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Abstract

A simplified analytical model of contact acoustic nonlinearity (CAN) in pipe structures
was established and verified by finite element modelling to analyse the multimode
second harmonic waves induced by a breathing crack. The analytical model was
developed from plate to pipe structures with S-parameter formulation applied for the
investigation of second harmonic generation where pure longitudinal wave mode
excitation was used. A numerical simulation model with the same excitation condition
was developed to confirm the results from the theoretical analysis. Multimode second
harmonic waves were obtained in both analytical and simulation models and the
proportion of different modes in terms of axial amplitude was also studied. A new
nonlinear index was finally proposed for the guantitative assessment of fatigue crack

growth in pipe structures.
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1. Introduction

Guided wave-based damage detection with linear characteristics has been widely
applied in pipe structures. Given the increasing demand for the damage detection at
early stages, nonlinear guided waves with high sensitivity to microscale damage have
drawn the attention of many researchers. Techniques using nonlinear ultrasonic guided
waves have shown great capability for damage identification in structures using
nonlinear ultrasonic behaviour including higher-harmonic generation 1 mixed
frequency response ["*2 and sub-harmonic generation [*311, Nonlinear ultrasonics can
be grouped into four types: classical nonlinear elasticity, contact acoustic nonlinearity
(CAN), hysteresis and non-classical dissipation [61. It should be noted that the
mechanisms of nonlinearity are complex; sometimes similar nonlinear effects can be
manifested by different physical mechanisms, and vice versa [®l. Among these
mechanisms, classical nonlinear elasticity and CAN exist commonly and usually
simultaneously in engineering structures with microscale damage such as initial fatigue

cracks and corrosion pits.

Material nonlinearity has been widely studied theoretically and experimentally. It may
exist homogeneously in the structure material or appear as localised damage around the
crack tip with plastic deformation 72 At location of stress concentration, such as

holes and/or notches in the structure, a single microcrack mostly initiates at the edge of



these features and gradually grows to a larger size under fatigue load. In this case, CAN
occurs when ultrasonic waves pass through the interface between two surfaces of the
microcrack. As the incident wave approaches a contact interface, the compressional and
tensile parts cause closing and opening of the crack, which induces localised

nonlinearity.

In the past few years, different analytical models of CAN in plate structures have been
developed. The first model of such nonlinearity was provided by Richardson 4. This
model contains two semi-infinite elastic materials with intimate contact separated by a
planar interface, across which no traction forces exist. Another model considered the
contact between two rough surfaces with changeable contact area under applied stress,
which induced nonlinearity of the interface %21, This model acts as a nonlinear spring
with varying stiffness when stress is applied. A more popular model for CAN was called
the bi-linear stiffness model 1. It had different stiffnesses under compression and
tensile phases of a wave and the crack became similar to a “mechanical diode”. This
local stiffness effect was also studied when using shear wave mixing at crack interface
241 Theoretical crack model considering roughness, friction and hysteresis was
proposed [?° which brought insight into the model with more complex conditions.
Further development of the CAN model introduced the generation of crack-induced
second source stress (CISS), which treated the breathing crack as a second source of
generation of stress waves, promoting the analytical model into 3D scenario 2%, The
total force of the second source was calculated as an integration of the stress on the

crack surface and was modified by a function related to the durations of crack opening



and closing. Then the received amplitude of waves at double frequency could be
derived based on elastodynamic analysis. This method provided a nonlinear index for

quantitative assessment of CAN in a plate structure.

Although theoretical analysis of CAN in plate structures was undertaken by many
researchers, theoretical analysis of nonlinear guided waves in pipe structures was quite
limited, with most focusing on material nonlinearity ?-?*1, Guided wave propagations
in pipe structures are more complex and multiple wave modes are induced by damage
attributable to the structural curvaturel®® 3l Therefore, analysis of the generation of
second harmonic waves in a pipe structure and a proper nonlinear index are both in high

demand for the measurement of CAN.

