseR,, weW (59)
which, referring to Eqgs. (54) and (39), indicates weibit SUE. Further, according to Eq. (55),

any path flow pattern satisfying condition (59) will remain unchanged. Hence the largest

invariant setin ®2{f|V,(f)=0,f eQ} isitself, i.e., the set of weibit-SUE states.

Further, according to Lemma 2, given any L'e(0, L], the compact set (49) is a positively
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invariant set of the path flows. Then by definition (50) and Eq. (1), given any ¢ e(O, Qinf],
the compact set

P£{p|p=ef (60)
is a positively invariant set of p. Since the right-hand side of dynamic (1) & (47) is
differentiable and thus Lipschitz continuous with respect to f €Q and p>0, then by
LaSalle’s theorem, if feQ(L'), peP and Q(L)N® =D, then f(t)—>Q(L)ND as
t — +oo. As in the definitions (49) and (60) of the two sets, L' and ¢ can be arbitrarily
close to zero, this actually means that, if feQ and p>0 , then
f(t)>lim,_,(Q(L')ND)=d as t— -+, ie., the path flow pattern will converge to
weibit SUE. Consequently, according to Eq. (1), the perceived costs will converge to the

weibit-SUE path costs. This completes the proof. o

5.  Numerical examples

So far, we have proved the global stability of several day-to-day models, by considering
different assumptions for different models. In this section, we will use numerical examples to
further investigate the global stability of these models under relaxed or more common
assumptions (more specifically, under nonseparable and monotone cost functions), which was
not rigorously proved in the previous sections. As the global stability of the logit-FIFO and
logit-ESL dynamics have been proved for the general nonseparable and monotone cost

functions, they will not be investigated in this part.
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The numerical studies are conducted on a simple network illustrated by Figure 4. There is
only one OD pair with a fixed demand of 10 served by three paths (Path 1, 0—1—2—D; Path
2, 0—»3—4-D; Path 3, 0—»3—5—2—D). All numerical examples will consider nonseparable
link cost functions of the form ¢, =¢ [1+0 15(v;/Y;) } Z m.v,, where ¢’ and Y, are

=1 g !

parameters given in Table 1, and

[mu l—,xs -

o O O =
O O O - -
o B P, O O
o - O O
OO O O O O

It is not difficult to verify that the specified nonseparable link cost functions are (strictly)
monotone. If the link costs are also additive, then the path cost functions will be monotone.
Therefore, in the following investigations, we assume the link costs are additive. The
parameters of the day-to-day models are chosen as n=1, B=05 and a=1. The
continuous-time ordinary differential equation sets representing the day-to-day dynamics are
solved numerically by the fourth-order Runge-Kutta method using Matlab’s built-in function

ode45.

Figure 4. The network structure.

Table 1. Parameters of the link travel cost functions
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Link index i 1 2 3 4 5
c’ 2 1 1 2 1
Y; 3 7 7 3 4

First, we examine the weibit-FIFO dynamic and type-I weibit-ESL dynamic. In Theorem 5,
these two dynamics have been proved to be globally stable under log-monotone path cost
functions without requiring the link costs to be separable or additive/multiplicative. Here we
further investigate their stability under monotone path cost functions based on the additive
and nonseparable link cost functions specified earlier. The weibit-FIFO form (43) is used to
calculate the flow trajectories, which are illustrated in Figure 5. The trajectories starting
from different initial states all converge to the same path flow pattern, indicating the model
is globally stable under the specific network structure and the specific monotone path cost

functions.

o Initial States
O Final States

Flow on path 3
(95}

Flow on path 1

Figure 5. Flow evolution of weibit-FIFO dynamic (43)
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Theorem 6 has shown that the type-I1 weibit-ESL dynamic is globally stable under separable
and multiplicative link travel cost functions. In this numerical example, the case of
nonseparable and additive link costs is studied. The form (1) & (44) is used to generate the
trajectories. The trajectories of path flows are displayed in Figure 6. Since the state variables
in form (1) & (44) are the perceived costs, then to ensure that the evolution starts from the
specific flow patterns shown in Figure 6, given any particular initial path flow pattern
fO=(£2 £, f3°)T, the initial perceived cost p; for each path ie{1,2,3} is calculated as
1
p’ :((maxke{lm f0 )/fio)g. The trajectories displayed in Figure 6 imply that the system is

globally stable.

