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Abstract. In this paper, we propose a novel equilibrium solution notion for the time-inconsistent
stochastic linear-quadratic problem. This notion is called the mixed equilibrium solution, which
consists of two parts: a pure-feedback-strategy part and an open-loop-control part. When the pure-
feedback-strategy part is zero or the open-loop-control part does not depend on the initial state,
the mixed equilibrium solution reduces to the open-loop equilibrium control and the feedback equi-
librium strategy, respectively. Using a maximum-principle-like methodology with forward-backward
stochastic difference equations, a necessary and sufficient condition is established to characterize the
existence of a mixed equilibrium solution. Then, by decoupling the forward-backward stochastic dif-
ference equations, three sets of difference equations, which together portray the existence of a mixed
equilibrium solution, are obtained. Moreover, the case with a fixed time-state initial pair and the case
with all the initial pairs are separately investigated. Furthermore, an example is constructed to show
that the mixed equilibrium solution exists for all the initial pairs, although neither the open-loop
equilibrium control nor the feedback equilibrium strategy exists for some initial pairs.

Key words. time inconsistency, stochastic linear-quadratic optimal control, mean-field optimal
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1. Introduction. In this paper, we consider a class of mean-field stochastic
linear-quadratic (LQ) control problems. The system dynamics are described by the
following discrete-time stochastic difference equation (S\Delta E):\left\{     

Xt
k+1 =

\bigl( 
At,kX

t
k +

\=At,k\BbbE tXt
k +Bt,kuk + \=Bt,k\BbbE tuk + ft,k

\bigr) 
+
\sum p
i=1

\bigl( 
Cit,kX

t
k +

\=Cit,k\BbbE tXt
k +Di

t,kuk +
\=Di
t,k\BbbE tuk + dit,k

\bigr) 
wik,

Xt
t = x, k \in \BbbT t, t \in \BbbT ,

(1.1)

where \BbbT = \{ 0, . . . , N  - 1\} , \BbbT t = \{ t, . . . , N  - 1\} , and At,k, \=At,k, C
i
t,k,

\=Cit,k \in \BbbR n\times n,
Bt,k, \=Bt,k, D

i
t,k,

\=Di
t,k \in \BbbR n\times m, ft,k, dit,k \in \BbbR n are deterministic matrices, and \{ Xt

k, k \in \widetilde \BbbT t\} \triangleq Xt and \{ uk, k \in \BbbT t\} \triangleq u with \widetilde \BbbT t = \{ t, 1, . . . , N\} are the state process and
control process, respectively. The noise \{ wk, k \in \BbbT \} is assumed to be a vector-valued
martingale difference sequence defined on a probability space (\Omega ,\scrF , P ) with

\BbbE k[wk] = 0, \BbbE k[(wk)2] = \Delta k, k \in \BbbT ,(1.2)
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534 Y.-H. NI, X. LI, J.-F. ZHANG, AND M. KRSTIC

where \Delta k = (\delta ijk )p\times p, k \in \BbbT , are assumed to be deterministic. \BbbE t[ \cdot ] in (1.1) denotes
the conditional mathematical expectation \BbbE [ \cdot | \scrF t], where \scrF t is defined as \sigma \{ wl, l =
0, 1, . . . , t - 1\} and \scrF 0 is understood as \{ \emptyset ,\Omega \} , and \BbbE k[ \cdot ] in (1.2) is similarly defined.
x of (1.1) is in l2\scrF (t;\BbbR n) = \{ \zeta \in \BbbR n | \zeta is \scrF t-measurable, \BbbE | \zeta | 2 <\infty \} . Replacing t,\BbbR n
of l2\scrF (t;\BbbR n) with k,\BbbR n or \BbbR m, we then have l2\scrF (k;\BbbR n), l2\scrF (k;\BbbR m), k \in \BbbT .

We introduce the cost function

J(t, x;u) =

N - 1\sum 
k=t

\BbbE t
\Bigl\{ 
(Xt

k)
TQt,kX

t
k + (\BbbE tXt

k)
T \=Qt,k\BbbE tXt

k

+ uTkRt,kuk + (\BbbE tuk)T \=Rt,k\BbbE tuk + 2qTt,kX
t
k + 2\rho Tt,kuk

\Bigr\} 
+ \BbbE t

\bigl[ 
(Xt

N )TGtX
t
N

\bigr] 
+ (\BbbE tXt

N )T \=Gt\BbbE tXt
N + 2(Ftx+ gt)

T\BbbE tXt
N ,(1.3)

where Qt,k, \=Qt,k, Rt,k, \=Rt,k, k \in \BbbT t, Gt, \=Gt are deterministic symmetric matrices of
appropriate dimensions, and qt,k, \rho t,k, k \in \BbbT t, gt are deterministic vectors. Let

l2\scrF (\BbbT t;\BbbR m) =
\bigl\{ 
\nu = \{ \nu k, k \in \BbbT t\} 

\bigm| \bigm| \nu k is \scrF k-measurable,\BbbE | \nu k| 2 <\infty , k \in \BbbT t
\bigr\} 
.

Then, we pose the following optimal control problem.
Problem (LQ). For the time-state initial pair (t, x), find u\ast \in l2\scrF (\BbbT t;\BbbR m) such

that

J(t, x;u\ast ) = inf
u\in l2\scrF (\BbbT t;\BbbR m)

J(t, x;u).

Compared with the standard stochastic LQ problems, Problem (LQ) has three
unconventional features. First, the cost weighting and system matrices depend ex-
plicitly on the initial time t. Second, the term 2(Ftx + gt)

T\BbbE tXt
N makes J(t, x;u) a

state-dependent (or rank-dependent) utility. Third, J(t, x;u) contains nonlinear terms
of the conditional expectation of state and control. These three features are deeply
rooted in the fields of economics and finance. The first feature is an abstraction of the
general discounting functions; see [4, 14] for examples of hyperbolic discounting and
quasi-geometric discounting. The second feature is of rank-dependent utility [5], and a
notable example of the third feature is the mean-variance utility [2, 4, 6, 8, 16, 17]. It
is known that any of the three features will ruin the time consistency of the optimal
control, namely, Bellman's principle of optimality will no longer work for Problem
(LQ).

Problems with the nonlinear term of the conditional expectation (in the cost func-
tional) are classified as mean-field stochastic optimal control problems [31]. Realizing
the time inconsistency (called nonseparability there), Li and Ng [16] used an embed-
ding scheme to derive the optimal policy for the multiperiod mean-variance portfolio
selection. Note that the optimal policy of [16] is with respect to the initial pair, that
is, it is an optimal policy only when viewed at the initial time. This derivation is now
called the precommitted optimal solution. However, we find that a precommitted
optimal control (with respect to an initial pair) will no longer serve as an optimal
control for an intertemporal initial pair. Although the precommitted optimal solu-
tion is of some practical and theoretical value, it neglects and does not fully address
the time inconsistency. Another approach is to handle the time inconsistency in a
dynamic manner, by seeking time-consistent equilibrium solutions instead of a pre-
committed optimal control; this has mainly been motivated by practical applications
in economics and finance and has recently attracted considerable research interest.
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MIXED SOLUTION OF TIME-INCONSISTENT LQ PROBLEM 535

The qualitative analysis of time inconsistency can be traced back to the ideas of
the father of free market economics and moral philosopher Adam Smith [23]. In 1955,
Strotz [24] gave the first quantitative formulation of time inconsistency and studied
the general discounting problem. His approach successfully tackled time inconsistency
using a lead-follower game with a hierarchical structure. Inspired by Strotz, hundreds
of works have sought to tackle practical problems in economics and finance by focusing
on the time inconsistency of dynamic systems described by ordinary difference or
differential equations; see, for example, [9, 10, 11, 14, 15, 21] and the references
therein. Unfortunately, as Ekeland [9, 10] pointed out, it is hard to prove the existence
of Strotz's equilibrium policy. Therefore, it is necessary and of great importance to
develop a general theory of time-inconsistent control. In recent years, this topic
has attracted considerable attention from the theoretical control community; see, for
example, [4, 12, 13, 25, 27, 29, 31] and the references therein.

With respect to the time-inconsistent LQ problems, two kinds of time-consistent
equilibrium solutions have been investigated, namely, the open-loop equilibrium con-
trol and the closed-loop equilibrium strategy [12, 13, 27, 29, 31]. The two formulations
are investigated separately because in dynamic game theory, open-loop control differs
significantly from the closed-loop strategy [3, 30]. To compare, the aim of open-loop
formulation is to find an open-loop equilibrium ``control,"" while the ``strategy"" is the
object of closed-loop formulation. Yong further developed Strotz's equilibrium solu-
tion [24], which is essentially a closed-loop equilibrium strategy, into the LQ optimal
control [27, 31] and the nonlinear optimal control [26, 28, 29]. The open-loop equilib-
rium control has been extensively studied by Hu, Jin, and Zhou [12, 13], Yong [31],
Ni, Zhang, and Krstic [18], Qi and Zhang [22]. In particular, the closed-loop formu-
lation can be viewed as an extension of Bellman's dynamic programming, and the
corresponding equilibrium strategy (if it exists) is constructed by a backward proce-
dure [27, 28, 29, 31]. Differently, the open-loop equilibrium control is characterized
via a maximum-principle-like methodology [12, 13, 18].

It is well known that the aim of portfolio selection is to seek the best allocation
of wealth among a basket of securities. The (single-period) mean-variance formula-
tion initiated by Markowitz [17] is the cornerstone of modern portfolio theory and
is widely used in both academic studies and the financial industry. The multiperiod
mean-variance portfolio selection is the natural extension of [17], which has been
extensively studied. Li and Ng [16], Zhou and Li [32] were the first to report the
analytical precommitment optimal policies for the discrete-time case he continuous-
time case, respectively. In fact, the multiperiod mean-variance portfolio selection
problem, which is a particular example of time-inconsistent problem, stimulated the
recent developments in time-inconsistent problems and the revisits to multiperiod
mean-variance portfolio selection [2, 5, 6, 7, 12, 13].

In this paper, we examine the aforementioned Problem (LQ). In section 2, we
introduce the mixed equilibrium solution to Problem (LQ). The solution contains
two different parts: a pure-feedback-strategy part and an open-loop-control part. By
letting the open-loop-control part be independent of the initial state or the pure-
feedback-strategy part be zero, the corresponding mixed equilibrium solution is re-
duced to a linear feedback equilibrium strategy and open-loop equilibrium control,
respectively. Section 3 characterizes the mixed equilibrium solution using a maximum-
principle-like methodology with convexity, stationarity, and forward-backward
stochastic difference equations (FBS\Delta Es). It is shown that the convexity and sta-
tionarity conditions can be equivalently characterized via solutions to three sets of
difference equations. Based on the results for the mixed equilibrium solution, we then
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536 Y.-H. NI, X. LI, J.-F. ZHANG, AND M. KRSTIC

obtain the results for the open-loop equilibrium control and linear feedback equilib-
rium strategy (with respect to a fixed initial pair). For the case with all the initial
pairs, conditions in terms of solvability of three sets of difference equations are given
to ensure the existence of a mixed equilibrium solution. These conditions are neces-
sary and sufficient to determine the open-loop equilibrium control and linear feedback
equilibrium strategy. Interestingly, for all of the initial pairs, the existence of a general
feedback equilibrium strategy is shown to be equivalent to the existence of a linear
feedback equilibrium strategy, which can be obtained by a backward procedure. Fur-
thermore, the backward procedure works only when the feedback equilibrium strategy
exists for all of the initial pairs and cannot be applied to the case where we know only
of the existence of a feedback equilibrium strategy for a fixed initial pair. Section 4
gives an example to illustrate the developed theory. Finally, in section 5, we discuss
future topics that are worth investigating.

This paper presents the following new ideas.
\bullet Most of the existing results for time-inconsistent LQ problems are for the
continuous-time case [12, 13, 26, 27, 29, 31]. The discrete-time multiperiod
mean-variance portfolio selection problem is a notable example of Problem
(LQ), and its investigation calls for the development of a general theory of
discrete-time time-inconsistent LQ optimal control. Furthermore, the model
and methodology developed in this paper are more general than those in [18].

\bullet The notion of a mixed equilibrium solution is introduced, and it seems that
no similar notion has been reported for time-inconsistent optimal control.
Necessary and sufficient conditions are established to characterize a pair of
pure-feedback strategy and open-loop control as a mixed equilibrium solu-
tion (for a time-state initial pair). Using the notion of a mixed equilibrium
solution, the conditions to equivalently ensure the existence of an open-loop
equilibrium control and a linear feedback equilibrium strategy can be simul-
taneously obtained. In other words, we can investigate the two equilibrium
solutions in a unified way.
Importantly, the mixed equilibrium solution is not a hollow concept. In sec-
tion 4, it is shown that neither the open-loop equilibrium control nor the
feedback equilibrium strategy exists for the initial pair (t, x) with t = 0, 1
and x \in l2\scrF (t;\BbbR 2), although we are able to construct 10 mixed equilibrium
solutions. Therefore, it is necessary to study the mixed equilibrium solution,
which gives us more flexibility to deal with the time-inconsistent optimal
control.

The work of [19] serves as a companion to this paper in terms of testing our
developed theory and pursuing the solvability of the multiperiod mean-variance port-
folio selection problem. The nondegenerate assumption was removed in [19], which
is popular in the literature on multiperiod mean-variance portfolio selection. Neat
conditions have been obtained in [19] to characterize the existence of the equilibrium
solutions. To emphasize the dependence on the initial pair, Problem (LQ) for the
initial pair (t, x) is denoted as Problem (LQ)tx throughout this paper. Furthermore,
for notational simplicity, we denote in this paper

\scrA t,k = At,k + \=At,k, \scrB t,k = Bt,k + \=Bt,k, \scrC it,k = Cit,k +
\=Cit,k, \scrD i

t,k = Di
t,k +

\=Di
t,k,

\scrQ t,k = Qt,k + \=Qt,k, \scrR t,k = Rt,k + \=Rt,k, \scrG t = Gt + \=Gt, t \in \BbbT , k \in \BbbT t.

2. Mixed equilibrium solution. Before introducing the mixed equilibrium
solution, we give the definitions of open-loop equilibrium control and feedback equi-
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librium strategy. By a strategy, we mean a decision rule that a controller uses to select
a control action based on the available information set. Mathematically, a strategy
is a mapping or an operator defined on the information set. Substituting the avail-
able information into a strategy, we obtain the open-loop value or realization of this
strategy.

Definition 2.1. (i) At stage k \in \BbbT t, a function fk(\cdot ) is called an admissible
feedback strategy (or simply a feedback strategy) at k if for \zeta \in l2\scrF (k;\BbbR n), fk(\zeta ) \in 
l2\scrF (k;\BbbR m). The set of this type of feedback strategies is denoted by \BbbF k, and \BbbF t \times \cdot \cdot \cdot \times 
\BbbF N - 1 is denoted by \BbbF \BbbT t .

(ii) Let f = (ft, . . . , fN - 1) \in \BbbF \BbbT t . For k \in \BbbT t and \zeta \in l2\scrF (k;\BbbR n), fk(\zeta ) can
be divided into two parts, namely, fk(\zeta ) = f ck + fpk (\zeta ), where f ck = fk(0) is the
inhomogeneous part and the remainder fpk (\cdot ) is the pure-feedback-strategy part of fk.
Furthermore, (fpt , . . . , f

p
N - 1) is called a pure-feedback strategy.

Definition 2.2. (i) A strategy \psi \in \BbbF \BbbT t is called a feedback equilibrium strategy
of Problem (LQ)t,x, if the following two points hold:

(a) \psi does not depend on x.
(b) For any k \in \BbbT t and any uk \in l2\scrF (k;\BbbR m), it holds that

J
\bigl( 
k,Xt,x,\ast 

k ; (\psi \cdot Xk,\psi )| \BbbT k

\bigr) 
\leq J

\bigl( 
k,Xt,x,\ast 

k ; (uk, (\psi \cdot Xk,uk,\psi )| \BbbT k+1
)
\bigr) 
.(2.1)

In (2.1), (\psi \cdot Xk,\psi )| \BbbT k
and (\psi \cdot Xk,uk,\psi )| \BbbT k+1

(with \BbbT k = \{ k, . . . , N - 1\} ,\BbbT k+1 =
\{ k + 1, . . . , N  - 1\} ) are given by

(\psi \cdot Xk,\psi )| \BbbT k
=
\bigl( 
\psi k(X

k,\psi 
k ), . . . , \psi N - 1(X

k,\psi 
N - 1)

\bigr) 
,

(\psi \cdot Xk,uk,\psi )| \BbbT k+1
=
\bigl( 
\psi k+1(X

k,uk,\psi 
k+1 ), . . . , \psi N - 1(X

k,uk,\psi 
N - 1 )

\bigr) 
,

where Xk,\psi , Xk,uk,\psi are as follows:\left\{             

Xk,\psi 
\ell +1 = Ak,\ell X

k,\psi 
\ell +Bk,\ell \psi \ell (X

k,\psi 
\ell ) + \=Ak,\ell \BbbE kXk,\psi 

\ell + \=Bk,\ell \BbbE k\psi \ell (Xk,\psi 
\ell )

+ fk,\ell +
\sum p
i=1

\Bigl[ 
Cik,\ell X

k,\psi 
\ell +Di

k,\ell \psi \ell (X
k,\psi 
\ell ) + \=Cik,\ell \BbbE kX

k,\psi 
\ell 

+ \=Di
k,\ell \BbbE k\psi \ell (X

k,\psi 
\ell ) + dik,\ell 

\Bigr] 
wi\ell ,

Xk,\psi 
k = Xt,x,\ast 

k , \ell \in \BbbT k,

(2.2)

\left\{                             

Xk,uk,\psi 
\ell +1 = Ak,\ell X

k,uk,\psi 
\ell +Bk,\ell \psi \ell (X

k,uk,\psi 
\ell ) + \=Ak,\ell \BbbE kXk,uk,\psi 

\ell 

+ \=Bk,\ell \BbbE k\psi \ell (Xk,uk,\psi 
\ell ) + fk,\ell 

+
\sum p
i=1

\Bigl[ 
Cik,\ell X

k,uk,\psi 
\ell +Di

k,\ell \psi \ell (X
k,uk,\psi 
\ell ) + \=Cik,\ell \BbbE kX

k,uk,\psi 
\ell 

+ \=Di
k,\ell \BbbE k\psi \ell (X

k,uk,\psi 
\ell ) + dik,\ell 

\Bigr] 
wi\ell ,

Xk,uk,\psi 
k+1 =

\bigl[ 
\scrA k,kX

k,uk,\psi 
k + \scrB k,kuk + fk,k

\bigr] 
+
\sum p
i=1

\bigl[ 
\scrC ik,kX

k,uk,\psi 
k +\scrD i

k,kuk + dik,k
\bigr] 
wik,

Xk,uk,\psi 
k = Xt,x,\ast 

k , \ell \in \BbbT k+1.

(2.3)

Furthermore, in (2.1), (2.2), and (2.3), Xt,x,\ast 
k is computed via\left\{     

Xt,x,\ast 
k+1 =

\bigl[ 
\scrA k,kX

t,x,\ast 
k + \scrB k,k\psi k(Xt,x,\ast 

k ) + fk,k
\bigr] 

+
\sum p
i=1

\bigl[ 
\scrC ik,kX

t,x,\ast 
k +\scrD i

k,k\psi k(X
t,x,\ast 
k ) + dik,k

\bigr] 
wik,

Xt,x,\ast 
t = x, k \in \BbbT t.
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(ii) Let (\Psi , \gamma ) \in l2(\BbbT t;\BbbR m\times n)\times l2(\BbbT t;\BbbR m). Here, for \scrH = \BbbR m\times n,\BbbR m,

l2(\BbbT t;\scrH ) =
\Bigl\{ 
\nu = \{ \nu k, k \in \BbbT t\} 

\bigm| \bigm| \bigm| \nu k \in \scrH is deterministic, | \nu k| 2 <\infty , k \in \BbbT t
\Bigr\} 
.

If \Psi and \gamma do not depend on x, and \psi of (i) is equal to (\Psi , \gamma ), namely, \psi k(\xi ) =
\Psi k\xi + \gamma k, k \in \BbbT t, \xi \in l2\scrF (k;\BbbR n), then (\Psi , \gamma ) is called a linear feedback equilibrium
strategy of Problem (LQ)tx.

Definition 2.3. A control ut,x \in l2\scrF (\BbbT t;\BbbR m) is called an open-loop equilibrium
control of Problem (LQ)tx, if

J
\bigl( 
k,Xt,x,\ast 

k ;ut,x| \BbbT k

\bigr) 
\leq J

\bigl( 
k,Xt,x,\ast 

k ; (uk, u
t,x| \BbbT k+1

)
\bigr) 

(2.4)

holds for any k \in \BbbT t and any uk \in l2\scrF (k;\BbbR m). Here, ut,x| \BbbT k
and ut,x| \BbbT k+1

are the

restrictions of ut,x on \BbbT k and \BbbT k+1, respectively; and X
t,x,\ast 
k is computed via\left\{     

Xt,x,\ast 
k+1 =

\bigl[ 
\scrA k,kX

t,x,\ast 
k + \scrB k,kut,xk + fk,k

\bigr] 
+
\sum p
i=1

\bigl[ 
\scrC ik,kX

t,x,\ast 
k +\scrD i

k,ku
t,x
k + dik,k

\bigr] 
wik,

Xt,x,\ast 
t = x, k \in \BbbT t.