Apart from the analytical model analysis of CAN, different numerical methods were
also developed to study the interaction between guided waves and close crack in a
structure, including finite discrete element method (FDEM) B2 local interaction
simulation approach (LISA) 3% finite difference time domain method (FDTD) [26:371
time-domain spectral finite method 8 and finite element method (FEM) 3% 4%, The
FEM model was adopted widely for the development of CAN model in both steel and
composite components [+ 42 Meanwhile, various crack interface in FEM model was
established and studied for CAN, including seam crack [ 4345 and crack with rough

contact or friction [46-501,

In this study, the 3D analytical method with CISS adopted in the plate was referred for

the establishment of an analytical model in a pipe structure. A simplified analytical



model based on S-parameter formulation was developed to analyse the second
harmonic generation in a pipe. Pure longitudinal wave mode in the pipe was excited
and the amplitudes of multiple wave modes induced by the breathing crack at second
harmonic were calculated and after which the proportion of each second harmonic wave
mode in terms of axial amplitude was evaluated. Validation of the analytical model was
implemented using FEM and a new nonlinear index for measurement of the severity of

CAN in a pipe structure was proposed.

2. Methods

Due to the curvature of pipe structures, theoretical analysis in a 3D pipe was usually
semi-analytical combined with numerical simulation. In this study, a simplified
condition was assumed where only longitudinal wave mode was excited and the theory
of scattering of waves in an elastic hollow cylinder with S-parameter in the linear

method was used to derive the second harmonic waves induced by the breathing crack.

When the guided wave propagates in a pipe structure with a microcrack in the middle
of it as in Figure 1, the wave interacts with the crack and multiple wave modes
subsequently generate. The general expansion of generated wave displacement field by
the circumferential crack at location zc is similar with the case where linear guided

waves are scattered by a crack [

uf{(r, 0,z) = YXun C,’}’Jr (z)u,’)’+ (r,0) zZ> 2z
uy(r,6,2) =Y, nCi- (Duy_(r,0) z<z,
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where u and N denote the group order and the circumferential order of a mode,
respectively; C),(z) and C)_(z) represent the amplitude of generated waves when
z>z. and z <z, respectively; uy,(r,6) and u)_(r,8) are the model particle

displacement in the region z > z. and z < z. respectively and
u,'}’i (r,0) = 20{:7‘,9,2 R/.IYa (r) Og (N9), (2)

where the functions R}, () and ©F(N6) are the radial and angular characteristic
functions; R is related to Bessel functions and modified Bessel functions and was

calculated through reference °2; @ contains sines and cosines of N6.
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Figure 1 Configuration of analytical pipe model with longitudinal wave excitation and
breathing crack as a second wave source in the pipe. The crack is through thickness and the

extent of crack isalong 6 axis.

The relation between amplitudes le’i (z) and S-parameter can be expressed as

N,M
Clltvi (Z = Z/LK) = ZV,K,M Syﬂ_;v;ca%{’ (3)



where A and k denote left or right reference plane in the pipe; v and M denote the
group order and the circumferential number of the incident mode; af. are the
amplitudes of the incident wave mode on either plane of the pipe. When the wave
propagates in the pipe and interacts with the closed crack, the crack is treated as a
second source which induces stress in the pipe and the passing waves are modulated by
the breathing behaviour of the crack. Therefore, stress induced by the breathing crack
in the pipe needs to be investigated, and the S-parameter needs to be modified based on

a pure longitudinal excitation and a breathing crack as the second source.

3. Analytical model establishment and numerical method
validation of interaction between guided waves and closed

crack
3.1 Analytical model

As shown in Figure 1, pure longitudinal wave was excited in this analytical study and
the location of the closed microcrack was zc along the z axis. Reference planes at left

and right were labelled for the S-parameter formulation.

As in reference 281 the modulated stress on the breathing crack surface was treated as
a second source which generated second harmonic waves. In this study, it is assumed
that the incident longitudinal wave stress which caused a displacement at the crack was
simply equivalent to the stress on the crack surface. Since the microscale crack is
sufficiently small when it was compared with the distance between the excitation and

the monitoring points, the total stress on the crack surface when it is open was



equivalent to a point load and calculated as the integration of the stress over the crack

surface.

Fopen = fS Tnc(22) dS, (4)

where T;,.(zz) is the axial component stress tensor of incident wave; S denotes the

crack surface area.

The point load would be modified during the crack’s opening and closing behaviour.
Meanwhile, the breathing behaviour caused diffraction at the tip of the crack, which
was circumferential shear horizontal (SH) wave propagating in the circumferential
direction, and it disturbed the duration of crack opening and closing. The duration of
diffraction was estimated as the time of wave travelling from the middle of the crack to

the tip, which is Hine \while the duration of crack opening due to the stress on the crack
s pening

Tinc
2

IS . Agy isthe wavelength of the circumferential SH wave and L is the crack length.

