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A Penalty Relaxation Method for Image Processing Using Euler's
Elastica Model\ast 

Fang He\dagger , Xiao Wang\ddagger , and Xiaojun Chen\dagger 

Abstract. Euler's elastica model has been widely used in image processing. Since it is a challenging nonconvex
and nonsmooth optimization model, most existing algorithms do not have convergence theory for
it. In this paper, we propose a penalty relaxation algorithm with mathematical guarantee to find a
stationary point of Euler's elastica model. To deal with the nonsmoothness of Euler's elastica model,
we first introduce a smoothing relaxation problem, and then propose an exact penalty method to
solve it. We establish the relationships between Euler's elastica model, the smoothing relaxation
problem, and the penalty problem in theory regarding optimal solutions and stationary points.
Moreover, we propose an efficient block coordinate descent algorithm to solve the penalty problem
by taking advantage of convexity of its subproblems. We prove global convergence of the algorithm
to a stationary point of the penalty problem. Finally we apply the proposed algorithm to denoise
the optical coherence tomography images with real data from an optometry clinic and show the
efficiency of the method for image processing using Euler's elastica model.

Key words. Euler's elastica model, smoothing relaxation, exact penalty, block coordinate descent, convergence,
OCT images
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1. Introduction. In this paper, we consider the following Euler's elastica model:

(1.1) min
u

\int 
\Omega 

\Biggl( 
a+ b

\bigm| \bigm| \bigm| \bigm| \nabla \cdot \nabla u

| \nabla u| 

\bigm| \bigm| \bigm| \bigm| 2
\Biggr) 
| \nabla u| dxdy + \lambda 

2

\int 
\Omega 
(\scrK u - u0)

2dxdy,

where a, b, and \lambda are three positive constant parameters, | \cdot | denotes the l2 norm of a vector,
and \Omega is a bounded domain in \BbbR 2 with Lipschitz continuous boundary. Here, u : \Omega \rightarrow \BbbR 
is assumed to be smooth and denotes the reconstructed output image with u(x, y) being the
intensity value of the gray level of u at point (x, y) \in \Omega . Moreover, u \in BV (\Omega ) = \{ u \in \scrL 1(\Omega ) :
| \nabla u| (\Omega ) < \infty \} where | \nabla u| is the total variation (TV) measure of the weak gradient \nabla u of
u and u0 denotes the observed input image. And \nabla \cdot denotes the divergence operator. The
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390 FANG HE, XIAO WANG, AND XIAOJUN CHEN

operator \scrK : BV (\Omega ) \rightarrow \scrL 2(\Omega ) is linear and bounded. The first term in (1.1) is the regularizer
which captures the geometrical features of the image while the second term is the fidelity term
which guarantees that \scrK u will be close to the input image u0.

Variational models have a wide range of applications in image processing [1, 6, 22]. Euler's
elastica model (1.1), as a kind of variational model, can be used for illusory contour [25], de-
noising [26], segmentation [31], inpainting [5], etc. However, it is challenging to solve (1.1) due
to nonlinearity, nonconvexity, and nonsmoothness of the energy functional. Many numerical
methods have been studied for solving (1.1) in the literature. In [23], Shen, Kang, and Chan
studied the mathematical foundation and properties of Euler's elastica model. Moreover, a
computational scheme based on numerical PDEs was proposed to solve the inpainting prob-
lem. They derived the Euler--Lagrange equation for (1.1) and applied a weighted steepest
descent method [20] to solve the equation. Actually, PDE based methods are used widely in
image processing [7, 27]. Later, to find numerical solutions of the equation in [23], the authors
of [5] studied two unconditionally stable time marching methods and a fixed point method.
Furthermore, a nonlinear multigrid method was proposed by taking the fixed point method
as a smoother. In [26], Tai, Hahn, and Chung reformulated the minimization of the Euler's
elastica energy to a constrained optimization problem and then proposed an augmented La-
grangian method to solve it. In [30], Yashtini and Kang presented two numerical algorithms to
solve Euler's elastica inpainting model (1.1). By relaxing the normal vector \nabla u

| \nabla u| in the curva-
ture term and introducing a new vector to replace \nabla u, they proposed an RN2Split algorithm
based on operator splitting techniques. They also proposed a \kappa TV algorithm to solve Euler's
elastica model in the form of a weighted TV model [30], in which \nabla \cdot \nabla u

| \nabla u| is regarded as an

independent term. Recently, Deng, Glowinski, and Tai [13] proposed a new operator splitting
method for solving (1.1). Compared with works on the alternating direction method of mul-
tipliers, the time discretization step size is the only free parameter to choose, which leads to
the robustness and stability of the proposed algorithm. To overcome the difficulty of noncon-
vexity of (1.1), some researchers have studied its convex relaxation. For example, [3] studied
a convex relaxation of a class of vertex penalizing functionals, which captures the curvature of
level lines of images. Bredies, Pock, and Wirth [4] proposed a convex, lower semicontinuous,
coercive approximation of Euler's elastica energy by functional lifting of the gradient of the
image. Some other works on convex relaxations have also been reviewed in [4]. However,
although algorithms for solving Euler's elastica model have been studied comprehensively,
convergence analysis of these algorithms is rarely provided.

In this paper, we propose a penalty relaxation method for image processing using Euler's
elastica model and have the following new contributions:

\bullet As the discrete reformulation of Euler's elastica model is used in practical computa-
tion, we propose a smoothing relaxation problem with a smoothing parameter \epsilon and
inequality constraints for the discrete Euler's elastica model. We show that any accu-
mulation point of stationary points and any accumulation point of optimal solutions
of the smoothing relaxation problems are a stationary point and a global minimizer of
the discrete Euler's elastica model, respectively, as the parameter \epsilon decreases to zero.

\bullet To solve the smoothing relaxation problem, we represent nonconvex inequality con-
straints by a penalty term added to the objective. We show that a strict local mini-
mizer of the smoothing relaxation problem is a local minimizer of the penalty problem
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A PENALTY RELAXATION METHOD FOR EULER'S ELASTICA 391

associated with all sufficiently large penalty parameters. Moreover, if a point is a
stationary point of the penalty problem for all sufficiently large penalty parameters,
then it is a stationary point of the smoothing relaxation problem. These properties
ensure that the penalty problem is a promising approach to find a stationary point of
the discrete Euler's elastica model.

\bullet By taking advantage of the biconvexity of the penalty problem with respect to two
groups of variables, denoted as u \in \BbbR m and w \in \BbbR 2m, we propose a smoothing block
coordinate descent (BCD) algorithm. This algorithm executes BCD iteration while
updating the smoothing parameter simultaneously. More specifically, at each iteration
we first solve an unconstrained strictly convex u-problem through a modified fixed
point method. Then by partitioning w to (QT

1 w, . . . , QT
mw), we sequentially solve

m subproblems with respect to QT
i w, i = 1, . . . ,m, and each subproblem is a two-

dimensional convex ball-constrained problem whose solution can be easily calculated.
We prove that any accumulation point of the sequence generated by the smoothing
BCD algorithm is a stationary point of the penalty problem.

This paper is organized as follows. In section 2, we give the discrete Euler's elastica model
through discretization and relaxation. Moreover, we propose a smoothing relaxation model
and define a penalty problem by representing the nonconvex constraint by a penalty term
in the objective. In section 3, we explore the relationships among solutions and stationary
points of the discrete model, the smoothing relaxation, and the penalty problem. In section
4, we propose the smoothing BCD algorithm to solve the penalty problem and present the
convergence results. In section 5, we present some numerical results by applying the proposed
method to some image processing problems.

2. Discretization and relaxation. It is worth noting that the curvature term in (1.1)
makes no sense at those pixels of image with | \nabla u| = 0. To deal with this, relaxation is
normally used in related works (see, e.g., [2, 13, 26]). Following the relaxation approach in
[13], we replace \nabla u

| \nabla u| by a function p satisfying

(2.1) \langle p,\nabla u\rangle = | \nabla u| and | p| \leq 1.

By the well-known H\"older's inequality, (2.1) is equivalent to p = \nabla u
| \nabla u| only for u with

| \nabla u| \not = 0. When | \nabla u| vanishes, (2.1) ensures the boundedness of p. Then Euler's elastica
model (1.1) can be relaxed to the following constrained optimization problem [13]:

min
(u,p)\in \scrW 

\int 
\Omega 

\bigl( 
a+ b| \nabla \cdot p| 2

\bigr) 
| \nabla u| dxdy + \lambda 

2

\int 
\Omega 
(\scrK u - u0)

2dxdy,(2.2)

where

\scrW = \{ (u, p) \in BV (\Omega )\times \scrH (\Omega ,div), \langle p,\nabla u\rangle = | \nabla u| , | p| \leq 1\} 

with

\scrH (\Omega ,div) = \{ p \in (\scrL 2(\Omega ))2,\nabla \cdot p \in \scrL 2(\Omega )\} .

We now introduce the discrete form of model (2.2) with a rectangle \Omega = [x0, x1]\times [y0, y1].
Let the mesh size be \bigtriangleup x = (x1  - x0)/(n1  - 1) and \bigtriangleup y = (y1  - y0)/(n2  - 1). We consider
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392 FANG HE, XIAO WANG, AND XIAOJUN CHEN

the discrete image domain \=\Omega = \{ (xi, yj); xi = x0 + (i  - 1)\bigtriangleup x, yj = y0 + (j  - 1)\bigtriangleup y, i =
1, . . . , n1, j = 1, . . . , n2\} as an n1 \times n2 grid and rearrange the intensity value of each pixel in
the discrete image into a vector u \in \BbbR m (m = n1n2). In a similar way we can obtain u0 \in \BbbR n

from the input image for some n. We denote a discrete operator by K \in \BbbR n\times m. We define
the variable w =

\bigl( 
\bfp 1

\bfp 2

\bigr) 
with p1,p2 \in \BbbR m obtained by rearranging the discrete forms of p. Let

D(1), D(2) \in \BbbR m\times m be the first order forward finite difference matrices with periodic boundary
condition in the horizontal and the vertical direction, respectively. We define Di \in \BbbR 2\times m to
represent the difference matrix at the ith pixel which consists of the ith rows of D(1) and D(2).
Let di \in \BbbR 2m be a vector whose first m elements are the ith row of the matrix D(1) and last
m elements are the ith row of D(2). Then dT

i w is a discrete divergence of (p1,p2) at the ith
pixel. Let ei \in \BbbR 2m be the vector with the ith element being one and others being zero and
define Qi = (ei, em+i), i = 1, . . . ,m. Then we obtain the discrete form of (2.2) as

min
\bfu \in \BbbR m

\bfw \in \BbbR 2m

\Phi (u,w), where \Phi (u,w) =

m\sum 
i=1

\bigl( 
a+ b(dT

i w)2
\bigr) 
\| Diu\| +

\lambda 

2
\| Ku - u0\| 2

s.t. \| Diu\|  - wTQi(Diu) = 0,

\| QT
i w\| 2 \leq 1, i = 1, . . . ,m,

(2.3)

where dT
i w \in \BbbR and Diu \in \BbbR 2 denote the curvature of the level line and discrete gradient of

image u at the ith pixel, respectively, and \| \cdot \| denotes the l2 norm. In (2.3), the second term
is the discrete form of \lambda 

2

\int 
\Omega (\scrK u - u0)

2dxdy. We omit the constant \bigtriangleup x\bigtriangleup y for simplicity in our
theoretical study.

