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Abstract 9 

In Part I, we studied the combo-crack problem, which contains an interior penny-shaped 10 

crack (PSC) and a coplanar and concentric externally circular crack (ECC), under pressure load 11 

applied to the surface of the interior PSC. In fact, a more common type of loading experienced 12 

by cracked media might be remote tension normal to the crack plane. For a combo crack under 13 

remote tension, a reliable solution remains deficient. In this paper, we extend our discussion to 14 

the case of remote tension in the theoretical framework developed in Part I. We for the first 15 

time formulate the concerned mixed boundary value problem into a single inhomogeneous 16 

Fredholm integral equation, which is then solved numerically with a Gauss-Lobatto 17 

quadrature-based algorithm. The normal stress in the ligament (bonded) region on the plane of 18 

the crack, the stress intensity factors at the tips of PSC and ECC, and the critical force load for 19 

trigging crack propagation are determined, showing an excellent agreement with the finite 20 

element results. Our work provides a high-precision numerical solution to the combo-crack 21 

problem for the most basic loading case. The obtained results should be of general value to the 22 

resolution of a bunch of fracture and adhesion problems in combo-crack configuration in 23 

engineering and deserve to be absorbed into the updated handbook for basic crack problems. 24 
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 32 

1. Introduction 33 

A combo crack is a dual-crack configuration containing an interior penny-shaped crack 34 

(PSC) and a coplanar concentric externally circular crack (ECC). The elasticity problem of a 35 

combo crack under axisymmetric load is mathematically equivalent to the frictionless contact 36 

problem between an elastic half-space and a rigid annular flat punch. Both problems can be 37 

formulated into a triple mixed boundary value problem. Up to now, no closed-form solution 38 

has been found for such kind of mixed boundary value problem. In Part I (Yao and Zhang, 39 

2022), we developed a theoretical framework to solve the combo-crack problem upon the 40 

axisymmetric pressure load applied to the surfaces of the interior PSC. Our solutions to the 41 

stress intensity factors (SIFs) at both crack tips, albeit not in closed form, exhibit higher 42 

precision in comparison to the previous ones. Nevertheless, a more common loading type 43 

encountered by a combo crack, or an equivalent annular adhesion joint, might be the remote 44 

axisymmetric load normal to the crack plane, as shown in Figure 1a and Figure 1b respectively. 45 

Although such a basic loading case has been considered many times using various 46 

mathematical techniques(Gladwell and Gupta, 1979; Shibuya et al., 1974) and some 47 

investigations even extended to the sophisticated cases involving non-axisymmetric loads 48 

(Fabrikant, 1991; Yong and Hanson, 1994) and nonhomogeneous media (Shield and Bogy, 49 

1989), it is surprising to note that we still do not have a reliable solution to the combo-crack 50 

problem even under remote axisymmetric load. For instance, in the most recent attempt at the 51 

combo-crack problem (Yong and Hanson, 1994), Yong and Hanson used the Boussinesq 52 

solution for point normal loading on an elastic half-space as the Green’s function to establish 53 

a two-dimensional integral equation about the unknown normal stress (𝜎𝑧𝑧) in the annular 54 

ligament region on the crack plane. By taking the unknown normal stress as a power series, 55 

they numerically solved the equation and obtained the approximate solution to the normal stress, 56 

based on which the SIFs at both crack tips were determined. Regretfully, in their definition of 57 

SIFs, a factor of √𝜋  is missing as compared to the conventional definition 𝐾I =58 

lim
𝜌→0

√2𝜋𝜌 𝜎𝑧𝑧(𝜌), where 𝜌 stands for the distance to the crack tip. Unfortunately, such a flawed 59 

solution was absorbed by a handbook on stress intensity factors (Murakami, 1992). The spread 60 

and applications of such problematic results in engineering might cause unpredictable negative 61 

consequences. Even though the missing factor √𝜋 gets supplemented in their solution, their 62 

SIFs still exhibit certain error especially in the extreme cases when the interior PSC is either 63 

distant or very close to the ECC. This is essentially attributed to the unavoidable truncation 64 
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error of the power series assumed for the unknown normal stress. To address these issues and 65 

find a reliable solution to the combo-crack problem under remote load, in this paper we 66 

reattempt the problem with an alternative approach we developed recently in Part I. Based on 67 

the well-known Hankel transform-based representations of the solution to the axisymmetric 68 

elasticity problems, we first formulate the concerned mixed boundary value problem into a pair 69 

of simultaneous Fredholm integral equations, which are tactically merged into a single 70 

inhomogeneous Fredholm integral equation. Gauss-Lobatto quadrature-based approach is then 71 

applied to solve the inhomogeneous integral equation numerically, followed by the 72 

determination of the normal stress, SIFs, and force load. Our numerical solution shows an 73 

excellent agreement with the finite element results and higher precision in comparison with the 74 

previous power series-based solution. The remainder of this paper is structured as follows. In 75 

Section 2, we theoretically formulate the problem into an inhomogeneous integral equation 76 

about one unknown function, whose solution could directly lead to the resolution of the 77 

problem. In Section 3 we develop a numerical algorithm to solve the integral equation after 78 

converting it into a normalized form, followed by the determination of the solution to the 79 

normal stress in the ligament region, SIFs at the PSC and ECC, and the net force. In Section 4, 80 

the numerical solutions to these quantities and their dependences on the sizes of the PSC and 81 

ECC are illustrated, followed by the extended discussion on the propagating behaviour of a 82 

combo crack under combined load of pressure on the PSC surface and the remote force load. 83 

Finally, the whole paper is concluded in Section 5.  84 

 85 

 86 
Fig. 1. (a) Cross-sectional illustrations of the axisymmetric combo-crack problem which 87 

contains an externally circular crack (ECC) of radius 𝑏 embracing a coplanar concentric penny-88 

shaped crack (PSC) of radius 𝑎. A remote uniaxial force load is applied along the axis of 89 
symmetry. (b) Cross-sectional illustration of the equivalent annular contact problem of an 90 
elastic half-space in adhesive and frictionless contact with a rigid flat punch via an annular 91 
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region (𝑎 < 𝑟 < 𝑏). A uniaxial tensile load is applied to the rigid punch along the axis of 92 

symmetry. The displacement of the half-space in the distance (𝑧 → ∞) is constrained. 93 