With the duration of crack closing and opening, the stress field on the crack was

modulated by a function B3

f@®) =

1, topen < t< tclose

Tinc LTinc )
0, teose <t < topen + =5+ 50

()

at the angular frequency w; of the excitation as

Fcrack,ﬁ = Fopen : f(t)eiwlt. (6)



The relation between displacement of the crack node and the wave modulation function

is plotted in Figure 2.
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Figure 2 (a) Crack displacement under the incident wave. The red dash lines indicate the time
of crack open topen and crack closed teose. The period of crack displacement was influenced by
the scattered circumferential SH waves. (b) Window function for the modulation of crack

displacement field.



With the modulation function and the frequency spectrum of the crack surface

displacement, the amplitude A, at double frequency in the frequency spectrum can

be obtained through Figure 3.
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Figure 3 Frequency spectrum of displacement amplitude. Blue dash lines show the amplitudes

at fundamental frequency f; and at double frequency 2f;.
As a result, the stress field on the crack at double frequency was modulated as
Fcrack,2f1 = AZleopen,fl ) eiZwlt = eiZwlt fs T2f1 (ZZ) dS: (7)

which can be treated as a second source with stress T,, to generate second harmonic

waves at double frequency.

To further obtain the displacement field of generated second harmonic wave in the pipe,
the S-parameter formulation was modified and deployed. When considering the
incidence of longitudinal axisymmetric modes which satisfies the requirements that the
mode has a large wavelength and an entirely axial stress field, and the crack was

sufficiently long and through-thickness with angular extent a under uniform tension,



the general scattering formula for the guided waves by a crack in cylinders was
approximated by elastostatic solutions Y. As well, the S-parameter under longitudinal

mode excitation can be simplified as **

gN,O_ —
[RY V2Ee

—iwz; TOR {acos(ﬁa) __sin(Na)

) O [ MRy (1) d, (8)

where §§1%1 stands for the S-parameter when the incident mode is a longitudinal wave
and the circumferential order M=0, R = (a+b)/2; T represents the magnitude of

stress on the crack after modulation and Ty = T,¢; a is half of the crack angle; E

1

H ' . :
denotes the Young’s modulus; €* = T (ﬁ); v isthe Poisson’sratio; H=Db —

[12(1-v?)]2
a; Ry, (r) consists of a modified Bessel function, which was calculated by equations
in 61 r is the coordinate along the radius direction. From Equation 8, it can be seen
that the S-parameter changes with the extent of the angle of the crack and the trends are
different for different wave modes. With the updated S-parameter, the axial

displacements of second harmonic waves can be calculated by substituting Equations 2

and 3 into Equation 1.

It should be mentioned that material nonlinearity introduced by material dislocation
around the tip of fatigue crack was not involved in the analytical model and only
nonlinearity caused by the breathing behaviour of the microcrack was considered, since

this study focuses on the mechanism of second harmonic generation related to CAN.

The study of this model was carried out based on an 80 mm outer diameter, 4 mm wall
thickness aluminium pipe. To determine a proper excitation frequency for the

generation of CAN and predict the second harmonic wave modes, the dispersion curves



of this pipe were plotted by DISPERSE® shown in Figure 4. It should be noticed that
the notation from Rose 8! was adopted in the subsequent study, in which L(n, m) was
defined as a longitudinal mode group, including axisymmetric modes L(0, m) and non-
axisymmetric modes F(n, m). The integer n is the circumferential order of a mode and

the integer m denotes the group order of a mode.
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Figure 4 Dispersion curve of 80 mm outer diameter, 4 mm wall thickness aluminium pipe in
terms of (a) group velocity and (b) phase velocity. Red lines indicate the excitation wave
mode and frequency, and possible second harmonic waves generated at double frequency

after interacting with the breathing crack.

The fundamental wave as the excitation was selected at 80 kHz and the wave mode is
L(0, 2), the fastest wave mode around this frequency, which is also non-dispersive over
a wide range of frequencies. It should be mentioned that the second harmonic waves
should have infinite wave modes if the flexural wave modes were induced by the crack.
In this study, the first five modes of flexural waves were studied since they cover the

main portion of the nonlinearity.



