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Abstract

Using a multi-period mean-variance model, we investigate an asset-liability portfolio man-
agement problem with probability constraints, where an investor intends to control the
probability of bankruptcy before the terminal time in the investment. In our model, the
wealth process is influenced not only by return on assets and liability but also by uncon-
trolled cash flows. Applying a mean-field formulation, we obtain closed-form expressions
for an efficient investment strategy and its corresponding mean-variance efficient frontier.
Sensitivity analysis is also presented to help investors understand the influences of cash

flows and probability constraints better.
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1. Introduction

Since introduced by Markowitz (1952), the mean-variance portfolio selection model
has become one of the central themes of modern portfolio theory. In recent years, Li and

Ng (2000) and Zhou and Li (2000) respectively extend the Markowitz’s mean-variance
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model to dynamic discrete-time and continuous-time settings by deriving analytical op-
timal solutions using embedding techniques. The past decade has witnessed numerous
extensions of the mean-variance portfolio analysis in dynamic settings, for example, Li
et al. (2002), Li and Zhou (2006), Fu et al. (2010), Li and Xie (2010), Chiu and Wong
(2011), Wu and Li (2012), Cui et al (2014a, 2014b).

Along another line, it is well known that asset-liability management (ALM) is ex-
tremely important to financial security systems such as pension funds, insurance compa-
nies and banks. In ALM, the main concern is the surplus, i.e., the net wealth. Accord-
ingly, ALM is also known as surplus management. Based on a mean-variance criterion,
Sharpe and Tint (1990) initiate an ALM problem in a single-period setting. Leippold et
al. (2004) discuss a multi-period ALM problem using a geometric approach and Yi et
al. (2008) extend their work to the case with uncertain exit time. In addition, Cui et al.
(2018) study the same problem by taking advantage of the mean-field formulation. Ferstl
and Weissensteiner (2011) consider a multi-stage setting under time-varying investment
opportunities and analyze ALM by stochastic programming. Giilpinar and Pachamanova
(2013) propose a robust optimization approach to dynamic ALM under time-varying in-
vestment opportunities. Consigli et al. (2017) adopt a fairly general framework to study
a variety of financial dynamic optimization models including ALM. Chiu and Li (2006)
investigate continuous-time ALM problems, where the liability process is described by a
geometric Brownian motion. Xie et al. (2008) further consider the case where the liability
is described as a Brownian motion with drift. Zeng and Li (2011) propose continuous-
time ALM under benchmark in a jump diffusion market, where the risky asset’s price is
governed by an exponential Levy process and the liability evolves according to a Levy
process. Yao et al. (2013a) consider mean-variance portfolio selection problems with
endogenous liabilities in a multi-period setting. The ALM problems are also studied as-
sociating with regime switching, with asset correlation risks, with constant elasticity of
variance processes, with state-dependent risk aversion, and with stochastic interest rates
and inflation risks. See Chen and Yang (2011), Chiu and Wong (2014), Zhang and Chen
(2016), Zhang et al. (2017), Pan and Xiao (2017), for details.

However, there still exists a gap between academic research and practice. The liter-
ature mentioned above ignores cash flows of investors including individual investors and
financial institutions. In the real-world, investors might face the situations of capital in-
jections or withdrawals during their investment processes. For example, households may
need cash to maintain their daily lives or add their residual income into the investment;

insurers can receive insurance premium and need to pay for claim; pension funds may get



contributions or issue distributions for their members. In most cases, cash flows are ran-
dom. Hence, many investors, such as households, insures, pension funds and banks, need
to take into account their stochastic cash flows during their investments and ALM pro-
cesses. Recently, Yao et al. (2013b) study a multi-period mean-variance ALM problem
with uncontrolled cash flow in the liability process. Yao et al. (2016) incorporate stochas-
tic cash flow in both the liability and wealth processes, and investigate an ALM problem
in the Markov regime-switching setting. In this paper, we incorporate stochastic cash
flow into the wealth process, and study an ALM problem with probability constraints.
Our model with stochastic cash flow in the wealth process is useful for real-life investors.
For example, a company may unexpectedly receive government subsidies for its product
development and a household may receive income. This type of cash flow substantially
tests an investor’s investment and ALM skills.