For various applications, the matrix K may be different. For example, K is the identity
matrix for some image denoising problems, while for image inpainting, K is a diagonal matrix
with

Ki,i =

\biggl\{ 
1, i \in \=\Omega \setminus \Gamma ,
0, i \in \Gamma ,

where i corresponds to the ith pixel in the domain \=\Omega , and \Gamma represents the inpainting domain.
To overcome computational difficulties caused by the nonsmooth term \| Diu\| in (2.3),

we propose a smoothing relaxation scheme which replaces the nonsmooth term by a smooth
one and relaxes the equality constraints by inequalities. It results in the following smooth
optimization problem:

min
\bfu \in \BbbR m

\bfw \in \BbbR 2m

\Phi \epsilon (u,w), where \Phi \epsilon (u,w) =
m\sum 
i=1

\bigl( 
a+ b(dT

i w)2
\bigr) 
\| Diu\| \epsilon +

\lambda 

2
\| Ku - u0\| 2

s.t. \varphi \epsilon 
i(u,w) \leq 0,

\| QT
i w\| 2 \leq 1, i = 1, . . . ,m,

(2.4)

where \epsilon is a positive parameter,

\| Diu\| \epsilon =
\sqrt{} 
\| Diu\| 2 + \epsilon 2 and \varphi \epsilon 

i(u,w) = \| Diu\| \epsilon  - wTQi(Diu) - 2\epsilon , i = 1, . . . ,m.
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In problem (2.4), we relax the equality constraint of (2.3) into \varphi \epsilon 
i(u,w) \leq 0, which can guar-

antee that the feasible set of (2.3) is contained in the feasible set of problem (2.4). Moreover,
for any fixed w, the set \{ u : \varphi \epsilon 

i(u,w) \leq 0\} is convex, which helps us to develop a BCD
algorithm. Note that the term  - 2\epsilon in \varphi \epsilon 

i(u,w) can be replaced by  - c\epsilon for any c > 1.
To solve problem (2.4) effectively, we represent the nonconvex inequality constraints \varphi \epsilon 

i \leq 0
for i = 1, . . . ,m by adding a penalty term in the objective, which yields the following penalty
problem:

min
\bfu \in \BbbR m

\bfw \in \BbbR 2m

\Psi \epsilon ,\sigma (u,w), where \Psi \epsilon ,\sigma (u,w) = \Phi \epsilon (u,w) + \sigma 
m\sum 
i=1

(\varphi \epsilon 
i(u,w))+

s.t. \| QT
i w\| 2 \leq 1, i = 1, . . . ,m,

(2.5)

where \sigma > 0 is a penalty parameter and (z)+ := max\{ z, 0\} . It is worth noting that the
constraints in problem (2.5) are convex and only related to the variable w, and the objective
is biconvex, that is, it is convex with respect to u and w for fixed w and u, respectively. This
special structure inspires us to propose an efficient BCD algorithm in section 4. At the end
of this section, we observe that problems (2.3), (2.4), and (2.5) have bounded solution sets.
It is easy to see that the feasible sets of the three problems are nonempty and bounded in the
components w, since the zero vector in \BbbR 3m is their feasible point and \| QT

i w\| 2 = w2
i +w2

m+i.
The three objective functions are continuous and coercive in the components u for any fixed
w. Moreover, the objective function values are nonnegative.

3. Relationships between problems (2.3), (2.4), and (2.5). In this section, we first give
some necessary constraint qualifications and optimality conditions of problems (2.3), (2.4),
and (2.5). Next, the theoretical relationships between these three problems are established
regarding their optimal solutions and stationary points.

3.1. Constraint qualification and optimality conditions. In this subsection, we will study
constraint qualification and optimality conditions for nonconvex optimization problems (2.3),
(2.4), and (2.5). We use notation \scrA 1, \scrA 2, and \scrA 3 to represent the feasible sets of problems
(2.3), (2.4), and (2.5), respectively, i.e.,

\scrA 1 = \{ (u,w) : u \in \BbbR m, w \in \BbbR 2m, \| Diu\|  - wTQi(Diu) = 0, \| QT
i w\| 2 \leq 1, i = 1, . . . ,m\} ,

\scrA 2 = \{ (u,w) : u \in \BbbR m, w \in \BbbR 2m, \varphi \epsilon 
i(u,w) \leq 0, \| QT

i w\| 2 \leq 1, i = 1, . . . ,m\} ,

\scrA 3 = \{ (u,w) : u \in \BbbR m, w \in \BbbR 2m, \| QT
i w\| 2 \leq 1, i = 1, . . . ,m\} .

Moreover, let gi(w) = \| QT
i w\| 2  - 1, I(u,w) = \{ i : \varphi \epsilon 

i(u,w) = 0, i = 1, . . . ,m\} , and J(w) =
\{ i : gi(w) = 0, i = 1, . . . ,m\} .

Problem (2.3) is nonsmooth at (u,w) if there is i \in \{ 1, . . . ,m\} such that Diu = 0. The
following lemma gives first order optimality conditions for problem (2.3).

Lemma 3.1. Let (u\ast ,w\ast ) be a solution of problem (2.3), L = \{ i : Diu
\ast = 0, i = 1, . . . ,m\} ,

and \scrU =
\bigcap 

i\in L ker(Di). Then there exist multipliers \xi i \in \BbbR , i \not \in L, \zeta i \in \BbbR 2, i \in L, and \eta \in \BbbR m
+ ,

such that the following conditions hold:
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m\sum 
i=1,i \not \in L

\bigl( 
a+ b(dT

i w
\ast )2+\xi i

\bigr) 
DT

i

Diu
\ast 

\| Diu\ast \| 
+\lambda KT (Ku\ast  - u0) - 

m\sum 
i=1,i/\in L

\xi iD
T
i Q

T
i w

\ast +
\sum 
i\in L

DT
i \zeta i = 0,

(3.1)

m\sum 
i=1,i \not \in L

2b\| Diu
\ast \| \cdot di(d

T
i w

\ast ) - 
m\sum 

i=1,i \not \in L
\xi iQiDiu

\ast + 2

m\sum 
i=1

\eta iQiQ
T
i w

\ast = 0,(3.2)

\| Diu
\ast \|  - wTQiDiu

\ast = 0, i = 1, . . . ,m,(3.3)

min\{ \eta i, 1 - \| QT
i w

\ast \| 2\} = 0, i = 1, . . . ,m.(3.4)

Proof. Let \^\Phi (u,w) =
\sum m

i=1,i \not \in L
\bigl( 
a+ b(dT

i w)2
\bigr) 
\| Diu\| + \lambda 

2\| Ku  - u0\| 2. By the optimality
of (u\ast ,w\ast ) for problem (2.3) and the definition of L, we have

\^\Phi (u\ast ,w\ast ) = \Phi (u\ast ,w\ast ) = min\{ \Phi (u,w) : (u,w) \in \scrA 1\} 

= min\{ \Phi (u\ast + h,w) : (u\ast + h,w) \in \scrA 1\} 

\leq min\{ \Phi (u\ast + h,w) : (u\ast + h,w) \in \scrA 1, h \in \scrU \} 

= min\{ \^\Phi (u\ast + h,w) : (u\ast + h,w) \in \scrA 1, h \in \scrU \} .

Hence (0,w\ast ) is a solution of the optimization problem

min
\bfh \in \BbbR m

\bfw \in \BbbR 2m

\^\Phi (u\ast + h,w)

s.t. \| Di(u
\ast + h)\|  - wTQiDi(u

\ast + h) = 0, i \not \in L,

Dih = 0, i \in L,

\| QT
i w\| 2 \leq 1, i = 1, . . . ,m.

(3.5)

Notice that there exists a neighborhood B(0,w\ast ) such that for any feasible point (h,w) \in 
B(0,w\ast ), Di(u

\ast +h) \not = 0, i \not \in L, and QT
i w \not = 0, i \in J(w\ast ). Hence problem (3.5) is smooth at

any feasible point in B(0,w\ast ).
Denote \scrS by the set consisting of the gradients of equality constraints and active inequality

constraints for problem (3.5), namely

\scrS = \scrS 1 \cup \scrS 2 \cup \scrS 3,

where

\scrS 1 =

\Biggl\{ \biggl( 
DT

i
Di(\bfu 

\ast +\bfh )
\| Di(\bfu \ast +\bfh )\|  - DT

i Q
T
i w

 - QiDi(u\ast + h)

\biggr) 
, i \not \in L

\Biggr\} 
, \scrS 2 =

\biggl\{ \biggl( 
DT

i

0

\biggr) 
, i \in L

\biggr\} 
,

\scrS 3 =

\biggl\{ \biggl( 
0

2QiQT
i w

\biggr) 
, i \in J(w\ast )

\biggr\} 
.

Since \| Di(u
\ast +h)\|  - wTQiDi(u

\ast +h) = 0,Di(u
\ast +h) \not = 0, and \| QT

i w\| 2 \leq 1 imply Di(\bfu 
\ast +\bfh )

\| Di(\bfu \ast +\bfh )\| =

QT
i w, we have DT

i
Di(\bfu 

\ast +\bfh )
\| Di(\bfu \ast +\bfh )\|  - DT

i Q
T
i w = 0 for i \not \in L. Moreover, \| Diu

\ast \|  - (w\ast )TQiDiu
\ast = 0

and \| Diu
\ast \| \not = 0 imply that i \in J(w\ast ). Hence we obtain
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\scrS 1 =

\biggl\{ \biggl( 
0

 - \| Di(u\ast + h)\| QiQT
i w

\biggr) 
, i \not \in L

\biggr\} 
\subseteq 
\biggl\{ \biggl( 

0

 - \| Di(u\ast + h)\| QiQT
i w

\biggr) 
, i \in J(w\ast )

\biggr\} 
.