10
9 o Initial States
8 O Final States
7 ¢
™M
= 6
[4°]
(o
c 5
o
5 4
(. 34
26
1
O o =

0 1 2 3 4 5 6 7 8 9 10
Flow on path 1

Figure 6. Flow evolution of type-Il weibit-ESL dynamic (1) & (44)

Finally, we examine Cantarella and Cascetta (1995)’s model (1) & (23). From Theorem 3,
we know that the model is globally stable under separable and additive link cost functions.

Here we further look into the nonseparable case. The trajectories of flows and perceived
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costs are generated based on formulation (1) & (23) and displayed in Figure 7 and Figure 8,
where the initial perceived costs are set to be six times the value of the initial flows on the
same paths. As Figure 7 shows, the flows fluctuate a lot but all converge to the same pattern.
In Figure 8, the trajectories of perceived costs on paths 1 and 3 also converge to the same
point; in this case, the perceived cost on path 2, although not included in the figure, will also

converge, according to Eq. (23).

10
N o Initial States
8 ¢ o O Final States
M \\\
S 6 3
(1] N
a .
c AN
(@] ~
i \
[T N
2
0« o & o o s
0 2 4 6 8 10

Flow on path 1

Figure 7. Flow trajectories of Cantarella and Cascetta (1995)’s model (1) & (23) (both the
blue and red lines indicate trajectories; the red color is used to highlight the trajectories

which start from two arbitrarily chosen initial states)
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60 ¢
o Initial States

m 484 O Final States
L
©
o
5 36
o
(@)
2 24—
=
()]
=
@
o 12

0

0 12 24 36 48 60 72

Perceived cost on path 1

Figure 8. Trajectories of perceived path costs of Cantarella and Cascetta (1995)’s model (1)
& (23) (both the blue and red lines indicate trajectories; the red color is used to highlight the

trajectories which start from three arbitrarily chosen initial states)

6. Conclusions and future research

In this paper, we studied the interconnection of some day-to-day models with and without the
perceived-cost terms in their formulation. The main results and the relationship between these
models are summarized in Figure 9, where each block represents a day-to-day model. The
dashed-line blocks represent existing models in the literature, and the solid-line blocks
represent the new models proposed in this paper. Rectangles with sharp corners represent
models without perceived costs in the model formulations, and round corners the models with

perceived costs. The bidirectional arrow means the two models are equivalent, while the
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unidirectional arrow indicates that the model at the head of the arrow is an extension of the
model at the tail. The grey blocks mean the dynamics are proved to be globally stable under
separable link cost functions, and white blocks when the cost functions can be nonseparable

(except for the FIFO dynamic and replicator dynamic as their stability was not investigated in

this paper).

—_———— e — — —

Remark 2

r-r-r—-——>">"~>">"™—"=—— |

| FIFO dynamic ! Replicator dynamic !

L ——

Remark 1

1 Section 4.2
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Theorem 1 I

~

/ . A
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>i Weibit-FIFO dynamic |
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Section 4.2

>< Type-I weibit-ESL dynamic )

Section 4.2

I
|
7/

:/Type-ll weibit-ESL dynamic)