3.2 Numerical analysis

To validate the theoretical analysis results, finite element (FE) simulation was applied
to model the interaction between a longitudinal wave and a closed crack in the pipe and
all second harmonic wave modes were extracted from the simulation. A 3D FE model
in Abaqus/Explicit was utilised to simulate the nonlinearity caused by the breathing
crack. The pipe model had the same dimension as in the analytical model. The
excitation signal was a 5-cycle Hanning-windowed tone burst signal at a central
frequency 80 kHz. To achieve the convergence and accuracy of the computation, the
minimum element length and time increment were selected as 1 mmand 5x 1078 s

respectively. The material properties of the aluminium are listed in Table 1.

Table 1 Material properties of 5 mm aluminium pipe.

Material Density (p) Young’s Modulus (E)  Poisson’s Ratio (v)
properties (kg/m?) (GPa)
2700 70 0.33

To generate a pure longitudinal wave, the number of elements in the actuator ring
should be greater than n, where n is the highest circumferential order of the flexural
mode which has a cut-off frequency within the bandwidth of the excitation 1. From
the dispersion curve in terms of group velocity in Figure 4, the highest order flexural
mode within the bandwidth of the excited L(0, 2) is F(12, 1). Therefore, for more
accurate excitation, 16 elements should be assigned in the sensor ring. In this study, 16
actuator elements with 22.5-degree equivalent spacing were adopted and the excitation

signal was applied as a point load at the node of the centre of each element along the



direction of the pipe axis. The transducer ring is 300 mm from the crack. The
configuration of this model and the generated longitudinal wave in the pipe are shown
in Figure 5. To enhance the second harmonic waves and remove the disturbance from
the fundamental wave, after all excitation signals were received, a 180° out-of-phase
inverse signal with the same waveform was excited in the pipe at the same location and
was received following the same procedure. The combination of these two received

signals would produce signals that contain nonlinearity at higher harmonics only.

To introduce a breathing crack in the pipe, a seam crack definition was used on each
surface of the crack, which enabled breathing behaviour when waves interacted with
the crack. Meanwhile, a surface-to-surface contact interaction and associated properties
were defined on the crack interface to achieve the modelling of CAN. The crack was
through the wall thickness and located in the middle of the pipe. The crack length in
the circumferential direction was changed from 1 mm to 14 mm (0.01 to 0.21 after
normalised by the wavelength of L(0, 2) mode at the fundamental frequency) with
increments of 1 mm, and then from 14 m to 34 mm (0.21 to 0.50 after normalised by
the wavelength of L(0, 2) mode at the fundamental frequency) with increments of 4
mm. Figure 5(a) and (b) show the process of ultrasonic guided waves interacting with
the breathing crack. It can be seen that the stress induced by a wave transmits through

the crack when it is closed but cannot pass through when the crack is open.

It should be mentioned that, material nonlinearity which is induced by the material
plasticity at the early stage of the fatigue crack was not considered in the numerical

model either, since this type of nonlinearity is marginal compared with CAN 2631 gnd



contributes less to the total nonlinearity as the crack propagates. The modelling in this
study concerned about the microcrack initiation and growth in the pipe structures.

Therefore, only the mechanism of CAN was considered when simulating the model.

(¢) crack induced waves

Seam crack

Seam crack

Figure 5 Configuration and displacement field of pipe model in simulation. Pure longitudinal
L(0, 2) is excited in the model. (a) Crack is closed when the compressional part of the wave
passes through. (b) Crack is open when the tensile part of the wave passes through. (¢) Crack-

induced second harmonic waves with non-axially symmetric displacements.

From the dispersion curve of this pipe, the second harmonic waves would be multiple
wave modes including L(0, 2) and F(n, 3) at double frequency. Likewise, in the

simulation model, more than one wave mode was generated after the incident wave



interacted with the crack, which can be observed by the non-axially symmetric
displacement in Figure 5(c), indicating the existence of flexural waves after interaction
with the crack. Thus, it is necessary to extract each mode so that they can be analysed
separately. 16 monitoring points with the same spacing at 350 mm from the crack were
assigned in the circumferential direction. All the points would receive signals at the
same time in terms of the axial displacement, after which an appropriate signal
separating method was applied on these received signals to obtain different modes at
double frequency 8. In detail, for the longitudinal mode, all signals from monitoring
points were processed with a band pass filter in MATLAB at double frequency 160 kHz
with a bandwidth of + 15 kHz and the results are totalled to obtain the final signal.
For the flexural modes, the same band pass filter was used on each of the received
signals and then a phase delay of N6/2n was applied to each signal, where N is the
circumferential order and 6 is the angular distance from the centre of the notch. Finally,

the sum of these delayed signals would generate the corresponding flexural modes.