2. Theoretical formulation and solutions 94 

Consider a crack combo under remote tensile load (see Fig. 1a) or equivalently an elastic 95 

half-space in adhesive and frictionless contact with a rigid punch through an annular region 96 

(𝑎 < 𝑟 < 𝑏)  under tensile load (see Fig. 1b). Using the Hankel transform-based 97 

representations of the solution to axisymmetric half-space problems, one can express the above 98 

mixed boundary value problems into a set of triple integral equations about an unknown 99 

function 𝐴(𝜉) (Yao and Zhang, 2022)  100 

   0
0

0,   (0 )A J r d r a  


    (1a) 101 

     
*

1

0
0

,   
2

E
A J r d a r b


   


      (1b) 102 

     0
0

0,   A J r d b r  


    (1c) 103 

where 𝐽0(∙) is the 0-th order Bessel function of the first kind, 𝐸∗ is the plane-strain modulus of 104 

the half-space, 𝛿 is the normal displacement load applied to the annular ligament (bonded) 105 

region (𝑎 < 𝑟 < 𝑏). The solution to 𝐴(𝜉) is given by  (Cooke, 1963)  106 

 A            
*

2
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a b
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where 𝑓1(𝑟) and 𝑓2(𝑟) represent the 0-th order Hankel transform of 𝜉−2𝐴(𝜉) in the domains of 108 

0 ≤ 𝑟 ≤ 𝑎 and 𝑏 ≤ 𝑟 < ∞, respectively. That is, they are related to the normal displacement 109 

𝑢𝑧(𝑟) on the PSC and ECC surfaces through 110 

     
   

   
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z
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  (3) 111 

Functions 𝑓1(𝑟)  and 𝑓2(𝑟)  are correlated with each other through a pair of simultaneous 112 

integral equations as follows (Cooke, 1963) 113 
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The integrations in the above equations can be implemented as 116 

   

1/2
2 2

1/2 1/2 2 22 2 2 2 2 2

1
arctan

( )

b

a
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a
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Eqs. (4a) and (4b) thus can be rewritten as 119 

   
   

 
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1
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2
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where  122 

 
1/2

* 2 2

1 2 2
arctan ,

E b a
p r

a r





 
   

 
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 
1/2
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


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,  b r   (5d) 124 

From Eqs. (5a) and (5b), it can be readily verified that 𝑓1(𝑎) = 𝑓2(𝑏) = −
𝐸∗𝛿

2
, implying that 125 

the continuity condition of displacement 𝑢𝑧(𝑟) at the edges of the annular bonded region is 126 

satisfied.  127 

Following the approach developed by (Selvadurai and Singh, 1987), we introduce two 128 

additional auxiliary functions 𝐹1(𝑟) and 𝐹2(𝑟) through 129 

 
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 
 

 
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
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The solutions to the above two Abel integral equations in turn express the functions 𝑓1(∙) and 132 

𝑓2(∙) in terms of 𝐹1(∙) and 𝐹2(∙) as 133 
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Inserting Eqs. (5a) into (6a), and Eq. (5b) into (6b) and then applying Eqs. (7a), (7b), (5c), and 136 

(5d), we obtain the following simultaneous Fredholm integral equations about the unknown 137 

functions 𝐹1(𝑠) and 𝐹2(𝑠) as (see Appendix A) 138 
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In view of the constructive feature of Eqs. (8a) and (8b), without loss of generality, we express 141 

𝐹1(𝑠) and 𝐹2(𝑠) as 142 

 
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where 𝐹1
∗(𝑠) and 𝐹2

∗(𝑠) are two unknown functions to be determined. Inserting Eq. (9a) and 145 

Eq. (9b) into Eq. (8a) and Eq. (8b) respectively gives rise to a pair of simplified simultaneous 146 

Fredholm integral equations about the unknown functions 𝐹1
∗(𝑠) and 𝐹2

∗(𝑠) 147 
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2
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 
 
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2
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F s
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In the derivation of Eqs. (10a) and (10b) above, the following two relationships have been 150 

adopted 151 

     
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Substituting Eq. (10b) into Eq. (10a) to eliminate 𝐹2
∗(𝑠), we obtain 154 

     
*
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1 1 12 0

2
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a E b s
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

 


 

  0 s a   (11a) 155 

where 156 
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1
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is the symmetric kernel function. It can be demonstrated that lim
𝑢→𝑠

𝑄1(𝑢, 𝑠) =
1

2𝑠
ln

𝑏+𝑠

𝑏−𝑠
+

𝑏

𝑠2−𝑏2, 158 

which approaches 0 as 𝑠 → 0. Eq. (11a) is a typical inhomogeneous Fredholm integral equation 159 

of the unknown function 𝐹1
∗(𝑠). Finding its analytical solution remains challenging unless in 160 

the limiting case of 𝑎/𝑏 → 0. A numerical approach can be adopted to solve it, as will be 161 

elaborated in Section 3. Once the numerical solution to 𝐹1
∗(𝑠) is obtained, 𝐹2

∗(𝑠) can be easily 162 

determined through Eq. (10b) via numerical integration.  163 

The normal stress 𝜎𝑧𝑧 in the annular ligament (bonded) region (𝑎 < 𝑟 < 𝑏) can also be 164 

given in terms of functions of 𝐹1
∗(𝑠)  and 𝐹2

∗(𝑠) as (see Appendix B) 165 
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   (12) 166 

Considering the correlations between functions 𝐹1
∗(𝑠) and 𝐹2

∗(𝑠) given by Eqs. (10a) and (10b), 167 

the normal stress 𝜎𝑧𝑧 above can be further expressed as a function of 𝐹1
∗(𝑠) and its derivative 168 

𝐹1
∗′(𝑠) (see Appendix B): 169 
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 (13a) 170 

where 171 
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As expected, the normal stress 𝜎𝑧𝑧 given by Eq. (13a) exhibits square-root singularity at the 173 

tips of the PSC (point A) and ECC (point B) with 𝑟 = 𝑎  and  𝑟 = 𝑏 , respectively. The 174 

corresponding SIFs (mode I) are given by 175 

     
1/2 *
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2
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r a