Section 4.1

C/PS-logit-FIFO
dynamic

‘(C/PS-Iogit-ESL Section 4.1
'k dynamic

—_——_ e ———— — — =~

| Cantarella and Cascetta |

L (1995) I

/

Section 3

Second-order form without perceived costs

Figure 9. Main results and model relationship in this paper

Specifically, we showed that the logit-ESL dynamic (Watling, 1999) is equivalent to a
logit-based extension of the FIFO dynamic (Jin, 2007). Via such equivalence, we proved the
global stability of the logit-ESL dynamic under nonseparable and monotone travel cost
functions. We also showed that Cantarella and Cascetta (1995)’s model, which can be treated

as a combination of the logit-ESL dynamic and the logit dynamic, is equivalent to a
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second-order dynamic of flows, and proved its global stability under separable travel cost
functions. Further, we introduced other discrete choice modeling concepts into the logit-ESL
model and formulated new day-to-day models with different fixed points including
C/PS-logit SUE and weibit SUE. These new models were also reformulated into other forms
and proved to be globally stable under various conditions:
The C/PS-logit-ESL and C/PS-logit-FIFO dynamics are globally stable under
nonseparable and monotone cost functions;
The type-I weibit-ESL dynamic is equivalent to the weibit-FIFO dynamic and globally
stable when the path cost functions are log-monotone;
The type-11 weibit-ESL dynamic is globally stable when the link costs are separable and
multiplicative.
Finally, we used numerical examples to study the global stability of several day-to-day
models under more general/common assumptions, which was not rigorously proved in the
theoretical sections. It was observed that the weibit-FIFO dynamic (or equivalently the
type-1 webit-ESL dynamic), the type-Il weibit-ESL dynamic and Cantarella and Cascetta
(1995)’s model are all globally stable when the travel cost functions are nonseparable,

monotone and additive.

This paper enriches our understanding on the day-to-day dynamics, but also raises many open
questions. First, in the formulations of logit-FIFO dynamic as well as other logit-based

day-to-day models such as those in Smith and Watling (2016) and Xiao et al. (2019), the
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logarithms of path flows are included as additional costs to the actual path costs; there is still
no convincing explanation on what the logarithmic path flow represents from a behavioral
point of view, or how to derive it from the Gumbel-distribution assumption. Second, when
proving the global stability of the weibit-based models, we required the link costs to be
multiplicative or the path cost functions to be log-monotone. This is different from the
traditional assumptions on link travel costs which are additive, or on path cost functions
which are monotone; however, the numerical examples seem to imply that these traditional
assumptions can still guarantee the global stability of the weibit-based models. Therefore, the
second question for the future is to prove the global stability of the weibit-based dynamics
under additive and monotone cost functions. Third, to prove the global stability of the type-II
weibit-ESL dynamic and Cantarella and Cascetta (1995)’s model, we required separable
travel cost functions; hopefully this restriction can be lifted in the future to allow
nonseparable cost functions. Last but not least, since the cognitive mechanism of the
logit/weibit-FIFO dynamic can be explained by their equivalent which includes perceived
costs, it would be interesting if we can find the equivalent forms of other day-to-day models

such as the logit-based PSAP (Smith and Watling, 2016).
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Appendix A. Definitions of stability

Definition Al. Consider an autonomous system
x=12(x) (61)
where z:M — R" s a locally Lipschitz map from a domain M < R"™ into R". Suppose
X" is an equilibrium point of (61), then X is
locally stable if ve>0, 38=35(¢)>0, such that
HX(O)—X*H<6 = Hx(t)—x*H<s vt>0
locally asymptotically stable if it is locally stable and & can be chosen such that

HX(O)—X*H <& =lim Hx(t)—x*H =0

t—oo

globally asymptotically stable if

x(0)eM =lim Hx(t)—x*H =0

t—o0

Appendix B. LaSalle’s theorem

Definition B1. (pp. 127, Section 4.2, Khalil, 2002) A set Q is said to be an invariant set
with respect to (61) if

X(O)eQ:X(t)eQ, ViteR
Q issaid to be a positively invariant set if

x(0)eQ=x(t)eQ, Vt>0

The global stability of system (61) can be investigated by LaSalle’s theorem below.
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Theorem B1. (Theorem 4.4, Khalil, 2002) Let Q< M be a compact (closed and bounded)
set that is positively invariant with respect to the dynamical system (61),and V:M — R be
a continuously differentiable function such that V (x)<0 in Q. Let T1 be the set of all
points in € where V (x):O. Let G be the largest invariant set in IT. Then every solution

of (61) startingin € approaches Gas t— .
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