4. Results
4.1 Results from analytical model

From the dispersion curve, it can be seen that at the double frequency, multiple wave
modes exist. The axial displacements at the pipe surface of all second harmonic waves
induced by the breathing crack were calculated with Equation 1 and the results are
plotted with various crack lengths which are normalised by the wavelength of excited

L (0, 2) mode at fundamental frequency, as shown in Figure 6.
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Figure 6 Displacement amplitudes of second harmonic waves including L (0, 2) and F(n, 3)

(n=1,2,..5) derived from the analytical model with various crack lengths.

It is noticed that the trend of the first three modes L(0, 2), F(1, 3) and F(2, 3) keeps
increasing monotonously, but for F(3, 3), F(4, 3) and F(5, 3), they start to decrease at
around 0.5, 0.44 and 0.38 crack length. Therefore, within the crack length of 0.5, the
first three modes are more suitable than higher order modes for the quantitative
evaluation of crack length. This is similar to analysis with linear methods for pipe
structures, where the guided wave is scattered by a circumferential crack and more than
one wave mode is scattered. In those waves, the axisymmetric mode (n=0) was most
efficiently scattered by the crack but the other modes did not change monotonically
with the crack length Y. Since multiple wave modes were generated as second
harmonic waves, the proportion of different modes was calculated to investigate the

contribution of each mode for the CAN. The percentage of each mode was calculated



as its respective axial displacement amplitude divided by the sum of amplitudes of all

six modes, as shown in Figure 7 in terms of crack length.
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Figure 7 Proportion of different wave modes including L(0, 2) and F(n, 3) (n=1,2,..5) as

second harmonic wave.

From Figure 7, it is obvious that L(0, 2) occupies the largest proportion of the total
energy, and the percentage is higher when the crack length is less than 0.2. However,
flexural modes at lower orders (n=1, 2) also take 15% to 25% of the total energy, which
cannot be ignored when measuring the nonlinearity caused by the breathing crack.
Furthermore, as the crack length increases, the proportion of flexural modes F(3, 3)

increases, which may also be considered for nonlinearity evaluation.

The results from analytical study show that multiple wave modes would be generated
after a longitudinal wave interacts with a breathing crack and the flexural waves play

vital roles that must be considered when measuring the second harmonics caused by



CAN. It should be noticed that to use Equation 8 with elastostatic solutions, the length
of the crack should satisfy a~0(e?). For the pipe used here with v=0.33 and the

thickness to mean radius ratio of 0.1, after the calculation of e through the

1

equation €% = - (2) the minimum crack length is about 2.4 mm. It can be
2

[12(1-v?)]
seen that in Figure 7, the first point for all wave modes has an obvious error because

the crack length is only 1 mm at that point and the equation cannot perform well for

this case.

4.2 Results from numerical analysis

Some typical signals received from the simulation model with a 4 mm seam crack after
signal processing at double frequency are shown in Figure 8, labelled L(0, 2), F(1, 3),
F(2, 3) and F(3, 3). It is evident from the figures that the flexural waves arrive at almost
the same time as L (0, 2), consistent with the dispersion curve, showing that the group
velocity of the flexural wave modes is close to that of the longitudinal wave. The
separation of flexural modes from the longitudinal mode is not ideally accurate for
higher order modes which are highly dispersive, and may also be influenced by another

group of flexural modes F(n, 2) as shown in the dispersion curve (Figure 4).
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Figure 8 Signals at double frequency from simulation model with 4 mm seam crack of a) L(0,

2), b) F(1, 3), ¢) F(2, 3) and d) F(3, 3) modes.

To observe the changes in displacement amplitude of different second harmonic modes
generated by different crack lengths, the axial displacement amplitude of each mode is

also plotted with various crack lengths and is shown in Figure 9.
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Figure 9 Axial displacement of different wave modes at double frequency with various crack

lengths from simulation results.

Similar to the analytical results, the increasing trends of the first three modes are
monotonous with the increase in crack length, while F(3, 3), F(4, 3) and F(5, 3) begin
to decrease when the normalised crack lengths are 0.44, 0.5 and 0.32, respectively. The
displacement amplitude of the flexural wave mode F(1, 3) is close to L(0, 2), which is

different from the analytical result.