K r a r F a
a
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    (14b) 177 

The net force 𝑃 corresponding to the given displacement 𝛿, which is equal to the integration of 178 

the stress 𝜎𝑧𝑧  over the whole annular bonded region (𝑎 < 𝑟 < 𝑏), is given by (see Appendix 179 

B) 180 

   
 
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1/22 20 2 2

8
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  
   (15) 181 

Based on the numerical solution to 𝐹1
∗(𝑠) resolved from Eq. (11a), the normal stress 𝜎𝑧𝑧, SIFs 182 

𝐾A , 𝐾B , and net force P can be determined readily through Eqs. (13-15) by numerical 183 

integration. In the following, a numerical algorithm will be developed to solve Eq. (11a) for 184 

the unknown function 𝐹1
∗(𝑠) , followed by the determination of a series of physically 185 

meaningful quantities including normal stress, SIFs, and net force. 186 

 187 

3. Numerical implementation 188 

For the convenience of numerical analysis, it would be better to rewrite Eqs. (11a) and (11b) 189 

into dimensionless forms first. Simple dimensional analysis on Eqs. (10a) and (11a) indicates 190 

that the unknown function 𝐹1
∗(𝑠) in Eq. (13a) carries the same dimension as 𝐸∗𝛿. We therefore 191 
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introduce following dimensionless quantities 𝑢̅ ≡
𝑢

𝑎
, 𝑠̅ ≡

𝑠

𝑎
, 𝑐 ≡

𝑎

𝑏
, 𝐹̅1

∗(𝑠̅) ≡
𝐹1

∗(𝑠)

𝐸∗𝛿
.  Eqs. (11a) and 192 

(11b) thus can be normalized to be 193 

       
1

* *

1 1 12 0

2
, ,F s Q u s F u du g s


    0 1s   (16a) 194 

where 195 

   
 1 1 2 2

1 1 1
, , ln ln ,

1 1

sc uc
Q u s aQ u s u s

sc uc u s

  
   

   
  0 1,   0 1u s     (16b) 196 

 
1 1

ln
2 1

sc
g s

sc





， 0 1s   (16c) 197 

Fig. 2 plots the normalized kernel function 𝑄̅1(𝑢̅, 𝑠̅)  in the domain of 0 ≤ 𝑢̅, 𝑠̅ ≤ 1.0  for 198 

selected values of 𝑐 = 0.25, 0.5, 0.75, and 1. 0. When 𝑐 is much smaller than 1.0, function 𝑄̅1 199 

is vanishingly small. This behaviour of 𝑄̅1, which can also be inferred from Eq. (16b), implies 200 

an asymptotical solution to Eq. (16a) when 𝑐 → 0. That is, 𝐹̅1
∗(𝑠̅, 𝑐 → 0) ≅ 𝑔̅(𝑠̅) ≡

1

2𝜋
ln

1−𝑠̅𝑐

1+𝑠̅𝑐
.  201 

Therefore, function 𝑔̅(𝑠̅) can be deemed as an approximate analytical solution to 𝐹̅1
∗(𝑠̅) for 202 

𝑐 ≪ 1.0. In another limit of 𝑐 → 1.0, function 𝑄̅1 is vanishingly small in most of the domain 203 

but exhibits considerable value near the singular point at 𝑢̅ = 𝑠̅ = 1.0 . Finding the 204 

asymptotical solution in the limit of 𝑐 → 1.0 remains a challenge. 205 

 206 
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Fig. 2. Plots the dimensionless kernel function 𝑄̅1(𝑢̅, 𝑠̅) in the domain of 0 ≤ 𝑢̅, 𝑠̅ ≤ 1.0  for 207 

𝑐 = 0.25, 0.5, 0.75, 1.0, respectively. 208 

Substitution of variable 𝑥 ≡ 2𝑢̅ − 1 in Eq. (16a) converts the integral interval into the 209 

standard form [−1, 1]  for Gauss-Lobatto quadrature (Kovvali, 2013). Eq. (16a) thus is 210 

rewritten as 211 

   
1

* *1 1
1 1 12 22 1

1
, ( ) ( )x xF s Q s F dx g s


 


  ,  1s   (17) 212 

Applying the Gauss-Lobatto quadrature to Eq. (17) gives  213 

   1 1* *

1 1 12 22
1

1
, ( ) ( )j j

n
x x

j

j

F s w Q s F g s


 



   (18) 214 

where n is the number of integration points, 𝑥𝑗  (𝑗 = 1, ⋯ , 𝑛)  are the integration points 215 

including the endpoints 𝑥1 = −1  and 𝑥𝑛 = 1 , and 𝑤𝑗  (𝑗 = 1, ⋯ , 𝑛)  are the corresponding 216 

weights with 𝑤1 = 𝑤𝑛 =
2

𝑛(𝑛−1)
 . In Eq. (18), taking 𝑠̅ as values of 𝑠̅𝑖 =

𝑥𝑖+1

2
 (𝑖 = 1, ⋯ , 𝑛), we 217 

obtain n equations about n unknowns 𝐹̅1
∗ (

𝑥𝑖+1

2
) (𝑖 = 1, ⋯ , 𝑛). These equations can be written 218 

in a matrix form as follows: 219 

*

12

1
( )


 I K F g  (19) 220 

where I is the n n  unit matrix and 221 

     

 
 

 

     

11 1

1 2

1 1

1 12 21 1

1 2 2

11 1

1 2

,

2 0,0 2 1,0
,0

( 1) ( 1)

2 0, 2 1,
,

( 1) ( 1)

2 0,1 2 1,1
,1

( 1) ( 1)

j

i i

j i

j

x

j

x x

x x

j

x

j

n n

Q Q
w Q

n n n n

Q Q
w Q

n n n n

Q Q
w Q

n n n n



 

 





 
 

  
 
 
 

  
  

 
 
 
 

  

K

*

1

* 1*
1 1 2

*

1 1,

(0)

( )