Definition 2.4. (i) A pair (\Phi , vt,x) \in l2(\BbbT t;\BbbR m\times n)\times l2\scrF (\BbbT t;\BbbR m) is called a mixed
equilibrium solution of Problem (LQ)tx if the following two points hold:

(a) \Phi does not depend on x, and vt,x depends on x.
(b) For any k \in \BbbT t and any uk \in l2\scrF (k;\BbbR m), it holds that

J
\bigl( 
k,Xt,x,\ast 

k ; (\Phi \cdot Xk,\Phi + vt,x)| \BbbT k

\bigr) 
\leq J

\bigl( 
k,Xt,x,\ast 

k ; (uk, (\Phi \cdot Xk,uk,\Phi + vt,x)| \BbbT k+1
)
\bigr) 
.(2.5)

In (2.5), (\Phi \cdot Xk,\Phi +vt,x)| \BbbT k
and (\Phi \cdot Xk,uk,\Phi +vt,x)| \BbbT k+1

are given, respectively,
by \bigl( 

\Phi kX
k,\Phi 
k + vt,xk , . . . ,\Phi N - 1X

k,\Phi 
N - 1 + vt,xN - 1

\bigr) 
,\bigl( 

\Phi k+1X
k,uk,\Phi 
k+1 + vt,xk+1, . . . ,\Phi N - 1X

k,uk,\Phi 
N - 1 + vt,xN - 1

\bigr) 
,

where Xk,\Phi , Xk,uk,\Phi are defined by\left\{             
Xk,\Phi 
\ell +1 =

\Bigl[ \bigl( 
Ak,\ell +Bk,\ell \Phi \ell 

\bigr) 
Xk,\Phi 
\ell +

\bigl( 
\=Ak,\ell + \=Bk,\ell \Phi \ell 

\bigr) 
\BbbE kXk,\Phi 

\ell +Bk,\ell v
t,x
\ell 

+ \=Bk,\ell \BbbE kvt,x\ell + fk,\ell 

\Bigr] 
+
\sum p
i=1

\Bigl[ \bigl( 
Cik,\ell +Di

k,\ell \Phi \ell 
\bigr) 
Xk,\Phi 
\ell 

+
\bigl( 
\=Cik,\ell +

\=Di
k,\ell \Phi \ell 

\bigr) 
\BbbE kXk,\Phi 

\ell +Di
k,\ell v

t,x
\ell + \=Di

k,\ell \BbbE kv
t,x
\ell + dik,\ell 

\Bigr] 
wi\ell ,

Xk,\Phi 
k = Xt,x,\ast 

k , \ell \in \BbbT k,

(2.6)

\left\{                       

Xk,uk,\Phi 
\ell +1 =

\Bigl[ \bigl( 
Ak,\ell +Bk,\ell \Phi \ell 

\bigr) 
Xk,uk,\Phi 
\ell +

\bigl( 
\=Ak,\ell + \=Bk,\ell \Phi \ell 

\bigr) 
\BbbE kXk,uk,\Phi 

\ell 

+Bk,\ell v
t,x
\ell + \=Bk,\ell \BbbE kvt,x\ell + fk,\ell 

\Bigr] 
+
\sum p
i=1

\Bigl[ \bigl( 
Cik,\ell +Di

k,\ell \Phi \ell 
\bigr) 
Xk,uk,\Phi 
\ell 

+
\bigl( 
\=Cik,\ell +

\=Di
k,\ell \Phi \ell 

\bigr) 
\BbbE kXk,uk,\Phi 

\ell +Di
k,\ell v

t,x
\ell + \=Di

k,\ell \BbbE kv
t,x
\ell + dik,\ell 

\Bigr] 
wi\ell ,

Xk,uk,\Phi 
k+1 =

\bigl[ 
\scrA k,kX

k,uk,\Phi 
k + \scrB k,kuk + fk,k

\bigr] 
+
\sum p
i=1

\bigl[ 
\scrC ik,kX

k,uk,\Phi 
k +\scrD i

k,kuk + dik,k
\bigr] 
wik,

Xk,uk,\Phi 
k = Xt,x,\ast 

k , \ell \in \BbbT k+1.

(2.7)
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The state Xt,x,\ast 
k in (2.5), (2.6), and (2.7) is computed via\left\{     

Xt,x,\ast 
k+1 =

\bigl[ \bigl( 
\scrA k,k + \scrB k,k\Phi k

\bigr) 
Xt,x,\ast 
k + \scrB k,kvt,xk + fk,k

\bigr] 
+
\sum p
i=1

\bigl[ \bigl( 
\scrC ik,k +\scrD i

k,k\Phi k
\bigr) 
Xt,x,\ast 
k +\scrD i

k,kv
t,x
k + dik,k

\bigr] 
wik,

Xt,x,\ast 
t = x, k \in \BbbT t.

(2.8)

(ii) \Phi and vt,x in (i) are, respectively, the pure-feedback-strategy part and the
open-loop-control part of the mixed equilibrium solution (\Phi , vt,x).

(iii) Letting \Phi = 0 in (i), the corresponding vt,x satisfying (2.5), denoted as \widehat vt,x,
is then an open-loop equilibrium control of Problem (LQ)tx.

(iv) If vt,x of (i) happens not to depend on x and denote such vt,x as v, then the
corresponding (\Phi , v) is a linear feedback equilibrium strategy of Problem (LQ)tx.

Remark 2.5. By the definition, a mixed equilibrium solution (\Phi , vt,x) is time con-
sistent alongXt,x,\ast , namely, for any k \in \BbbT t, (\Phi , vt,x)| \BbbT k

is a mixed equilibrium solution

for the initial pair (k,Xt,x,\ast 
k ). Noting (\Phi \cdot Xk,\Phi +vt,x)| \BbbT k

= (\Phi kX
k,\Phi 
k +vt,xk , (\Phi \cdot Xk,\Phi +

vt,x)| \BbbT k+1
), (uk, (\Phi \cdot Xk,ut,\Phi + vt,x)| \BbbT k+1

)) is obtained by replacing \Phi kX
k,\Phi 
k + vt,xk and

Xk,\Phi of (\Phi \cdot Xk,\Phi + vt,x)| \BbbT k
with uk and Xk,uk,\Phi , respectively. Furthermore, note

that the vt,x's on both sides of (2.5) are the same. This is why we call \Phi the pure-
feedback-strategy part and vt,x the open-loop-control part.

3. Characterization of the mixed equilibrium solution.

3.1. The case with the fixed time-state initial pair (\bfitt , \bfitx ). The following
lemma describes the cost difference formula under control perturbation.

Lemma 3.1. Let \=uk \in l2\scrF (k;\BbbR m) and \lambda \in \BbbR . Then, we have

J
\bigl( 
k,Xt,x,\ast 

k ; (\Phi k \=Xk,\=uk,\lambda 
k + vt,xk + \lambda \=uk, (\Phi \cdot \=Xk,\=uk,\lambda + vt,x)| \BbbT k+1

)
\bigr) 

 - J
\bigl( 
k,Xt,x,\ast 

k ; (\Phi \cdot Xk,\Phi + vt,x)| \BbbT k

\bigr) 
= \lambda 2 \widetilde J(k, 0; \=uk)

+ 2\lambda 

\biggl[ 
\scrR k,k(\Phi kX

k,\Phi 
k + vt,xk ) + \scrB Tk,k\BbbE kY

k,\Phi 
k+1

+

p\sum 
i=1

(\scrD i
k,k)

T\BbbE k(Y k,\Phi k+1w
i
k) + \rho k,k

\biggr] T
\=uk,(3.1)

where

\widetilde J(k, 0; \=uk) = N - 1\sum 
\ell =k

\BbbE k
\Bigl[ 
(\alpha k,\=uk

\ell )T
\bigl( 
Qk,\ell +\Phi T\ell Rk,\ell \Phi \ell 

\bigr) 
\alpha k,\=uk

\ell 

+ (\BbbE k\alpha k,\=uk

\ell )T
\bigl( 
\=Qk,\ell +\Phi T\ell \=Rk,\ell \Phi \ell 

\bigr) 
\BbbE k\alpha k,\=uk

\ell 

\Bigr] 
+ \BbbE k

\bigl[ 
\=uTk\scrR k,k\=uk

\bigr] 
+ \BbbE k

\bigl[ 
(\alpha k,\=uk

N )TGk\alpha 
k,\=uk

N

\bigr] 
+ (\BbbE k\alpha k,\=uk

N )T \=Gk\BbbE k\alpha k,\=uk

N ,(3.2)
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540 Y.-H. NI, X. LI, J.-F. ZHANG, AND M. KRSTIC

and \=Xk,\=uk,\lambda , \alpha k,\=uk , Y k,\Phi are given, respectively, by the S\Delta Es

\left\{                               

\=Xk,\=uk,\lambda 
\ell +1 =

\bigl[ \bigl( 
Ak,\ell +Bk,\ell \Phi \ell 

\bigr) 
\=Xk,\=uk,\lambda 
\ell +

\bigl( 
\=Ak,\ell + \=Bk,\ell \Phi \ell 

\bigr) 
\BbbE k \=Xk,\=uk,\lambda 

\ell 

+Bk,\ell v
t,x
\ell + \=Bk,\ell \BbbE kvt,x\ell + fk,\ell 

\bigr] 
+
\sum p
i=1

\bigl[ \bigl( 
Cik,\ell +Di

k,\ell \Phi \ell 
\bigr) 
\=Xk,\=uk,\lambda 
\ell +

\bigl( 
\=Cik,\ell +

\=Di
k,\ell \Phi \ell 

\bigr) 
\BbbE k \=Xk,\=uk,\lambda 

\ell 

+Di
k,\ell v

t,x
\ell + \=Di

k,\ell \BbbE kv
t,x
\ell + dik,\ell 

\bigr] 
wi\ell ,

\=Xk,\=uk,\lambda 
k+1 =

\bigl[ \bigl( 
\scrA k,k + \scrB k,k\Phi k

\bigr) 
\=Xk,\=uk,\lambda 
k + \scrB k,kvt,xk + \lambda \scrB k,k\=uk + fk,k

\bigr] 
+
\sum p
i=1

\bigl[ \bigl( 
\scrC ik,k +\scrD i

k,k\Phi k
\bigr) 
\=Xk,\=uk,\lambda 
k

+\scrD i
k,kv

t,x
k + \lambda \scrD i

k,k\=uk + dik,k
\bigr] 
wik,

\=Xk,\=uk,\lambda 
k = Xt,x,\ast 

k , \ell \in \BbbT k+1,

(3.3)

\left\{           
\alpha k,\=uk

\ell +1 =
\bigl( 
Ak,\ell +Bk,\ell \Phi \ell 

\bigr) 
\alpha k,\=uk

\ell +
\bigl( 
\=Ak,\ell + \=Bk,\ell \Phi \ell 

\bigr) 
\BbbE k\alpha k,\=uk

\ell 

+
\sum p
i=1

\bigl[ \bigl( 
Cik,\ell +Di

k,\ell \Phi \ell 
\bigr) 
\alpha k,\=uk

\ell +
\bigl( 
\=Cik,\ell +

\=Di
k,\ell \Phi \ell 

\bigr) 
\BbbE k\alpha k,\=uk

\ell 

\bigr] 
wi\ell ,

\alpha k,\=uk

k+1 = \scrB k,k\=uk +
\sum p
i=1 \scrD i

k,k\=ukw
i
k,

\alpha k,\=uk

k = 0, \ell \in \BbbT k+1,

(3.4)

and the backward stochastic difference equation (BS\Delta E)

\left\{                     

Y k,\Phi \ell =
\bigl[ 
Qk,\ell +\Phi T\ell Rk,\ell \Phi \ell 

\bigr] 
Xk,\Phi 
\ell +

\bigl[ 
\=Qk,\ell +\Phi T\ell 

\=Rk,\ell \Phi \ell 
\bigr] 
\BbbE kXk,\Phi 

\ell 

+ (Ak,\ell +Bk,\ell \Phi \ell )
T\BbbE \ell Y k,\Phi \ell +1 + ( \=Ak,\ell + \=Bk,\ell \Phi \ell )

T\BbbE kY k,\Phi \ell +1

+
\sum p
i=1

\bigl[ 
(Cik,\ell +Di

k,\ell \Phi \ell )
T\BbbE \ell (Y k,\Phi \ell +1w

i
\ell )

+ ( \=Cik,\ell +
\=Di
k,\ell \Phi \ell )\BbbE k(Y

k,\Phi 
\ell +1w

i
\ell )
\bigr] 
+\Phi T\ell Rk,\ell v

t,x
\ell 

+\Phi T\ell 
\=Rk,\ell \BbbE kvt,x\ell +\Phi T\ell \rho k,\ell + qk,\ell ,

Y k,\Phi N = GkX
k,\Phi 
N + \=Gk\BbbE kXk,\Phi 

N + FkX
t,x,\ast 
k + gk, \ell \in \BbbT k.

(3.5)

Proof. See Appendix A.

Theorem 3.2. The following statements are equivalent:
(i) Problem (LQ)tx admits a mixed equilibrium solution.
(ii) There exists a pair (\Phi , vt,x) \in l2(\BbbT t;\BbbR m\times n) \times l2\scrF (\BbbT t;\BbbR m) such that the sta-

tionary condition

0 = \scrR k,k(\Phi kX
k,\Phi 
k + vt,xk ) + \scrB Tk,k\BbbE kY

k,\Phi 
k+1

+

p\sum 
i=1

(\scrD i
k,k)

T\BbbE k
\bigl( 
Y k,\Phi k+1w

i
k

\bigr) 
+ \rho k,k, k \in \BbbT t(3.6)

and the convexity condition

inf
\=uk\in l2\scrF (k;\BbbR m)

\widetilde J(k, 0; \=uk) \geq 0, k \in \BbbT t(3.7)

hold. Here, Y k,\Phi k+1 is computed via the following FBS\Delta E:
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MIXED SOLUTION OF TIME-INCONSISTENT LQ PROBLEM 541\left\{                                                 

Xk,\Phi 
\ell +1 =

\bigl[ \bigl( 
Ak,\ell +Bk,\ell \Phi \ell 

\bigr) 
Xk,\Phi 
\ell +

\bigl( 
\=Ak,\ell + \=Bk,\ell \Phi \ell 

\bigr) 
\BbbE kXk,\Phi 

\ell 

+Bk,\ell v
t,x
\ell + \=Bk,\ell \BbbE kvt,x\ell + fk,\ell 

\bigr] 
+
\sum p
i=1

\bigl[ \bigl( 
Cik,\ell +Di

k,\ell \Phi \ell 
\bigr) 
Xk,\Phi 
\ell +

\bigl( 
\=Cik,\ell +

\=Di
k,\ell \Phi \ell 

\bigr) 
\BbbE kXk,\Phi 

\ell 

+Di
k,\ell v

t,x
\ell + \=Di

k,\ell \BbbE kv
t,x
\ell + dik,\ell 

\bigr] 
wi\ell ,

Y k,\Phi \ell = Qk,\ell X
k,\Phi 
\ell + \=Qk,\ell \BbbE kXk,\Phi 

\ell +\Phi T\ell Rk,\ell \Phi \ell X
k,\Phi 
\ell 

+\Phi T\ell 
\=Rk,\ell \Phi \ell \BbbE kXk,\Phi 

\ell +\Phi T\ell Rk,\ell v
t,x
\ell +\Phi T\ell 

\=Rk,\ell \BbbE kvt,x\ell 
+
\bigl( 
Ak,\ell +Bk,\ell \Phi \ell 

\bigr) T\BbbE \ell Y k,\Phi \ell +1 +
\bigl( 
\=Ak,\ell + \=Bk,\ell \Phi \ell 

\bigr) T\BbbE kY k,\Phi \ell +1

+
\sum p
i=1

\bigl[ \bigl( 
Cik,\ell +Di

k,\ell \Phi \ell 
\bigr) T\BbbE \ell \bigl( Y k,\Phi \ell +1w

i
\ell 

\bigr) 
+
\bigl( 
\=Cik,\ell +

\=Di
k,\ell \Phi \ell 

\bigr) T\BbbE k\bigl( Y k,\Phi \ell +1w
i
\ell 

\bigr) \bigr] 
+\Phi T\ell \rho k,\ell + qk,\ell ,

Xk,\Phi 
k = Xt,x,\ast 

k ,

Y k,\Phi N = GkX
k,\Phi 
N + \=Gk\BbbE kXk,\Phi 

N + FkX
t,x,\ast 
k + gk, \ell \in \BbbT k,

(3.8)

and \widetilde J(k, 0; \=uk) is given in (3.2). In (3.8), Xt,x,\ast 
k is computed via

\left\{     
Xt,x,\ast 
k+1 =

\bigl[ \bigl( 
\scrA k,k + \scrB k,k\Phi k

\bigr) 
Xt,x,\ast 
k + \scrB k,kvt,xk + fk,k

\bigr] 
+
\sum p
i=1

\bigl[ \bigl( 
\scrC ik,k +\scrD i

k,k\Phi k
\bigr) 
Xt,x,\ast 
k +\scrD i

k,kv
t,x
k + dik,k

\bigr] 
wik,

Xt,x,\ast 
t = x, k \in \BbbT t.

Furthermore, under any of the above conditions, (\Phi , vt,x) given in (ii) is a mixed
equilibrium solution of Problem (LQ)tx.

Proof. This follows from the definition and Lemma 3.1.

To proceed, we first study the expression of Y k,\Phi of (3.8) under some additional
condition.

Lemma 3.3. If for k \in \BbbT t, vt,xk = \Gamma kX
t,x,\ast 
k +\=vt,xk with \Gamma k, \=v

t,x
k being deterministic,

then the backward state Y k,\Phi of (3.8) has the following expression:

Y k,\Phi \ell = Sk,\ell X
k,\Phi 
\ell + \=Sk,\ell \BbbE kXk,\Phi 

\ell + Tk,\ell X
t,x,\ast 
\ell + \=Tk,\ell \BbbE kXt,x,\ast 

\ell 

+ Uk,\ell X
t,x,\ast 
k + \pi k,\ell , \ell \in \BbbT k, k \in \BbbT t,

where

\left\{                             

Sk,\ell = Qk,\ell +\Phi T\ell Rk,\ell \Phi \ell +
\bigl( 
Ak,\ell +Bk,\ell \Phi \ell 

\bigr) T
Sk,\ell +1

\bigl( 
Ak,\ell +Bk,\ell \Phi \ell 

\bigr) 
+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl( 
Cik,\ell +Di

k,\ell \Phi \ell 
\bigr) T
Sk,\ell +1

\bigl( 
Cjk,\ell +Dj

k,\ell \Phi \ell 
\bigr) 
,

\=Sk,\ell = \=Qk,\ell +\Phi T\ell 
\=Rk,\ell \Phi \ell +

\bigl( 
Ak,\ell +Bk,\ell \Phi \ell 

\bigr) T \bigl[ 
Sk,\ell +1( \=Ak,\ell + \=Bk,\ell \Phi \ell )

+ \=Sk,\ell +1(\scrA k,\ell + \scrB k,\ell \Phi \ell )
\bigr] 
+
\bigl( 
\=Ak,\ell + \=Bk,\ell \Phi \ell 

\bigr) T
(Sk,\ell +1 + \=Sk,\ell +1)

\times (\scrA k,\ell + \scrB k,\ell \Phi \ell ) +
\sum p
i,j=1 \delta 

ij
\ell 

\bigl[ \bigl( 
Cik,\ell +Di

k,\ell \Phi \ell 
\bigr) T
Sk,\ell +1( \=C

j
k,\ell +

\=Dj
k,\ell \Phi \ell )

+
\bigl( 
\=Cik,\ell +

\=Di
k,\ell \Phi \ell 

\bigr) T
Sk,\ell +1(\scrC jk,\ell +\scrD j

k,\ell \Phi \ell )
\bigr] 
,

Sk,N = Gk, \=Sk,N = \=Gk, \ell \in \BbbT k,
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542 Y.-H. NI, X. LI, J.-F. ZHANG, AND M. KRSTIC\left\{                                                     

Tk,\ell =
\Bigl\{ 
\Phi T\ell Rk,\ell +

\bigl( 
Ak,\ell +Bk,\ell \Phi \ell 

\bigr) T
Sk,\ell +1Bk,\ell 

+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl( 
Cik,\ell +Di

k,\ell \Phi \ell 
\bigr) T
Sk,\ell +1D

j
k,\ell 

\Bigr\} 
\Gamma \ell 

+
\bigl( 
Ak,\ell +Bk,\ell \Phi \ell 

\bigr) T
Tk,\ell +1

\bigl( 
\scrA \ell ,\ell + \scrB \ell ,\ell \Phi \ell + \scrB \ell ,\ell \Gamma \ell 

\bigr) 
+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl( 
Cik,\ell +Di

k,\ell \Phi \ell 
\bigr) T
Tk,\ell +1

\bigl( 
\scrC j\ell ,\ell +\scrD j

\ell ,\ell \Phi \ell +\scrD j
\ell ,\ell \Gamma \ell 

\bigr) 
,

\=Tk,\ell =
\Bigl\{ 
\Phi T\ell 

\=Rk,\ell +
\bigl( 
Ak,\ell +Bk,\ell \Phi \ell 

\bigr) T \bigl( 
Sk,\ell +1

\=Bk,\ell + \=Sk,\ell +1\scrB k,\ell 
\bigr) 

+
\bigl( 
\=Ak,\ell + \=Bk,\ell \Phi \ell 

\bigr) T \bigl( 
Sk,\ell +1 + \=Sk,\ell +1

\bigr) 
\scrB k,\ell 

+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl[ \bigl( 
Cik,\ell +Di

k,\ell \Phi \ell 
\bigr) T
Sk,\ell +1

\=Dj
k,\ell +

\bigl( 
\=Cik,\ell +

\=Di
k,\ell \Phi \ell 

\bigr) T
Sk,\ell +1\scrD j

k,\ell 

\bigr] \Bigr\} 
\Gamma \ell 

+
\bigl( 
Ak,\ell +Bk,\ell \Phi \ell 

\bigr) T \=Tk,\ell +1

\bigl( 
\scrA \ell ,\ell + \scrB \ell ,\ell \Phi \ell + \scrB \ell ,\ell \Gamma \ell 

\bigr) 
+
\bigl( 
\=Ak,\ell + \=Bk,\ell \Phi \ell 

\bigr) T \bigl( 
Tk,\ell +1 + \=Tk,\ell +1

\bigr) \bigl( 
\scrA \ell ,\ell + \scrB \ell ,\ell \Phi \ell + \scrB \ell ,\ell \Gamma \ell 

\bigr) 
+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl( 
\=Cik,\ell +

\=Di
k,\ell \Phi \ell 

\bigr) T
Tk,\ell +1

\bigl( 
\scrC j\ell ,\ell +\scrD j

\ell ,\ell \Phi \ell +\scrD j
\ell ,\ell \Gamma \ell 

\bigr) 
Tk,N = 0, \=Tk,N = 0, \ell \in \BbbT k,

\biggl\{ 
Uk,\ell = (\scrA k,\ell + \scrB k,\ell \Phi \ell )Uk,\ell +1,
Uk,N = Fk, \ell \in \BbbT k,

and \left\{                 

\pi k,\ell = \beta k,\ell \=v
t,x
\ell +

\bigl( 
\scrA k,\ell + \scrB k,\ell \Phi \ell 

\bigr) T \bigl( 
(Sk,\ell +1 + \=Sk,\ell +1)fk,\ell + \pi k,\ell +1

\bigr) 
+
\bigl( 
\scrA k,\ell + \scrB k,\ell \Phi \ell 

\bigr) T \bigl( 
Tk,\ell +1 + \=Tk,\ell +1

\bigr) 
f\ell ,\ell 

+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl[ \bigl( 
\scrC ik,\ell +\scrD i

k,\ell \Phi \ell 
\bigr) T
Sk,\ell +1d

j
k,\ell 

+
\bigl( 
\scrC ik,\ell +\scrD i

k,\ell \Phi \ell 
\bigr) T
Tk,\ell +1d

j
\ell ,\ell 

\bigr] 
+\Phi T\ell \rho k,\ell + qk,\ell ,

\pi k,N = gk, \ell \in \BbbT k,

with

\beta k,\ell = \Phi T\ell \scrR k,\ell +
\bigl( 
\scrA k,\ell + \scrB k,\ell \Phi \ell 

\bigr) T \bigl[ 
(Sk,\ell +1 + \=Sk,\ell +1)\scrB k,\ell + (Tk,\ell +1 + \=Tk,\ell +1)\scrB \ell ,\ell 

\bigr] 
+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl( 
\scrC ik,\ell +\scrD i

k,\ell \Phi \ell 
\bigr) T \bigl[ 

Sk,\ell +1\scrD j
k,\ell + Tk,\ell +1\scrD j

\ell ,\ell 

\bigr] 
, \ell \in \BbbT k.