The percentage of each mode accounting for the total axial displacement was also
calculated in the simulation and is plotted in Figure 10, where both L(0, 2) and F(1, 3)
modes take the main proportion of the total amplitude with the total percentage up to
50%. The first three modes increase slightly with the crack length, while the F(3, 3),
F(4, 3) and F(5, 3) modes show the opposite trend. The proportions of the flexural wave

modes are similar to those in the analytical results, in which F(2, 3) and F(3, 3) are



about 5% and 10% lower than the longitudinal mode. Nevertheless, the first three
modes still dominate the induced nonlinearity and none of them can be ignored when

evaluating the severity of a closed crack.
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Figure 10 Axial displacement proportion of different wave modes at double frequency with

various crack lengths from simulation results.

5. Discussion
5.1 Comparison of analytical and numerical results

To further analyse the difference between the analytical and simulation results, the
normalised axial displacement changes of each wave mode with different crack lengths

from both methods are compared in Figure 11.
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Figure 11 Comparison of normalised axial displacement amplitudes from numerical and

theoretical analyses for (a) L(0, 2) mode; (b) F(1, 3) mode; (c) F(2, 3) mode; (d) F(3, 3)

mode; (e) F(4, 3) mode and (f) F(5, 3) mode.

As seen in the figures, the first three modes have similar trends for simulation and

theoretical results. However, for the higher order flexural waves (n>2), the differences

are more obvious than in the first three modes. The theoretical values are lower than



their simulation counterparts. Apart from the unavoidable errors during the separation
of each mode, another reason is mainly that the stress on the crack was assumed to be
uniformly distributed for the theoretical analysis whereas the stress could not be ideally
uniform due to the beam spreading of the wave excited by a point load and the blind

zone between each element in the excitation for the simulation model 59,

In order to investigate the influence of beam spreading and the blind zone on the stress
distribution of the crack, the distance between the excitation ring and the crack was
adjusted. To achieve this, another transducer ring was added to the same model at the
distance of 100 mm from the crack, that is, 200 mm closer than the original position.
The displacement of the second harmonic wave L (0, 2) in this case compared with the
original distance is shown in Figure 12. As can been seen in the figure, when the
actuator ring approaches the crack, the differences between the analytical and
simulation results increase due to the less uniform distribution of stress on the crack
which is induced by the closer excitation, revealing that the location of the actuator ring

influences the stress distribution on the crack and the CAN generated by the crack.
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Figure 12 Influence of distance between transducer ring and the crack location. The
transducer location is same for analytical and FEM model. After changing the transducer

distance to the crack in FEM model, the axial displacement also changes.

Another possible reason for the difference between the analytical and FE models is that
the simulation results for higher order flexural wave modes may be unstable due to the
heavily dispersive properties of those modes, so that, when compared with the
analytical model, the higher order flexural modes show relatively greater error than the
longitudinal and lower order flexural modes (n<2). However, from the proportion
evaluation of each mode that contributes to the nonlinearity in both methods, L(0, 2),
F(1, 3) and F(2, 3) modes play the major role and show monotonous increases in

contrast to the higher order flexural modes.

Nevertheless, the amplitude trends of different modes generated at double frequency
from theoretical model are observed to be consistent with the simulation model,
especially for longitudinal and lower order flexural modes (n<2). The FE simulation
model confirms the phenomena observed from the analytical model, which includes the
generation of multiple modes at double frequency and the changing trends of the
amplitudes of these modes with crack length. The differences between analytical and
simulation results are acceptable because the analytical model is a simplified model
with the assumption of uniform stress distribution on the crack without considering the
possible bending caused by the flexural modes, which may complicate the closing and
opening behaviour of the crack. Both the simulation and analytical model results reveal

that, in the pipe structure with a breathing crack, multiple modes are generated at double



frequency with single longitudinal mode excitation, and it is noticed that the generated
amplitudes of lower order flexural modes are comparable with that of the zero order

longitudinal mode at double frequency.

It is worthy noted that although in practice, the single microcrack generally initiates at
the location of stress concentration, such as the edge of notches or holes, only the
breathing microcrack was considered in the analytical and numerical models of this
work. Aiming to investigate the theoretical basis for the CAN caused by microcrack in
pipe structures, the notch or hole was not simulated in the model since they would not

influence the nonlinearity measurement in the received signal.