For another example, the optimal investment policies of Yao et al. (2013b, 2016)
do not eliminate the possibility that investors may go bankruptcy on or before the ter-
minal time. In practice, when investors (e.g., pension funds, insurance companies and
banks, etc.) go bankruptcy, the benefits of investors cannot be guaranteed. Therefore,
it is important and meaningful to choose optimal ALM strategies under the bankruptcy
control. Technically, the bankruptcy control (probability constraints) is not directly in-
corporated, and therefore we characterize this constraint using the Tchebycheff inequality.
Under the mean-variance criterion, Zhu et al. (2004) and Bielecki et al. (2005) consider
multi-period and continuous-time portfolio selection problems with bankruptcy control,
respectively; Wei and Ye (2007) investigate a multi-period portfolio selection problem
with bankruptcy control in the Markov regime-switching market; Wu and Zeng (2013)
study the case in the regime-switching market with a state of bankruptcy. In particu-
lar, Li and Xu study continuous-time mean-variance portfolio within the framework of
no-shorting and bankruptcy prohibition. But all these studies on dynamic portfolio selec-
tions with bankruptcy control do not consider the ALM problem. For the ALM problem,
Li and Li (2012) discuss a multi-period portfolio selection problem with bankruptcy con-
trol; Wu et al. (2018) study the case with probability constraints using the mean-filed
formulation. However, they do not consider the cash flow. In the above multi-period
models, researchers do not successfully obtain analytical solutions for the auxiliary prob-
lem induced by the embedding scheme. They use a numerical algorithm to compute both
the Lagrangian multiplier vector and the embedding parameter vector. In this work, we
introduce mean-field formulation to overcome its fundamental difficulty and derive ana-

lytical policies of the Lagrangian problem involved in bankruptcy probability. We only



need to use an analytical iterative algorithm to compute the Lagrangian multiplier vec-
tor. Therefore, the mean-field formulation powerfully offers a more efficient and more
accurate solution scheme in solving the multi-period portfolio selection problem with
bankruptcy control.

To our knowledge, all the existing literature on dynamic ALM analysis is either with-
out cash flow or without probability constraints (or bankruptcy control). This is the
first study considering a multi-period ALM problem with both cash flows and proba-
bility constraints. In this paper, incorporating the uncontrolled cash flow factor into
the wealth dynamic process, we further explore the multi-period ALM problem with
probability constraints under the mean-variance criterion. From the mathematical point
of view, consideration of a stochastic cash flow and the probability constraints makes
the problem harder. The probability constraints lead to inequality constraints on the
surplus over intermediate periods in our model. Incorporating stochastic cash flow into
the wealth dynamic process further increases the computational complexity in obtaining
closed-form solutions to the model. Different from most literature of multi-period ALM
mean-variance models which adopt the embedding technique, we apply the mean-field
formulation initiated by Cui et al. (2014b) to the proposed model in this paper. Com-
pared to the embedding technique, the mean-field approach is relatively simple yet more
direct. However, Cui et al. (2014b) study one state process only including the wealth
process without the liability process and cash flow. We further develop the mean-field
formulation to consider a more general model of two state processes including not only the
wealth but also the liability and cash flow within framework of probability constraints.
Our work, therefore, is fundamental yet important for dynamic mean-variance portfolio.

This paper proceeds as follows. In Section 2, we describe our multi-period mean-
variance ALM problem with both cash flows and probability constraints. In Section 3,
using mean-field formulation, we derive the explicit expressions of the optimal strategy
and the efficient frontier for the problem. In Section 4, we present results from numerical

analysis. Finally, we conclude this paper in Section 5.