Proof. See Appendix B.

For a matrix M \in \BbbR n\times m, let M\dagger be its Moore--Penrose inverse. Then, we have
the following lemma [1].

Lemma 3.4. Let matrices L, M , and N be given with appropriate size. Then,
LXM = N has a solution X if and only if LL\dagger NMM\dagger = N . Moreover, the solution
of LXM = N can be expressed as X = L\dagger NM\dagger + V  - L\dagger LVMM\dagger , where V is a
matrix with appropriate size.

If M = I in Lemma 3.4, then LL\dagger N = N is equivalent to Ran(N) \subset Ran(L).
Here, Ran(N) is the range of N . The following theorem is concerned with the neces-
sary and sufficient condition for the existence of a mixed equilibrium solution.

Theorem 3.5. The following statements are equivalent:
(i) Problem (LQ)tx admits a mixed equilibrium solution.
(ii) There exists \Phi \in l2(\BbbT t;\BbbR m\times n) such that the following assertions hold.

(a) The coupled equations
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\left\{                           

Sk,\ell = Qk,\ell +\Phi T\ell Rk,\ell \Phi \ell +
\bigl( 
Ak,\ell +Bk,\ell \Phi \ell 

\bigr) T
Sk,\ell +1

\times 
\bigl( 
Ak,\ell +Bk,\ell \Phi \ell 

\bigr) 
+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl( 
Cik,\ell +Di

k,\ell \Phi \ell 
\bigr) T

\times Sk,\ell +1

\bigl( 
Cjk,\ell +Dj

k,\ell \Phi \ell 
\bigr) 
,

\scrS k,\ell = \scrQ k,\ell +\Phi T\ell \scrR k,\ell \Phi \ell +
\bigl( 
\scrA k,\ell + \scrB k,\ell \Phi \ell 

\bigr) T\scrS k,\ell +1

\times (\scrA k,\ell + \scrB k,\ell \Phi \ell ) +
\sum p
i,j=1 \delta 

ij
\ell 

\bigl( 
\scrC ik,\ell +\scrD i

k,\ell \Phi \ell 
\bigr) T

\times Sk,\ell +1(\scrC jk,\ell +\scrD j
k,\ell \Phi \ell ),

Sk,N = Gk, \scrS k,N = Gk + \=Gk, \ell \in \BbbT k,
\BbbO k = \scrR k,k + \scrB Tk,k\scrS k,k+1\scrB k,k +

\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
TSk,k+1\scrD j

k,k \succeq 0,

k \in \BbbT t

(3.9)

are solvable in the sense of \BbbO k \succeq 0, k \in \BbbT t, namely, \BbbO k, k \in \BbbT t, are all
nonnegative definite.

(b) The condition

\scrL kXt,x,\ast 
k + \theta k \in Ran

\bigl( 
\scrO k

\bigr) 
, k \in \BbbT t(3.10)

is satisfied. Here, Xt,x,\ast is computed via\left\{     
Xt,x,\ast 
k+1 =

\bigl[ \bigl( 
\scrA k,k  - \scrB k,k\scrO \dagger 

k\scrL k
\bigr) 
Xt,x,\ast 
k  - \scrB k,k\scrO \dagger 

k\theta k + fk,k
\bigr] 

+
\sum p
i=1

\bigl[ \bigl( 
\scrC ik,k  - \scrD i

k,k\scrO 
\dagger 
k\scrL k

\bigr) 
Xt,x,\ast 
k  - \scrD i

k,k\scrO 
\dagger 
k\theta k + dik,k

\bigr] 
wik,

Xt,x,\ast 
t = x, k \in \BbbT t,

and \scrO k,\scrL k, \theta k, k \in \BbbT t, are given by\left\{                         

\scrO k = \scrR k,k + \scrB Tk,k
\bigl( 
\scrS k,k+1 + \scrT k,k+1

\bigr) 
\scrB k,k

+
\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
T
\bigl( 
Sk,k+1 + Tk,k+1

\bigr) 
\scrD j
k,k,

\scrL k =
\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
T
\bigl( 
Sk,k+1 + Tk,k+1

\bigr) 
\scrC jk,k

+ \scrB Tk,k
\bigl( 
\scrS k,k+1 + \scrT k,k+1

\bigr) 
\scrA k,k + \scrB Tk,kUk,k+1,

\theta k =
\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
T
\bigl( 
Sk,k+1 + Tk,k+1

\bigr) 
djk,k

+ \scrB Tk,k
\bigl( 
\scrS k,k+1 + \scrT k,k+1

\bigr) 
fk,k + \scrB Tk,k\pi k,k+1 + \rho k,k,

k \in \BbbT t,
where\left\{                                         

Tk,\ell =
\Bigl\{ 
\Phi T\ell Rk,\ell +

\bigl( 
Ak,\ell +Bk,\ell \Phi \ell 

\bigr) T
Sk,\ell +1Bk,\ell 

+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl( 
Cik,\ell +Di

k,\ell \Phi \ell 
\bigr) T
Sk,\ell +1D

j
k,\ell 

\Bigr\} 
\Gamma \ell 

+
\bigl( 
Ak,\ell +Bk,\ell \Phi \ell 

\bigr) T
Tk,\ell +1

\bigl( 
\scrA \ell ,\ell + \scrB \ell ,\ell \Phi \ell + \scrB \ell ,\ell \Gamma \ell 

\bigr) 
+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl( 
Cik,\ell +Di

k,\ell \Phi \ell 
\bigr) T
Tk,\ell +1

\bigl( 
\scrC j\ell ,\ell +\scrD j

\ell ,\ell \Phi \ell +\scrD j
\ell ,\ell \Gamma \ell 

\bigr) 
,

\scrT k,\ell =
\Bigl\{ 
\Phi T\ell \scrR k,\ell +

\bigl( 
\scrA k,\ell + \scrB k,\ell \Phi \ell 

\bigr) T\scrS k,\ell +1\scrB k,\ell 
+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl( 
\scrC ik,\ell +\scrD i

k,\ell \Phi \ell 
\bigr) T
Sk,\ell +1\scrD j

k,\ell 

\Bigr\} 
\Gamma \ell 

+
\bigl( 
\scrA k,\ell + \scrB k,\ell \Phi \ell 

\bigr) T\scrT k,\ell +1

\bigl( 
\scrA \ell ,\ell + \scrB \ell ,\ell \Phi \ell + \scrB \ell ,\ell \Gamma \ell 

\bigr) 
+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl( 
\scrC ik,\ell +\scrD i

k,\ell \Phi \ell 
\bigr) T
Tk,\ell +1

\bigl( 
\scrC j\ell ,\ell +\scrD j

\ell ,\ell \Phi \ell +\scrD j
\ell ,\ell \Gamma \ell 

\bigr) 
,

Tk,N = 0, \scrT k,N = 0, \ell \in \BbbT k, k \in \BbbT t,\biggl\{ 
Uk,\ell = (\scrA k,\ell + \scrB k,\ell \Phi \ell )Uk,\ell +1,
Uk,N = Fk, \ell \in \BbbT k, k \in \BbbT t,
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and\left\{                 

\pi k,\ell =  - \beta k,\ell \scrO \dagger 
\ell \theta \ell +

\bigl( 
\scrA k,\ell + \scrB k,\ell \Phi \ell 

\bigr) T \bigl( \scrS k,\ell +1fk,\ell + \pi k,\ell +1

\bigr) 
+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl[ \bigl( 
\scrC ik,\ell +\scrD i

k,\ell \Phi \ell 
\bigr) T
Sk,\ell +1d

j
k,\ell 

+
\bigl( 
\scrC ik,\ell +\scrD i

k,\ell \Phi \ell 
\bigr) T
Tk,\ell +1d

j
\ell ,\ell 

\bigr] 
+
\bigl( 
\scrA k,\ell + \scrB k,\ell \Phi \ell 

\bigr) T\scrT k,\ell +1f\ell ,\ell 

+\Phi T\ell \rho k,\ell + qk,\ell ,

\pi k,N = gk, \ell \in \BbbT k, k \in \BbbT t,

with

\Gamma k =  - \scrO \dagger 
k\scrL k  - \Phi k, k \in \BbbT t,(3.11)

and

\beta k,\ell = \Phi T\ell \scrR k,\ell +
\bigl( 
\scrA k,\ell + \scrB k,\ell \Phi \ell 

\bigr) T \bigl[ \scrS k,\ell +1\scrB k,\ell + \scrT k,\ell +1\scrB \ell ,\ell 
\bigr] 

+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl( 
\scrC ik,\ell +\scrD i

k,\ell \Phi \ell 
\bigr) T \bigl[ 

Sk,\ell +1\scrD j
k,\ell + Tk,\ell +1\scrD j

\ell ,\ell 

\bigr] 
, \ell \in \BbbT k.

Furthermore, under condition (ii), let

vt,xk = \Gamma kX
t,x,\ast 
k  - \scrO \dagger 

k\theta k, k \in \BbbT t(3.12)

and \Phi k,\Gamma k, k \in \BbbT t, are given in (ii); then, (\Phi , vt,x) is a mixed equilibrium solution of
Problem (LQ)tx.

Proof. See Appendix C.

Remark 3.6. In Theorem 3.5, the solvability of (3.9) is to characterize the con-
vexity (3.7), while (3.10) is to characterize the stationary condition (3.6). If \Phi \ell , \Gamma \ell ,

\ell \in \BbbT k+1 have been determined, then  - \scrO \dagger 
k\scrL k can be further constructed. Not-

ing (3.11), it is impossible to determine the value of \Phi k by using the property

\Phi k + \Gamma k =  - \scrO \dagger 
k\scrL k, and any (\Phi , vt,x) that satisfies condition (ii) of Theorem 3.5

is a mixed equilibrium solution. Nevertheless, the freedom of selecting \Phi could enable
us to deal with the open-loop equilibrium control and linear feedback equilibrium
strategy in a unified way.

From Theorem 3.5, the following two corollaries are straightforward. The first
concerns the open-loop equilibrium control, which is obtained by letting \Phi = 0 in
Theorem 3.5.

Corollary 3.7. The following statements are equivalent:
(i) Problem (LQ)tx admits an open-loop equilibrium control.
(ii) The following assertions hold.

(a) The coupled equations\left\{               

\left\{     
\widehat Sk,\ell = Qk,\ell +ATk,\ell 

\widehat Sk,\ell +1Ak,\ell +
\sum p
i,j=1 \delta 

ij
\ell (C

i
k,\ell )

T \widehat Sk,\ell +1C
j
k,\ell ,\widehat \scrS k,\ell = \scrQ k,\ell +\scrA T

k,\ell 
\widehat \scrS k,\ell +1\scrA k,\ell +

\sum p
i,j=1 \delta 

ij
\ell (\scrC ik,\ell )T \widehat Sk,\ell +1\scrC jk,\ell ,\widehat Sk,N = Gk, \widehat \scrS k,N = Gk + \=Gk, \ell \in \BbbT k,\widehat \BbbO k = \scrR k,k + \scrB Tk,k \widehat \scrS k,k+1\scrB k,k +

\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
T \widehat Sk,k+1\scrD j

k,k \succeq 0

k \in \BbbT t

(3.13)

are solvable in the sense of \widehat \BbbO k \succeq 0, k \in \BbbT t.
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(b) The condition

\widehat \scrL k \widehat Xt,x,\ast 
k + \widehat \theta k \in Ran

\bigl( \widehat \scrO k

\bigr) 
, k \in \BbbT t(3.14)

is satisfied. Here, \widehat Xt,x,\ast is computed via\left\{     
\widehat Xt,x,\ast 
k+1 =

\bigl[ \bigl( 
\scrA k,k  - \scrB k,k \widehat \scrO \dagger 

k
\widehat \scrL k\bigr) \widehat Xt,x,\ast 

k  - \scrB k,k \widehat \scrO \dagger 
k
\widehat \theta k + fk,k

\bigr] 
+
\sum p
i=1

\bigl[ \bigl( 
\scrC ik,k  - \scrD i

k,k
\widehat \scrO \dagger 
k
\widehat \scrL k\bigr) \widehat Xt,x,\ast 

k  - \scrD i
k,k
\widehat \scrO \dagger 
k
\widehat \theta k + dik,k

\bigr] 
wik,\widehat Xt,x,\ast 

t = x, k \in \BbbT t,

and \widehat \scrO k, \widehat \scrL k, \theta k, k \in \BbbT t, are given by\left\{                           

\widehat \scrO k = \scrR k,k + \scrB Tk,k
\bigl( \widehat \scrS k,k+1 + \widehat \scrT k,k+1

\bigr) 
\scrB k,k

+
\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
T
\bigl( \widehat Sk,k+1 + \widehat Tk,k+1

\bigr) 
\scrD j
k,k,\widehat \scrL k =

\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
T
\bigl( \widehat Sk,k+1 + \widehat Tk,k+1

\bigr) 
\scrC jk,k

+ \scrB Tk,k
\bigl( \widehat \scrS k,k+1 + \widehat \scrT k,k+1

\bigr) 
\scrA k,k + \scrB Tk,k \widehat Uk,k+1,\widehat \theta k =

\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
T
\bigl( \widehat Sk,k+1 + \widehat Tk,k+1

\bigr) 
djk,k

+ \scrB Tk,k
\bigl( \widehat \scrS k,k+1 + \widehat \scrT k,k+1

\bigr) 
fk,k + \scrB Tk,k\widehat \pi k,k+1 + \rho k,k,

k \in \BbbT t,

(3.15)

where\left\{                             

\widehat Tk,\ell = ATk,\ell 
\widehat Tk,\ell +1\scrA \ell ,\ell +

\sum p
i,j=1 \delta 

ij
\ell (C

i
k,\ell )

T \widehat Tk,\ell +1\scrC j\ell ,\ell 
 - 
\Bigl\{ 
ATk,\ell 

\widehat Sk,\ell +1Bk,\ell +
\sum p
i,j=1 \delta 

ij
\ell (C

i
k,\ell )

T \widehat Sk,\ell +1D
j
k,\ell 

+ATk,\ell 
\widehat Tk,\ell +1\scrB \ell ,\ell +

\sum p
i,j=1 \delta 

ij
\ell (C

i
k,\ell )

T \widehat Tk,\ell +1\scrD j
\ell ,\ell 

\Bigr\} \widehat \scrO \dagger 
\ell 
\widehat \scrL \ell ,\widehat \scrT k,\ell = \scrA T

k,\ell 
\widehat \scrT k,\ell +1\scrA \ell ,\ell +

\sum p
i,j=1 \delta 

ij
\ell (\scrC ik,\ell )T \widehat Tk,\ell +1\scrC j\ell ,\ell 

 - 
\Bigl\{ 
\scrA T
k,\ell 
\widehat \scrS k,\ell +1\scrB k,\ell +

\sum p
i,j=1 \delta 

ij
\ell (\scrC ik,\ell )T \widehat Sk,\ell +1\scrD j

k,\ell 

+\scrA T
k,\ell 
\widehat \scrT k,\ell +1\scrB \ell ,\ell +

\sum p
i,j=1 \delta 

ij
\ell (\scrC ik,\ell )T \widehat Tk,\ell +1\scrD j

\ell ,\ell 

\Bigr\} \widehat \scrO \dagger 
\ell 
\widehat \scrL \ell ,\widehat Tk,N = 0, \widehat \scrT k,N = 0, \ell \in \BbbT k, k \in \BbbT t,

\Biggl\{ \widehat Uk,\ell = \scrA k,\ell 
\widehat Uk,\ell +1,\widehat Uk,N = Fk, \ell \in \BbbT k, k \in \BbbT t,

and\left\{     
\widehat \pi k,\ell =  - \widehat \beta k,\ell \widehat \scrO \dagger 

\ell 
\widehat \theta \ell +\scrA T

k,\ell 

\bigl( \widehat \scrS k,\ell +1fk,\ell + \widehat \pi k,\ell +1

\bigr) 
+\scrA T

k,\ell 
\widehat \scrT k,\ell +1f\ell ,\ell 

+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl[ 
(\scrC ik,\ell )T \widehat Sk,\ell +1d

j
k,\ell + (\scrC ik,\ell )T \widehat Tk,\ell +1d

j
\ell ,\ell 

\bigr] 
+ qk,\ell ,\widehat \pi k,N = gk, \ell \in \BbbT k, k \in \BbbT ,

with

\widehat \beta k,\ell = \scrA T
k,\ell 

\bigl[ \widehat \scrS k,\ell +1\scrB k,\ell + \widehat \scrT k,\ell +1\scrB \ell ,\ell 
\bigr] 

+
\sum p
i,j=1 \delta 

ij
\ell (\scrC ik,\ell )T

\bigl[ \widehat Sk,\ell +1\scrD j
k,\ell +

\widehat Tk,\ell +1\scrD j
\ell ,\ell 

\bigr] 
, \ell \in \BbbT k.
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Furthermore, under condition (ii), the control

\widehat vt,xk =  - \widehat \scrO \dagger 
k
\widehat \scrL k \widehat Xt,x,\ast 

k  - \widehat \scrO \dagger 
k
\widehat \theta k, k \in \BbbT t

is an open-loop equilibrium control of Problem (LQ)tx.

Note that the linear feedback equilibrium strategy has nothing to do with the
initial state x. The second corollary is concerned with the existence of a linear feedback
equilibrium strategy, which is obtained by letting \Gamma k = 0, k \in \BbbT t, in Theorem 3.5.

Corollary 3.8. The following statements are equivalent:
(i) Problem (LQ)tx admits a linear feedback equilibrium strategy.
(ii) The following assertions hold.

(a) The coupled equations

\left\{                                       

\left\{                             

\widetilde Sk,\ell = Qk,\ell + \widetilde \Phi T\ell Rk,\ell \widetilde \Phi \ell + \bigl( Ak,\ell +Bk,\ell \widetilde \Phi \ell \bigr) T \widetilde Sk,\ell +1

\times 
\bigl( 
Ak,\ell +Bk,\ell \widetilde \Phi \ell \bigr) +\sum p

i,j=1 \delta 
ij
\ell 

\bigl( 
Cik,\ell +Di

k,\ell 
\widetilde \Phi \ell \bigr) T

\times \widetilde Sk,\ell +1

\bigl( 
Cjk,\ell +Dj

k,\ell 
\widetilde \Phi \ell \bigr) ,\widetilde \scrS k,\ell = \scrQ k,\ell + \widetilde \Phi T\ell \scrR k,\ell 

\widetilde \Phi \ell + \bigl( \scrA k,\ell + \scrB k,\ell \widetilde \Phi \ell \bigr) T \widetilde \scrS k,\ell +1

\times (\scrA k,\ell + \scrB k,\ell \widetilde \Phi \ell ) +\sum p
i,j=1 \delta 

ij
\ell 

\bigl( 
\scrC ik,\ell +\scrD i

k,\ell 
\widetilde \Phi \ell \bigr) T

\times \widetilde Sk,\ell +1(\scrC jk,\ell +\scrD j
k,\ell 
\widetilde \Phi \ell ),\widetilde Sk,N = Gk, \widetilde \scrS k,N = Gk + \=Gk, \ell \in \BbbT k,\widetilde \BbbO k = \scrR k,k + \scrB Tk,k \widetilde \scrS k,k+1\scrB k,k

+
\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
T \widetilde Sk,k+1\scrD j

k,k \succeq 0, k \in \BbbT t

(3.16)

are solvable in the sense of \widetilde \BbbO k \succeq 0, k \in \BbbT t.
(b) The condition

\widetilde \BbbL k \widetilde Xt,x,\ast 
k + \widetilde \theta k \in Ran

\bigl( \widetilde \BbbO k\bigr) , k \in \BbbT t(3.17)

is satisfied. Here, \widetilde Xt,x,\ast is computed via

\left\{     
\widetilde Xt,x,\ast 
k+1 =

\bigl[ \bigl( 
\scrA k,k  - \scrB k,k \widetilde \BbbO \dagger 

k
\widetilde \BbbL k\bigr) \widetilde Xt,x,\ast 

k  - \scrB k,k \widetilde \BbbO \dagger 
k
\widetilde \theta k + fk,k

\bigr] 
+
\sum p
i=1

\bigl[ \bigl( 
\scrC ik,k  - \scrD i

k,k
\widetilde \BbbO \dagger 
k
\widetilde \BbbL k\bigr) \widetilde Xt,x,\ast 

k  - \scrD i
k,k
\widetilde \BbbO \dagger 
k
\widetilde \theta k + dik,k

\bigr] 
wik,\widetilde Xt,x,\ast 

t = x, k \in \BbbT t,

and \widetilde \BbbL k, \widetilde \theta k, k \in \BbbT t, are given by

\left\{         
\widetilde \BbbL k = \scrB Tk,k \widetilde \scrS k,k+1\scrA k,k +

\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
T \widetilde Sk,k+1\scrC jk,k + \scrB Tk,k \widetilde Uk,k+1,\widetilde \theta k = \scrB Tk,k \widetilde \scrS k,k+1fk,k +

\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
T \widetilde Sk,k+1d

j
k,k

+ \scrB Tk,k\widetilde \pi k,k+1 + \rho k,k,

k \in \BbbT t,
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where \Biggl\{ \widetilde Uk,\ell = (\scrA k,\ell + \scrB k,\ell \widetilde \Phi \ell )\widetilde Uk,\ell +1,\widetilde Uk,N = Fk, \ell \in \BbbT k, k \in \BbbT t,

\left\{     
\widetilde \pi k,\ell =  - \widetilde \beta k,\ell \widetilde \BbbO \dagger 

\ell 
\widetilde \theta \ell + \bigl( \scrA k,\ell + \scrB k,\ell \widetilde \Phi \ell \bigr) T \bigl( \widetilde \scrS k,\ell +1fk,\ell + \widetilde \pi k,\ell +1

\bigr) 
+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl( 
\scrC ik,\ell +\scrD i

k,\ell 
\widetilde \Phi \ell \bigr) T \widetilde Sk,\ell +1d

j
k,\ell +

\widetilde \Phi T\ell \rho k,\ell + qk,\ell ,\widetilde \pi k,N = gk, \ell \in \BbbT k, k \in \BbbT t,

with \widetilde \beta k,\ell = \widetilde \Phi T\ell \scrR k,\ell +
\bigl( 
\scrA k,\ell + \scrB k,\ell \widetilde \Phi \ell \bigr) T \widetilde \scrS k,\ell +1\scrB k,\ell 

+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl( 
\scrC ik,\ell +\scrD i

k,\ell 
\widetilde \Phi \ell \bigr) T \widetilde Sk,\ell +1\scrD j

k,\ell , \ell \in \BbbT k.