Noticing Di(u
\ast +h) \not = 0, \| QT

i w\| = 1, i /\in L, and QT
i w \not = 0, i \in J(w\ast ), it yields that the rank

of \scrS 1 \cup \scrS 3 equals that of \scrS 3 for any (h,w) \in B(0,w\ast ). Therefore, as the rank of \scrS 2 is fixed,
for any subset \=\scrS \subseteq \scrS , \=\scrS has the same rank in the neighborhood B(0,w\ast ), which means that
the constant rank constraint qualification (CRCQ)1 holds at point (0,w\ast ). Since \^\Phi and all
constraint functions are continuously differentiable, the KKT conditions hold at the solution
(0,w\ast ) of problem (3.5) [17]. Therefore, there exist multipliers \xi i, i \not \in L, \zeta i, i \in L, and \eta \in \BbbR m

+

such that conditions (3.1)--(3.4) for problem (2.3) hold at (u\ast ,w\ast ).

We call (u\ast ,w\ast ) a stationary point of (2.3) if it satisfies conditions (3.1)--(3.4).
We say that the Mangasarian--Fromovitz constraint qualification (MFCQ) holds at a fea-

sible point (u,w) of problem (2.4) if there exist vectors z1 \in \BbbR m, z2 \in \BbbR 2m such that for any
i \in I(u,w) and j \in J(w), it holds that

\biggl( 
\nabla \bfu \varphi 

\epsilon 
i(u,w)

\nabla \bfw \varphi \epsilon 
i(u,w)

\biggr) T\biggl( z1
z\bftwo 

\biggr) 
< 0, (\nabla \bfw gj(w))T z\bftwo < 0.

Lemma 3.2. The MFCQ holds at any feasible point of problem (2.4). Let (u\ast ,w\ast ) be a local
minimizer of problem (2.4). Then there exist multipliers \xi , \eta \in \BbbR m

+ such that the following
KKT conditions hold:

m\sum 
i=1

(a+ b(dT
i w

\ast )2 + \xi i)D
T
i

Diu
\ast 

\| Diu\ast \| \epsilon 
+ \lambda KT (Ku\ast  - u0) - 

m\sum 
i=1

\xi iD
T
i Q

T
i w

\ast = 0,(3.6)

m\sum 
i=1

2b\| Diu
\ast \| \epsilon \cdot di(d

T
i w

\ast ) - 
m\sum 
i=1

\xi iQiDiu
\ast + 2

m\sum 
i=1

\eta iQiQ
T
i w

\ast = 0,(3.7)

min\{ \xi i, - \varphi \epsilon 
i(u

\ast ,w\ast )\} = 0, i = 1, . . . ,m,(3.8)

min\{ \eta i, 1 - \| QT
i w

\ast \| 2\} = 0, i = 1, . . . ,m.(3.9)

Proof. Let (u,w) be a feasible point of problem (2.4). For simplicity, we abbreviate
I(u,w) and J(w) to I and J , respectively. To show MFCQ holds at (u,w), we first introduce
a vector

\bigl( 
t\bfu 
 - \bfw 

\bigr) 
, where t is a constant satisfying

(3.10) t < min
i\in I

\biggl\{ 
(2\epsilon  - \| Diu\| \epsilon )\| Diu\| \epsilon 

2\epsilon \| Diu\| \epsilon  - \epsilon 2

\biggr\} 
,

1We say that the CRCQ holds at a feasible point of a smooth constrained optimization problem if for each
subset of the gradients of equality constraints and active inequality constraints, the rank at a neighborhood of
this feasible point is constant [17].
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where 2\epsilon \| Diu\| \epsilon  - \epsilon 2 \geq \epsilon 2 > 0. Thus, for any i \in I, we have\biggl( 
\nabla \bfu \varphi 

\epsilon 
i(u,w)

\nabla \bfw \varphi \epsilon 
i(u,w)

\biggr) T\biggl( tu

 - w

\biggr) 
=

\biggl( 
DT

i
Di\bfu 

\| Di\bfu \| \epsilon  - DT
i (Q

T
i w)

 - Qi(Diu)

\biggr) T\biggl( 
tu

 - w

\biggr) 
=

\biggl( 
Diu

\| Diu\| \epsilon 
 - QT

i w

\biggr) T

Di(tu) +wTQiDiu

= t

\biggl( 
\| Diu\| 2

\| Diu\| \epsilon 
 - wTQiDiu

\biggr) 
+wTQiDiu

= t

\biggl( 
\| Diu\| 2

\| Diu\| \epsilon 
 - \| Diu\| \epsilon + 2\epsilon 

\biggr) 
+ \| Diu\| \epsilon  - 2\epsilon 

= t
2\epsilon \| Diu\| \epsilon  - \epsilon 2

\| Diu\| \epsilon 
+ (\| Diu\| \epsilon  - 2\epsilon )

< 0,

where the fourth equality is from \varphi \epsilon 
i(u,w) = \| Diu\| \epsilon  - wTQiDiu  - 2\epsilon = 0 for i \in I, and

the last inequality is from (3.10) and 2\epsilon \| Diu\| \epsilon  - \epsilon 2 > 0. Moreover, for any j \in J , we have
\| QT

j w\| 2 = 1 and

(\nabla \bfw gj(w))T ( - w) = (2Qj(Q
T
j w))T ( - w) =  - 2\| QT

j w\| 2 < 0.

Therefore, MFCQ holds at (u,w).
All functions in problem (2.4) are continuously differentiable. Hence, at any local mini-

mizer of (2.4), under MFCQ there exist multipliers \xi , \eta \in \BbbR m
+ such that the KKT conditions

(3.6)--(3.9) hold.

We call (u\ast ,w\ast ) a stationary point of (2.4) if it satisfies conditions (3.6)--(3.9).
The objective function of problem (2.5) is Lipschitz continuous but not differentiable. To

derive the first order optimality condition of problem (2.5), we use the Clarke subdifferential.
For any \epsilon , \sigma > 0, it follows from Proposition 2.3.3 and Corollary 1 in [12] that

\partial \Psi \epsilon ,\sigma (u,w) = \nabla \Phi \epsilon (u,w) + \sigma \partial 

m\sum 
i=1

(\varphi \epsilon 
i(u,w))+ .

Since \varphi \epsilon 
i(u,w), i = 1, . . . ,m, are continuously differentiable, and the plus function (\cdot )+ is

convex, by Proposition 2.3.6(b) and Theorem 2.3.9(iii) in [12], we have that (\varphi \epsilon 
i)+ is regular

[12, Definition 2.3.4] and

\partial (\varphi \epsilon 
i(u,w)+) = ri(u,w)\nabla \varphi \epsilon 

i(u,w),

where

(3.11) ri(u,w) :=

\left\{   
1 if \varphi \epsilon 

i(u,w) > 0,
[0, 1] if \varphi \epsilon 

i(u,w) = 0,
0 if \varphi \epsilon 

i(u,w) < 0

for i = 1, . . . ,m. From the regularity of (\varphi \epsilon 
i)+ and Corollary 3 of Proposition 2.3.3 in [12], it

indicates
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(3.12) \partial 
m\sum 
i=1

(\varphi \epsilon 
i(u,w))+ =

m\sum 
i=1

\partial (\varphi \epsilon 
i(u,w)+) =

m\sum 
i=1

ri(u,w)\nabla \varphi \epsilon 
i(u,w).

Lemma 3.3. Assume that (\=u, \=w) is a local minimizer of problem (2.5). Then there exist
Lagrangian multipliers \rho i \geq 0 and coefficients \kappa i \in ri(\=u, \=w), i = 1, . . . ,m, with ri defined in
(3.11), such that

m\sum 
i=1

\bigl( 
a+ b(dT

i \=w)2
\bigr) 
DT

i

Di\=u

\| Di\=u\| \epsilon 
+ \lambda KT (K\=u - u0) + \sigma 

m\sum 
i=1

\kappa i

\biggl( 
DT

i

Di\=u

\| Di\=u\| \epsilon 
 - DT

i Q
T
i \=w

\biggr) 
= 0,

(3.13)

m\sum 
i=1

2b\| Di\=u\| \epsilon \cdot di(d
T
i \=w) - \sigma 

m\sum 
i=1

\kappa iQiDi\=u+ 2
m\sum 
i=1

\rho iQiQ
T
i \=w = 0,(3.14)

min
\bigl( 
\rho i, 1 - \| QT

i \=w\| 2
\bigr) 
= 0, i = 1, . . . ,m.(3.15)

Proof. By the definition of Qi, \nabla gi(w) = 2QiQ
T
i w, i \in J(w), are linearly independent at

any feasible point of problem (2.5). Hence the linear independence constraint qualification
holds at a local minimizer (\=u, \=w) of problem (2.5). Therefore, there exist \rho i \geq 0 for i =
1, . . . ,m such that

0 \in \partial 

\Biggl( 
\Psi \epsilon ,\sigma (\=u, \=w) +

m\sum 
i=1

\rho i(\| QT
i \=w\| 2  - 1)

\Biggr) 
and (3.15) hold. Since \Phi \epsilon and \| QT

i w\| 2 are continuously differentiable, and (\varphi \epsilon 
i)+ is regular,

by (3.12), we find that the first order necessary conditions (3.13)--(3.15) hold at (\=u, \=w).

We call (\=u, \=w) a stationary point of (2.5) if conditions (3.13)--(3.15) hold at (\=u, \=w).

3.2. Relationships between (2.3), (2.4), and (2.5). In this subsection, we will focus on
relationships between problems (2.3), (2.4), and (2.5). First, we consider problems (2.3) and
(2.4) regarding global minimizers.

Theorem 3.4. For any given \epsilon > 0, assume that (u\epsilon ,w\epsilon ) is an optimal solution of problem
(2.4). Let (u\ast ,w\ast ) be an arbitrary accumulation point of \{ (u\epsilon ,w\epsilon )\} as \epsilon \downarrow 0. Then (u\ast ,w\ast )
is an optimal solution of problem (2.3).

Proof. From
\| Diu\| \epsilon  - wTQiDiu \leq \| Diu\|  - wTQiDiu+ \epsilon = \epsilon ,

at any feasible point (u,w) of problem (2.3), we have that the feasible set \scrA 1 of problem (2.3)
is contained in the feasible set \scrA 2 of problem (2.4). Hence from the optimality of (u\epsilon ,w\epsilon ), it
yields that

\Phi \epsilon (u\epsilon ,w\epsilon ) \leq \Phi \epsilon (u,w) for any (u,w) \in \scrA 1.