(1)

jx

n

F

F

F





 
 
 
 
 
 
 
 

F 1

2

1

(0)

( )

(1)

ix

n

g

g

g





 
 
 
 
 
 
 
 

g  222 

Solving Eq. (19) for the unknown array *

1F  by left multiplying the inverse matrix of 
2

1
( )


I K  223 

on both sides gives rise to 224 

* 1

1 2

1
( )



 F I K g  (20) 225 

Eq. (20) gives the numerical solution to the function 𝐹̅1
∗(𝑠̅)  at all the integration points 226 

including 𝑠̅1 = 0  and 𝑠̅𝑛 = 1.  227 
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On the other hand, we introduce dimensionless quantities 𝑢̅ ≡
𝑢

𝑎
, 𝑠̅ ≡

𝑠

𝑏
, 𝐹̅2

∗(𝑠̅) ≡
𝐹2

∗(𝑠)

𝐸∗𝛿
 into 228 

Eq. (10b) to rewrite it into a normalized form as 229 

 
 

 

*2
1

1*

2 2 2 20

2 1
,

2

uF u duc
F s

s u c
  


  1 s   (21) 230 

For  𝑐 ≪ 1.0, substituting the asymptotic solution 𝐹̅1
∗(𝑢̅, 𝑐 → 0) ≅

1

2𝜋
ln

1−𝑢𝑐

1+𝑢𝑐
≅ −

𝑢𝑐

𝜋
 into Eq. 231 

(21), we obtain the asymptotic solution 𝐹̅2
∗(𝑠̅, 𝑐 → 0) ≅

2𝑐

𝜋2 [
𝑠̅

2𝑐
ln

𝑠̅+𝑐

𝑠̅−𝑐
− 1] +

1

2
. For a general 𝑐, 232 

applying Gauss-Lobatto quadrature and the numerical solution to 𝐹̅1
∗ above to Eq. (21), we 233 

have the numerical solution to 𝐹̅2
∗(𝑠̅) as 234 

 
2

* *

2 2 1

1

1 1 1
( , ) ( )

2 2 2

n
j j

j

j

x xc
F s w Q s F

 

 
    (22) 235 

where 𝑄̅2 (
𝑥𝑗+1

2
, 𝑠̅) ≡

(𝑥𝑗+1)/2

[𝑠̅2−(𝑥+1)2𝑐2/4]
, n is the number of integration points, 𝑥𝑗  (𝑗 = 1, ⋯ , 𝑛) are 236 

the integration points including the endpoints 𝑥1 = −1  and 𝑥𝑛 = 1 , and 𝑤𝑗  are the 237 

corresponding weights with  𝑤1 = 𝑤𝑛 =
2

𝑛(𝑛−1)
 . 238 

The normalized stress in the ligament (bonded) region (𝑐 < 𝑟̅ < 1), according to Eq. (13a), 239 

is given by 240 

 
 
*

,
zz

zz

r b
r

E





   1c r   241 

 

 

 

 
   

1/2 * *2
1

1 2 *

1 31/2 1/22 2 2 02 2 2

1 14 1
arctan , ,

2 1

F Fr
F u Q r u c du

r c r c r





 
      

    
 

  (23a) 242 

where 243 

   
1/2

2
1/2

2 2 2

3 2 2 2

1
, , arctan

r
Q r u c r u c

r u c

  
   

 
 (23b) 244 

Applying Gauss-Lobatto quadrature to calculate the integral in Eq. (23a), we have the 245 

numerical solution to the normal stress as 246 

 
 

 

 

 
   

1/2 * *2
1 2 *

1 31/2 1/22 2 2 2 2 2
1

1 14 1 1
arctan , ,

22 1

n

zz j j j

j

F Fr
r w F u Q r u c

r c r c r




 

 
      

    
 

  (23c) 247 
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where n is the number of integration points, 𝑢̅𝑗 =
𝑥𝑗+1

2
 with 𝑥𝑗  (𝑗 = 1, ⋯ , 𝑛)  being the 248 

integration points including the endpoints 𝑥1 = −1 and 𝑥𝑛 = 1, and 𝑤𝑗 (𝑗 = 1, ⋯ , 𝑛) are the 249 

corresponding weights with  𝑤1 = 𝑤𝑛 =
2

𝑛(𝑛−1)
 .  250 

The normalized SIFs at the PSC tip (point A) and the ECC tip (point B), according to Eqs. 251 

(14a) and (14b), are given by 252 

 𝐾̅A ≡
𝐾A√𝑏𝜋

𝐸∗δ
= −

2𝐹1
∗(1)

√𝑐
 (24a) 253 

 𝐾̅B ≡
𝐾B√𝑏𝜋

𝐸∗𝛿
= 2𝐹̅2

∗(1) (24b) 254 

Their asymptotic solutions for 𝑐 → 0 are given by 255 

𝐾̅A(𝑐 → 0) ≅
1

𝜋√𝑐
ln

1+𝑐

1−𝑐
   (24c) 256 

𝐾̅B(𝑐 → 0) ≅
4𝑐

𝜋2 [
1

2𝑐
ln

1+𝑐

1−𝑐
− 1] + 1 (24d) 257 

The normalized net force, according to Eq. (15), is given by 258 

   
 

 
 

11/2
42 *

11/2* 0 2

,8
2 1

1

Q u cP c
P c c F u du

bE u 
   


  (25a) 259 

where  260 

 
1/2

2

4 2 2 2

1
, arctan

c
Q u c u

c c u

 
  

 
 (25b) 261 

Since the integrand in Eq. (25a) contains (1 − 𝑢̅2)−
1

2  which is singular at the endpoint of 262 

interval  𝑢̅ = 1, Gauss-Chebyshev quadrature is applied, which gives rise to 263 

 

 
     

/21
4 * *

1 4 11/20 2
1

,
,

1

n

j j j

j

Q u c
F u du Q u c F u w

u 




  (26) 264 

where 𝑛 is the number of integration points, integration points 𝑢̅𝑗 = cos (
2𝑗−1

2𝑛
𝜋), and weights 265 

𝑤𝑗 =
𝜋

𝑛
. Different from the standard Gauss-Chebyshev quadrature formula, here the index of 266 

summation is taken from 𝑗 = 1  to 𝑛/2 because the integration interval in Eq. (25a) is [0, 1] 267 

which is half of the standard interval [−1, 1] of the Gauss-Chebyshev quadrature. 268 