(c) \widetilde \Phi above is given by \{ \widetilde \Phi k =  - \widetilde \BbbO \dagger 
k
\widetilde \BbbL k, k \in \BbbT t\} .

Furthermore, under condition (ii), \{ ( - \widetilde \BbbO \dagger 
k
\widetilde \BbbL k, - \widetilde \BbbO \dagger 

k
\widetilde \theta k), k \in \BbbT t\} is a linear feedback

equilibrium strategy of Problem (LQ)tx.

We now consider the unique existence of open-loop equilibrium control and linear
feedback equilibrium strategy.

Theorem 3.9. Let t \in \BbbT and x \in l2\scrF (t;\BbbR n). The following is true.
(i) The following statements are equivalent:

(a) Problem (LQ)tx admits a unique open-loop equilibrium control.

(b) Equation (3.13) is solvable, and \widehat \scrO k, k \in \BbbT t, are invertible, which are
given in (3.15).

(c) For any k \in \BbbT t and any \xi \in l2\scrF (k;\BbbR n), Problem (LQ)k\xi admits a unique
open-loop equilibrium control.

(ii) The following statements are equivalent:
(d) Problem (LQ)tx admits a unique linear feedback equilibrium strategy.

(e) \widetilde \BbbO k \succ 0, k \in \BbbT t, namely, \widetilde \BbbO k, k \in \BbbT t, are all positive definite, which are
given in (3.16).

(f) For any k \in \BbbT t and any \xi \in l2\scrF (k;\BbbR n), Problem (LQ)k\xi admits a unique
linear feedback equilibrium strategy.

Proof. (i) (a)\leftrightarrow (b) Let \widehat vt,x be an open-loop equilibrium control of Problem (LQ)tx.
In this case, (3.6) becomes

0 = \scrR k,k\widehat vt,xk + \scrB Tk,k\BbbE kY kk+1 +

p\sum 
i=1

(\scrD i
k,k)

T\BbbE k
\bigl( 
Y kk+1w

i
k

\bigr) 
+ \rho k,k, k \in \BbbT t.(3.18)

Mimicking the proof of Theorem 3.5 and based on Lemma 3.4, a control of the form

\widehat vt,xk =  - \widehat \scrO \dagger 
k
\widehat \scrL k \widehat Xt,x,\ast 

k  - \widehat \scrO \dagger 
k
\widehat \theta k + (I  - \widehat \scrO \dagger 

k
\widehat \scrO k)Vk, k \in \BbbT t(3.19)

also satisfies (3.18), where Vk \in \BbbR m is deterministic and \widehat Xt,x,\ast , \widehat \theta k are given by\left\{           
\widehat Xt,x,\ast 
k+1 =

\bigl[ \bigl( 
\scrA k,k  - \scrB k,k \widehat \scrO \dagger 

k
\widehat \scrL k\bigr) \widehat Xt,x,\ast 

k  - \scrB k,k
\bigl( \widehat \scrO \dagger 

k
\widehat \theta k  - (I  - \widehat \scrO \dagger 

k
\widehat \scrO k)Vk

\bigr) 
+ fk,k

\bigr] 
+
\sum p
i=1

\bigl[ \bigl( 
\scrC ik,k  - \scrD i

k,k
\widehat \scrO \dagger 
k
\widehat \scrL k\bigr) \widehat Xt,x,\ast 

k  - \scrD i
k,k

\bigl( \widehat \scrO \dagger 
k
\widehat \theta k  - (I  - \widehat \scrO \dagger 

k
\widehat \scrO k)Vk

\bigr) 
+ dik,k

\bigr] 
wik,\widehat Xt,x,\ast 

t = x, k \in \BbbT t,
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and \widehat \theta k = \scrB Tk,k
\bigl( \widehat \scrS k,k+1 + \widehat \scrT k,k+1

\bigr) 
fk,k +

\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
T
\bigl( \widehat Sk,+1 + \widehat Tk,k+1

\bigr) 
djk,k

+ \scrB Tk,k\widehat \pi k,k+1 + \rho k,k

with \widehat \pi k,k+1 computed via\left\{     
\widehat \pi k,\ell =  - \widehat \beta k,\ell \bigl[ \widehat \scrO \dagger 

\ell 
\widehat \theta \ell  - (I  - \widehat \scrO \dagger 

\ell 
\widehat \scrO \ell )V\ell 

\bigr] 
+\scrA T

k,\ell 

\bigl( \widehat \scrS k,\ell +1fk,\ell + \widehat \pi k,\ell +1

\bigr) 
+\scrA T

k,\ell 
\widehat \scrT k,\ell +1f\ell ,\ell 

+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl[ 
(\scrC ik,\ell )T \widehat Sk,\ell +1d

j
k,\ell + (\scrC ik,\ell )T \widehat Tk,\ell +1d

j
\ell ,\ell 

\bigr] 
+ qk,\ell ,\widehat \pi k,N = gk, \ell \in \BbbT k, k \in \BbbT t.

Combining the solvability of (3.13), we know that any control of the form (3.19) is an
open-loop equilibrium control of Problem (LQ)tx. Therefore, Problem (LQ)tx admits

a unique open-loop equilibrium control if and only if \widehat \scrO k, k \in \BbbT t, are invertible, and
(3.13) is solvable.

(b)\Rightarrow (c). As (3.13) is solvable and \widehat \scrO k, k \in \BbbT t, are invertible, we know from
Corollary 3.7 that Problem (LQ)k\xi admits an open-loop equilibrium control. Based
on the proof of (a)\Rightarrow (b), it follows that Problem (LQ)k\xi admits a unique open-loop
equilibrium control.

(c)\Rightarrow (a). It is obvious.
(ii) (d)\leftrightarrow (e). Let (\Phi , v) be a linear feedback equilibrium strategy of Problem

(LQ)tx. \widetilde \BbbO k \succeq 0, k \in \BbbT k, follows from the solvability of (3.16). We now prove that\widetilde \BbbO k, k \in \BbbT k, are all invertible. Note that the linear feedback equilibrium strategy is
independent of x. If some of \widetilde \BbbO k, k \in \BbbT k, are singular, then similar to those of (a)\Rightarrow (b),
v can be selected as any one of the following forms:

vk =  - \widetilde \BbbO \dagger 
k
\widetilde \theta k + (I  - \widetilde \BbbO \dagger 

k
\widetilde \BbbO k)Vk, k \in \BbbT t.(3.20)

In (3.20), Vk \in \BbbR m, k \in \BbbT t, are deterministic, and \widetilde \theta k is given by

\widetilde \theta k = \scrB Tk,k \widetilde \scrS k,k+1fk,k +

p\sum 
i,j=1

\delta ijk (\scrD 
i
k,k)

T \widetilde Sk,+1d
j
k,k + \scrB Tk,k\widetilde \pi k,k+1 + \rho k,k

with \widetilde \pi k,k+1 computed via\left\{     
\widetilde \pi k,\ell =  - \widetilde \beta k,\ell \bigl[ \widetilde \BbbO \dagger 

\ell 
\widetilde \theta \ell  - (I  - \widetilde \BbbO \dagger 

\ell 
\widetilde \BbbO \ell )V\ell \bigr] + \bigl( \scrA k,\ell + \scrB k,\ell \widetilde \Phi \ell \bigr) T \bigl( \widetilde \scrS k,\ell +1fk,\ell + \widetilde \pi k,\ell +1

\bigr) 
+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl( 
\scrC ik,\ell +\scrD i

k,\ell 
\widetilde \Phi \ell \bigr) T \widetilde Sk,\ell +1d

j
k,\ell +

\widetilde \Phi T\ell \rho k,\ell + qk,\ell ,\widetilde \pi k,N = gk, \ell \in \BbbT k, k \in \BbbT t.

Therefore, Problem (LQ)tx admits a unique linear feedback equilibrium strategy if

and only if \widetilde \BbbO k, k \in \BbbT k are all invertible, and thus are positive definite.
(e)\Rightarrow (f) and (f)\Rightarrow (d) are obvious. This completes the proof.

Remark 3.10. Problem (LQ)tx admitting a unique open-loop equilibrium control
is a local property, which is only of the unique existence for the fixed initial pair
(t, x). Interestingly, this local property could ensure a semiglobal property, namely,
for any k \in \BbbT t (after t) and any \xi \in l2\scrF (k;\BbbR n), Problem (LQ)k\xi also admits a unique
open-loop equilibrium control. A similar property also holds for the linear feedback
equilibrium strategy.
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3.2. The case with all of the initial pairs. Simply knowing that Problem
(LQ)tx admits an open-loop equilibrium control or a linear feedback equilibrium strat-
egy, it is hard or generally impossible to derive sharp results like those of Theorem 3.9.
Alternatively, in this section, we consider the case that the initial pair is allowed to
vary. To begin, we first state the results for the open-loop equilibrium control.

Theorem 3.11. The following statements are equivalent:
(i) For any (t, x) with t \in \BbbT and x \in l2\scrF (t;\BbbR n), Problem (LQ)tx admits an open-

loop equilibrium control.
(ii) The coupled equations\left\{           

\left\{     
\widehat Sk,\ell = Qk,\ell +ATk,\ell 

\widehat Sk,\ell +1Ak,\ell +
\sum p
i,j=1 \delta 

ij
\ell (C

i
k,\ell )

T \widehat Sk,\ell +1C
j
k,\ell ,\widehat \scrS k,\ell = \scrQ k,\ell +\scrA T

k,\ell 
\widehat \scrS k,\ell +1\scrA k,\ell +

\sum p
i,j=1 \delta 

ij
\ell (\scrC ik,\ell )T \widehat Sk,\ell +1\scrC jk,\ell ,\widehat Sk,N = Gk, \widehat \scrS k,N = Gk + \=Gk, \ell \in \BbbT k,\widehat \BbbO k \succeq 0, k \in \BbbT ,

(3.21)

\left\{                                   

\left\{                             

\widehat Tk,\ell = ATk,\ell 
\widehat Tk,\ell +1\scrA \ell ,\ell +

\sum p
i,j=1 \delta 

ij
\ell (C

i
k,\ell )

T \widehat Tk,\ell +1\scrC j\ell ,\ell 
 - 
\Bigl\{ 
ATk,\ell 

\widehat Sk,\ell +1Bk,\ell +ATk,\ell 
\widehat Tk,\ell +1\scrB \ell ,\ell 

+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl[ 
(Cik,\ell )

T \widehat Sk,\ell +1D
j
k,\ell + (Cik,\ell )

T \widehat Tk,\ell +1\scrD j
\ell ,\ell 

\bigr] \Bigr\} \widehat \scrO \dagger 
\ell 
\widehat \scrL \ell ,\widehat \scrT k,\ell = \scrA T

k,\ell 
\widehat \scrT k,\ell +1\scrA \ell ,\ell +

\sum p
i,j=1 \delta 

ij
\ell (\scrC ik,\ell )T \widehat Tk,\ell +1\scrC j\ell ,\ell 

 - 
\Bigl\{ 
\scrA T
k,\ell 
\widehat \scrS k,\ell +1\scrB k,\ell +\scrA T

k,\ell 
\widehat \scrT k,\ell +1\scrB \ell ,\ell 

+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl[ 
(\scrC ik,\ell )T \widehat Sk,\ell +1\scrD j

k,\ell + (\scrC ik,\ell )T \widehat Tk,\ell +1\scrD j
\ell ,\ell 

\bigr] \Bigr\} \widehat \scrO \dagger 
\ell 
\widehat \scrL \ell ,\widehat Tk,N = 0, \widehat \scrT k,N = 0, \ell \in \BbbT k,\widehat \scrO k

\widehat \scrO \dagger 
k
\widehat \scrL k = \widehat \scrL k, k \in \BbbT ,

(3.22)

and\left\{         
\left\{     
\widehat \pi k,\ell =  - \widehat \beta k,\ell \widehat \scrO \dagger 

\ell 
\widehat \theta \ell +\scrA T

k,\ell 

\bigl( \widehat \scrS k,\ell +1fk,\ell + \widehat \pi k,\ell +1

\bigr) 
+\scrA T

k,\ell 
\widehat \scrT k,\ell +1f\ell ,\ell 

+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl[ 
(\scrC ik,\ell )T \widehat Sk,\ell +1d

j
k,\ell + (\scrC ik,\ell )T \widehat Tk,\ell +1d

j
\ell ,\ell 

\bigr] 
+ qk,\ell ,\widehat \pi k,N = gk, \ell \in \BbbT k,\widehat \scrO k

\widehat \scrO \dagger 
k
\widehat \theta k = \widehat \theta k, k \in \BbbT 

(3.23)

are solvable in the sense of\widehat \BbbO k \succeq 0, \widehat \scrO k
\widehat \scrO \dagger 
k
\widehat \scrL k  - \widehat \scrL k = 0, \widehat \scrO k

\widehat \scrO \dagger 
k
\widehat \theta k  - \widehat \theta k = 0, k \in \BbbT ,

where\left\{                                 

\widehat \BbbO k = \scrR k,k + \scrB Tk,k \widehat \scrS k,k+1\scrB k,k +
\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
T \widehat Sk,k+1\scrD j

k,k,\widehat \scrO k = \scrR k,k + \scrB Tk,k
\bigl( \widehat \scrS k,k+1 + \widehat \scrT k,k+1

\bigr) 
\scrB k,k

+
\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
T
\bigl( \widehat Sk,k+1 + \widehat Tk,k+1

\bigr) 
\scrD j
k,k,\widehat \scrL k = \scrB Tk,k

\bigl( \widehat \scrS k,k+1 + \widehat \scrT k,k+1

\bigr) 
\scrA k,k + \scrB Tk,k \widehat Uk,k+1

+
\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
T
\bigl( \widehat Sk,k+1 + \widehat Tk,k+1

\bigr) 
\scrC jk,k,\widehat \theta k = \scrB Tk,k

\bigl( \widehat \scrS k,k+1 + \widehat \scrT k,k+1

\bigr) 
fk,k + \scrB Tk,k\widehat \pi k,k+1 + \rho k,k

+
\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
T
\bigl( \widehat Sk,k+1 + \widehat Tk,k+1

\bigr) 
djk,k,

k \in \BbbT ,
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with \Biggl\{ \widehat Uk,\ell = \scrA k,\ell 
\widehat Uk,\ell +1,\widehat Uk,N = Fk, \ell \in \BbbT k, k \in \BbbT ,

and \widehat \beta k,\ell = \scrA T
k,\ell 

\bigl[ \widehat \scrS k,\ell +1\scrB k,\ell + \widehat \scrT k,\ell +1\scrB \ell ,\ell 
\bigr] 

+
\sum p
i,j=1 \delta 

ij
\ell (\scrC ik,\ell )T

\bigl[ \widehat Sk,\ell +1\scrD j
k,\ell +

\widehat Tk,\ell +1\scrD j
\ell ,\ell 

\bigr] 
, \ell \in \BbbT k.

Proof. (ii)\Rightarrow (i). From the solvability of (3.22) and (3.23), we know that (3.14)
holds for any (t, x). Therefore, (i) holds.

(i)\Rightarrow (ii). Note that (3.14) is equivalent to \widehat \scrO k
\widehat \scrO \dagger 
k

\bigl( \widehat \scrL k \widehat Xt,x,\ast 
k + \widehat \theta k\bigr) = \widehat \scrL k \widehat Xt,x,\ast 

k + \widehat \theta k,
k \in \BbbT t. Letting k = t and taking different x\prime s, we have \widehat \scrO t

\widehat \scrO \dagger 
t
\widehat \scrL t = \widehat \scrL t, \widehat \scrO t

\widehat \scrO \dagger 
t
\widehat \theta t = \widehat \theta t.

As for any (t, x) with t \in \BbbT and x \in l2\scrF (t;\BbbR n) Problem (LQ)tx admits an open-loop
equilibrium control, we must have the solvability of (3.21)--(3.23).

The following result is for the feedback equilibrium strategy.

Theorem 3.12. The following statements are equivalent:
(i) For any (t, x) with t \in \BbbT and x \in l2\scrF (t;\BbbR n), Problem (LQ)tx admits a linear

feedback equilibrium strategy.
(ii) The coupled equations\left\{                                                     

\left\{                                                 

\widetilde Sk,\ell = Qk,\ell +ATk,\ell 
\widetilde Sk,\ell +1Ak,\ell +

\sum p
i,j=1 \delta 

ij
\ell (C

i
k,\ell )

T \widetilde Sk,\ell +1C
j
k,\ell 

 - 
\bigl( 
ATk,\ell 

\widetilde Sk,\ell +1Bk,\ell +
\sum p
i,j=1 \delta 

ij
\ell (C

i
k,\ell )

T \widetilde Sk,\ell +1D
j
k,\ell 

\bigr) \widetilde \BbbO \dagger 
\ell 
\widetilde \BbbL \ell 

 - \widetilde \BbbL T\ell \widetilde \BbbO \dagger 
\ell 

\bigl( 
BTk,\ell 

\widetilde Sk,\ell +1Ak,\ell +
\sum p
i,j=1 \delta 

ij
\ell (D

i
k,\ell )

T \widetilde Sk,\ell +1C
j
k,\ell 

\bigr) 
+ \widetilde \BbbL T\ell \widetilde \BbbO \dagger 

\ell 

\bigl( 
Rk,\ell +BTk,\ell 

\widetilde Sk,\ell +1Bk,\ell 

+
\sum p
i,j=1 \delta 

ij
\ell (D

i
k,\ell )

T \widetilde Sk,\ell +1D
j
k,\ell 

\bigr) \widetilde \BbbO \dagger 
\ell 
\widetilde \BbbL \ell ,\widetilde \scrS k,\ell = \scrQ k,\ell +\scrA T

k,\ell 
\widetilde \scrS k,\ell +1\scrA k,\ell +

\sum p
i,j=1 \delta 

ij
\ell (\scrC ik,\ell )T \widetilde Sk,\ell +1\scrC jk,\ell 

 - 
\bigl( 
\scrA T
k,\ell 
\widetilde \scrS k,\ell +1\scrB k,\ell +

\sum p
i,j=1 \delta 

ij
\ell (\scrC ik,\ell )T \widetilde Sk,\ell +1\scrD j

k,\ell 

\bigr) \widetilde \BbbO \dagger 
\ell 
\widetilde \BbbL \ell 

 - \widetilde \BbbL T\ell \widetilde \BbbO \dagger 
\ell 

\bigl( 
\scrB Tk,\ell \widetilde \scrS k,\ell +1\scrA k,\ell +

\sum p
i,j=1 \delta 

ij
\ell (\scrD i

k,\ell )
T \widetilde Sk,\ell +1\scrC jk,\ell 

\bigr) 
+ \widetilde \BbbL T\ell \widetilde \BbbO \dagger 

\ell 

\bigl( 
\scrR k,\ell + \scrB Tk,\ell \widetilde \scrS k,\ell +1\scrB k,\ell 

+
\sum p
i,j=1 \delta 

ij
\ell (\scrD i

k,\ell )
T \widetilde Sk,\ell +1\scrD j

k,\ell 

\bigr) \widetilde \BbbO \dagger 
\ell 
\widetilde \BbbL \ell ,\widetilde Sk,N = Gk, \widetilde \scrS k,N = Gk + \=Gk, \ell \in \BbbT k,\widetilde \BbbO k \succeq 0, \widetilde \BbbO k \widetilde \BbbO \dagger 

k
\widetilde \BbbL k = \widetilde \BbbL k, k \in \BbbT ,

(3.24)

and\left\{               

\left\{           
\widetilde \pi k,\ell =  - \widetilde \beta k,\ell \widetilde \BbbO \dagger 

k
\widetilde \theta k + \bigl( \scrA k,\ell  - \scrB k,\ell \widetilde \BbbO \dagger 

\ell 
\widetilde \BbbL \ell \bigr) T \bigl( \widetilde \scrS k,\ell +1fk,\ell + \widetilde \pi k,\ell +1

\bigr) 
+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl( 
\scrC ik,\ell  - \scrD i

k,\ell 
\widetilde \BbbO \dagger 
\ell 
\widetilde \BbbL \ell \bigr) T \widetilde Sk,\ell +1d

j
k,\ell 

 - \widetilde \BbbL T\ell \widetilde \BbbO \dagger 
\ell \rho k,\ell + qk,\ell ,\widetilde \pi k,N = gk, \ell \in \BbbT k,\widetilde \BbbO k \widetilde \BbbO \dagger 

k
\widetilde \theta k = \widetilde \theta k, k \in \BbbT 

(3.25)

are solvable in the sense of\widetilde \BbbO k \succeq 0, \widetilde \BbbO k \widetilde \BbbO \dagger 
k
\widetilde \BbbL k = \widetilde \BbbL k, \widetilde \BbbO k \widetilde \BbbO \dagger 

k
\widetilde \theta k = \widetilde \theta k, k \in \BbbT 
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where\left\{           
\widetilde \BbbO k = \scrR k,k + \scrB Tk,k \widetilde \scrS k,k+1\scrB k,k +

\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
T \widetilde Sk,k+1\scrD j

k,k,\widetilde \BbbL k = \scrB Tk,k \widetilde \scrS k,k+1\scrA k,k +
\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
T \widetilde Sk,k+1\scrC jk,k + \scrB Tk,k \widetilde Uk,k+1,\widetilde \theta k = \scrB Tk,k \widetilde \scrS k,k+1fk,k +

\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
T \widetilde Sk,k+1d

j
k,k + \scrB Tk,k\widetilde \pi k,k+1 + \rho k,k,

k \in \BbbT ,
with \Biggl\{ \widetilde Uk,\ell = (\scrA k,\ell  - \scrB k,\ell \widetilde \BbbO \dagger 

\ell 
\widetilde \BbbL \ell )\widetilde Uk,\ell +1,\widetilde Uk,N = Fk, \ell \in \BbbT k, k \in \BbbT ,

and \widetilde \beta k,\ell =  - \widetilde \BbbL T\ell \widetilde \BbbO \dagger 
\ell \scrR k,\ell +

\bigl( 
\scrA k,\ell  - \scrB k,\ell \widetilde \BbbO \dagger 

\ell 
\widetilde \BbbL \ell \bigr) T \widetilde \scrS k,\ell +1\scrB k,\ell 

+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl( 
\scrC ik,\ell  - \scrD i

k,\ell 
\widetilde \BbbO \dagger 
\ell 
\widetilde \BbbL \ell \bigr) T \widetilde Sk,\ell +1\scrD j

k,\ell , \ell \in \BbbT k.