2. Formulation

Assume that the capital market consists of one risk-free asset, n risky assets and one
liability. An investor joining the market at the beginning of period 0 with an initial
wealth xy and initial liability [y, plans to invest his/her wealth within a time horizon
T. And there would be a cash flow during the investment process. The investor can

reallocate his/her portfolio at the beginning of each following 7' — 1 consecutive periods.
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At time period t, the given deterministic return of the risk-free asset, the random returns
of the n risky assets, the random return of the liability and the uncontrolled cash flow are
denoted by s; (> 1), vector e; = [e},--- , e}, ¢ and ¢, respectively. The random vector
€;, the random variables ¢; and ¢; are defined over the probability space (2, F, P) and
are supposed to be statistically independent at different time period. We further assume

that the only information known about e;, ¢; and ¢; are their first two unconditional

moments, E[e;] = (Ele}], - ,]E[e?])/, Elq], Ele;] and (n + 2) x (n + 2) positive definite
covariance
€ € €
Cov qi =K q (e; q Ct) —-E q E [(ei q Ctﬂ .
Ct Ct Ct

From the above assumptions, we have
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We further define the excess return vector of risky assets P, = (P!,--- | P") as (e} —

Sty+ -+ e — s¢)'. Then the following is held for t =0,1,--- , 7T — 1:
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where 1 and O are the n-dimensional all-one and all-zero vectors, respectively, and [ is

the n x n identity matrix. The above positive definite matrix further implies

E[P,P}] >~
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fort=0,1,---, 7T — 1.

For later use, denote
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where E~![P,P}] is the inverse of matrix E[P,P}](> 0). Similar to Cui et al (2014b), we
have 0 < B; < 1, E[¢?] — B, > 0 and E[¢}] — BCy; > 0 for t = 0,1,--- , T — 1.
Let z; and [; be the wealth and liability of the investor at the beginning of period ¢

o
(|

respectively, then x; — I; is the surplus. At period ¢, if 7! (i = 1,2,--- ,n) is the amount
invested in the ¢-th risky asset, then, x; — > » 7 is the amount invested in the risk-
free asset. We assume in this paper that the liability is exogenous, which means it is
uncontrollable and cannot be affected by the investor’s strategies. Denote the information

set at the beginning of period t,t =1,2,--- T — 1, as

Fi :J(POaPh"' JPi1,c0,¢1, 0 c—1,q0, Gy 7(]t—1)

and the trivial o-algebra over Q) as Fy, where Py = (P}, -+ | PP) = (e} — 54, , €} — ;)

is the excess return vector of risky assets during period t. Therefore, E[-|Fp] is just the
unconditional expectation E[-]. We confine all admissible investment strategies to be
Fi-adapted Markov controls, i.e., m; = (7}, w2, ---, 7*) € F,. Then, P; and 7, are
independent, {x;,l;} is an adapted Markovian process and F; = o(xy, ;).

The mean-variance model for multi-period assets and liability portfolio selection with

cash flows and probability constraints is to seek the best strategy, 77 = [(7})*, (77)*, - -, (7)*],
t =0,1,---, T — 1, which is the optimizer of the following optimal stochastic control
problem,

([ min Var(zy — lr) — wE[zr — I7],

n n
_ i i i
st. Ty = g e,y + (xt — g Wt) St + ¢4
i=1 i=1
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Pr(z, <) < ay, t=1,2,--- T —1,



where w > 0 is the trade-off parameter between the mean and the variance, and a; is the
probability of bankruptcy, that is, the probability of the wealth less than the liability at
period t.

Remark 1. We consider stochastic cash flows in the wealth process. This setting allows
us cover different types of ALM, which can be applied by many kinds of investors, includ-
ing household, firm, investment company (e.g. mutual fund and pension fund) and bank.
Now we give some examples for some cases.

Case 1 (general case): ¢, # 0 fort =0,1, --- T — 1. There is a stochastic cash flow
in the wealth process. For example, a firm can receive subsidies from various government
agencies; a firm is required to make contingent payments; a pension fund can receive
contributions from pensioners and/or make pension payments to beneficiaries.