 269 
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4. Results and discussion 270 

 271 

Fig. 3. Numerical solutions to functions (a) 𝐹̅1
∗(𝑠̅), (b) 𝐹̅2

∗(𝑠̅), (c) 𝐹̅1
∗′(𝑠̅)  and (d) normal stress 272 

𝜎𝑧𝑧(𝑟̅) for selected values of 𝑐. The solid lines in (a) and (b) plot the asymptotic solutions 273 

𝐹̅1
∗(𝑠̅, 𝑐 → 0) ≅

1

2𝜋
ln

1−𝑠̅𝑐

1+𝑠̅𝑐
 and 𝐹̅2

∗(𝑠̅, 𝑐 → 0) ≅
2𝑐

𝜋2 [
𝑠̅

2𝑐
ln

𝑠̅+𝑐

𝑠̅−𝑐
− 1] +

1

2
 respectively for selected 274 

𝑐 = 0.1, 0.5, 0.9, and 0.99. 275 

The numerical algorithm constructed above is implemented with MATLAB scripts 276 

(R2015a, The MathWorks Inc.), in which 50 integration points were adopted in the Gauss-277 

Lobatto quadrature in Eqs. (18), (22) and (23c) and the Gauss-Chebyshev quadrature in Eq. 278 

(26). Fig. 3a shows our numerical solutions to 𝐹̅1
∗(𝑠̅) for selected value of 𝑐 = 0.1, 0.5, 0.9, and 279 

0.99. For comparison, here we also plot the asymptotic solution 𝐹̅1
∗(𝑠̅, 𝑐 → 0) ≅

1

2𝜋
ln

1−𝑠̅𝑐

1+𝑠̅𝑐
  as 280 

the approximate solution to 𝐹̅1
∗(𝑠̅) for the 𝑐  selected above. When 𝑐 ≪ 1.0, the asymptotic 281 

solution perfectly fits the numerical solution to 𝐹̅1
∗(𝑠̅) . Even at 𝑐 = 0.7 , the maximum 282 

discrepancy between the asymptotic solution and numerical solution, which occurs at 𝑠̅ = 1.0, 283 

remains less than 3%. As 𝑐 increases further and approaches 1.0, the discrepancy between them 284 

increases. The maximum difference between them reaches about 10% when 𝑐 = 0.9  and 37.6% 285 

when 𝑐 = 0.99. Based on the obtained numerical solution to 𝐹̅1
∗(𝑠̅), Eq. (22) then is applied to 286 
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calculate the numerical solution to 𝐹̅2
∗(𝑠̅). Fig. 3b shows our numerical solutions to 𝐹̅2

∗(𝑠̅)  for 287 

selected 𝑐 = 0.1, 0.5, 0.9, and 0.99 in comparison with the asymptotic solution 𝐹̅2
∗(𝑠̅, 𝑐 → 0) ≅288 

2𝑐

𝜋2 [
𝑠̅

2𝑐
ln

𝑠̅+𝑐

𝑠̅−𝑐
− 1] +

1

2
. Likewise, when 𝑐 ≪ 1.0, this asymptotic solution perfectly depicts the 289 

solution to 𝐹̅2
∗(𝑠̅)  very well. Large discrepancy can be observed when 𝑐  increases and 290 

approaches 1.0. 291 

Based on the obtained numerical solution to 𝐹̅1
∗(𝑠̅), we further calculate its derivative 292 

𝐹̅1
∗′(𝑠̅) simply by approximating it as the linear slope between two adjacent points on the  𝐹̅1

∗(𝑠̅) 293 

curve. The result is shown in Fig. 3c. Then, the normalized stress 𝜎𝑧𝑧(𝑟̅) in the ligament 294 

(bonded) region (𝑐 < 𝑟̅ < 1) is calculated based on the obtained 𝐹̅1
∗′(𝑠̅) using Eq. (23c). Fig. 295 

3d shows the normalized stress 𝜎𝑧𝑧(𝑟̅) for 𝑐 = 0.1, 0.5, 0.9 , and 0.99, which shows good 296 

agreement with the FE results (ABAQUS, Dassault Systèmes). As expected, the stress exhibits 297 

singularity of different extents near the crack tips ( 𝑟̅ = 𝑐, 𝑟̅ = 1 ). However, the stress 298 

distribution is not symmetric when 𝑐 is relatively small. In particular, the stress near the ECC 299 

(𝑟̅ = 1) is higher than that near the PSC (𝑟̅ = 𝑐). As the size of the ligament (bonded) region is 300 

reduced, 𝑐 increases and approaches 1.0. The stress becomes more symmetric, resulting in a 301 

U-shaped distribution.  302 

From the numerical solutions to 𝐹̅1
∗(𝑠̅) and 𝐹̅2

∗(𝑠̅) obtained above, the normalized SIFs at 303 

both crack tips can be obtained through Eqs. (26a) and (26b). Fig. 4a shows the calculated 𝐾̅A 304 

and 𝐾̅B in comparison with those computed by the finite element (FE) method (ABAQUS, 305 

Dassault Systèmes). Our numerical quadrature-based results agree perfectly well with the FE 306 

results in the whole spectrum of 𝑐 ∈ (0,1). Meanwhile, our results indicate that 𝐾̅A and 𝐾̅B can 307 

be nicely approximated by the asymptotic solutions 𝐾̅A(𝑐 → 0) ≅
1

𝜋√𝑐
ln

1+𝑐

1−𝑐
 and 𝐾̅B(𝑐 → 0) ≅308 

4𝑐

𝜋2 [
1

2𝑐
ln

1+𝑐

1−𝑐
− 1] + 1 when 𝑐 < 0.7. In particular, when 𝑐 = 0 our numerical solution to 𝐾̅B is 309 

successfully reduced to the SIF of a single externally circular crack, which is analytically given 310 

by 𝐾 = 𝐸∗𝛿/√𝑏𝜋 (Tada et al., 2000). The SIF at the ECC tip (𝐾̅B) varies little in the range of 311 