(iii) There exists a pair (\Phi , v) \in l2(\BbbT ;\BbbR m\times n)\times l2\scrF (\BbbT ;\BbbR m) such that for any (t, x)
with t \in \BbbT and x \in l2\scrF (t;\BbbR n), (\Phi , v)| \BbbT t is a linear feedback equilibrium strategy
of Problem (LQ)tx. Here, (\Phi , v)| \BbbT t

is the restriction of (\Phi , v) on \BbbT t.
(iv) There exists a \psi \in \BbbF \BbbT such that for any (t, x) with t \in \BbbT and x \in l2\scrF (t;\BbbR n),

\psi | \BbbT t
is a feedback equilibrium strategy of Problem (LQ)tx. Here, \psi | \BbbT t

is the
restriction of \psi on \BbbT t.

Furthermore, under any of the above conditions, the pair (\Phi t, vt) with \Phi t =

\{  - \widetilde \BbbO \dagger 
k
\widetilde \BbbL k, k \in \BbbT t\} , vt = \{  - \widetilde \BbbO \dagger 

k
\widetilde \theta k, k \in \BbbT t\} is a feedback equilibrium strategy of

Problem (LQ)tx.

Proof. See Appendix D.

We now consider the mixed equilibrium solution. If it exists, we have some free-
dom to select the pure-feedback-strategy part of the mixed equilibrium solution, as
pointed out in Remark 3.6. In Theorem 3.13, we have the necessary and sufficient
condition to ensure the existence of a mixed equilibrium solution for all of the ini-
tial pairs. Because different initial pairs may correspond to different pure-feedback-
strategy parts of the mixed equilibrium solution, the condition of Theorem 3.13 is for
the case that specifies the pure-feedback-strategy part \Phi .

Theorem 3.13. The following statements are equivalent:
(i) For any (t, x) with t \in \BbbT and x \in l2\scrF (t;\BbbR n), Problem (LQ)tx admits a mixed

equilibrium solution and the pure-feedback-strategy part is \Phi | \BbbT t
. Here, \Phi \in 

l2(\BbbT ;\BbbR m\times n) and \Phi | \BbbT t
is the restriction of \Phi on \BbbT t.

(ii) There exists \Phi \in l2(\BbbT ;\BbbR m\times n) such that the following difference equations\left\{                                     

\left\{                           

Sk,\ell = Qk,\ell +\Phi T\ell Rk,\ell \Phi \ell +
\bigl( 
Ak,\ell +Bk,\ell \Phi \ell 

\bigr) T
Sk,\ell +1

\times 
\bigl( 
Ak,\ell +Bk,\ell \Phi \ell 

\bigr) 
+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl( 
Cik,\ell +Di

k,\ell \Phi \ell 
\bigr) T

\times Sk,\ell +1

\bigl( 
Cjk,\ell +Dj

k,\ell \Phi \ell 
\bigr) 
,

\scrS k,\ell = \scrQ k,\ell +\Phi T\ell \scrR k,\ell \Phi \ell +
\bigl( 
\scrA k,\ell + \scrB k,\ell \Phi \ell 

\bigr) T\scrS k,\ell +1

\times (\scrA k,\ell + \scrB k,\ell \Phi \ell ) +
\sum p
i,j=1 \delta 

ij
\ell 

\bigl( 
\scrC ik,\ell +\scrD i

k,\ell \Phi \ell 
\bigr) T

\times Sk,\ell +1(\scrC jk,\ell +\scrD j
k,\ell \Phi \ell ),

Sk,N = Gk, \scrS k,N = Gk + \=Gk, \ell \in \BbbT k,
\BbbO k = \scrR k,k + \scrB Tk,k\scrS k,k+1\scrB k,k +

\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
TSk,k+1\scrD j

k,k \succeq 0,

k \in \BbbT ,

(3.26)
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552 Y.-H. NI, X. LI, J.-F. ZHANG, AND M. KRSTIC\left\{                                             

\left\{                                         

Tk,\ell =
\Bigl\{ 
\Phi T\ell Rk,\ell +

\bigl( 
Ak,\ell +Bk,\ell \Phi \ell 

\bigr) T
Sk,\ell +1Bk,\ell 

+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl( 
Cik,\ell +Di

k,\ell \Phi \ell 
\bigr) T
Sk,\ell +1D

j
k,\ell 

\Bigr\} 
\Gamma \ell 

+
\bigl( 
Ak,\ell +Bk,\ell \Phi \ell 

\bigr) T
Tk,\ell +1

\bigl( 
\scrA \ell ,\ell + \scrB \ell ,\ell \Phi \ell + \scrB \ell ,\ell \Gamma \ell 

\bigr) 
+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl( 
Cik,\ell +Di

k,\ell \Phi \ell 
\bigr) T
Tk,\ell +1

\bigl( 
\scrC j\ell ,\ell +\scrD j

\ell ,\ell \Phi \ell +\scrD j
\ell ,\ell \Gamma \ell 

\bigr) 
,

\scrT k,\ell =
\Bigl\{ 
\Phi T\ell \scrR k,\ell +

\bigl( 
\scrA k,\ell + \scrB k,\ell \Phi \ell 

\bigr) T\scrS k,\ell +1\scrB k,\ell 
+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl( 
\scrC ik,\ell +\scrD i

k,\ell \Phi \ell 
\bigr) T
Sk,\ell +1\scrD j

k,\ell 

\Bigr\} 
\Gamma \ell 

+
\bigl( 
\scrA k,\ell + \scrB k,\ell \Phi \ell 

\bigr) T\scrT k,\ell +1

\bigl( 
\scrA \ell ,\ell + \scrB \ell ,\ell \Phi \ell + \scrB \ell ,\ell \Gamma \ell 

\bigr) 
+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl( 
\scrC ik,\ell +\scrD i

k,\ell \Phi \ell 
\bigr) T
Tk,\ell +1

\bigl( 
\scrC j\ell ,\ell +\scrD j

\ell ,\ell \Phi \ell +\scrD j
\ell ,\ell \Gamma \ell 

\bigr) 
Tk,N = 0, \scrT k,N = 0, \ell \in \BbbT k,

\scrO k\scrO \dagger 
k\scrL k = \scrL k, k \in \BbbT ,

(3.27)

and\left\{                     

\left\{                 

\pi k,\ell =  - \beta k,\ell \scrO \dagger 
\ell \theta \ell +

\bigl( 
\scrA k,\ell + \scrB k,\ell \Phi \ell 

\bigr) T \bigl( \scrS k,\ell +1fk,\ell + \pi k,\ell +1

\bigr) 
+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl[ \bigl( 
\scrC ik,\ell +\scrD i

k,\ell \Phi \ell 
\bigr) T
Sk,\ell +1d

j
k,\ell 

+
\bigl( 
\scrC ik,\ell +\scrD i

k,\ell \Phi \ell 
\bigr) T
Tk,\ell +1d

j
\ell ,\ell 

\bigr] 
+
\bigl( 
\scrA k,\ell + \scrB k,\ell \Phi \ell 

\bigr) T\scrT k,\ell +1f\ell ,\ell +\Phi T\ell \rho k,\ell + qk,\ell ,

\pi k,N = gk, \ell \in \BbbT k,
\scrO k\scrO \dagger 

k\theta k = \theta k, k \in \BbbT 

(3.28)

are solvable in the sense of \BbbO k \succeq 0, \scrO k\scrO \dagger 
k\scrL k = \scrL k, \scrO k\scrO \dagger 

k\theta k = \theta k, k \in \BbbT ,
where \left\{                         

\scrO k = \scrR k,k + \scrB Tk,k
\bigl( 
\scrS k,k+1 + \scrT k,k+1

\bigr) 
\scrB k,k

+
\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
T
\bigl( 
Sk,k+1 + Tk,k+1

\bigr) 
\scrD j
k,k,

\scrL k = \scrB Tk,k
\bigl( 
\scrS k,k+1 + \scrT k,k+1

\bigr) 
\scrA k,k + \scrB Tk,kUk,k+1

+
\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
T
\bigl( 
Sk,k+1 + Tk,k+1

\bigr) 
\scrC jk,k,

\theta k = \scrB Tk,k
\bigl( 
\scrS k,k+1 + \scrT k,k+1

\bigr) 
fk,k + \scrB Tk,k\pi k,k+1 + \rho k,k

+
\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
T
\bigl( 
Sk,k+1 + Tk,k+1

\bigr) 
djk,k,

k \in \BbbT ,

and \Gamma k =  - \scrO \dagger 
k\scrL k  - \Phi k, k \in \BbbT , with\biggl\{ 

Uk,\ell = (\scrA k,\ell + \scrB k,\ell \Phi \ell )Uk,\ell +1,
Uk,N = Fk, \ell \in \BbbT k, k \in \BbbT ,

and

\beta k,\ell = \Phi T\ell \scrR k,\ell +
\bigl( 
\scrA k,\ell + \scrB k,\ell \Phi \ell 

\bigr) T \bigl[ \scrS k,\ell +1\scrB k,\ell + \scrT k,\ell +1\scrB \ell ,\ell 
\bigr] 

+
\sum p
i,j=1 \delta 

ij
\ell 

\bigl( 
\scrC ik,\ell +\scrD i

k,\ell \Phi \ell 
\bigr) T \bigl[ 

Sk,\ell +1\scrD j
k,\ell + Tk,\ell +1\scrD j

\ell ,\ell 

\bigr] 
, \ell \in \BbbT k.

For any t \in \BbbT and x \in l2\scrF (t;\BbbR n), let vt,xk =  - (\scrO \dagger 
k\scrL k + \Phi k)X

t,x,\ast 
k  - \scrO \dagger 

k\theta k,
k \in \BbbT t, where\left\{     

Xt,x,\ast 
k+1 =

\bigl[ \bigl( 
\scrA k,k  - \scrB k,k\scrO \dagger 

k\scrL k
\bigr) 
Xt,x,\ast 
k  - \scrB k,k\scrO \dagger 

k\theta k + fk,k
\bigr] 

+
\sum p
i=1

\bigl[ \bigl( 
\scrC ik,k  - \scrD i

k,k\scrO 
\dagger 
k\scrL k

\bigr) 
Xt,x,\ast 
k  - \scrD i

k,k\scrO 
\dagger 
k\theta k + dik,k

\bigr] 
wik,

Xt,x,\ast 
t = x, k \in \BbbT t.
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Under condition (ii) and for any (t, x) with t \in \BbbT and x \in l2\scrF (t;\BbbR n), (\Phi | \BbbT t
, vt,x) is a

mixed equilibrium solution of Problem (LQ)tx.

Proof. (ii)\Rightarrow (i). This follows from Theorem 3.5.
(i)\Rightarrow (ii). In this case, for any (t, x) with t \in \BbbT and x \in l2\scrF (t;\BbbR n), the pure-

feedback-strategy part of the mixed equilibrium solution is \Phi | \BbbT t
. Note that (3.10) is

equivalent to \scrO k\scrO \dagger 
k(\scrL kX

t,x,\ast 
k + \theta k) = \scrL kXt,x,\ast 

k + \theta k, k \in \BbbT t. Letting k = t and taking

different x\prime s, we have \scrO t\scrO \dagger 
t\scrL t = \scrL t, \scrO t\scrO \dagger 

t \theta t = \theta t. Therefore, (3.9), (3.27), and (3.28)
are solvable.

To end this section, we pose the following assumption.
(H) Qt,k, Qt,k + \=Qt,k, Gt, Gt + \=Gk \succeq 0, Rt,k, Rt,k + \=Rt,k \succ 0, t \in \BbbT , k \in \BbbT t.
The following result is straightforward.

Theorem 3.14. Letting (H) hold, then \widetilde \BbbO k, k \in \BbbT , are all positive definite. Fur-
thermore, for any t \in \BbbT and any x \in l2\scrF (t;\BbbR n), Problem (LQ)tx admits a unique
feedback equilibrium strategy (\Phi , v) with

\Phi = \{  - \widetilde \BbbO  - 1
k
\widetilde \BbbL k, k \in \BbbT t\} , v = \{  - \widetilde \BbbO  - 1

k
\widetilde \theta k, k \in \BbbT t\} .

Proof. A simple calculation shows that (3.24) is equal to\left\{                                   

\left\{                             

\widetilde Sk,\ell = Qk,\ell + \widetilde \BbbL T\ell \widetilde \BbbO \dagger 
\ell Rk,\ell 

\widetilde \BbbO \dagger 
\ell 
\widetilde \BbbL \ell + \bigl( Ak,\ell  - Bk,\ell \widetilde \BbbO \dagger 

\ell 
\widetilde \BbbL \ell \bigr) T \widetilde Sk,\ell +1

\times 
\bigl( 
Ak,\ell  - Bk,\ell \widetilde \BbbO \dagger 

\ell 
\widetilde \BbbL \ell \bigr) +\sum p

i,j=1 \delta 
ij
\ell 

\bigl( 
Cik,\ell  - Di

k,\ell 
\widetilde \BbbO \dagger 
\ell 
\widetilde \BbbL \ell \bigr) T

\times \widetilde Sk,\ell +1

\bigl( 
Cjk,\ell  - Dj

k,\ell 
\widetilde \BbbO \dagger 
\ell 
\widetilde \BbbL \ell \bigr) ,\widetilde \scrS k,\ell = \scrQ k,\ell + \widetilde \BbbL T\ell \widetilde \BbbO \dagger 

\ell \scrR k,\ell 
\widetilde \BbbO \dagger 
\ell 
\widetilde \BbbL \ell + \bigl( \scrA k,\ell  - \scrB k,\ell \widetilde \BbbO \dagger 

\ell 
\widetilde \BbbL \ell \bigr) T \widetilde \scrS k,\ell +1

\times (\scrA k,\ell  - \scrB k,\ell \widetilde \BbbO \dagger 
\ell 
\widetilde \BbbL \ell ) +\sum p

i,j=1 \delta 
ij
\ell 

\bigl( 
\scrC ik,\ell  - \scrD i

k,\ell 
\widetilde \BbbO \dagger 
\ell 
\widetilde \BbbL \ell \bigr) T\widetilde Sk,\ell +1(\scrC jk,\ell  - \scrD j

k,\ell 
\widetilde \BbbO \dagger 
\ell 
\widetilde \BbbL \ell ),\widetilde Sk,N = Gk, \widetilde \scrS k,N = Gk + \=Gk, \ell \in \BbbT k,\widetilde \BbbO k \succeq 0, \widetilde \BbbO k \widetilde \BbbO \dagger 

k
\widetilde \BbbL k = \widetilde \BbbL k, k \in \BbbT t.

(3.29)

Due to (H), we have that \widetilde Sk,\ell , \widetilde \scrS k,\ell \succeq 0, \widetilde \BbbO k \succ 0, k \in \BbbT , \ell \in \BbbT k. Therefore, (3.24) and
(3.25) are solvable. This completes the proof.

4. An example. Consider a discrete-time stochastic LQ problem, whose system
dynamics and cost functional are given, respectively, by\biggl\{ 

Xk+1 = (AkXk +Bkuk) +Dkukwk,
Xt = x, t \in \{ 0, 1, 2, 3\} , k \in \{ t, . . . , 3\} ,

and

J(t, x;u) =

3\sum 
k=t

\BbbE t
\bigl[ 
XT
k QkX

t
k + uTkRkuk

\bigr] 
+ \BbbE t

\bigl[ 
XT

4 GX4

\bigr] 
+ (\BbbE tX4)

T \=G\BbbE tX4,

where

A0 =

\biggl[ 
1 0.4
0.3 2

\biggr] 
, A1 =

\biggl[ 
1.102  - 0.24
0.53 1.89

\biggr] 
, A2 =

\biggl[ 
1.89 0.49
0 1.75

\biggr] 
,

A3 =

\biggl[ 
0.8  - 0.4
0.2 0.7

\biggr] 
, B0 =

\biggl[ 
1.2
 - 0.5

\biggr] 
, B1 =

\biggl[ 
1
1

\biggr] 
, B2 =

\biggl[ 
1.2
0.2

\biggr] 
,
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B3 =

\biggl[ 
1
0.3

\biggr] 
, D0 =

\biggl[ 
1
0.3

\biggr] 
, D1 =

\biggl[ 
1
0.4

\biggr] 
, D2 =

\biggl[ 
0.45
0.25

\biggr] 
,

D3 =

\biggl[ 
0.52
0

\biggr] 
, Q0 =

\biggl[ 
3 0.5
0.5  - 2

\biggr] 
, Q1 =

\biggl[ 
2  - 0.65

 - 0.65 0

\biggr] 
,

Q2 =

\biggl[ 
0.5 0.5
0.5  - 2

\biggr] 
, Q3 =

\biggl[ 
 - 0.1 0
0  - 0.75

\biggr] 
, R0 = 0, R1 =  - 2.5,

R2 = 1, R3 =  - 0.5, G =

\biggl[ 
1  - 0.1

 - 0.1 1

\biggr] 
, \=G =

\biggl[ 
 - 0.3 0
0  - 0.3

\biggr] 
,

and \{ wk, k = 0, 1, 2, 3\} is a martingale difference with constant second-order condi-
tional moment \BbbE k(w2

k) = 1, k = 0, 1, 2, 3.
Open-loop equilibrium control. For this LQ problem, by performing the iteration

(3.21), we have \widehat \BbbO 0 = 8.7645, \widehat \BbbO 1 =  - 0.4783, \widehat \BbbO 2 = 1.6935, \widehat \BbbO 3 = 0.7193. Because\widehat \BbbO 1 =  - 0.4783 < 0, for (t, x) with t = 0, 1 and x \in l2\scrF (0;\BbbR 2) or x \in l2\scrF (1;\BbbR 2) and
based on Corollary 3.7, the open-loop equilibrium control of this LQ problem must
not exist.

Feedback equilibrium strategy. By performing the iteration (3.24), we have \widetilde \BbbO 0 =

 - 11.0590, \widetilde \BbbO 1 = 20.5335, \widetilde \BbbO 2 =  - 0.5593, \widetilde \BbbO 3 = 0.4734. Because \widetilde \BbbO 0 < 0, \widetilde \BbbO 2 < 0, for
(t, x) with t = 0, 1, 2 and x \in l2\scrF (0;\BbbR 2) or x \in l2\scrF (1;\BbbR 2), and based on Corollary 3.8
and Theorem 3.12, the feedback equilibrium strategy of this LQ problem must not
exist.

Mixed equilibrium solution. We use the command ``randn"" of MATLAB to ran-
domly generate \Phi = \{ \Phi k, k = 0, 1, 2, 3\} . Note that \Phi k \in \BbbR 1\times 2,\BbbO k,\scrO k \in \BbbR 1, k =
0, 1, 2, 3, and let

\psi = [\Phi T0 , \Phi 
T
1 , \Phi 

T
2 , \Phi 

T
3 ]
T , \BbbO = (\BbbO 0,\BbbO 1,\BbbO 2,\BbbO 3), \scrO = (\scrO 0,\scrO 1,\scrO 2,\scrO 3).

By performing the iterations (3.9), (3.27), (3.28), we select 10 \psi s and get the corre-
sponding \BbbO s and \scrO s,

\psi =

\left[    
1.4090 1.4172
 - 0.1241 1.4897
0.7147  - 0.2050
0.7254  - 0.0631

\right]    , \BbbO = (42.1215, 21.2758, 3.1578, 0.4734),

\scrO = ( - 2.1680,  - 10.6485, 0.4740, 0.4734),

\psi =

\left[    
0.7269  - 0.3034
0.4889 1.0347
0.7172 1.6302
0.6715  - 1.2075

\right]    , \BbbO = (106.9951, 28.5844, 2.3227, 0.4734),

\scrO = ( - 2.4665,  - 10.5353, 0.4860, 0.4734),

\psi =

\left[    
0.3192 0.3129
 - 0.1022  - 0.2414
1.3703  - 1.7115
0.3252  - 0.7549

\right]    , \BbbO = (35.1212, 1.8350, 1.7640, 0.4734),

\scrO = ( - 0.8786,  - 9.8337, 0.4876, 0.4734),

\psi =

\left[    
 - 0.7648  - 1.4023
 - 0.1924 0.8886
 - 0.6156 0.7481
 - 1.0616 2.3505

\right]    , \BbbO = (20.1218, 2.2184, 0.8268, 0.4734),

\scrO = ( - 1.3929,  - 9.2281, 0.4817, 0.4734),
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\psi =

\left[    
 - 0.4390  - 1.7947
 - 0.0825  - 1.9330
 - 0.6669 0.1873
0.7223 2.5855

\right]    , \BbbO = (52.1877, 31.3899, 5.4614, 0.4734),

\scrO = ( - 1.9877,  - 10.6047, 0.4485, 0.4734),

\psi =

\left[    
0.4900 0.7394
0.3035  - 0.6003
0.1001  - 0.5445
0.8404  - 0.8880

\right]    , \BbbO = (31.4336, 2.6274, 2.9500, 0.4734),

\scrO = ( - 1.0423,  - 9.8977, 0.4799, 0.4734),

\psi =

\left[    
0.9610 0.1240
1.3546  - 1.0722
 - 2.1384  - 0.8396
1.7119  - 0.1941

\right]    , \BbbO = (429.0833, 38.2114, 6.7849, 0.4734),

\scrO = (1.1514,  - 8.0070, 0.4581, 0.4734),

\psi =

\left[    
1.3790  - 1.0582
2.9080 0.8252
 - 0.1977  - 1.2078
1.4367  - 1.9609

\right]    , \BbbO = (112.4586, 3.2533, 4.0958, 0.4734),

\scrO = (1.7922,  - 9.5504, 0.4799, 0.4734),

\psi =

\left[    
 - 1.1564  - 0.5336
 - 0.8314  - 0.9792
 - 1.7502  - 0.2857
0.0229  - 0.2620

\right]    , \BbbO = (7.6517, 5.3349, 1.3968, 0.4734),

\scrO = ( - 0.8077,  - 8.7128, 0.4881, 0.4734),

\psi =

\left[    
0.0513 0.8261
 - 0.3031 0.0230
 - 0.1952  - 0.2176
0.6601  - 0.0679

\right]    , \BbbO = (11.0638, 4.5685, 2.9632, 0.4734),

\scrO = ( - 1.2944,  - 9.9027, 0.4752, 0.4734).