Then taking limitation on both sides of the above inequality as \epsilon \downarrow 0, we have

\Phi (u\ast ,w\ast ) \leq \Phi (u,w) for any (u,w) \in \scrA 1.
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398 FANG HE, XIAO WANG, AND XIAOJUN CHEN

Moreover, from

2\epsilon \geq \| Diu\epsilon \| \epsilon  - w\epsilon Qi(Diu\epsilon )

\geq \| Diu\epsilon \| \epsilon  - \| QT
i w\epsilon \| \| Diu\epsilon \| 

\geq \| Diu\epsilon \| \epsilon  - \| Diu\epsilon \| \geq 0,(3.16)

we know (u\ast ,w\ast ) is feasible for problem (2.3), which completes the proof.

The following theorem considers problems (2.3) and (2.4) regarding stationary points.

Theorem 3.5. Let (u\epsilon ,w\epsilon ) be a stationary point of (2.4) with multiplers \xi \epsilon , \eta \epsilon \in \BbbR m
+ . If

\{ u\epsilon , \xi 
\epsilon \} is bounded for all sufficiently small \epsilon , then as \epsilon decreases to zero, there exists an

accumulation point (u\ast ,w\ast ) that is a stationary point of (2.3).

Proof. Following from the feasibility of w\epsilon and (3.9), it implies \eta \epsilon i = 0 for i /\in J(w\epsilon ). Then
by (3.7) we obtain

\sum 
i\in J(\bfw \epsilon )

\eta \epsilon iQiQ
T
i w\epsilon =  - 

m\sum 
i=1

b\| Diu\epsilon \| \epsilon \cdot di(d
T
i w\epsilon ) +

1

2

m\sum 
i=1

\xi \epsilon iQiDiu\epsilon 

which is bounded from the boundedness of \{ u\epsilon , \xi 
\epsilon \} for all sufficiently small \epsilon . Furthermore,

due to the structure of Qi = (ei, em+i), \| QiQ
T
i w\epsilon \| = \| QT

i w\epsilon \| = 1, and \eta \epsilon i \geq 0 for i \in J(w\epsilon ),
we know

(3.17)

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\sum 

i\in J(\bfw \epsilon )

\eta \epsilon iQiQ
T
i w\epsilon 

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| =
\sum 

i\in J(\bfw \epsilon )

\eta \epsilon i\| QiQ
T
i w\epsilon \| =

\sum 
i\in J(\bfw \epsilon )

\eta \epsilon i .

Hence, \eta \epsilon i , i \in J(w\epsilon ) is bounded. Therefore, \{ \eta \epsilon \} is bounded for all sufficiently small \epsilon .
By the boundedness of \{ u\epsilon ,w\epsilon , \xi 

\epsilon , \eta \epsilon \} , there are a subsequence \epsilon k of \{ \epsilon : \epsilon \rightarrow 0\} ,
u\ast ,w\ast , \xi \geq 0, \eta \geq 0, and \pi i, i \in L := \{ i : Diu

\ast = 0\} such that

u\epsilon k \rightarrow u\ast , w\epsilon k \rightarrow w\ast , \xi \epsilon k \rightarrow \xi , \eta \epsilon k \rightarrow \eta 

and
Di\bfu \epsilon k

\| Di\bfu \epsilon k
\| \epsilon k

\rightarrow \pi i, i \in L. Then taking limit on both sides of (3.6) as \epsilon k \rightarrow 0, we have

0 =
m\sum 

i=1,i/\in L

(a+ b(dTi w
\ast )2 + \xi i)D

T
i

Diu
\ast 

\| Diu\ast \| 
+ \lambda KT (Ku\ast  - u0) - 

m\sum 
i=1

\xi iD
T
i Q

T
i w

\ast 

+
\sum 
i\in L

(a+ b(dTi w
\ast )2 + \xi i)D

T
i \pi i.

Then by denoting \zeta i = (a+ b(dTi w
\ast )2+ \xi i)\pi i for i \in L, we obtain that (3.1) holds at (u\ast ,w\ast ).

Similarly, we can derive (3.2) from (3.7). Moreover the feasibility of (u\epsilon ,w\epsilon ) for (2.4) together
with (3.16) yields that (u\ast ,w\ast ) is a feasible point of (2.3), which leads to (3.3)--(3.4). This
proof is completed.

The following theorem considers problems (2.4) and (2.5) regarding local minimizers,
which is a direct application of Lemma 3.2 in this paper and Theorems 4.4 and 4.6 in [16].
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Theorem 3.6. If (u\ast ,w\ast ) is a strict local minimizer of problem (2.4), then (u\ast ,w\ast ) is a
local minimizer of problem (2.5) for all \sigma > max1\leq i\leq m \xi i, where \xi \in \BbbR m

+ is the corresponding
multiplier vector in (3.7).

Proof. By Lemma 3.2, MFCQ holds for problem (2.4) at (u\ast ,w\ast ). Then there exists a \sigma \ast 

such for all \sigma > \sigma \ast , (u\ast ,w\ast ) is a local minimizer of problem (2.5) according to Theorem 4.4
in [16]. In addition, we have \sigma \ast = max1\leq i\leq m \xi i by Theorem 4.6 in [16].

Now we consider problems (2.4) and (2.5) regarding their stationary points and optimal
solutions.

Theorem 3.7. Assume that (u\ast ,w\ast ) is a stationary point of problem (2.5) for all \sigma greater
than a certain threshold \^\sigma > 0. Then (u\ast ,w\ast ) is a stationary point of problem (2.4).

Proof. For simplicity, we introduce the following notation:

\varphi \epsilon \ast 
i := \varphi \epsilon 

i(u
\ast ,w\ast ), g\ast i := gi(w

\ast ), i = 1, . . . ,m,

v\ast :=  - 
m\sum 
i=1

2b\| Diu
\ast \| \epsilon \cdot di(d

T
i w

\ast ).

Suppose to the contrary that (u\ast ,w\ast ) is not a feasible point of problem (2.4). Then there
exists some i such that \varphi \epsilon 

i(u
\ast ,w\ast ) > 0. By the definition (3.13)--(3.15) of a stationary point

of (2.5), there are \rho , \kappa \in \BbbR m, which depend on \sigma , such that

v\ast = 2
m\sum 
i=1

\rho iQiQ
T
i w

\ast  - \sigma 
\sum 

i:\varphi \epsilon \ast 
i >0

QiDiu
\ast  - \sigma 

\sum 
i:\varphi \epsilon \ast 

i \leq 0

\kappa iQiDiu
\ast ,

for any \sigma > \^\sigma . Therefore, for any \beta > \alpha > 1 and \sigma 1 > \^\sigma , by letting \sigma 2 = \alpha \sigma 1 and \sigma 3 = \beta \sigma 1,
there exist corresponding coefficients \{ \kappa ji\} , \{ \rho 

j
i\} , j = 1, 2, 3, with \kappa ji \in [0, 1] and \rho ji \geq 0 such

that

(3.18) v\ast = 2
m\sum 
i=1

\rho jiQiQ
T
i w

\ast  - \sigma j
\sum 

i:\varphi \epsilon \ast 
i >0

QiDiu
\ast  - \sigma j

\sum 
i:\varphi \epsilon \ast 

i \leq 0

\kappa jiQiDiu
\ast , j = 1, 2, 3.

Then performing the subtraction of equality (3.18) with different j and division by \sigma 2  - \sigma 1
and \sigma 3  - \sigma 1, respectively, we have

(3.19) 0 = 2
\sum 

i:g\ast i =0

\rho 2i  - \rho 1i
\sigma 1(\alpha  - 1)

QiQ
T
i w

\ast  - 
\sum 

i:\varphi \epsilon \ast 
i >0

QiDiu
\ast  - 

\sum 
i:\varphi \epsilon \ast 

i =0

\alpha \kappa 2i  - \kappa 1i
\alpha  - 1

QiDiu
\ast 

and

(3.20) 0 = 2
\sum 

i:g\ast i =0

\rho 3i  - \rho 1i
\sigma 1(\beta  - 1)

QiQ
T
i w

\ast  - 
\sum 

i:\varphi \epsilon \ast 
i >0

QiDiu
\ast  - 

\sum 
i:\varphi \epsilon \ast 

i =0

\beta \kappa 3i  - \kappa 1i
\beta  - 1

QiDiu
\ast ,

where we use \rho ji = 0 if g\ast i > 0 and \kappa i = 0 if \varphi \epsilon \ast 
i < 0.
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Since Qi = (ei, em+i), (3.19) indicates that \{ i : \varphi \epsilon \ast 
i > 0\} \subseteq \{ i : g\ast i = 0\} . Thus for

i \in \{ i : \varphi \epsilon \ast 
i > 0\} , we have Qi(\~\alpha Q

T
i w

\ast  - Diu
\ast ) = 0, which implies \~\alpha QT

i w
\ast = Diu

\ast by

Qi = (ei, em+i), where \~\alpha =
2(\rho 2i - \rho 1i )
\sigma 1(\alpha  - 1) . Moreover, from g\ast i = \| Qiw

\ast \| 2  - 1 = 0, we have

\| Diu
\ast \| = | \~\alpha | and \varphi \epsilon \ast 

i =
\surd 
\~\alpha 2 + \epsilon 2  - \~\alpha  - 2\epsilon > 0, which further imply \~\alpha < 0 by contradiction.

It follows that \rho 2i < \rho 1i . Subtracting (3.19) from (3.20), we obtain

(3.21)

0 = 2
\sum 

i:g\ast i =0

\biggl( 
\rho 2i  - \rho 1i

\sigma 1(\alpha  - 1)
 - \rho 3i  - \rho 1i

\sigma 1(\beta  - 1)

\biggr) 
QiQ

T
i w

\ast +
\sum 

i:\varphi \epsilon \ast 
i =0

\biggl( 
\alpha \kappa 2i  - \kappa 1i
\alpha  - 1

 - \beta \kappa 3i  - \kappa 1i
\beta  - 1

\biggr) 
QiDiu

\ast .

As the vector group \{ QiQ
T
i w

\ast , i \in J(w\ast )\} is linearly independent, the coefficients of QiQ
T
i w

\ast 

in (3.21) for i \in \{ i : \varphi \epsilon \ast 
i > 0\} must be zero, i.e.,

\rho 2i  - \rho 1i
\sigma 1(\alpha  - 1)

=
\rho 3i  - \rho 1i
\sigma 1(\beta  - 1)

,

which derives

\rho 3i =
\beta  - 1

\alpha  - 1
(\rho 2i  - \rho 1i ) + \rho 1i .

As \rho 3i \geq 0, for i \in \{ i : \varphi \epsilon \ast 
i > 0\} , which is nonempty by assumption, \beta is upper bounded by

\beta \leq \rho 1i
\rho 1i  - \rho 2i

(\alpha  - 1) + 1,

which contradicts the arbitrariness of \beta . Therefore, (u\ast ,w\ast ) is a feasible point of problem
(2.4), i.e., \varphi \epsilon \ast 

i \leq 0 and g\ast i \leq 0 for i = 1, . . . ,m.
As (u\ast ,w\ast ) is a stationary point of problem (2.5), conditions (3.13)--(3.15) hold at (u\ast ,w\ast ).