0 < 𝑐 < 0.5, implying that the interior PSC affects little on the exterior ECC when the 𝑎/𝑏 <312 

0.5. With the increase of  𝑐, especially when 𝑐 > 0.8, both SIFs grow quickly with 𝑐 and 313 

approach infinity as 𝑐 → 1.0. Such a singularity of the SIFs at 𝑐 → 1 is essentially attributed to 314 

the vanishing size of the ligament (contact) region and therefore the infinite average stress. 315 

From Fig. 4a, one can see that for a combo crack under remote tensile load, the SIF at the 316 

exterior ECC tip (𝐾̅B) is always higher than that at the interior PSC tip (𝐾̅A). But the difference 317 

between them decreases as the size of the contact region is reduced (i.e., 𝑐 → 1). This behaviour 318 
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is consistent with the variation of stress distribution with 𝑐 as shown in Fig. 3d. The normalized 319 

net force calculated from Eq. (25a) is shown in Fig. 4b as a function of 𝑐 in comparison with 320 

the FE results. Again, our numerical quadrature-based result of the force load agrees faithfully 321 

with the FE result and is successfully reduced to the analytical solution to the single externally 322 

circular crack (i.e., 𝑃 = 2𝑏𝐸∗𝛿) when 𝑐 = 0. 323 

 324 

Fig. 4. (a) Numerical quadrature-based solutions to the normalized SIFs at the PSC tip (𝐾̅A) 325 

and the ECC tip (𝐾̅B)  in comparison to the FE results. The hollow star symbol represents the 326 

analytical solution 𝐾̅B = 1.0 when 𝑐 = 0 (Tada et al. , 2000). The asymptotic solutions 𝐾̅A ≅327 
1

𝜋√𝑐
ln

1+𝑐

1−𝑐
  and 𝐾̅B ≅

4𝑐

𝜋2 [
1

2𝑐
ln

1+𝑐

1−𝑐
− 1] + 1 for 𝑐 → 0 are plotted with dash line and dash-dot 328 

line respectively. (b) The numerical quadrature-based solution to the normalized net force as a 329 

function of 𝑐 in comparison to the FE result. The hollow star symbol represents the analytical 330 

solutions 𝑃 = 2𝑏𝐸∗𝛿 when 𝑐 = 0 (Tada et al., 2000). (c) Schematic snapshots of the crack 331 

propagation process of a combo crack under remote tensile load. (d) Critical tensile force for 332 

crack propagation normalized by √𝑎3𝜋∆𝛾𝐸′ (the left y-axis) and √𝑏3𝜋∆𝛾𝐸′ (the right y-axis) 333 

respectively. 334 

The acquisition of the SIFs and the net force for a given load 𝛿 allows us to determine the 335 

critical force load at which crack propagation happens. Since the SIF at the ECC tip is always 336 

higher than that at the PSC tip irrespective of the value of 𝑐 (Fig. 4a), when a combo crack is 337 

subjected to a sufficient remote force load, inward crack propagation will occur always at the 338 
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ECC while the interior PSC is pinned, as schematically shown in Fig. 4c. Classical Griffith’s 339 

criterion for crack propagation (Griffith, 1921) indicates that crack will propagate when the 340 

SIF reaches a critical value of 𝐾c ≡ √𝐸′∆𝛾, where 𝐸′ = 𝐸∗ for a crack problem (see Fig. 1a) 341 

and 𝐸′ = 2𝐸∗ for a contact problem (see Fig. 1b), and ∆𝛾 is the fracture energy for a crack 342 

problem or work of adhesion for a contact problem (Israelachvili, 1992). By equating 𝐾B with 343 

√𝐸′∆𝛾 and replacing 𝛿 with force load P, we determine the critical force load corresponding 344 

to crack propagation as 𝑃cr =
√𝑏3𝜋∆𝛾𝐸′𝑃̅

𝐾̅B
, where 𝐾̅B and 𝑃̅ as functions of 𝑐 have been shown in 345 

Fig. 4a and Fig. 4b, respectively. Fig. 4d plots the 𝑃cr  normalized by √𝑎3𝜋∆𝛾𝐸′  and 346 

√𝑏3𝜋∆𝛾𝐸′  as a function of 𝑐. The critical force load decreases monotonically with increasing 347 

𝑐 (or decreasing 𝑏), implying that the propagation of the ECC under remote force load is an 348 

unstable process. Once it is triggered, it would proceed spontaneously until the catastrophic 349 

fracture of the material or the adhesion. This is distinct from the cracking behaviour of a combo 350 

crack under pressure load applied to the PSC surface, when cracking of the PSC is a stable 351 

process until the critical pressure load reaches its maximum value (Yao and Zhang, 2022). The 352 

quantitative solutions to the normalized SIFs, force load, and critical load for crack propagation 353 

are tabulated in Table 1 for selected values of 𝑐 ranging from 0 to 0.999. To make an easy 354 

comparison with the previous SIF results reported in the literatures (Murakami, 1992; Yong 355 

and Hanson, 1994), here we also present our SIFs by using their normalization scheme, as 356 

shown in the last two rows in Table 1. In comparison with their results, our SIFs exhibit much 357 

higher precision. For example, in the limiting case of  𝑐 = 0 our result of 
2𝐾A𝑏2√𝜋

𝑃√𝑎
 is 0.6366, 358 

which is closer to the analytical solution 2/𝜋 than their result (0.634). Moreover, the accuracy 359 

of our results is ensured for any 𝑐 less than 1.0. 360 

Table 1. Normalized stress intensity factors and loads for selected values of a/b 361 

𝒄 ≡ 𝒂/𝒃  0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.99 0.999 

𝐾A√𝑏𝜋

𝐸∗𝛿
  0 0.2020   0.2887 0.3602 0.4279 0.4981 0.5777 0.6776 0.8228 1.1046 2.7120 6.7659 

𝐾B√𝑏𝜋

𝐸∗𝛿
  1.0000 1.0001 1.0011 1.0039 1.0100   1.0213 1.0417 1.0791 1.1537 1.3451 2.7960 6.8380 