For all 10 cases, \BbbO k, k = 0, 1, 2, 3, are all positive, and \scrO k, k = 0, 1, 2, 3, are all
invertible. Then, due to Theorem 3.13, for any (t, x) with t \in \{ 0, 1, 2, 3\} and x \in 
l2\scrF (t;\BbbR 2), the above 10 cases correspond to 10 mixed equilibrium solutions of the
considered LQ problem, which can be easily constructed from Theorem 3.13. For
example, with the last \psi given above, the mixed equilibrium solution is as follows.
Let

\Phi 0 = [0.0513 0.8261], \Phi 1 = [ - 0.3031 0.0230],

\Phi 2 = [ - 0.1952  - 0.2176], \Phi 3 = [0.6601  - 0.0679],

and
v0,xk =  - 

\bigl( 
\scrO \dagger 
k\scrL k +\Phi k

\bigr) 
X0,x,\ast 
k , k \in \{ 0, 1, 2, 3\} ,

with \Biggl\{ 
X0,x,\ast 
k+1 =

\bigl( 
Ak  - Bk\scrO \dagger 

k\scrL k
\bigr) 
X0,x,\ast 
k  - Dk\scrO \dagger 

k\scrL kX
0,x,\ast 
k wk,

X0,x,\ast 
0 = x, k \in \{ 0, 1, 2, 3\} ,

and

 - \scrO \dagger 
0\scrL 0 = [1.4347, 4.2547], - \scrO \dagger 

1\scrL 1 = [ - 0.3247,  - 0.5193],

 - \scrO \dagger 
2\scrL 2 = [1.4568, 0.3845], - \scrO \dagger 

3\scrL 3 = [ - 1.1787, 0.4035].

Then, (\Phi , v0,x) is a mixed equilibrium solution of this LQ problem for the initial pair
(0, x), where \Phi = \{ \Phi k, k = 0, 1, 2, 3\} .
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5. Summary. In this paper, the notion of a mixed equilibrium solution is intro-
duced for the time-inconsistent discrete-time mean-field stochastic LQ optimal control.
For a pair of pure-feedback strategy and open-loop control, necessary and sufficient
conditions are given to ensure that such a pair is a mixed equilibrium solution. On
this basis, the open-loop equilibrium control and feedback equivalent strategy can be
dealt with in a unified way.

Although we provide some relevant results, the theory for mixed equilibrium
solution is far from mature. From the example in section 4, we know that a remarkable
property of the mixed equilibrium solution is its nonuniqueness. Thus, we propose
that the following topics warrant further study:

(i) Characterize the set of all of the mixed equilibrium solutions of Problem (LQ).
(ii) Find the ``best"" mixed equilibrium solution, which should be the one under

which the equilibrium value function attains its extreme.
(iii) As a test, the multiperiod mean-variance portfolio selection must be thor-

oughly investigated.
(iv) Finally, the analysis should be extended beyond the realm of the LQ controls

and to a continuous-time setting.

Appendix A. Proof of Lemma 3.1. From (2.6) and (3.3), we have\left\{                       

\=X
k,\=uk,\lambda 

\ell +1  - Xk,\Phi 
\ell +1

\lambda =
\bigl( 
Ak,\ell +Bk,\ell \Phi \ell 

\bigr) \=X
k,\=uk,\lambda 

\ell  - Xk,\Phi 
\ell 

\lambda +
\bigl( 
\=Ak,\ell + \=Bk,\ell \Phi \ell 

\bigr) \BbbE kX
k,\lambda 
\ell  - \BbbE kX

k,uk
\ell 

\lambda 

+
\sum p
i=1

\Bigl[ \bigl( 
Cik,\ell +Di

k,\ell \Phi \ell 
\bigr) \=X

k,\=uk,\lambda 

\ell  - Xk,\Phi 
\ell 

\lambda 

+
\bigl( 
\=Cik,\ell +

\=Di
k,\ell \Phi \ell 

\bigr) \BbbE kX
k,\lambda 
\ell  - \BbbE kX

k,uk
\ell 

\lambda 

\Bigr] 
wi\ell ,

\=X
k,\=uk,\lambda 

k+1  - Xk,\Phi 
k+1

\lambda = \scrB k,k\=uk +
\sum p
i=1 \scrD i

k,k\=ukw
i
k,

\=X
k,\=uk,\lambda 

k  - Xk,\Phi 

\lambda = 0, \ell \in \BbbT k+1.

Denote
\=X
k,\=uk,\lambda 

\ell  - Xk,\Phi 
\ell 

\lambda by \alpha k,\=uk

\ell . Then \alpha k,\=uk = \{ \alpha k,\=uk

\ell , \ell \in \widetilde \BbbT k\} satisfies (3.4). Obvi-

ously, we have \=Xk,\=uk,\lambda 
\ell = Xk,\Phi 

\ell + \lambda \alpha k,\=uk

\ell , \ell \in \BbbT k. Then, we obtain

J
\bigl( 
k,Xt,x,\ast 

k ; (\Phi k \cdot \=Xk,\=uk,\lambda 
k + vt,xk + \lambda \=uk, (\Phi \=Xk,\=uk,\lambda + vt,x)| \BbbT k+1

)
\bigr) 

 - J
\bigl( 
k,Xt,x,\ast 

k ; (\Phi \cdot Xk,\Phi + vt,x)| \BbbT k

\bigr) 
= 2\lambda \BbbE k

\Biggl\{ 
N - 1\sum 
\ell =k

\Bigl[ 
(Xk,\Phi 

\ell )TQk,\ell \alpha 
k,\=uk

\ell + (\BbbE kXk,\Phi 
\ell )T \=Qk,\ell \BbbE k\alpha k,\=uk

\ell + qTk,\ell \alpha 
k,\=uk

\ell 

+ (\Phi \ell X
k,\Phi 
\ell + vt,x\ell )TRk,\ell \Phi \ell \alpha 

k,\=uk

\ell + \BbbE k(\Phi \ell Xk,\Phi 
\ell + vt,x\ell )T \=Rk,\ell \Phi \ell \BbbE k\alpha k,\=uk

\ell 

+ \rho Tk,\ell \Phi \ell \alpha 
k,\=uk

\ell 

\Bigr] 
+
\bigl[ 
\scrR k,k(\Phi kX

k,\Phi 
k + vt,xk ) + \rho k,k

\bigr] T
\=uk

+
\bigl[ 
GkX

k,\Phi 
N + FkX

t,x,\ast 
k + gk

\bigr] T
\alpha k,\=uk

N + (\BbbE kXk,\Phi 
N )T \=Gk\BbbE k\alpha k,\=uk

N

\Biggr\} 

+ \lambda 2

\Biggl\{ 
N - 1\sum 
\ell =k

\BbbE k
\Bigl[ 
(\alpha k,\=uk

\ell )TQk,\ell \alpha 
k,\=uk

\ell + (\BbbE k\alpha k,\=uk

\ell )T \=Qk,\ell \BbbE k\alpha k,\=uk

\ell 

+ (\alpha k,\=uk

\ell )T\Phi T\ell Rk,\ell \Phi \ell \alpha 
k,\=uk

\ell + (\BbbE k\alpha k,\=uk

\ell )T\Phi T\ell 
\=Rk,\ell \Phi \ell \BbbE k\alpha k,\=uk

\ell 

\Bigr] 
+ \BbbE k

\bigl[ 
\=uTk\scrR k,k\=uk

\bigr] 
+ \BbbE k

\bigl[ 
(\alpha k,\=uk

N )TGk\alpha 
k,\=uk

N

\bigr] 
+ (\BbbE k\alpha k,\=uk

N )T \=Gk\BbbE k\alpha k,\=uk

N

\Biggr\} 
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= 2\lambda \BbbE k

\Biggl\{ 
N - 1\sum 
\ell =k

\Bigl[ \Bigl( 
Qk,\ell X

k,\Phi 
\ell +\Phi T\ell Rk,\ell (\Phi \ell X

k,\Phi 
\ell + vt,x\ell ) + qk,\ell +\Phi T\ell \rho k,\ell 

\Bigr) T
\alpha k,\=uk

\ell 

+
\Bigl( 
\=Qk,\ell \BbbE kXk,\Phi 

\ell +\Phi T\ell \=Rk,\ell (\Phi \ell \BbbE kXk,\Phi 
\ell + \BbbE kvt,x\ell )

\Bigr) T
\BbbE k\alpha k,\=uk

\ell 

\Bigr] 
+
\bigl[ 
\scrR k,k(\Phi kX

k,\Phi 
k + vt,xk ) + \rho k,k

\bigr] T
\=uk +

\bigl[ 
GkX

k,\Phi 
N + FkX

t,x,\ast 
k + gk

\bigr] T
\alpha k,\=uk

N

+ (\BbbE kXk,\Phi 
N )T \=Gk\BbbE k\alpha k,\=uk

N

\Biggr\} 
+ \lambda 2 \widetilde J(k, 0; \=uk).(A.1)

From (3.4) and (3.5), it follows that

\BbbE k

\Biggl\{ 
N - 1\sum 
\ell =k

\Bigl[ \Bigl( 
Qk,\ell X

k,\Phi 
\ell + (\Phi \ell )

TRk,\ell (\Phi \ell X
k,\Phi 
\ell + vt,x\ell ) + qk,\ell +\Phi T\ell \rho k,\ell 

\Bigr) T
\alpha k,\=uk

\ell 

+
\Bigl( 
\=Qk,\ell \BbbE kXk,\Phi 

\ell + (\Phi \ell )
T \=Rk,\ell (\Phi \ell \BbbE kXk,\Phi 

\ell + \BbbE kvt,x\ell )
\Bigr) T

\BbbE k\alpha k,\=uk

\ell 

\Bigr] 
+
\bigl[ 
\scrR k,k(\Phi kX

k,\Phi 
k + vt,xk ) + \rho k,k

\bigr] T
\=uk +

\bigl[ 
GkX

k,\Phi 
N + FkX

t,x,\ast 
k + gk

\bigr] T
\alpha k,\=uk

N

+ (\BbbE kXk,\Phi 
N )T \=Gk\BbbE k\alpha k,\=uk

N

\Biggr\} 

=

N - 1\sum 
\ell =k

\BbbE k

\Biggl\{ \Bigl[ \bigl( 
Qk,\ell +\Phi T\ell Rk,\ell \Phi \ell 

\bigr) 
(Xk,\Phi 

\ell  - \BbbE kXk,\Phi 
\ell ) + \Phi T\ell Rk,\ell (v

t,x
\ell  - \BbbE kvt,x\ell )

+ (Ak,\ell +Bk,\ell \Phi \ell )
T (\BbbE \ell Y k,\Phi \ell +1  - \BbbE kY k,\Phi \ell +1 )

+

p\sum 
i=1

(Cik,\ell +Di
k,\ell \Phi \ell )

T
\bigl( 
\BbbE \ell (Y k,\Phi \ell +1w

i
\ell ) - \BbbE k(Y k,\Phi \ell +1w

i
\ell )
\bigr) 

 - (Y k,\Phi \ell  - \BbbE kY k,\Phi \ell )
\Bigr] T

(\alpha k,\=uk

\ell  - \BbbE k\alpha k,\=uk

\ell )

+
\Bigl[ \bigl( 
\scrQ k,\ell +\Phi T\ell \scrR k,\ell \Phi \ell 

\bigr) 
\BbbE kXk,\Phi 

\ell +\Phi T\ell \scrR k,\ell \BbbE kvt,x\ell 

+ qk,\ell +\Phi T\ell \rho k,\ell +

p\sum 
i=1

(\scrC ik,\ell +\scrD i
k,\ell \Phi \ell )

T\BbbE k(Y k,\Phi \ell +1w
i
\ell )

+ (\scrA k,\ell + \scrB k,\ell \Phi \ell )T\BbbE kY k,\Phi \ell +1  - \BbbE kY k,\Phi \ell 

\Bigr] T
\BbbE k\alpha k,\=uk

\ell 

\Biggr\} 

+

\Biggl[ 
\scrR k,k(\Phi kX

k,\Phi 
k + vt,xk ) + \scrB Tk,k\BbbE kY

k,\Phi 
k+1 +

p\sum 
i=1

(\scrD i
k,k)

T\BbbE k(Y k,\Phi k+1w
i
k) + \rho k,k

\Biggr] T
\=uk

=

\Biggl[ 
\scrR k,k(\Phi kX

k,\Phi 
k + vt,xk ) + \scrB Tk,k\BbbE kY

k,\Phi 
k+1 +

p\sum 
i=1

(\scrD i
k,k)

T\BbbE k(Y k,\Phi k+1w
i
k) + \rho k,k

\Biggr] T
\=uk.

From (A.1), we can complete the proof.
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Appendix B. Proof of Lemma 3.3. By simple calculation, we have

\BbbE N - 1Y
k,\Phi 
N

= \BbbE N - 1

\bigl[ 
GkX

k,\Phi 
N + \=Gk\BbbE kXk,\Phi 

N + FkX
t,x,\ast 
k + gk

\bigr] 
= Gk(Ak,N - 1 +Bk,N - 1\Phi N - 1)X

k,\Phi 
N - 1

+
\bigl[ 
Gk( \=Ak,N - 1 + \=Bk,N - 1\Phi N - 1) + \=Gk(\scrA k,N - 1 + \scrB k,N - 1\Phi N - 1)

\bigr] 
\BbbE kXk,\Phi 

N - 1

+ GkBk,N - 1\Gamma N - 1X
t,x,\ast 
N - 1 +

\bigl[ 
Gk \=Bk,N - 1 + \=Gk\scrB k,N - 1

\bigr] 
\Gamma N - 1\BbbE kXt,x,\ast 

N - 1

+ \scrG k\scrB k,N - 1\=v
t,x
N - 1 + \scrG kfk,N - 1 + FkX

t,x,\ast 
k + gk,

\BbbE kY k,\Phi N

= \scrG k(\scrA k,N - 1 + \scrB k,N - 1\Phi N - 1)\BbbE kXk,\Phi 
N - 1 + \scrG k\scrB k,N - 1

\bigl( 
\Gamma N - 1\BbbE kXt,x,\ast 

N - 1 + \=vt,xN - 1

\bigr) 
+ \scrG kfk,N - 1 + FkX

t,x,\ast 
k + gk,

\BbbE N - 1[Y
k,\Phi 
N wiN - 1]

= \BbbE N - 1

\bigl[ \bigl( 
GkX

k,\Phi 
N + \=Gk\BbbE kXk,\Phi 

N + FkX
t,x,\ast 
k + gk

\bigr) 
wiN - 1

\bigr] 
= Gk

p\sum 
j=1

\delta ijN - 1

\Bigl[ 
(Cjk,N - 1 +Dj

k,N - 1\Phi N - 1)X
k,\Phi 
N - 1 + ( \=Cjk,N - 1 +

\=Dj
k,N - 1\Phi N - 1)\BbbE kXk,\Phi 

N - 1

+ Dj
k,N - 1\Gamma N - 1X

t,x,\ast 
N - 1 +

\=Dj
k,N - 1\Gamma N - 1\BbbE kXt,x,\ast 

N - 1 +\scrD j
k,N - 1\=v

t,x
N - 1 + djk,N - 1

\Bigr] 
,

\BbbE k[Y k,\Phi N wiN - 1]

= Gk

p\sum 
j=1

\delta ijN - 1

\Bigl[ 
(\scrC jk,N - 1 +\scrD j

k,N - 1\Phi N - 1)\BbbE kXk,\Phi 
N - 1

+ \scrD j
k,N - 1

\bigl( 
\Gamma N - 1\BbbE kXt,x,\ast 

N - 1 + \=vt,xN - 1

\bigr) 
+ djk,N - 1

\Bigr] 
.

From (3.8), we have

Y k,\Phi N - 1 = Qk,N - 1X
k,\Phi 
N - 1 +

\=Qk,N - 1\BbbE kXk,\Phi 
N - 1 +\Phi TN - 1Rk,N - 1\Phi N - 1X

k,\Phi 
N - 1

+\Phi TN - 1
\=Rk,N - 1\Phi N - 1\BbbE kXk,\Phi 

N - 1 +\Phi TN - 1Rk,N - 1

\bigl( 
\Gamma N - 1X

t,x,\ast 
N - 1 + \=vt,xN - 1

\bigr) 
+\Phi TN - 1

\=Rk,N - 1

\bigl( 
\Gamma N - 1\BbbE kXt,x,\ast 

N - 1 + \=vt,xN - 1

\bigr) 
+
\bigl( 
Ak,N - 1 +Bk,N - 1\Phi N - 1

\bigr) T\BbbE N - 1Y
k,\Phi 
N

+
\bigl( 
\=Ak,N - 1 + \=Bk,N - 1\Phi N - 1

\bigr) T\BbbE kY k,\Phi N

+

p\sum 
i=1

\bigl[ \bigl( 
Cik,N - 1 +Di

k,N - 1\Phi N - 1

\bigr) T\BbbE N - 1

\bigl( 
Y k,\Phi N wiN - 1

\bigr) 
+
\bigl( 
\=Cik,N - 1 + \=Di

k,N - 1\Phi N - 1

\bigr) T\BbbE k\bigl( Y k,\Phi N wiN - 1

\bigr) \bigr] 
+\Phi TN - 1\rho k,N - 1 + qk,N - 1
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=

\Biggl\{ 
Qk,N - 1 +\Phi TN - 1Rk,N - 1\Phi N - 1 +

\bigl( 
Ak,N - 1 +Bk,N - 1\Phi N - 1

\bigr) T
\times Gk

\bigl( 
Ak,N - 1 +Bk,N - 1\Phi N - 1

\bigr) 
+

p\sum 
i,j=1

\delta ijN - 1

\bigl( 
Cik,N - 1 +Di

k,N - 1\Phi N - 1

\bigr) T
\times Gk

\bigl( 
Cjk,N - 1 +Dj

k,N - 1\Phi N - 1

\bigr) \Biggr\} 
Xk,\Phi 
N - 1

+

\Biggl\{ 
\=Qk,N - 1 +\Phi TN - 1

\=Rk,N - 1\Phi N - 1

+
\bigl( 
Ak,N - 1 +Bk,N - 1\Phi N - 1

\bigr) T \bigl[ 
Gk( \=Ak,N - 1 + \=Bk,N - 1\Phi N - 1)

+ \=Gk(\scrA k,N - 1 + \scrB k,N - 1\Phi N - 1)
\bigr] 

+
\bigl( 
\=Ak,N - 1 + \=Bk,N - 1\Phi N - 1

\bigr) T\scrG k(\scrA k,N - 1 + \scrB k,N - 1\Phi N - 1)

+

j\sum 
i,j=1

\delta ijN - 1

\bigl[ \bigl( 
Cik,N - 1 +Di

k,N - 1\Phi N - 1

\bigr) T
Gk( \=C

j
k,N - 1 +

\=Dj
k,N - 1\Phi N - 1)

+
\bigl( 
\=Cik,N - 1 + \=Di

k,N - 1\Phi N - 1

\bigr) T
Gk(\scrC jk,N - 1 +\scrD j

k,N - 1\Phi N - 1)
\bigr] \Biggr\} 

\BbbE kXk,\Phi 
N - 1

+

\Biggl\{ 
\Phi TN - 1Rk,N - 1 +

\bigl( 
Ak,N - 1 +Bk,N - 1\Phi N - 1

\bigr) T
GkBk,N - 1

+

p\sum 
i,j=1

\delta ijN - 1

\bigl( 
Cik,N - 1 +Di

k,N - 1\Phi N - 1

\bigr) T
GkD

j
k,N - 1

\Biggr\} \bigl( 
\Gamma N - 1X

t,x,\ast 
N - 1+\=vt,xN - 1

\bigr) 
+

\Biggl\{ 
\Phi TN - 1

\=Rk,N - 1 +
\bigl( 
Ak,N - 1 +Bk,N - 1\Phi N - 1

\bigr) T \bigl( 
Gk \=Bk,N - 1 + \=Gk\scrB k,N - 1

\bigr) 
+
\bigl( 
\=Ak,N - 1 + \=Bk,N - 1\Phi N - 1

\bigr) T\scrG k\scrB k,N - 1

+

p\sum 
i,j=1

\delta ijN - 1

\bigl[ \bigl( 
Cik,N - 1 +Di

k,N - 1\Phi N - 1

\bigr) T
Gk \=D

j
k,N - 1

+
\bigl( 
\=Cik,N - 1 + \=Di

k,N - 1\Phi N - 1

\bigr) T
Gk\scrD j

k,N - 1

\bigr] \Biggr\} \bigl( 
\Gamma N - 1\BbbE kXt,x,\ast 

N - 1 + \=vt,xN - 1

\bigr) 
+
\bigl( 
Ak,N - 1 +Bk,N - 1\Phi N - 1

\bigr) T \bigl( \scrG kfk,N - 1 + FkX
t,x,\ast 
k + gk

\bigr) 
+
\bigl( 
\=Ak,N - 1 + \=Bk,N - 1\Phi N - 1

\bigr) T \bigl( \scrG kfk,N - 1 + FkX
t,x,\ast 
k + gk

\bigr) 
+

p\sum 
i,j=1

\delta ijN - 1

\bigl[ \bigl( 
Cik,N - 1 +Di

k,N - 1\Phi N - 1

\bigr) T
Gkd

j
k,N - 1

+
\bigl( 
\=Cik,N - 1 + \=Di

k,N - 1\Phi N - 1

\bigr) T
Gkd

j
k,N - 1

\bigr] 
+\Phi TN - 1\rho k,N - 1 + qk,N - 1
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= Sk,N - 1X
k,\Phi 
N - 1 +

\=Sk,N - 1\BbbE kXk,\Phi 
N - 1 + Tk,N - 1X

t,x,\ast 
N - 1 +

\=TN - 1\BbbE kXt,x,\ast 
N - 1

+ Uk,N - 1X
t,x,\ast 
k + \pi k,N - 1.

In the above, we apply the property \=vt,x \in l2(\BbbT t;\BbbR m). By deduction, we can get the
desired result.