Then it is equivalent to that there exist coefficients \kappa \ast i \in [0, 1], i = 1, . . . ,m, such that

m\sum 
i=1

\bigl( 
a+ b(dT

i w
\ast )2
\bigr) 
DT

i

Diu
\ast 

\| Diu\ast \| \epsilon 
+\lambda KT (Ku\ast  - u0) + \sigma 

\sum 
i:\varphi \epsilon \ast 

i =0

\kappa \ast i

\biggl( 
DT

i

Diu
\ast 

\| Diu\ast \| \epsilon 
 - DT

i Q
T
i w

\ast 
\biggr) 
= 0,

m\sum 
i=1

2b\| Diu
\ast \| \epsilon \cdot di(d

T
i w

\ast ) - \sigma 
\sum 

i:\varphi \epsilon \ast 
i =0

\kappa \ast iQiDiu
\ast + 2

m\sum 
i=1

\rho iQiQ
T
i w

\ast = 0,

min\{ \rho i, 1 - \| QT
i w

\ast \| 2\} = 0, i = 1, . . . ,m.

Taking \eta i = \rho i for i = 1, . . . ,m, \xi i = \sigma \kappa \ast i if \varphi \epsilon \ast 
i = 0, and \xi i = 0 if \varphi \epsilon \ast 

i < 0 ensures that
conditions (3.6)--(3.9) hold at (u\ast ,w\ast ). Therefore, (u\ast ,w\ast ) satisfies the KKT conditions for
problem (2.4) which completes the proof.

Corollary 3.8. Assume that (u\ast ,w\ast ) is an optimal point of problem (2.5) for all \sigma greater
than a certain threshold \^\sigma > 0. Then it is also an optimal solution of problem (2.4).

Proof. By Theorem 3.7, (u\ast ,w\ast ) is feasible for problem (2.4). Then for any feasible point
(u,w) of problem (2.4), we have

\Phi \epsilon (u
\ast ,w\ast ) = \Psi \epsilon ,\sigma (u

\ast ,w\ast ) \leq \Psi \epsilon ,\sigma (u,w) = \Phi \epsilon (u,w),

which implies (u\ast ,w\ast ) is an optimal solution of problem (2.4).
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Remark 3.9. In this section, we establish the theoretical relationships between the discrete
Euler's elastica model (2.3), the smoothing relaxation problem (2.4), and the penalty problem
(2.5) regarding their optimal solutions and stationary points. From these theoretical results,
optimal solutions and stationary points of problem (2.5) with a large penalty parameter \sigma 
and a sufficiently small smoothing parameter \epsilon are good approximate optimal solutions and
stationary points of the discrete Euler's elastica model (2.3), respectively. Moreover, when \epsilon 
decreases to zero, any accumulation point of optimal solutions or stationary points of problem
(2.5) is that of (2.3) under certain conditions. According to the relationships, the discrete
Euler's elastica model (2.3) can be solved via problem (2.5). Compared with (2.3), problem
(2.5) is easier to solve, since the feasible set of (2.5) is convex and the functions \Phi \epsilon and \varphi \epsilon 

i

in the objective are continuously differentiable. Moreover, problem (2.5) is convex in the u-
subspace and w-subspace. Inspired by this special structure, efficient optimization algorithms
can be developed.

4. Smoothing BCD method and convergence analysis. In this section, we will pres-
ent a smoothing BCD method for solving problem (2.5). Considering that \Psi \epsilon ,\sigma (u,w) is
locally Lipschitz continuous but nondifferentiable, we first give a definition of its smoothing
function.

Definition 4.1. We call \~\Psi \epsilon ,\sigma : \BbbR m \times \BbbR 2m \times \BbbR + \rightarrow \BbbR a smoothing function of \Psi \epsilon ,\sigma if
\~\Psi \epsilon ,\sigma (\cdot , \cdot , \mu ) is continuously differentiable in \BbbR m \times \BbbR 2m for any fixed \mu > 0 and satisfies the
following two conditions for any (u,w) \in \BbbR m \times \BbbR 2m:

\bullet function value consistency

lim
\mu \downarrow 0

(\~\bfu , \~\bfw )\rightarrow (\bfu ,\bfw )

\~\Psi \epsilon ,\sigma (\~u, \~w, \mu ) = \Psi \epsilon ,\sigma (u,w),

\bullet gradient consistency

co\{ lim\nabla \~\Psi \epsilon ,\sigma (\~u, \~w, \mu ) : (\~u, \~w) \rightarrow (u,w), \mu \downarrow 0\} = \partial \Psi \epsilon ,\sigma (u,w),

where ``co"" denotes the convex hull.

To obtain a smoothing function of \Psi \epsilon ,\sigma , we use the smoothing function

(4.1) \phi (z, \mu ) =

\Biggl\{ 
(z)+ if | z| > \mu 

2 ,
1
2\mu (z +

\mu 
2 )

2 if | z| \leq \mu 
2

to approximate the plus function (z)+. For other smoothing functions in image processing,
interested readers are referred to [10, 11]. Let

\~\Psi \epsilon ,\sigma (u,w, \mu ) = \Phi \epsilon (u,w) + \sigma 
m\sum 
i=1

\~\varphi \epsilon 
i(u,w, \mu ),

where \~\varphi \epsilon 
i(u,w, \mu ) := \phi (\varphi \epsilon 

i(u,w), \mu ) for i = 1, . . . ,m. Since \Phi \epsilon is continuously differentiable,
and (\varphi \epsilon 

i)+ is regular, \~\Psi \epsilon ,\sigma is a smoothing function of \Psi \epsilon ,\sigma by Theorem 1 in [9].
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4.1. Algorithms. By replacing the objective function \Psi \epsilon ,\sigma in (2.5) with its smoothing
approximation \~\Psi \epsilon ,\sigma , we obtain the following problem:

min
\bfu ,\bfw 

\~\Psi \epsilon ,\sigma (u,w, \mu ), where \~\Psi \epsilon ,\sigma (u,w, \mu ) = \Phi \epsilon (u,w) + \sigma 
m\sum 
i=1

\~\varphi \epsilon 
i(u,w, \mu )

s.t. \| QT
i w\| 2 \leq 1, i = 1, . . . ,m.

(4.2)

Recall that for i = 1, . . . ,m, Qi = (ei, em+i), so QT
i w = (wi, wm+i)

T \in \BbbR 2 where wi and wm+i

are the ith and (m + i)th elements of w, respectively. By defining wi = QT
i w, we obtain a

partition of w: (w1, . . . ,wm). By taking advantage of the problem structure, we now present
a smoothing BCD algorithm for solving (4.2).

Algorithm 1. Choose positive parameters c, \theta \in (0, 1) and initial variables u0 = u0 \in \BbbR m,
w0 = 0 \in \BbbR 2m, \mu 0 > 0.
For k \geq 0:

\bullet Step 1. Solve

(4.3) min
\bfu 

\~\Psi \epsilon ,\sigma (u,w
k, \mu k) +

c

2
\| u - uk\| 2

to obtain uk+1.
\bullet Step 2. For i = 1, . . . ,m, solve

(4.4) min
\| \bfw i\| 2\leq 1

\~\Psi \epsilon ,\sigma 

\Bigl( 
uk+1,wk+1

1\leq j<i,wi,w
k
i<j\leq m, \mu k

\Bigr) 
to obtain wk+1 =

\sum m
i=1Qiwi.

\bullet Step 3. If the stopping criteria are satisfied, terminate the algorithm. Otherwise, let
\mu k+1 = \theta \mu k, k = k + 1 and go to Step 1.

The stopping criteria in Step 3 depend on optimality conditions for (4.3) and (4.4). More
details will be given in section 5. In the following, we will first study u-subproblem in (4.3)
and then propose Algorithm 2 to solve it. Second, we will consider solutions to wi-subproblem
(4.4). We will show that each wi-subproblem has a unique solution which is easy to obtain.

\bullet u-subproblem. The objective function in (4.3) has the form

(4.5) \Phi \epsilon (u,w
k) +

c

2
\| u - uk\| 2 + \sigma 

m\sum 
i=1

\~\varphi \epsilon 
i(u,w

k, \mu k).

By the definition of the smoothing function in (4.1), \~\varphi \epsilon 
i(u,w

k, \mu ) = 1
2\mu (\varphi 

\epsilon 
i(u,w

k) +
\mu 
2 )

2 if | \varphi \epsilon 
i(u,w

k)| \leq \mu 
2 . To solve (4.3) efficiently by a fixed point method, we split

\~\varphi \epsilon 
i(u,w

k, \mu k) into two parts for | \varphi \epsilon 
i(u,w

k)| \leq \mu 
2 , namely, we write

\Phi \epsilon (u,w
k) +

c

2
\| u - uk\| 2 + \sigma 

m\sum 
i=1

\~\varphi \epsilon 
i(u,w

k, \mu k) = hk(u) +
\sigma 

\mu 

\sum 
i:| \varphi \epsilon 

i | \leq 
\mu 
2

fk
i (u),(4.6)

where

D
ow

nl
oa

de
d 

07
/1

8/
22

 to
 1

58
.1

32
.1

61
.1

81
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

A PENALTY RELAXATION METHOD FOR EULER'S ELASTICA 403

hk(u) =\Phi \epsilon (u,w
k) +

c

2
\| u - uk\| 2 + \sigma 

\sum 
i:| \varphi \epsilon 

i | >
\mu 
2

\varphi \epsilon 
i(u,w

k)

+
\sigma 

2\mu 

\sum 
i:| \varphi \epsilon 

i | \leq 
\mu 
2

\biggl( 
\| Diu\| 2\epsilon  - (4\epsilon  - \mu )\| Diu\| \epsilon +

\Bigl( 
(wk)TQiDiu+ 2\epsilon  - \mu 

2

\Bigr) 2\biggr) 

and fk
i (u) =  - ((wk)TQiDiu)\| Diu\| \epsilon . Here we use \varphi \epsilon 

i to denote \varphi \epsilon 
i(u,w

k) for
simplicity.
As (4.6) is strictly convex, its optimal solution also solves the following nonlinear
equations:

0 =\nabla hk(u) +
\sigma 

\mu 

\sum 
i:| \varphi \epsilon 

i | \leq 
\mu 
2

\nabla fk
i (u)

(4.7)

=
m\sum 
i=1

(a+ b(dT
i w

k)2)DT
i

Diu

\| Diu\| \epsilon 
+ \lambda KT (Ku - u0) + c(u - uk)

+ \sigma 
\sum 

| \varphi \epsilon 
i | >

\mu 
2

\biggl( 
DT

i

Diu

\| Diu\| \epsilon 
 - DT

i Q
T
i w

k

\biggr) 

+
\sigma 

2\mu 

\sum 
| \varphi \epsilon 

i | \leq 
\mu 
2

\biggl( 
2DT

i Diu - (4\epsilon  - \mu )DT
i

Diu

\| Diu\| \epsilon 
+ (2(wk)TQiDiu+ 4\epsilon  - \mu )(DT

i Q
T
i w

k)

\biggr) 

+
\sigma 

\mu 

\sum 
| \varphi \epsilon 

i | \leq 
\mu 
2

\biggl( 
 - (wk)TQiDiuD

T
i

Diu

\| Diu\| \epsilon 
 - \| Diu\| \epsilon DT

i Q
T
i w

k

\biggr) 
.