𝑃

𝑏𝐸∗𝛿
  2.0000 1.9997 1.9978 1.9924 1.9814 1.9620 1.9301 1.8790 1.7952 1.6420 1.2165 0.9432 

𝑃cr

√𝑏3𝜋∆𝛾𝐸′
  2.0000 1.9995 1.9956 1.9847 1.9618 1.9211 1.8528 1.7413 1.5560 1.2207 0.4351 0.1379 

2𝐾A𝑏2√𝜋

𝑃√𝑎
 § 0.6366 0.6389 0.6463 0.6601 0.6829 0.7181 0.7728 0.8620 1.0249 1.4182 4.4812 14.354 

2𝐾B𝑏2√𝜋

𝑃√𝑏
 § 1.0000 1.0003 1.0022 1.0077 1.0195 1.0411 1.0794 1.1486 1.2853 1.6384 4.5968 14.500 
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§The normalization scheme here follows that in a published handbook (Murakami, 1992). However, in their stress 362 
intensity factors a factor of √𝜋 was missing, which actually resulted from the deficiency of this factor in the 363 
equations (49)(50) in the original paper (Yong and Hanson, 1994). 364 

For a combo crack, our discussion above manifested that remote force load always causes 365 

inward crack propagation of the ECC, whereas our earlier study in Part I (Yao and Zhang, 2022) 366 

indicated that pressure load on the PSC surface always results in outward crack propagation of 367 

the PSC. How would a combo crack propagate upon a pressure load on the PSC surface in 368 

combination with a remote force load? To answer this question, we consider a combo crack 369 

subjected to a pre-loaded pressure 𝑝in on the PSC surface and a varying force 𝑃 at distance, as 370 

schematically illustrated in Fig. 5a. Based on the result shown in Fig. 4 and that reported in 371 

Part I (Yao and Zhang, 2022), the SIFs at the tips of the PSC (point A) and ECC (point B) due 372 

to such combined load are calculated by superposition. Equating the calculated SIFs at points 373 

A and B with the critical stress intensity factor for crack propagation 𝐾c ≡ √𝐸′∆𝛾 (Griffith, 374 

1921), we determine the critical force load required to trigger the propagation at the PSC or 375 

ECC respectively, which are denoted by 𝑃cr
A  and 𝑃cr

B. The crack with lower critical force load 376 

for propagation will grow preferably. Fig. 5b compares the normalized 𝑃cr
A  and 𝑃cr

B as functions 377 

of  𝑐 for a selected pre-loaded pressure 𝑝in. When 𝑐 ≪ 1, 𝑃cr
B is smaller than 𝑃cr

A, implying that 378 

inwards crack propagation happens preferably at the ECC while the PSC then is pinned (𝑎 is 379 

kept constant). In contrast, when 𝑐 exceeds a threshold 𝑐th ≈ 0.42, 𝑃cr
B surpasses 𝑃cr

A, implying 380 

that outwards crack propagation happens preferably at the PSC while the ECC then is pinned 381 

( 𝑏  is kept constant). Such a switch of the cracking direction in the fracture process is 382 

schematically shown in Fig. 5c. To manifest the genuine variations of the critical force loads 383 

with 𝑐, in Fig. 5b 𝑃cr
A  and 𝑃cr

B are normalized by constant √𝑎3𝜋∆𝛾𝐸′ for 𝑐 < 0.42 and constant 384 

√𝑏3𝜋∆𝛾𝐸′  for 𝑐 > 0.42 . In the whole spectrum of 𝑐 , the critical force load decreases 385 

monotonically as 𝑐 increases, implying that the pre-loaded inner pressure does not affect the 386 

instability of the fracture process of a combo crack system under remote force load. In Fig. 5b, 387 

the pre-loaded pressure is taken as 𝑝in = 0.5√∆𝛾𝐸′/𝑎. Further studies with different pre-388 

loaded pressure 𝑝in indicate that the threshold 𝑐th, at which crack propagation switches from 389 

the ECC to PSC, depends on the pre-loaded pressure 𝑝in. The higher the 𝑝in, the lower the 𝑐th. 390 

If 𝑝in = 0.7√∆𝛾𝐸′/𝑎, for example, 𝑐th will be reduced to ~0.11. An excessive pre-loaded 𝑝in 391 

might completely suppress the occurrence of the propagation of the ECC, leaving 392 

unidirectional cracking at the PSC only. 393 
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 394 

Fig. 5. (a) Cross-sectional illustration of a combo crack subjected to a pre-loaded inner pressure 395 

𝑝in on the PSC surface and force load 𝑃 at distance. (b) Variations of the normalized critical 396 

remote force loads 𝑃̅cr
A and 𝑃̅cr

B with 𝑐 for a given pre-loaded inner pressure 𝑝in = 0.5√∆𝛾𝐸′/𝑎 397 

( 𝑐 < 0.42 ) or equivalently 𝑝in = 0.77√∆𝛾𝐸′/𝑏 ( 𝑐 > 0.42 ). (c) Schematics showing the 398 

transition of the cracking direction in a combo crack under an appropriate pre-loaded pressure 399 

on the PSC surface and remote force load.  400 

 401 

5. Conclusion 402 

To make up for the lack of a reliable and high-precision solution to the combo-crack 403 

problem under remote load, in this paper we revisited this classical problem in fracture 404 

mechanics. Based on the Hankel transform-based representations of the general solution to 405 

axisymmetric elasticity problems, we formulated the concerned triple mixed boundary problem 406 

into a pair of simultaneous Fredholm integral equations about two unknown functions. Then, 407 

we merged two integral equations into a single inhomogeneous Fredholm integral equation 408 

about one unknown function. Gauss-Lobatto quadrature was applied to solve the unknown 409 

function numerically, whereby a series of physically meaningful quantities were determined 410 

including the normal stress distribution, SIFs, net force, critical load for crack propagation. Our 411 

results were verified with the FE results and exhibited higher precision in comparison with the 412 

previous power series-based results in literatures. The present solution for the remote load in 413 

combination with that for the pressure load on the PSC surface reported earlier (Yao and Zhang, 414 