Appendix C. Proof of Theorem 3.5. (i)\Rightarrow (ii). Let (\Phi , vt,x) be a mixed
equilibrium solution of Problem (LQ)tx, which satisfies (3.6) and (3.7). By simple
calculation, we have

\widetilde J(k, 0; \=uk) = N - 1\sum 
\ell =k

\BbbE k
\Bigl[ 
(\alpha k,\=uk

\ell +1  - \BbbE k\alpha k,\=uk

\ell +1 )
TSk,\ell +1(\alpha 

k,\=uk

\ell +1  - \BbbE k\alpha k,\=uk

\ell +1 )

 - (\alpha k,\=uk

\ell  - \BbbE k\alpha k,\=uk

\ell )TSk,\ell (\alpha 
k,\=uk

\ell  - \BbbE k\alpha k,\=uk

\ell )

+ (\alpha k,\=uk

\ell  - \BbbE k\alpha k,\=uk

\ell )T
\bigl( 
Qk,\ell +\Phi T\ell Rk,\ell \Phi \ell 

\bigr) 
(\alpha k,\=uk

\ell  - \BbbE k\alpha k,\=uk

\ell )

+ (\BbbE k\alpha k,\=uk

\ell +1 )
T\scrS k,\ell +1\BbbE k\alpha k,\=uk

\ell +1  - (\BbbE k\alpha k,\=uk

\ell )T\scrS k,\ell \BbbE k\alpha k,\=uk

\ell 

+ (\BbbE k\alpha k,\=uk

\ell )T
\bigl( 
\scrQ k,\ell +\Phi T\ell \scrR k,\ell \Phi \ell 

\bigr) 
\BbbE k\alpha k,\=uk

\ell 

\Bigr] 
+ \BbbE k

\bigl[ 
\=uTk\scrR k,k\=uk

\bigr] 
= \BbbE k

\bigl[ 
\=uTk\BbbO k\=uk

\bigr] 
= \=uTk\BbbO k\=uk.(C.1)

From (3.7) and (C.1), it holds that

inf
\=uk\in L2

\scrF (k;\BbbR m)

\widetilde J(k, 0; \=uk) = inf
\=uk\in L2

\scrF (k;\BbbR m)

\bigl[ 
\=uTk\BbbO k\=uk

\bigr] 
\geq 0,

which implies \BbbO k \succeq 0. Then, (3.9) is solvable.
We now prove (b) and (c). Letting k = N  - 1 in (3.6) and noting

\BbbE N - 1Y
N - 1,\Phi 
N = \scrG N - 1(\scrA N - 1,N - 1 + \scrB N - 1,N - 1\Phi N - 1)X

N - 1,\Phi 
N - 1

+ \scrG N - 1\scrB N - 1,N - 1v
t,x
N - 1

+ \scrG N - 1fN - 1,N - 1 + FN - 1X
t,x,\ast 
N - 1 + gN - 1,

\BbbE N - 1(Y
N - 1,\Phi 
N wiN - 1) = GN - 1

p\sum 
i,j=1

\delta ijN - 1

\Bigl[ 
(\scrC jN - 1,N - 1 +\scrD j

N - 1,N - 1\Phi N - 1)X
N - 1,\Phi 
N - 1

+\scrD j
N - 1,N - 1v

t,x
N - 1 + djN - 1,N - 1

\Bigr] 
,(C.2)

we have

0 = \scrR N - 1,N - 1(\Phi N - 1X
t,x,\ast 
N - 1 + vt,xN - 1) + \scrB TN - 1,N - 1\BbbE N - 1Y

N - 1,\Phi 
N

+

p\sum 
i=1

(\scrD i
N - 1,N - 1)

T\BbbE N - 1

\bigl( 
Y N - 1,\Phi 
N wiN - 1

\bigr) 
+ \rho N - 1,N - 1

=

\Biggl[ 
\scrR N - 1,N - 1 + \scrB TN - 1,N - 1\scrG N - 1\scrB N - 1,N - 1

+

p\sum 
i,j=1

\delta ijN - 1(\scrD 
i
N - 1,N - 1)

TGN - 1\scrD j
N - 1,N - 1

\Biggr] \bigl( 
\Phi N - 1X

t,x,\ast 
N - 1 + vt,xN - 1
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MIXED SOLUTION OF TIME-INCONSISTENT LQ PROBLEM 561

+

\Biggl[ 
\scrB TN - 1,N - 1\scrG N - 1\scrA N - 1,N - 1 +

p\sum 
i,j=1

\delta ijN - 1(\scrD 
i
N - 1,N - 1)

TGN - 1\scrC jN - 1,N - 1

+ \scrB TN - 1,N - 1FN - 1

\Biggr] 
Xt,x,\ast 
N - 1 + \scrB TN - 1,N - 1\scrG N - 1fN - 1,N - 1

+

p\sum 
i,j=1

\delta ijN - 1(\scrD 
i
N - 1,N - 1)

TGN - 1d
j
N - 1,N - 1 + \scrB TN - 1,N - 1gN - 1 + \rho N - 1,N - 1

= \scrO N - 1

\bigl( 
\Phi N - 1X

t,x,\ast 
N - 1 + vt,xN - 1

\bigr) 
+ \scrL N - 1X

t,x,\ast 
N - 1 + \theta N - 1.(C.3)

Here, XN - 1,\Phi 
N - 1 = Xt,x,\ast 

N - 1 and\left\{                     

\scrO N - 1 = \scrR N - 1,N - 1 + \scrB TN - 1,N - 1\scrG N - 1\scrB N - 1,N - 1

+
\sum p
i,j=1 \delta 

ij
N - 1(\scrD i

N - 1,N - 1)
TGN - 1\scrD j

N - 1,N - 1,

\scrL N - 1 = \scrB TN - 1,N - 1\scrG N - 1\scrA N - 1,N - 1 + \scrB TN - 1,N - 1FN - 1

+
\sum p
i,j=1 \delta 

ij
N - 1(\scrD i

N - 1,N - 1)
TGN - 1\scrC jN - 1,N - 1,

\theta N - 1 = \scrB TN - 1,N - 1\scrG N - 1fN - 1,N - 1 +
\sum p
i,j=1 \delta 

ij
N - 1(\scrD i

N - 1,N - 1)
TGN - 1d

j
N - 1,N - 1

+ \scrB TN - 1,N - 1gN - 1 + \rho N - 1,N - 1.

Note that (\Phi , vt,x) is a mixed equilibrium solution and Xt,x,\ast is given in (2.8). As
\Phi N - 1X

t,x,\ast 
N - 1 + vt,xN - 1 satisfies (C.3), it holds from Lemma 3.4 that (C.3) is equivalent

to

\scrL N - 1X
t,x,\ast 
N - 1 + \theta N - 1 \in Ran

\bigl( 
\scrO N - 1

\bigr) 
,(C.4)

and for some \eta N - 1 \in \BbbR m,

\Phi N - 1X
t,x,\ast 
N - 1 + vt,xN - 1 =  - \scrO \dagger 

N - 1\scrL N - 1X
t,x,\ast 
N - 1  - \scrO \dagger 

N - 1\theta N - 1

+
\bigl( 
I  - \scrO \dagger 

N - 1\scrO N - 1

\bigr) 
\eta N - 1.(C.5)

Clearly, (C.5) is equivalent to

vt,xN - 1 =  - (\scrO \dagger 
N - 1\scrL N - 1 +\Phi N - 1)X

t,x,\ast 
N - 1  - \scrO \dagger 

N - 1\theta N - 1

+
\bigl( 
I  - \scrO \dagger 

N - 1\scrO N - 1

\bigr) 
\eta N - 1(C.6)

for some \eta N - 1 \in \BbbR m. If we replace vt,xN - 1 of (C.6) by

vt,xN - 1 =  - (\scrO \dagger 
N - 1\scrL N - 1 +\Phi N - 1)X

t,x,\ast 
N - 1  - \scrO \dagger 

N - 1\theta N - 1,(C.7)

then the new pair (\Phi , vt,x) with vt,xN - 1 given in (C.7) can also serve as a mixed equi-

librium solution. By submitting the pair (\Phi N - 1, v
t,x
N - 1) (with vt,xN - 1 given in (C.7)),

the equations in (C.3) are also satisfied. Therefore, the vt,xN - 1 (in (C.3)) is selected as

vt,xN - 1 =  - (\scrO \dagger 
N - 1\scrL N - 1 +\Phi N - 1)X

t,x,\ast 
N - 1  - \scrO \dagger 

N - 1\theta N - 1.(C.8)
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Substituting this vt,xN - 1 into Lemma 3.3, we have

Y N - 2,\Phi 
N - 1 = SN - 2,N - 1X

N - 2,\Phi 
N - 1 + \=SN - 2,N - 1\BbbE N - 2X

N - 2,\Phi 
N - 1 + TN - 2,N - 1X

t,x,\ast 
N - 1

+ \=TN - 2,N - 1\BbbE N - 2X
t,x,\ast 
N - 1 + UN - 2,N - 1X

t,x,\ast 
N - 2 + \pi N - 2,N - 1.

In this case, it holds that

\BbbE N - 2Y
N - 2,\Phi 
N - 1

=
\bigl( 
\scrS N - 2,N - 1 + \scrT N - 2,N - 1

\bigr) \Bigl[ 
\scrA N - 2,N - 2X

t,x,\ast 
N - 2 + \scrB N - 2,N - 2

\bigl( 
\Phi N - 2X

t,x,\ast 
N - 2 + vt,xN - 2

\bigr) 
+ fN - 2,N - 2

\Bigr] 
+ UN - 2,N - 1X

t,x,\ast 
N - 2 + \pi N - 2,N - 1,

and

\BbbE N - 2

\bigl( 
Y N - 2,\Phi 
N - 1 wiN - 2

\bigr) 
=
\bigl( 
SN - 2,N - 1 + TN - 2,N - 1

\bigr) p\sum 
j=1

\delta ijN - 2

\Bigl[ 
\scrC jN - 2,N - 2X

t,x,\ast 
N - 2

+\scrD j
N - 2,N - 2

\bigl( 
\Phi N - 2X

t,x,\ast 
N - 2+v

t,x
N - 2

\bigr) 
+djN - 2,N - 2

\Bigr] 
.

Therefore, we have

0 = \scrR N - 2,N - 2(\Phi N - 2X
t,x,\ast 
N - 2 + vt,xN - 2) + \scrB TN - 2,N - 2\BbbE N - 2Y

N - 2,\Phi 
N - 1

+

p\sum 
i=1

(\scrD i
N - 2,N - 2)

T\BbbE N - 2

\bigl( 
Y N - 2,\Phi 
N - 1 wiN - 2

\bigr) 
+ \rho N - 2,N - 2

=

\Biggl[ 
\scrR N - 2,N - 2 + \scrB TN - 2,N - 2

\bigl( 
\scrS N - 2,N - 1 + \scrT N - 2,N - 1

\bigr) 
\scrB N - 2,N - 2

+

p\sum 
i,j=1

\delta ijN - 2(\scrD 
i
N - 2,N - 2)

T
\bigl( 
SN - 2,N - 1 + TN - 2,N - 1

\bigr) 
\scrD j
N - 2,N - 2

\Biggr] 

\times 
\bigl( 
\Phi N - 2X

t,x,\ast 
N - 2 + vt,xN - 2

\bigr) 
+

\Biggl[ 
\scrB TN - 2,N - 2

\bigl( 
\scrS N - 2,N - 1 + \scrT N - 2,N - 1

\bigr) 
\times \scrA N - 2,N - 2 + \scrB TN - 2,N - 2UN - 2,N - 1

+

p\sum 
i,j=1

\delta ijN - 2(\scrD 
i
N - 2,N - 2)

T
\bigl( 
SN - 2,N - 1 + TN - 2,N - 1

\bigr) 
\scrC jN - 2,N - 2

\Biggr] 
Xt,x,\ast 
N - 2

+ \scrB TN - 2,N - 2

\bigl( 
\scrS N - 2,N - 1 + \scrT N - 2,N - 1

\bigr) 
fN - 2,N - 2

+

p\sum 
i,j=1

\delta ijN - 2(\scrD 
i
N - 2,N - 2)

T
\bigl( 
SN - 2,N - 1 + TN - 2,N - 1

\bigr) 
djN - 2,N - 2

+ \scrB TN - 2,N - 2\pi N - 2,N - 1 + \rho N - 2,N - 2

= \scrO N - 2

\bigl( 
\Phi N - 2X

t,x,\ast 
N - 2 + vt,xN - 2

\bigr) 
+ \scrL N - 2X

t,x,\ast 
N - 2 + \theta N - 2,(C.9)

D
ow

nl
oa

de
d 

07
/1

9/
22

 to
 1

58
.1

32
.1

61
.1

81
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 
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where XN - 2,\Phi 
N - 2 = Xt,x,\ast 

N - 2 and

\left\{                         

\scrO N - 2 = \scrR N - 2,N - 2 + \scrB TN - 2,N - 2

\bigl( 
\scrS N - 2,N - 1 + \scrT N - 2,N - 1

\bigr) 
\scrB N - 2,N - 2

+
\sum p
i,j=1 \delta 

ij
N - 2(\scrD i

N - 2,N - 2)
T
\bigl( 
SN - 2,N - 1 + TN - 2,N - 1

\bigr) 
\scrD j
N - 2,N - 2,

\scrL N - 2 = \scrB TN - 2,N - 2

\bigl( 
\scrS N - 2,N - 1 + \scrT N - 2,N - 1

\bigr) 
\scrA N - 2,N - 2 + \scrB TN - 2,N - 2UN - 2,N - 1

+
\sum p
i,j=1 \delta 

ij
N - 2(\scrD i

N - 2,N - 2)
T
\bigl( 
SN - 2,N - 1 + TN - 2,N - 1

\bigr) 
\scrC jN - 2,N - 2,

\theta N - 2 = \scrB TN - 2,N - 2

\bigl( 
\scrS N - 2,N - 1 + \scrT N - 2,N - 1

\bigr) 
fN - 2,N - 2

+
\sum p
i,j=1 \delta 

ij
N - 2(\scrD i

N - 2,N - 2)
T
\bigl( 
SN - 2,N - 1 + TN - 2,N - 1

\bigr) 
djN - 2,N - 2

+ \scrB TN - 2,N - 2\pi N - 2,N - 1 + \rho N - 2,N - 2.

The following argument is similar to that between (C.4) and (C.8). Note that (\Phi , vt,x)
is a mixed equilibrium solution and Xt,x,\ast is given in (2.8). Because \Phi N - 2X

t,x,\ast 
N - 2 +

vt,xN - 2 satisfies (C.9), we have from Lemma 3.4 that (C.9) is equivalent to

\scrL N - 2X
t,x,\ast 
N - 2 + \theta N - 2 \in Ran

\bigl( 
\scrO N - 2

\bigr) 
,(C.10)

and for some \eta N - 2 \in \BbbR m,

\Phi N - 2X
t,x,\ast 
N - 2 + vt,xN - 2 =  - \scrO \dagger 

N - 2\scrL N - 2X
t,x,\ast 
N - 2  - \scrO \dagger 

N - 2\theta N - 2 +
\bigl( 
I  - \scrO \dagger 

N - 2\scrO N - 2

\bigr) 
\eta N - 2,

or equivalently,

vt,xN - 2 =  - (\scrO \dagger 
N - 2\scrL N - 2 +\Phi N - 2)X

t,x,\ast 
N - 2  - \scrO \dagger 

N - 2\theta N - 2 +
\bigl( 
I  - \scrO \dagger 

N - 2\scrO N - 2

\bigr) 
\eta N - 2.

If we replace vt,xN - 1, v
t,x
N - 2 of (\Phi , vt,x) by (C.8) and

vt,xN - 2 =  - (\scrO \dagger 
N - 2\scrL N - 2 +\Phi N - 2)X

t,x,\ast 
N - 2  - \scrO \dagger 

N - 2\theta N - 2,(C.11)

then the new pair (\Phi , vt,x) is also a mixed equilibrium solution.
By repeating the procedure between (C.2) and (C.11), we have the properties (b)

and (c).
(ii)\Rightarrow (i). For k \in \BbbT , (C.1), and \BbbO k \succeq 0, we have

inf
\=uk\in L2

\scrF (k;\BbbR m)

\widetilde J(k, 0; \=uk) = inf
\=uk\in L2

\scrF (k;\BbbR m)

\bigl[ 
\=uTk\BbbO k\=uk

\bigr] 
\geq 0,

which implies (3.7). Furthermore, based on Lemma 3.4 and by reversing the procedure
of (i)\Rightarrow (ii), we can assert that (\Phi , vt,x) with vt,x given in (3.12) is a mixed equilibrium
solution of Problem (LQ)tx.

Appendix D. Proof of Theorem 3.12. (i)\leftrightarrow (ii). Note that (3.17) is equiv-

alent to \widetilde \BbbO k \widetilde \BbbO \dagger 
k

\bigl( \widetilde \BbbL kXt,x,\ast 
k + \widetilde \theta k\bigr) = \widetilde \BbbL kXt,x,\ast 

k + \widetilde \theta k, k \in \BbbT t. Letting k = t and taking

different xs, we have \widetilde \BbbO t\widetilde \BbbO \dagger 
t
\widetilde \BbbL t = \widetilde \BbbL t, \widetilde \BbbO t\widetilde \BbbO \dagger 

t
\widetilde \theta t = \widetilde \theta t. Because for any (t, x) with t \in \BbbT 

and x \in l2\scrF (t;\BbbR n) Problem (LQ)tx admits a linear feedback equilibrium strategy,
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we must have the solvability of (3.24)--(3.25). Furthermore, from the solvability of
(3.24)--(3.25), it is not hard to confirm the existence of a linear feedback equilibrium
strategy.

(ii)\Rightarrow (iii) Let \Phi = \{  - \widetilde \BbbO \dagger 
k
\widetilde \BbbL k, k \in \BbbT \} , v = \{  - \widetilde \BbbO \dagger 

k
\widetilde \theta k, k \in \BbbT \} . Then, for any (t, x)

with t \in \BbbT and x \in l2(t;\BbbR n), (\Phi , v)| \BbbT t is a linear feedback equilibrium strategy.
(iii)\Rightarrow (iv). Let \psi = (\Phi , v). Then, this \psi satisfies the property of (iv).
(iv)\Rightarrow (ii). We adopt a backward procedure to prove (ii). First, letting t = N  - 1,

then (2.1) reads as

J
\bigl( 
N  - 1, XN - 1,x,\ast 

N - 1 ;\psi N - 1(X
N - 1,\psi 
N - 1 )

\bigr) 
\leq J

\bigl( 
N  - 1, XN - 1,x,\ast 

N - 1 ;uN - 1

\bigr) 
, \forall uN - 1 \in l2\scrF (N  - 1;\BbbR m).(D.1)

Noting XN - 1,x,\ast 
N - 1 = XN - 1,\psi 

N - 1 = x, it follows that

J(N  - 1, x;uN - 1)

= xT

\Biggl[ 
\scrQ N - 1,N - 1 +\scrA T

N - 1,N - 1\scrG N - 1\scrA N - 1,N - 1 + 2\scrA T
N - 1,N - 1FN - 1

+

p\sum 
i,j=1

\delta ijN - 1(\scrC 
i
N - 1,N - 1)

TGN - 1\scrC jN - 1,N - 1

\Biggr] 
x

+2

\Biggl[ 
xT
\bigl( 
\scrA T
N - 1,N - 1\scrG N - 1\scrB N - 1,N - 1 + FTN - 1\scrB N - 1,N - 1

+

p\sum 
i,j=1

\delta ijN - 1(\scrC 
i
N - 1,N - 1)

TGN - 1\scrD j
N - 1,N - 1

\bigr) 
+ fTN - 1,N - 1\scrG N - 1\scrB N - 1,N - 1

+

p\sum 
i,j=1

\delta ijN - 1(d
i
N - 1,N - 1)

TGN - 1\scrD j
N - 1,N - 1 + \rho TN - 1,N - 1 + gTN - 1\scrB N - 1,N - 1

\Biggr] 
uN - 1

+uTN - 1

\Biggl[ 
\scrR N - 1,N - 1 + \scrB TN - 1,N - 1\scrG N - 1\scrB N - 1,N - 1

+

p\sum 
i,j=1

\delta ijN - 1(\scrD 
i
N - 1,N - 1)

TGN - 1\scrD j
N - 1,N - 1

\Biggr] 
uN - 1

+2xT

\Biggl[ 
qN - 1,N - 1 +\scrA T

N - 1,N - 1\scrG N - 1fN - 1,N - 1 +\scrA T
N - 1,N - 1gN - 1

+

p\sum 
i,j=1

\delta ijN - 1(\scrC 
i
N - 1,N - 1)

TGN - 1d
j
N - 1,N - 1 + FTN - 1fN - 1,N - 1

\Biggr] 

+ fTN - 1\scrG N - 1fN - 1+2gTN - 1fN - 1,N - 1

+

p\sum 
i,j=1

\delta ijN - 1(d
i
N - 1,N - 1)

TGN - 1d
j
N - 1,N - 1

\geq J
\bigl( 
N  - 1, x;\psi N - 1(x)

\bigr) 
>  - \infty .
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The last inequality occurs because \psi \in \BbbF \BbbT . Based on a lemma in [20], we have

\widetilde \BbbO N - 1 \succeq 0, \widetilde \BbbO N - 1
\widetilde \BbbO \dagger 
N - 1

\widetilde \BbbL N - 1 = \widetilde \BbbL N - 1, \widetilde \BbbO N - 1
\widetilde \BbbO \dagger 
N - 1

\widetilde \theta N - 1 = \widetilde \theta N - 1,

and for any uN - 1 \in L2
\scrF (N  - 1;\BbbR m),

J(N  - 1, x;uN - 1)

= (\widetilde \BbbO N - 1uN - 1 + \widetilde \BbbL N - 1x+ \widetilde \theta N - 1)
T \widetilde \BbbO \dagger 

N - 1(
\widetilde \BbbO N - 1uN - 1 + \widetilde \BbbL N - 1x+ \widetilde \theta N - 1)

+xT\scrP N - 1,N - 1x

+2xT

\Biggl[ 
 - \widetilde \BbbL TN - 1

\widetilde \BbbO \dagger 
N - 1

\widetilde \theta N - 1 + qN - 1,N - 1

+\scrA T
N - 1,N - 1\scrG N - 1fN - 1,N - 1 +

p\sum 
i,j=1

\delta ijN - 1(\scrC 
i
N - 1,N - 1)

TGN - 1d
j
N - 1,N - 1

+\scrA T
N - 1,N - 1gN - 1 + FTN - 1fN - 1,N - 1

\Biggr] 
+ fTN - 1\scrG N - 1fN - 1

+

p\sum 
i,j=1

\delta ijN - 1(d
i
N - 1,N - 1)

TGN - 1d
j
N - 1,N - 1 + 2gTN - 1fN - 1,N - 1  - \widetilde \theta TN - 1

\widetilde \BbbO \dagger 
N - 1

\widetilde \theta N - 1

\geq J(N  - 1, x; \widetilde uN - 1(x)).