We next present an iterative algorithm to solve (4.7).

Algorithm 2. Set positive parameters: dk, \varepsilon tol > 0. Initialize variables: ut = uk with
t = 0.
For t \geq 0:

-- Step 1. Solve the following equation with respect to u:

(4.8) 0 = \nabla hk(u) +
\sigma 

\mu 

\sum 
i:| \varphi \epsilon 

i | \leq 
\mu 
2

\nabla fk
i (u

t) + dk(u - ut)

obtaining ut+1.
-- Step 2. If the residual of (4.7) at ut+1 is no more than \varepsilon tol, terminate the

algorithm and return uk+1 = ut+1. Otherwise, let t = t+ 1 and go to Step 1.

In Algorithm 2, we choose

dk = 2\~\epsilon +
\sum 

i:| \varphi \epsilon 
i | \leq 

\mu 
2

\sigma dki
\mu 

,

where \~\epsilon is a positive constant and dki is an upper bound of Lipschitz constant of \nabla fk
i

for i such that | \varphi \epsilon 
i | \leq 

\mu 
2 . Thus, for each t \geq 0, problem (4.8) is an approximation to

(4.7) at ut. Moreover, it is easy to check that (4.8) is equivalent to minimizing F k
t (u),

where
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F k
t (u) = hk(u) +

\sigma 

\mu 

\sum 
i:| \varphi \epsilon 

i | \leq 
\mu 
2

(fk
i (u

t) + (\nabla fk
i (u

t))T (u - ut)) +
dk

2
\| u - ut\| 2.

Thus \nabla F k
t (u

t+1) = 0 at the minimizer ut+1. Function F k
t will play a key role in

proving the convergence of Algorithm 2, as shown in Lemma 4.2.
In the following numerical experiments, we apply the lagged diffusivity fixed point
method to solve (4.8). The lagged diffusivity approach was first proposed for solving
TV functional minimization in [28] with theoretical convergence analyzed in [8].

\bullet wi-subproblem. Notice that for each wi-subproblem, i = 1, . . . ,m, (4.4) can be
reformulated as a two-dimensional ball constrained optimization problem as below:

min
\| \bfw i\| \leq 1

wT
i P

k
i wi + (qk

i )
Twi,(4.9)

where wi = QT
i w and P k

i is a symmetric and positive definite matrix. For illustrations
we present here a special case of the wi-subproblem with the ith pixel point not on
the boundary of \=\Omega and \~\varphi \epsilon 

i =
1
2\mu (\varphi 

\epsilon 
i(u,w) + \mu 

2 )
2. In this case the wi-subproblem is of

the form

min
\| \bfw i\| 2\leq 1

b\| Diu
k+1\| \epsilon 

\bigl( 
(1 1) \cdot wi  - (wk

i+1 + wk
m+i+n1

)
\bigr) 2

+ b\| Di - 1u
k+1\| \epsilon 

\bigl( 
(1 0) \cdot wi  - (wk+1

i - 1 + wk+1
m+i - 1  - wk

m+n1+i - 1)
\bigr) 2

+ b\| Di - n1u
k+1\| \epsilon 

\bigl( 
(0 1) \cdot wi  - (wk

i - n1
+ wk

m+i - n1
 - wk

i - n1+1)
\bigr) 2

+
\sigma 

2\mu k

\biggl( 
(Diu

k+1)Twi  - \| Diu
k+1\| \epsilon + 2\epsilon  - \mu k

2

\biggr) 2

.

(4.10)

Then we can reformulate (4.10) into the form of (4.9) where

P k
i = b\| Diu

k+1\| \epsilon 
\biggl( 

1 1
1 1

\biggr) 
+ b

\biggl( 
\| Di - 1u

k+1\| \epsilon 0
0 \| Di - n1u

k+1\| \epsilon 

\biggr) 
+

\sigma 

2\mu k
(Diu

k+1)(Diu
k+1)T

which is symmetric and positive definite and qk
i =

\bigl( qki (1)
qki (2)

\bigr) 
with

qki (1) =  - 2b\| Diu
k+1\| \epsilon (wk

i+1 + wk
m+i+n1

) - \sigma 

\mu k

\biggl( 
\| Diu

k+1\| \epsilon  - 2\epsilon +
\mu k

2

\biggr) 
uk+1
i1

 - 2b\| Di - 1u
k+1\| \epsilon (wk+1

i - 1 + wk+1
m+i - 1  - wk

m+n1+i - 1),

qki (2) =  - 2b\| Diu
k+1\| \epsilon (wk

i+1 + wk
m+i+n1

) - \sigma 

\mu k

\biggl( 
\| Diu

k+1\| \epsilon  - 2\epsilon +
\mu k

2

\biggr) 
uk+1
i2

 - 2b\| Di - n1u
k+1\| \epsilon (wk+1

i - n1
+wk+1

m+i - n1
 - wk+1

i - n1+1).

Here uk+1
i1 and uk+1

i2 correspond to the first and second elements ofDiu
k+1, respectively.

By optimality conditions for (4.9) it has a unique solution,

wk+1
i =  - (2P k

i + 2\tau ki I2)
 - 1qk

i ,(4.11)
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where I2 \in \BbbR 2\times 2 is the identity matrix and \tau ki is zero if \| (2P k
i )

 - 1qk
i \| 2 \leq 1 and a

positive number satisfying \| (2P k
i + 2\tau ki I2)

 - 1qk
i \| 2 = 1 otherwise, where the equation

is quartic with respect to \tau ki and has a unique positive root.

4.2. Convergence analysis. The following lemma establishes the convergence of Algo-
rithm 2.

Lemma 4.2. Let the sequence \{ ut\} be generated by Algorithm 2. Then it converges to the
solution of problem (4.5).

Proof. Recall that problem (4.5) is strictly convex, thus it has a unique solution. As ut+1

minimizes F k
t , we have F k

t (u
t+1) \leq F k

t (u
t). Recall that dki was introduced in Algorithm 2

to denote the upper bound of Lipschitz constant of \nabla fk
i . Then by Taylor's theorem we have

that for every i,

fk
i (u

t+1) \leq fk
i (u

t) + (\nabla fk
i (u

t))T (ut+1  - ut) +
dki
2
\| ut+1  - ut\| 2.

By the definition of F k
t and the above inequality, we can derive that

F k
t+1(u

t+1) + \~\epsilon \| ut+1  - ut\| 2

=hk(ut+1) +

\left(  dk

2
 - 

\sum 
i:| \varphi \epsilon 

i | \leq 
\mu 
2

\sigma dki
2\mu 

\right)  \| ut+1  - ut\| 2 + \sigma 

\mu 

\sum 
i:| \varphi \epsilon 

i | \leq 
\mu 
2

fk
i (u

t+1)

\leq hk(ut+1) +

\left(  dk

2
 - 

\sum 
i:| \varphi \epsilon 

i | \leq 
\mu 
2

\sigma dki
2\mu 

\right)  \| ut+1  - ut\| 2

+
\sigma 

\mu 

\sum 
i:| \varphi \epsilon 

i | \leq 
\mu 
2

\biggl( 
fk
i (u

t) + (\nabla fk
i (u

t))T (ut+1  - ut) +
dki
2
\| ut+1  - ut\| 2

\biggr) 

=hk(ut+1) +
dk

2
\| ut+1  - ut\| 2 + \sigma 

\mu 

\sum 
i:| \varphi \epsilon 

i | \leq 
\mu 
2

\Bigl( 
fk
i (u

t) + (\nabla fk
i (u

t))T (ut+1  - ut)
\Bigr) 

=F k
t (u

t+1) \leq F k
t (u

t).

Therefore, \{ F k
t (u

t)\} is a monotonically decreasing sequence and lower bounded, then it con-
verges and

lim
t\rightarrow \infty 

\~\epsilon \| ut+1  - ut\| 2 \leq lim
t\rightarrow \infty 

F k
t (u

t) - F k
t+1(u

t+1) = 0,

which implies limt\rightarrow \infty \| ut+1  - ut\| = 0. Furthermore, since F k
t (u) is level bounded, the

sequence \{ ut\} is bounded and there is a subsequence \{ utl\} converging to u\ast and satisfying
\nabla F k

tl
(utl+1) = 0 by the optimality condition for minimizing F k

tl
. Then we obtain
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0 =\nabla F k
tl
(utl+1) = lim

l\rightarrow \infty 
\nabla F k

tl
(utl+1)

= lim
l\rightarrow \infty 

\left(  \nabla hk(utl+1) +
\sigma 

\mu 

\sum 
i:| \varphi \epsilon 

i | \leq 
\mu 
2

\nabla fk
i (u

tl) + dk(utl+1  - utl)

\right)  
=\nabla hk(u\ast ) +

\sigma 

\mu 

\sum 
i:| \varphi \epsilon 

i | \leq 
\mu 
2

\nabla fk
i (u

\ast )(4.12)

where utl+1 \rightarrow u\ast is from limt\rightarrow \infty \| ut+1  - ut\| = 0. Consequently, (4.12) indicates that u\ast is
the solution of problem (4.5), which completes the proof.

Lemma 4.3. Let \{ (uk,wk)\} be generated by Algorithm 1. Then \{ (uk,wk)\} is bounded and

(4.13) lim
k\rightarrow \infty 

\| (uk+1,wk+1) - (uk,wk)\| = 0.

Proof. Following the framework in Algorithm 1, the sequence \{ (uk,wk)\} satisfies

(4.14) \~\Psi \epsilon ,\sigma (u
k+1,wk, \mu k) +

c

2
\| uk+1  - uk\| 2 \leq \~\Psi \epsilon ,\sigma (u

k,wk, \mu k).

For i = 1, . . . ,m, as wk+1
i is the solution of problem (4.9), by (4.11) it also solves the problem

(4.15) min
\bfw i\in \BbbR 2

wT
i P

k
i wi + (qk

i )
Twi + \tau ki (\| wi\| 2  - 1).