2022) enabled us to unveil the phenomenon of transition of cracking direction happening in a 415 

combo crack under appropriate pre-loaded pressure and remote force load. Our solution, albeit 416 

not in closed form, might be the best numerical solution so far to the concerned problem and 417 

deserves to be included in the updated handbook for crack problems. 418 
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 432 

Appendix A. Derivation of the simultaneous Fredholm integral equations about 𝑭𝟏(𝒔) 433 

and 𝑭𝟐(𝒔) 434 

Inserting Eq. (5a) into Eq. (6a) to eliminate 𝑓1(𝑡) yields 435 

 
 

 

 

 

 

 

1/2
2 2

1 2

1 1/2 1/2 1/2
2 2 2 2 2 2 2 2

2
,  (0 )

( )

a a

s s b

a u uduup u du tf t dtd d
F s s a

ds dsu s t a t u u s


  
    
    
 

    (A1) 436 

Since 
 

 

1/2 1/22 2 2 2

1/2 2 22 2 2 2
1

2( )

a

s

a u udu t a

t st u u s

    
   

     
 , Eq. (A1) can be further simplified to be 437 

 
 

 

 

 
1 2

1 1/2 3/2
2 2 2 2

,  (0 )
a

s b

up u du tf t dtd
F s s s a

ds u s t s



   
 

   (A2) 438 

Substituting Eq. (7b) into Eq. (A2) to eliminate 𝑓2(𝑡) gives 439 

 
 

 

 

   
1 2

1 1/2 1/2 3/2
2 2 2 2 2 2

2
,  (0 )

a t

s b b

up u du F r drd tdt
F s s s a

ds u s t r t s


 
    
   
 

    440 

Interchanging the order of integration in the second integral above yields 441 
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 
   

 
2 1

1 1/22 2 2 2

2
,  (0 )

a

b s

F u rp r drs d
F s du s a

u s ds r s



   
 

   (A3) 442 

In the derivation of Eq. (A3), the relationship 

   
1/2 3/2 2 22 2 2 2

1

r

tdt

r st r t s




 

  has been 443 

adopted.  444 

On the other hand, substituting Eq. (5b) into Eq. (6b) to eliminate 𝑓2(𝑡), we have 445 

 
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2

2 1/2
2 2

s
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F s

ds s u
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   b s   (A4) 446 

Since 447 
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 b s   448 

Eq. (A4) can be simplified to be 449 

 
 

 

 

 
2 1

2 1/2 3/202 2 2 2
,
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F s s
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 
   b s   (A5) 450 

Substituting Eq. (7a) into Eq. (A5) to eliminate 𝑓1(𝑡) gives rise to 451 
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 

 
2

2 1/2
2 2

s

b

p u udud
F s

ds s u
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
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u t s t


 
   b s   452 

Interchanging the order of integration in the second integral above yields 453 

 
 

 
 

 
1 2

2 1/22 20 2 2

2
,

a s

b
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F s

dss u s r
 

 
     b s   (A6) 454 

In the derivation of Eq. (A6), the relationship 
     1/2 3/2 2 20 2 2 2 2

u tdt u

s s uu t s t


 
 has been 455 

adopted. 456 

Substituting Eq. (5a) and Eq. (5b) into Eq. (A3) and Eq. (A6) respectively to eliminate 457 

𝑝1(𝑟) and 𝑝2(𝑟), we have   458 
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 
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  461 

Appendix B. Determination of the normal stress 𝝈𝒛𝒛(𝒓) and net force 𝑷 462 

Eqs. (1b) and (3) imply that 463 
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  (B1) 464 

Taking the inverse Hankel transform, which is Hankel transform as well, on both sides of Eq. 465 

(B1), we express function 𝐴(𝜉) in terms of functions 𝑓1(𝑟) and 𝑓2(𝑟) as  466 
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Substitute Eqs. (7a) and (7b) into Eq. (B2) to replace 𝑓1(∙) and 𝑓2(∙)  with 𝐹1(∙) and 𝐹2(∙)  468 

respectively. Function 𝐴(𝜉) thus is given by 469 
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In the derivation of the above equation, the relationship    1

0 1 1( )
b

a
rJ r dr bJ b aJ a        471 

has been adopted. The normal stress in the contact (ligament) region (𝑎 < 𝑟 < 𝑏, 𝑧 = 0) then 472 

is given by 473 
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The above equation can be further simplified to be (Gradshteyn and Ryzhik, 1994) 479 
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where  K  and  E  are the complete elliptic integral of the first and second kinds 481 

respectively.  482 

On the other hand, since  
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in Eq. (B3) is given by 484 
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The above equation can be further simplified to be (Gradshteyn and Ryzhik, 1994) 487 
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Moreover, the third integral in Eq. (B3) is given by 489 
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Substituting Eqs. (B4), (B5), and (B6) into Eq. (B3), all the terms with complete elliptic 492 

integrals are canceled out by each other. The normal stress is given in terms of functions 𝐹1
∗(𝑠) 493 

and 𝐹2
∗(𝑠) as 494 
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Applying integration by parts in Eq. (B7), we have 496 
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where 𝐹1
∗′(𝑠) and 𝐹2

∗′(𝑠) stand for the derivatives of functions 𝐹1
∗(𝑠) and 𝐹2

∗(𝑠), respectively. 498 

Eq.(10b) implies that 499 
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Substituting Eq. (B9) into the second integral in Eq. (B8), we have 501 
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Since  *

2F b  can be given in terms of 𝐹1
∗(𝑠) and 𝐹1

∗′(𝑠) as 503 
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Eq. (B10) expresses the normal stress 𝜎𝑧𝑧 in terms of 𝐹1
∗(𝑠) and its derivative 𝐹1

∗′(𝑠) only.  505 

Moreover, based on the contact stress given by Eq. (B7), the net force can be written as 506 
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Interchanging the order of the integration in the double integrals in Eq. (B12), we have 508 
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   (B13) 509 

Substituting Eq. (10b) into Eq. (B13) to replace 𝐹2
∗(𝑠) with 𝐹1

∗(𝑠), we have 510 
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