(D.2)

Here, \left\{                     

\widetilde \BbbO N - 1 = \scrR N - 1,N - 1 + \scrB TN - 1,N - 1\scrG N - 1\scrB N - 1,N - 1

+
\sum p
i,j=1 \delta 

ij
N - 1(\scrD i

N - 1,N - 1)
TGN - 1\scrD j

N - 1,N - 1,\widetilde \BbbL N - 1 = \scrB TN - 1,N - 1\scrG N - 1\scrA N - 1,N - 1 + \scrB TN - 1,N - 1FN - 1

+
\sum p
i,j=1 \delta 

ij
N - 1(\scrD i

N - 1,N - 1)
TGN - 1\scrC jN - 1,N - 1,\widetilde \theta N - 1 = \scrB TN - 1,N - 1\scrG N - 1fN - 1,N - 1 + \rho N - 1,N - 1 + \scrB TN - 1,N - 1gN - 1

+
\sum p
i,j=1 \delta 

ij
N - 1(\scrD i

N - 1,N - 1)
TGN - 1d

j
N - 1,N - 1,

and

\scrP N - 1,N - 1 = \scrQ N - 1,N - 1 +\scrA T
N - 1,N - 1\scrG N - 1\scrA N - 1,N - 1

+

p\sum 
i,j=1

\delta ijN - 1(\scrC 
i
N - 1,N - 1)

TGN - 1\scrC jN - 1,N - 1  - \widetilde \BbbL TN - 1
\widetilde \BbbO \dagger 
N - 1

\widetilde \BbbL N - 1,

and \widetilde uN - 1(x) =  - \widetilde \BbbO \dagger 
N - 1

\widetilde \BbbL N - 1x  - \widetilde \BbbO \dagger 
N - 1

\widetilde \theta N - 1. From this and (D.1), (D.2), one can

select \psi N - 1 as ( - \widetilde \BbbO \dagger 
N - 1

\widetilde \BbbL N - 1, - \widetilde \BbbO \dagger 
N - 1

\widetilde \theta N - 1), i.e.,

\psi N - 1(x) =  - \widetilde \BbbO \dagger 
N - 1

\widetilde \BbbL N - 1x - \widetilde \BbbO \dagger 
N - 1

\widetilde \theta N - 1.

Assume we have obtained \psi \ell = (\widetilde \Phi \ell , \widetilde v\ell ), \ell \in \BbbT k+1, namely, \psi (z) = \widetilde \Phi \ell z + \widetilde v\ell , with
(\widetilde \Phi \ell , \widetilde v\ell ) \in \BbbR m\times n \times \BbbR m. Let us derive the expression of \psi k. Now, consider Problem
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(LQ) for the initial pair (k, x). By adding to and subtracting three terms

N - 1\sum 
\ell =k+1

\BbbE k
\Bigl[ \bigl( 
Xk,uk,\psi 
\ell +1  - \BbbE kXk,uk,\psi 

\ell +1

\bigr) T
Pk,\ell +1

\bigl( 
Xk,uk,\psi 
\ell +1  - \BbbE kXk,uk,\psi 

\ell +1

\bigr) 
 - 
\bigl( 
Xk,uk,\psi 
\ell  - \BbbE kXk,uk,\psi 

\ell 

\bigr) T
Pk,\ell 

\bigl( 
Xk,uk,\psi 
\ell  - \BbbE kXk,uk,\psi 

\ell 

\bigr) \Bigr] 
,

N - 1\sum 
\ell =k+1

\Bigl[ \bigl( 
\BbbE kXk,uk,\psi 

\ell +1

\bigr) T\scrP k,\ell +1\BbbE kXk,uk,\psi 
\ell +1  - 

\bigl( 
\BbbE kXk,uk,\psi 

\ell 

\bigr) T\scrP k,\ell \BbbE kXk,uk,\psi 
\ell 

\Bigr] 
,

2

N - 1\sum 
\ell =k+1

\BbbE k
\bigl[ 
\sigma Tk,\ell +1X

k,uk,\psi 
\ell +1  - \sigma Tk,\ell X

k,uk,\psi 
\ell 

\bigr] 
from J(k, x; (uk, (\psi \cdot Xk,uk,\psi )| \BbbT k+1

)), we have

J
\bigl( 
k, x; (uk, (\psi \cdot Xk,uk,\psi )| \BbbT k+1

)
\bigr) 

= \BbbE k
\bigl[ 
xT\scrQ k,kx+ uTk\scrR k,kuk + 2qTk,kx+ 2\rho Tk,kuk

\bigr] 
+

N - 1\sum 
\ell =k+1

\BbbE k

\Biggl[ 
(Xk,uk,\psi 

\ell  - \BbbE kXk,uk,\psi 
\ell )T

\times 

\Biggl( 
Qk,\ell + \widetilde \Phi T\ell Rk,\ell \widetilde \Phi \ell + (Ak,\ell +Bk,\ell \widetilde \Phi \ell )TPk,\ell +1(Ak,\ell +Bk,\ell \widetilde \Phi \ell )
+

p\sum 
i,j=1

\delta ij\ell (C
i
k,\ell +Di

k,\ell 
\widetilde \Phi \ell )TPk,\ell +1(C

j
k,\ell +Dj

k,\ell 
\widetilde \Phi \ell ) - Pk,\ell 

\Biggr) 
\times (Xk,uk,\psi 

\ell  - \BbbE kXk,uk,\psi 
\ell ) + (\BbbE kXk,uk,\psi 

\ell )T

\times 

\Biggl( 
\scrQ k,\ell + \widetilde \Phi T\ell \scrR k,\ell 

\widetilde \Phi \ell + (\scrA k,\ell + \scrB k,\ell \widetilde \Phi \ell )T\scrP k,\ell +1(\scrA k,\ell + \scrB k,\ell \widetilde \Phi \ell )
+

p\sum 
i,j=1

\delta ij\ell (\scrC 
i
k,\ell +\scrD i

k,\ell 
\widetilde \Phi \ell )TPk,\ell +1(\scrC jk,\ell +\scrD j

k,\ell 
\widetilde \Phi \ell ) - \scrP k,\ell 

\Biggr) 
\BbbE kXk,uk,\psi 

\ell 

+2

\Biggl( 
qk,\ell + \widetilde \Phi T\ell \scrR k,\ell \widetilde v\ell + \widetilde \Phi T\ell \rho k,\ell + p\sum 

i,j=1

\delta ij\ell (C
i
k,\ell +Di

k,\ell 
\widetilde \Phi \ell )TPk,\ell +1(D

j
k,\ell \widetilde v\ell + djk,\ell )

+ (\scrA k,\ell + \scrB k,\ell \widetilde \Phi \ell )T\scrP k,\ell +1(\scrB k,\ell \widetilde vk,\ell + fk,\ell ) + (\scrA k,\ell + \scrB k,\ell \widetilde \Phi \ell )T\sigma k,\ell +1  - \sigma k,\ell 

\Biggr) T
Xk,uk,\psi 
\ell 

+2\rho Tk,\ell \widetilde v\ell + \widetilde vT\ell \scrR k,\ell \widetilde v\ell + p\sum 
i,j=1

\delta ij\ell (D
i
k,\ell \widetilde v\ell + dik,\ell )

TPk,\ell +1(D
j
k,\ell \widetilde v\ell + djk,\ell )

+ (\scrB t,k\widetilde v\ell + fk,\ell )
T\scrP k,\ell +1(\scrB k,\ell \widetilde v\ell + fk,\ell ) + \sigma Tk,\ell +1(\scrB k,\ell \widetilde v\ell + fk,\ell )

\Biggr] 

+2xTFTk \BbbE kXk,uk,\psi 
N + \BbbE k

\Bigl[ 
(Xk,uk,\psi 

k+1  - \BbbE kXk,uk,\psi 
k+1 )TPk,k+1(X

k,uk,\psi 
k+1  - \BbbE kXk,uk,\psi 

k+1 )
\Bigr] 

+(\BbbE kXk,uk,\psi 
k+1 )T\scrP k,k+1\BbbE kXk,uk,\psi 

k+1 + 2\sigma Tk,k+1\BbbE kX
k,uk,\psi 
k+1 .

D
ow

nl
oa

de
d 

07
/1

9/
22

 to
 1

58
.1

32
.1

61
.1

81
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

MIXED SOLUTION OF TIME-INCONSISTENT LQ PROBLEM 567

Let\left\{                         

Pk,\ell = Qk,\ell + \widetilde \Phi T\ell Rk,\ell \widetilde \Phi \ell + (Ak,\ell +Bk,\ell \widetilde \Phi \ell )TPk,\ell +1(Ak,\ell +Bk,\ell \widetilde \Phi \ell )
+
\sum p
i,j=1 \delta 

ij
\ell (C

i
k,\ell +Di

k,\ell 
\widetilde \Phi \ell )TPk,\ell +1(C

j
k,\ell +Dj

k,\ell 
\widetilde \Phi \ell ),

\scrP k,\ell = \scrQ k,\ell + \widetilde \Phi T\ell \scrR k,\ell \Phi \ell + (\scrA k,\ell + \scrB k,\ell \Phi \ell )T\scrP k,\ell +1(\scrA k,\ell + \scrB k,\ell \widetilde \Phi \ell )
+
\sum p
i,j=1 \delta 

ij
\ell (\scrC ik,\ell +\scrD i

k,\ell 
\widetilde \Phi \ell )TPk,\ell +1(\scrC jk,\ell +\scrD j

k,\ell 
\widetilde \Phi \ell ),

\sigma k,\ell = qk,\ell + \widetilde \Phi T\ell \scrR k,\ell \widetilde v\ell + \widetilde \Phi T\ell \rho k,\ell +\sum p
i,j=1 \delta 

ij
\ell (C

i
k,\ell +Di

k,\ell 
\widetilde \Phi \ell )TPk,\ell +1(D

j
k,\ell \widetilde v\ell + djk,\ell )

+ (\scrA k,\ell + \scrB k,\ell \widetilde \Phi \ell )T\scrP k,\ell +1(\scrB k,\ell \widetilde v\ell + fk,\ell ) + (\scrA k,\ell + \scrB k,\ell \widetilde \Phi \ell )T\sigma k,\ell +1,

Pk,N = Gk, \scrP k,N = \scrG k, \sigma k,N = gk, \ell \in \BbbT k+1,

and

\gamma k,k+1 =

N - 1\sum 
\ell =k+1

\Biggl[ 
2\rho Tk,\ell \widetilde v\ell + \widetilde vT\ell \scrR k,\ell \widetilde v\ell + p\sum 

i,j=1

\delta ij\ell (D
i
k,\ell \widetilde v\ell + dik,\ell )

TPk,\ell (D
j
k,\ell \widetilde v\ell + djk,\ell )

+ (\scrB k,\ell \widetilde v\ell + fk,\ell )
T\scrP k,\ell +1(\scrB k,\ell \widetilde v\ell + fk,\ell ) + \sigma Tk,\ell +1(\scrB k,\ell \widetilde v\ell + fk,\ell )

\Biggr] 
+ 2xTFTk (\scrA k,N - 1 + \scrB k,N - 1

\widetilde \Phi N - 1)(\scrB k,N - 2\widetilde vN - 2 + fk,N - 2)

+ 2xT
N - 3\sum 
\ell =k

FTk (\scrA k,N - 1 + \scrB k,N - 1
\widetilde \Phi N - 1) \cdot \cdot \cdot 

(\scrA k,\ell +1 + \scrB k,\ell +1
\widetilde \Phi \ell +1)(\scrB k,\ell \widetilde v\ell + fk,\ell )

+ 2xTFTk (\scrA k,N - 1 + \scrB k,N - 1
\widetilde \Phi N - 1) \cdot \cdot \cdot (\scrA k,k+1 + \scrB k,k+1

\widetilde \Phi k+1)fk,k

+ 2xTFTk (\scrB k,N - 1\widetilde vN - 1 + fk,N - 1).

Then, it holds that

J
\bigl( 
k, x; (uk, (\psi \cdot Xk,uk,\psi )| \BbbT k+1

)
\bigr) 

= xT

\Biggl[ 
\scrQ k,k +\scrA T

k,k\scrP k,k+1\scrA k,k +

p\sum 
i,j=1

\delta ijk (\scrC 
i
k,k)

TPk,k+1\scrC jk,k + 2\widetilde UTk+1\scrA k,k

\Biggr] 
x

+uTk

\Biggl[ 
\scrR k,k + \scrB Tk,k\scrP k,k+1\scrB k,k +

p\sum 
i,j=1

\delta ijk (\scrD 
i
k,k)

TPk,k+1\scrD j
k,k

\Biggr] 
uk

+2xT

\Biggl[ 
\scrA T
k,k\scrP k,k+1\scrB k,k +

p\sum 
i,j=1

\delta ijk (\scrC 
i
k,k)

TPk,k+1\scrD j
k,k +

\widetilde UTk+1\scrB k,k

\Biggr] 
uk

+2uTk

\Biggl[ 
\rho k,k + \scrB Tk,k\scrP k,k+1fk,k +

p\sum 
i,j=1

\delta ijk (\scrD 
i
k,k)

TPk,k+1d
j
k,k + \scrB Tk,k\sigma k,k+1

\Biggr] 

+2xT

\Biggl[ 
qk,k +\scrA T

k,k\scrP k,k+1fk,k +

p\sum 
i,j=1

\delta ijk (\scrC 
i
k,k)

TPk,k+1d
j
k,k +\scrA T

k,k\sigma k,k+1

\Biggr] 

+ fTk,k\scrP k,k+1fk,k +

p\sum 
i,j=1

\delta ijk (d
i
k,k)

TPk,k+1d
j
k,k + 2\sigma Tk,k+1fk,k + \gamma k,k+1

\geq J
\bigl( 
k, x; (\psi \cdot Xk,\psi )| \BbbT k

\bigr) 
>  - \infty ,
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where \widetilde Uk+1 = (\scrA k,k+1 + \scrB k,k+1
\widetilde \Phi k+1) \cdot \cdot \cdot (\scrA k,N - 1 + \scrB k,N - 1

\widetilde \Phi N - 1)Fk. Then, we have\widetilde \BbbO k \succeq 0, \widetilde \BbbO k \widetilde \BbbO \dagger 
k
\widetilde \BbbL k = \widetilde \BbbL k, \widetilde \BbbO k \widetilde \BbbO \dagger 

k
\widetilde \theta k = \widetilde \theta k, and for any uk \in l2\scrF (k;\BbbR m)

J
\bigl( 
k, x; (uk, (\psi \cdot Xk,uk,\psi )| \BbbT k+1

)
\bigr) 
\geq J

\bigl( 
k, x; (\widetilde uk(x), (\psi \cdot Xk,\widetilde uk(x),\psi )| \BbbT k+1

)
\bigr) 
,

where\left\{       
\widetilde \BbbO k = \scrR k,k + \scrB Tk,k\scrP k,k+1\scrB k,k +

\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
TPk,k+1\scrD j

k,k,\widetilde \BbbL k = \scrB Tk,k\scrP k,k+1\scrA k,k +
\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
TPk,k+1\scrC jk,k + \scrB Tk,k \widetilde Uk+1,\widetilde \theta k = \scrB Tk,k\scrP k,k+1fk,k +

\sum p
i,j=1 \delta 

ij
k (\scrD i

k,k)
TPk,k+1d

j
k,k + \rho k,k + \scrB k,k\sigma k,k+1,

and \widetilde uk(x) =  - \widetilde \BbbO \dagger 
k
\widetilde \BbbL kx  - \widetilde \BbbO \dagger 

k
\widetilde \theta k. Hence, \psi k can be selected as ( - \widetilde \BbbO \dagger 

k
\widetilde \BbbL k, - \widetilde \BbbO \dagger 

k
\widetilde \theta k), i.e.,

\psi k(x) =  - \widetilde \BbbO \dagger 
k
\widetilde \BbbL kx - \widetilde \BbbO \dagger 

k
\widetilde \theta k. Furthermore, \widetilde Sk,\ell = Pk,\ell , \widetilde \scrS k,\ell = \scrP k,\ell , \sigma k,\ell = \pi k,\ell , \ell \in \BbbT k+1,

where (\widetilde Sk,\ell , \widetilde \scrS k,\ell , \pi k,\ell ) is given in (3.24) and (3.25).
By the method of induction, we have the solvability of (3.24), (3.25), and

\{ \psi k = ( - \widetilde \BbbO \dagger 
k
\widetilde \BbbL k, - \widetilde \BbbO \dagger 

k
\widetilde \theta k), k \in \BbbT \} is a feedback equilibrium strategy, that is, \psi k(x) =

 - \widetilde \BbbO \dagger 
k
\widetilde \BbbL kx - \widetilde \BbbO \dagger 

k
\widetilde \theta k, k \in \BbbT . This completes the proof.

REFERENCES

[1] M. Ait Rami, X. Chen, and X. Y. Zhou, Discrete-time indefinite LQ control with state and
control dependent noises, J. Global Optim., 23 (2002), pp. 245--265.

[2] S. Basak and G. Chabakauri, Dynamic mean-variance asset allocation, Rev. Financ. Stud.,
23 (2010), pp. 2970--3016.

[3] T. Ba\c sar and G. J. Olsder, Dynamic Noncooperative Game Theory, 2nd ed., Classics Appl.
Math., SIAM, Philadelphia, 1999.

[4] T. Bjork and A. Murgoci, A General Theory of Markovian Time Inconsisitent Stochastic
Control Problems, https://www.ssrn.com/abstract=1694759, 2010.

[5] T. Bjork, A. Murgoci, and X. Y. Zhou, Mean-variance portfolio optimization with state
dependent risk aversion, Math. Finance, 24 (2014), pp. 1--24.

[6] X. Cui, D. Li, and X. Li, Mean-variance policy, time consistency in efficiency and minimum-
variance signed supermartingale measure for discrete-time cone constrained markets,
Math. Finance, 27 (2017), pp. 471--504.

[7] X. Cui, D. Li, S. Wang, and S. Zhu, Better than dynamic meanvariance: Time inconsistency
and free cash flow stream, Math. Finance, 22 (2012), pp. 346--378.

[8] X. Cui, X. Li, and D. Li, Unified framework for optimal multi-period mean-variance port-
folio selection under mean-field formulation, IEEE Trans. Automat. Control, 59 (2014),
pp. 1833--1844.

[9] I. Ekeland and A. Lazrak, Being Serious About Non-Commitment: Subgame Perfect Equi-
librium in Continuous Time, https://arxiv.org/abs/math/0604264, 2006.

[10] I. Ekeland and T. A. Privu, Investment and consumption without commitment, Math. Fi-
nanc. Econ., 2 (2008), pp. 57--86.

[11] S. M. Goldman, Consistent plan, Rev. Econ. Stud., 47 (1980), pp. 533--537.
[12] Y. Hu, H. Jin, and X. Y. Zhou, Time-inconsistent stochastic linear-quadratic control, SIAM

J. Control Optim., 50 (2012), pp. 1548--1572.
[13] Y. Hu, H. Jin, and X. Y. Zhou, Time-inconsistent stochastic linear-quadratic control: Char-

acterization and uniqueness of equilibrium, SIAM J. Control Optim., 50 (2017), pp. 1548--
1572.

[14] P. Krusell and A. A. Smith, Consumption and savings decisions with quasi-geometric dis-
counting, Econometrica, 71 (2003), pp. 365--375.

[15] D. Laibson, Golden eggs and hyperbolic discounting, Quart. J. Econ., 112 (1997), pp. 443--477.
[16] D. Li and W. L. Ng, Optimal dynamic portfolio selection: Multi-period mean-variance for-

mulation, Math. Finance, 10 (2000), pp. 387--406.
[17] H. Markowitz, Portfolio selection, J. Finance, 7 (1952), pp. 77--91.
[18] Y. H. Ni, J. F. Zhang, and M. Krstic, Time-inconsistent mean-field stochastic LQ problem:

Open-loop time-consistent control, IEEE Trans. Automat. Control, 63 (2018), pp. 2771--
2786.

D
ow

nl
oa

de
d 

07
/1

9/
22

 to
 1

58
.1

32
.1

61
.1

81
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y

https://www.ssrn.com/abstract=1694759
https://arxiv.org/abs/math/0604264


 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

MIXED SOLUTION OF TIME-INCONSISTENT LQ PROBLEM 569

[19] Y. H. Ni, X. Li, J. F. Zhang, and M. Krstic, Equilibirum Solutions of Multi-Period Mean-
Variance Portfolio Selction, https://arxiv.org/abs/1803.08500. 2018.

[20] Y. H. Ni, J. F. Zhang, and X. Li, Indefinite mean-field stochastic linear-quadratic optimal
control, IEEE Trans. Automat. Control, 60 (2015), pp. 1786--1800.

[21] I. Palacios-Huerta, Time-inconsistent preferences in Adam Smith and Davis Hume, Hist.
Political Econ., 35 (2003), pp. 391--401.

[22] Q. Qi and H. S. Zhang, Time-inconsistent stochastic linear quadratic control for discrete-time
systems, Sci. China Inf. Sci., 60 (2017), 120204.

[23] A. Smith, The Theory of Moral Sentiments, Oxford University Press, Oxford, 1976.
[24] R. H. Strotz, Myopia and inconsistency in dynamic utility maximization, Rev. Econ. Stud.,

23 (1955), pp. 165--180.
[25] H. Y. Wang and Z. Wu, Time-inconsistent optimal control problem with random coefficients

and stochastic equilibrium HJB equation, Math. Control Relat. Fields, 5 (2015), pp. 651--
678.

[26] Q. Wei, Z. Yu, and J. M. Yong, Time-inconsistent recursive stochastic optimal control prob-
lems, SIAM J. Control Optim., 55 (2017), pp. 4156--4201.

[27] J. M. Yong, A deterministic linear quadratic time-inconsitent optimal control problem, Math.
Control Relat. Fields, 1 (2011), pp. 83--118.

[28] J. M. Yong, Time-inconsistent optimal control problems and the equilibrium HJB equation,
Math. Control Relat. Fields, 2 (2012), pp. 271--329.

[29] J. M. Yong, Deterministic time-inconsistent optimal control problems---An essentially coop-
erative approach, Acta Math. Appl. Sin., 28 (2012), pp. 1--20.

[30] J. M. Yong, Differential Games---A Concise Introduction, World Scientific, Singapore, 2015.
[31] J. M. Yong, Linear-quadratic optimal control problems for mean-field stochastic differential

equations---Time-consistent solutions, Trans. Amer. Math. Soc., 369 (2017), pp. 5467--
5523.

[32] X. Y. Zhou and D. Li, Continuous-time mean-variance portfolio selection: A stochastic LQ
framework, Appl. Math. Optim., 42 (2000), pp. 19--33.

D
ow

nl
oa

de
d 

07
/1

9/
22

 to
 1

58
.1

32
.1

61
.1

81
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y

https://arxiv.org/abs/1803.08500

	Introduction
	Mixed equilibrium solution
	Characterization of the mixed equilibrium solution
	The case with the fixed time-state initial pair (t,x)
	The case with all of the initial pairs

	An example
	Summary
	Appendix A. Proof of Lemma 3.1
	Appendix B. Proof of Lemma 3.3
	Appendix C. Proof of Theorem 3.5
	Appendix D. Proof of Theorem 3.12
	References