Note that the objective function in (4.15) is strongly convex, \tau ki (\| w
k+1
i \| 2  - 1) = 0, and

P k
i + \tau ki I2 \succeq P k

i \succeq b\epsilon I2 for i = 1, . . . ,m, where A \succeq B means that A  - B is positive
semidefinite for symmetric matrices A and B with the same dimension. Then we obtain

(wk
i )

TP k
i w

k
i + qT

kw
k
i \geq (wk

i )
TP k

i w
k
i + qT

kw
k
i + \tau ki (\| wk

i \| 2  - 1)

\geq (wk+1
i )TP k

i w
k+1
i + qT

kw
k+1
i + \tau ki (\| wk+1

i \| 2  - 1) +
b\epsilon 

2
\| wk

i  - wk+1
i \| 2

=(wk+1
i )TP k

i w
k+1
i + qT

kw
k+1
i +

b\epsilon 

2
\| wk

i  - wk+1
i \| 2,

which implies

\~\Psi \epsilon ,\sigma (u
k+1,wk+1

1\leq j<i,w
k
i\leq j\leq m, \mu k) \geq \~\Psi \epsilon ,\sigma (u

k+1,wk+1
1\leq j\leq i,w

k
i<j\leq m, \mu k) +

b\epsilon 

2
\| wk

i  - wk+1
i \| 2.

Thus we have

(4.16) \~\Psi \epsilon ,\sigma (u
k+1,wk+1, \mu k) +

b\epsilon 

2
\| wk  - wk+1\| 2 \leq \~\Psi \epsilon ,\sigma (u

k+1,wk, \mu k).

Moreover, as for fixed z the smoothing function \phi (z, \mu ) is nondecreasing with respect to \mu > 0,
by \mu k+1 = \theta \mu k with \theta \in (0, 1) we obtain

(4.17) \~\Psi \epsilon ,\sigma (u
k+1,wk+1, \mu k+1) \leq \~\Psi \epsilon ,\sigma (u

k+1,wk+1, \mu k).
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By inequalities (4.14), (4.16), and (4.17), we know

\~\Psi \epsilon ,\sigma (u
k+1,wk+1, \mu k+1) +

b\epsilon 

2
\| wk  - wk+1\| 2 + c

2
\| uk  - uk+1\| 2 \leq \~\Psi \epsilon ,\sigma (u

k,wk, \mu k),

which implies that the sequence \{ \~\Psi \epsilon ,\sigma (u
k,wk, \mu k)\} is monotonically decreasing. Then as

\~\Psi \epsilon ,\sigma (u,w, \mu ) is coercive, it is level bounded, i.e., the sequence set

\{ (uk,wk, \mu k)\} \subseteq \{ (u,w, \mu ) : \~\Psi \epsilon ,\sigma (u,w, \mu ) \leq \~\Psi \epsilon ,\sigma (u
0,w0, \mu 0)\} 

is bounded, which yields the boundedness of \{ (uk,wk)\} . Moreover, \{ \~\Psi \epsilon ,\sigma (u
k,wk, \mu k)\} con-

verges due to its lower boundedness. Therefore, we obtain that

lim
k\rightarrow \infty 

c

2
\| uk+1 - uk\| 2 + b\epsilon 

2
\| wk  - wk+1\| 2 \leq lim

k\rightarrow \infty 
\~\Psi \epsilon ,\sigma (u

k,wk, \mu k) - \~\Psi \epsilon ,\sigma (u
k+1,wk+1, \mu k+1) = 0,

which yields (4.13). This completes the proof.

Theorem 4.4. Let \{ (uk,wk)\} be generated by Algorithm 1. Then any accumulation point
(u\ast ,w\ast ) is a stationary point of problem (2.5).

Proof. By Lemma 4.3 there exists a subsequence \{ (ukl ,wkl)\} converging to (u\ast ,w\ast ). Since
ukl+1 and wkl+1 are obtained by solving their first order conditions, we have

\nabla \bfu 
\~\Psi \epsilon ,\sigma (u

kl+1,wkl , \mu kl) + c(ukl+1  - ukl) = 0,(4.18)

\nabla \bfw i
\~\Psi \epsilon ,\sigma (u

kl+1,wkl+1
1\leq j<i,w

kl+1
i ,wkl

i<j\leq m, \mu kl) + 2\tau kli wkl+1
i = 0, i = 1, . . . ,m,(4.19)

where \tau kli is the corresponding multiplier defined in (4.11) for i = 1, . . . ,m. And (4.19) implies

(4.20) \| \nabla \bfw i
\~\Psi \epsilon ,\sigma (u

kl+1,wkl+1
1\leq j<i,w

kl+1
i ,wkl

i<j\leq m, \mu kl)\| = 2\tau kli \| wkl+1
i \| , i = 1, . . . ,m.

Considering that \tau kli (\| wkl+1\|  - 1) = 0, we obtain from (4.20) that

(4.21)
1

2
\| \nabla \bfw i

\~\Psi \epsilon ,\sigma (u
kl+1,wkl+1

1\leq j<i,w
kl+1
i ,wkl

i<j\leq m, \mu kl)\| = \tau kli , i = 1, . . . ,m.

According to the definition of smoothing function [9], \nabla \bfw i
\~\Psi \epsilon ,\sigma is bounded, and then there

exists a convergent subsequence of \nabla \bfw i
\~\Psi \epsilon ,\sigma (u

kl+1,wkl+1
1\leq j<i,w

kl+1
i ,wkl

i<j\leq m, \mu kl). Without loss
of generality, we still label this subsequence by kl. Accordingly, there exists a point \tau \ast such
that \tau kl converges to \tau \ast .

As it follows from \| uk+1  - uk\| \rightarrow 0, \| wk+1  - wk\| \rightarrow 0 and \| \mu k+1  - \mu k\| \rightarrow 0 that
\{ ukl+1\} \rightarrow u\ast , \{ wkl+1\} \rightarrow w\ast ,\{ \mu kl+1\} \rightarrow 0, taking limits on both sides of (4.18) as kl \rightarrow \infty 
yields

(4.22) lim
kl\rightarrow \infty 

\nabla \bfu 
\~\Psi \epsilon ,\sigma (u

kl+1,wkl , \mu kl) = 0.

Besides, since (4.19) is equivalent to

\nabla \bfw i\Phi \epsilon (u
kl+1,wkl+1

1\leq j<i,w
kl+1
i ,wkl

i<j\leq m) + \sigma \nabla \bfw i \~\varphi 
\epsilon 
i(u

kl+1,wkl+1
i , \mu kl) + 2\tau kli wkl+1

i = 0
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for i = 1, . . . ,m, then by taking limits on the above equation, we have

(4.23)  - (\nabla \bfw i\Phi \epsilon (u
\ast ,w\ast ) + 2\tau \ast i w

\ast 
i ) \in co

\biggl\{ 
lim

kl\rightarrow \infty 
\sigma \nabla \bfw i \~\varphi 

\epsilon 
i(u

kl+1,wkl+1
i , \mu kl)

\biggr\} 
, i = 1, . . . ,m.

Since Qi(Q
T
i w

\ast ) = w\ast 
i , then we obtain

(4.24)  - 

\Biggl( 
\nabla \bfw \Phi \epsilon (u

\ast ,w\ast ) +
m\sum 
i=1

2\tau \ast i Qi(Q
T
i w

\ast )

\Biggr) 
\in co

\Biggl\{ 
lim

kl\rightarrow \infty 
\sigma 

m\sum 
i=1

\nabla \bfw \~\varphi \epsilon 
i(u

kl+1,wkl+1, \mu kl)

\Biggr\} 
.

Hence, from the gradient consistency for the smoothing function in Definition 4.1, (4.22),
and (4.24), it follows that (u\ast ,w\ast ) satisfies conditions (3.13) and (3.14) in Theorem 3.3, and
(\tau \ast i ,w

\ast ) satisfies condition (3.15) for i = 1, . . . ,m. Consequently, (u\ast ,w\ast ) is a stationary
point of problem (2.5), which completes the proof.

5. Numerical experiments. In this section, we report numerical experiments using our
Algorithm 1 with Algorithm 2 for image inpainting and image denoising by Euler's elastica
model. The experiments were performed in MATLAB version R2016b on a laptop of 8GB
RAM and Intel Core i5-8350 CPU @1.70GHz 1.90GHz.

All the stopping criteria in the algorithms are based on optimality conditions. Based
on Theorem 4.4 with (4.22) and (4.24), we set the termination criterion in Algorithm 1 as
Res1 = max\{ r1, r2, r3\} \leq 10 - 4 where\left\{   

r1 = \| \nabla \bfu 
\~\Psi \epsilon ,\sigma (u

k,wk, \mu k)\| \infty ,

r2 = \| \nabla \bfw 
\~\Psi \epsilon ,\sigma (u

k,wk, \mu k) +
\sum m

i=1 \tau 
k
i Qi(Q

T
i w

k)\| \infty ,
r3 = max1\leq i\leq m | min(\tau ki , 1 - \| QT

i w
k\| 2)| .

For Algorithm 2 we adopt the stopping criterion \epsilon tol \leq 10 - 4 with wk at ut+1 outer iteration.

5.1. Choice of parameters. For model parameters, a and b are positive constant weights
associated with the TV term and the curvature term, respectively. The parameter \lambda balances
the weight of the fidelity term relative to the regularization term, \epsilon makes the objective
function well defined everywhere in the domain \Omega , and \sigma is the penalty parameter for the
constraint \varphi \epsilon 

i(u,w) \leq 0, i = 1, . . . ,m, in (2.4). Besides, there are three parameters \mu 0, c, and
\theta for Algorithm 1. Although a big penalty parameter \sigma can ensure the feasibility of (u,w) for
the constraint \varphi \epsilon 

i(u,w) \leq 0, we experimentally found that a large \sigma may lead to unsatisfactory
numerical results and \sigma \in [1, 10] can have good numerical performance in image inpainting.
Parameter \theta \in (0, 1) is the reduction factor of \mu k in the iteration as \mu k+1 = \theta \mu k and c is
the proximal coefficient in the u-subproblem. We set c = 0.01 in all experiments. In image
inpainting, we set a = 5, b = 10, \sigma = 1, \lambda = 1000, \epsilon = 0.1, \theta = 0.9, and \mu 0 = 0.7 in Figures 1
and 2, and a = 1, b = 5, \sigma = 1, \lambda = 1000, \epsilon = 0.001, \theta = 0.999, and \mu 0 = 0.5 in Figure 3. Here
we use a large \lambda to ensure that the known information in input data is properly preserved. In
image denoising, parameters are set as a = 1, b = 5, \sigma = 5, \lambda = 2.4, \epsilon = 0.0001, \theta = 0.9, and
\mu 0 = 0.1.
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(a) (b) (c)

Figure 1. (a) Input image. Red region is inpainting domain. (b) Result by TV model. (c) Result by Euler's
elastica model.