5.2 Nonlinear index for pipe structures

In the literature, the severity of nonlinearity in a system was measured with a nonlinear
parameter, such as the nonlinear parameter p in isotropic plates (% 61 and composites
621 \which is the ratio of the peak value of the amplitude of the second harmonic wave
to the square of the peak value of the amplitude of the fundamental wave. In a pipe
structure with rings of multiple transducers and sensors, the possible number of second
harmonic modes can be predicted through the dispersion curve, and the received second
harmonic modes would be separated by the use of appropriate signal acquisition
methods. However, when one actuator and one sensor in a line are used for damage
detection in pipe structures, as is usually adopted in experiments with PZT transducers,
the received signals are more complex where more than one wave packet may present

because the group velocities of each mode are too similar to separate. As a result, it is



difficult to calculate the nonlinear parameter based on a single peak value of the

amplitude. A new and more suitable parameter is required to measure the nonlinearity.

In this circumstance, a parameter considering all generated wave packets is proposed,
which is the integral of the amplitude profile of the second harmonic wave of interest
within a time period (denoted as Syf) divided by the integral of the amplitude profile of
the fundamental wave (denoted as Sr). A simulation example is proposed here, which
has the same configuration as the model in this study, but where only one sensor was
used. In this case, the seam crack length was 10 mm and the pure longitudinal wave
L(0, 2) generated multiple wave modes at double frequency, including L(0, 2) and
flexural modes F(n, 3). One of the received signals was processed through a short-time
Fourier transform (STFT) and signals at fundamental and double frequency were
extracted and plotted in the time domain using a Hilbert transform, as shown in Figure

13.
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Figure 13 Signals from simulation model for 10 mm seam crack case after STFT at (a)

fundamental frequency and (b) double frequency. The shadow areas include the L(0, 2) wave



packet at fundamental frequency (Sr), and L(0, 2) and F(n, 3) wave packets at double

frequency (Sz).
Therefore, the new nonlinear index can be calculated as

Nonlinear index = Ssz—f 9
f

Following Equation 9, the nonlinear index can be calculated, but it should be noted that
this index should be used with a certain time window of interest. In this case, the end
point of the time window for the signal at double frequency was selected at the time
when L(0, 1) wave mode arrived, calculated from the theoretical group velocity in the
dispersion curve, which is slower than all possible higher order flexural modes induced
by the crack at double frequency, so as to include all these induced modes at double
frequency. Instead of using the amplitude of one wave mode as the nonlinear parameter
B, this index considers all the possible second harmonic wave modes which are
commonly observed in a pipe structure with a circumferential closed crack, so as to
avoid underestimating the contribution of flexural modes to the nonlinearity. This
nonlinear index was deployed in a previous study % where the experiment results
verified the efficiency of the proposed nonlinear index for the severity evaluation of

initial fatigue crack in pipe structures.

6. Conclusions

To provide an in-depth understanding of the mechanism of a breathing microcrack on
the nonlinear properties of the guided waves in pipe structures, a simplified analytical

model was developed for longitudinal wave interaction with a circumferential breathing



crack in a pipe. The idea was based on an analytical model in a plate with CAN and
wave scattering in a pipe by a circumferential crack using linear methods. The S-
parameter was used to calculate the amplitude of each second harmonic mode induced
by the breathing crack, followed by a simulation study with the same configuration
model as in the analytical analysis. The results from the two methods were compared

and the differences were discussed.

The analytical model was useful for describing the interaction between longitudinal
wave and the breathing crack. It also showed that the second harmonic waves contained
different modes in a pipe structure and the flexural wave modes occupied a high
proportion of the total energy induced by CAN. Based on this analysis, a new nonlinear
index more suitable for the measurement of CAN in pipe structures was proposed for
use when multiple wave modes cannot be appropriately separated. This nonlinear index,
deployed in a previous experimental test, clearly explains the indispensable effect of
the flexural modes on the CAN. Therefore, the flexural modes must be considered in
the nonlinear index for micro damage evaluation. This study provides insight and strong
theoretical basis of CAN characteristics in pipe structures which can assist
interpretation of received signal for damage identification in practice. This facilitates
continuous and quantitative monitoring of fatigue damage, particularly at its onset stage,

which will benefit residual life evaluation and prognosis of structures.
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