(a) (b) (c)

(d) (e) (f)

Figure 2. Input images with red inpainting regions in the first row, results by Algorithm 1 in the second row.

5.2. Image inpainting. In this subsection, we apply the proposed algorithms to image
inpainting problems. The matrix K is an diagonal matrix as mentioned in section 2.

We first report in Figure 1 the comparison between Algorithm 1 for Euler's elastica model
and the lagged diffusion fixed method [28] for TV model (b = 0 in (1.1)). The red region in
Figure 1(a) is the inpainting domain. Figure 1(b) is the inpainting result by using the lagged
diffusion fixed point method in [28] for the TV model, while Figure 1(c) is the result by using
Algorithm 1 for Euler's elastica model. Although the edge obtained by our proposed method
is blurry, we can see that the performance of Algorithm 1 for Euler's elastica model is superior
in connecting the disconnected edges.
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(a) (b)

(c) (d)

Figure 3. The input images with red missing region are shown in left column, while the corresponding
results are displayed in right column.

We also report some results for synthetic images in Figure 2. The red regions in Figures
2(a)--2(c) all represent unknown regions while Figures 2(d)--2(f) are inpainting results. These
examples display that our proposed method is effective as the obtained results are visually
reasonable and correct. Moreover, we can observe that although the edges are a little
bit blurry, Algorithm 1 for Euler's elastica model shows a quality of extending connectiv-
ity and connecting the missing region smoothly along the curves of images in inpainting
domains.

In Figure 3, we test Algorithm 1 with some real images downloaded from the World Wide
Web2. The missing pixels shown in the red region of Figure 3(a) are chosen randomly and the
proportion is 50\% of image size. The type of inpainting region in Figure 3(a) often appears
in archaeological artifacts which cannot be recovered manually. The red lines in Figure 3(c)
are made randomly and can simulate the distorted area in some old photos. We can see from

2Datasets were downloaded at http://www.robots.ox.ac.uk/\sim vgg/data.
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Table 1
Relative error comparison on images.

RelErr Fig. 2(a) Fig. 2(b) Fig. 2(c) Fig. 3(a) Fig. 3(c)

Algorithm 1 0.0524 0.1316 0.2270 0.0732 0.0360
THC 0.0947 0.1799 0.2539 0.0918 0.0503
SGD 0.2093 0.1637 0.2956 0.0936 0.0450

ADAM 0.2086 0.1368 0.2563 0.0927 0.0528

Figures 3(b) and 3(d) that features of recovery results are restored well, which can demonstrate
that Algorithm 1 for Euler's elastica model can be used in some practical image inpainting
problems.

In Table 1, we present the comparison results between Algorithm 1, the THC method
[26], the vanilla stochastic gradient descent (SGD) method [18, 21] and the adaptive moment
estimation (ADAM) method [19] for Euler's elastica model. The THC method is a fast and
efficient numerical algorithm using an augmented Lagrangian approach to solve problem (2.2).
However, as discussed in [13], one drawback of the THC method is that it is sensitive to some
parameters. In recent years, the SGD method and the ADAM method have been widely
recognized as efficient methods for finite-sum nonconvex optimization and used in MATLAB,
Python Optimization Toolbox, for solving unconstrained general finite-sum nonconvex opti-
mization problems [18]. We apply these two methods to solve an unconstrained problem that
is obtained by penalizing all constraints in problem (4.2) to the objective function in a qua-
dratic term \sigma 2

\sum m
i=1 \| QT

i w\| 2. For THC method, the parameters are set the same as in [26]
and [30]. For the SGD method and the ADAM method, the sample size is 100, the stepsize
is 0.001, the penalty parameter for penalizing constraints in problem (4.2) is \sigma 2 = 100, and
the other parameters are the same as ours. Moreover, for the ADAM method, the exponen-
tial rates for first- and second-moment estimates are set as 0.9 and 0.999, respectively, and
the constant for numerical stability is set as 10 - 8. We implement the SGD method and the
ADAM method by calling solvers sgd( ) and adam( ) in an SGDLibrary [18] in MATLAB.
Relative error is defined by

RelErr :=
\| uk  - uorg\| 

\| uorg\| 
,

where uorg is the original image without any inpainting domain and uk is the output image.
In order to achieve a small relative error, our proposed method is more stable than the THC
method, the SGD method, and the ADAM method, which are sensitive with some parameters
in numerical computation. In Figures 4 and 5, we report performances of Algorithm 1 for
Figure 3(a) on relative error as well as function values with respect to different smoothing
parameters \epsilon and the reduction factor \theta and initial smoothing parameter \mu 0 for \mu k+1 = \theta \mu k.
Results show that the numerical performance is slightly different when varying parameters.
But overall, Algorithm 1 is stable and insensitive to smoothing parameters \epsilon , \mu 0, and \theta .
Convergence behavior of residuals r1, r2, r3 and Res1 = max(r1, r2, r3) are presented in
Figure 6. We can see that the optimality residual is reduced to a small number eventually
which verifies the theoretical analysis in previous sections.
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(a) (b)

Figure 4. Performances of Algorithm 1 with different \epsilon for Figure 3(a).

(a) (b)

Figure 5. Performances of Algorithm 1 with \theta = 0.999 and different \mu 0 for Figure 3(a).

5.3. Image denoising. In this subsection, the matrix K is an identity matrix. We use
Algorithm 1 to denoise the optical coherence tomography (OCT) images. OCT is a high-
resolution imaging technology mainly used in clinical medicine and can yield good effects in
diagnosis of retinal diseases especially. However, OCT images are always damaged by speckle
noise during the collection process of signal data, which has an adverse impact on observation
and estimation of OCT images [14]. Thus preprocessing is necessary and often the first
step in OCT image analysis. According to statistical optics, speckle noise in OCT images
is multiplicative noise and can be converted into additive noise by logarithmic compression
[24]. Therefore we can apply Algorithm 1 for Euler's elastica model to denoise the corrupted
OCT images. The variance of speckle noise is 0.02. The peak signal-to-noise ratio (PSNR) is
defined by

PSNR = 10\times log10
m \cdot (maxuk)2

\| uk  - uorg\| 2
.
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Figure 6. Values of r1, r2, r3 and Res1 for Figure 3(a).

(a) Noisy image (b) TV (c) Elastica

(d) Noisy image (e) TV (f) Elastica

Figure 7. The images in first row are noisy image, result of TV model by FTVd, method and result of
Euler's elastica model by Algorithm 1, respectively. The corresponding contour maps are shown in the second
row.

In Figure 7, we use a Gaussian function [15] to generate a synthetic OCT image to compare
Algorithm 1 for Euler's elastica model and the fast total variation deconvolution (FTVd)
method for the TV model in [29] to denoise OCT images. Figure 7(a) is the input noisy
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(a) Noisy image A (b) TV (c) Elastica

(d) Noisy image B (e) TV (f) Elastica

Figure 8. Two experiments in real OCT images. The parameters associated with the fidelity term in FTVd
for (b) and (e) are set as \lambda = 8 and 5, respectively.

image, and Figures 7(b) and 7(c) are results by the FTVd method for the TV model and
Algorithm 1 for Euler's elastica model, respectively. Figures 7(d)--7(f) are corresponding
contour maps given for visual comparison. It can be found that Algorithm 1 for Euler's
elastica model yields a more pleasant and smoothing restoration in layers which is important
for subsequent processing such as layer segmentation.

We report two more experiments on real OCT images in Figure 8. Noisy OCT images are
shown in the left column and the denoising results by the FTVd method for the TV model and
Algorithm 1 for Euler's elastica model are shown in middle and right columns, respectively. To
give a more vivid description, we draw the corresponding contour maps in Figure 9. It can be
observed visually that Algorithm 1 for Euler's elastica model significantly eliminates the noise
in OCT images and preserves the continuity and integrity of the choroid layer. Although it
looks more smoothing in the results of the FTVd method for the TV model, the tiny features
easily confused with noise vanish, which may seriously affect the segmentation of the choroid
layer and detection of disease. Moreover, the staircase effect appears in the results by the
FTVd method for the TV model. For the results of Algorithm 1 for Euler's elastica model,
details of physiological tissue in images are kept without oversmoothing and the staircase
effect, which means Figures 8(c) and 8(f) are better than Figures 8(b) and 8(e) in OCT image
analysis. Four more OCT denoising results using Algorithm 1 for Euler's elastica model are
given in Figure 10.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 9. The first row are contour maps of original OCT image A without noise and Figures 8(a)--8(c).
The second row are contour maps of original OCT image B without noise and Figures 8(d)--8(f).

Figure 10. The first row is noisy images. The second row is corresponding results of Euler's elastica model
by Algorithm 1; the values of PSNR from left to right are 27.9292, 26.7305, 26.6660, 26.5482.

Remark 5.1. The operator splitting method in [13] is a new and efficient method for the
Euler elastica model for image smoothing. However, the operator splitting method needs a
unique solution of a strongly convex problem at each step (see section 3.6 in [13]) and does
not have convergence guarantees. Note that the objective function in the Euler elastica model
(1.1) for inpainting problem is not strongly convex due to the singularity of the linear operator
\scrK . It is worth noting that Algorithm 1 has convergence guarantees for Euler's elastica model
with \scrK being an identity operator for image smoothing.
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6. Conclusion. In this paper, we propose a penalty relaxation method to solve the discrete
Euler's elastica model (2.3), which has wide applications in image processing. To deal with the
nonsmoothness of problem (2.3), we introduce a smoothing relaxation problem (2.4) and es-
tablish the relationship between solutions and stationary points of problem (2.3) and problem
(2.4) in Theorems 3.4--3.5. Moreover, we propose the penalty problem (2.5) to overcome the
difficulties caused by the nonconvex constraints in problem (2.4). We derive the relationship
between problem (2.4) and problem (2.5) regarding their local minimizers, stationary points,
and optimal solutions in Theorems 3.6--3.7 and Corollary 3.8. Using the special structure
of problem (2.5), we propose a smoothing BCD algorithm (Algorithm 1). In the algorithm,
we split problem (2.5) into an unconstrained strictly convex subproblem in variable u and
m two-dimensional ball constrained subproblems with a unique solution in variable wi. We
prove that any accumulation point of the sequence generated by Algorithm 1 is a stationary
point of problem (2.5). Finally, we present some numerical results in image inpainting and
OCT image denoising to show the effectiveness of the proposed method.
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