Case 2: ¢, =0 fort=0,1, --- T — 1. There is no stochastic cash flow in the wealth
process. For example, when a company makes purchases/sales on credit.

Case 3: 1o =0 fort=0,1, --- ;T — 1. There is no liability. For example, an equily
financed firm.

Case 4: lo=0and ¢, =0 fort=0,1, --- ,T — 1. There is no liability and no cash

flow. In this case our model degenerates to a conventional portfolio selection model.

Since the probability constraint Pr(z; < [;) is not easy to conquer in dynamic portfolio
selection, we turn it to its upper bound Var(x; — ;) /(E[z; — [;])* by Tchebycheff inequal-
ity. Then the mean-variance model (1) can be equivalently re-written to the following
problem,

( min Var(zr — lr) — wE[zr — Ir],

s.t. l’t_,_l:Stl’t‘i‘P;Wt—i—Ct, t:O,l, ,T—l,

(2)

lt+1:q1€lt7 t=0,1,---,T—1,

Var(xt—lt) S Gt(E[$t—lt])2, t= 1, ,T— 1.

\
The optimal solution to problem (2) is feasible in problem (1), thus it serves as an
approximated solution to problem (1). To solve problem (2), we consider the following

Lagrangian minimization problem,

( T-1

min Var(er — Ir) — wEer — 1] + 3 A <Var(:ct 1) — ay(Elz; — zt])2),
t=1
9 s.t. T41 :St$t+P;7Tt+Ct, t:O,l, ,T—l, (3)

lt—l—l:qtlt; t:O,17"',T—1,

\

where A = (Ay, Ag, ..., A\r_1)’ € RE7! is the vector of Lagrangian multiplier.



Due to the fact that variance operation does not satisfy the smoothing property,
problem (3) is nonseparable in the sense of dynamic programming, i.e., it can not be
decomposed by a stage-wise backward recursion and then is difficult to be solved directly.
Recently, Elliott et al. (2013), Cui et al. (2014) and Ni et al. (2015) introduce mean-field
formulations to deal with a class of discrete-time/multi-period nonseparable problems.
We further develop their mean-field formulations to tackle our model in this paper. For
t=0,1,---,T — 1, taking the expectation operator of the dynamic system specified in

(3), we can derive

/

Elz11] = sE[z;] + E[P}|E[m;] + E[c],
E[lt+1] = E[Qt]E[lt]u
E[xo] = o,

]E[lo] - lo,

3
since Py is independent of z; and 7, and ¢; is independent of /;. Combining the dynamic
system of (3) and (4) yields the following for t =0,1,--- |7 — 1,
(i1 — Elze] = si(2 — Elz]) + Pym — E[P)|E[m] + ¢, — E[cy]

= su(z, — El) + P}(m — Elm]) + (P} — E[P}])Elr]

+c; — Eleyl,

¢l = Ellen] = aide — E[q]E[l] (5)
@ (le — E[lL]) + (@ — Elq])E[L],

xo — E[xo]
\ lo — Ello]

0
0

’

Then the state space (x4,1;) and the control space (m;) are enlarged into (E[z],z; —
Elz:],E[l],l; — E[l;]) and (E[r], m — E[m]), respectively. Although we can select the
control vector E[m;] and m, — E[m;] independently at time ¢, they should be chosen such
that

E(ﬂ't—]E[ﬂ't]) :0, t:O,l,
and then

]E(th—]E[fL't]):O, t:O,]_,"‘,T—]_,



is satisfied. We also confine admissible investment strategies (E[m],m — E[m]) to be
Fi-measurable Markov controls.
Problem (3) can be now reformulated as the following mean-field type of linear

quadratic optimal stochastic control problem

( min E[(Z'T — lT — E[(L’T — lT])Q] — ’UJ]E[IT — lT]

+j§11 {)\tIE[(mt — 1, — Bz — 1)°] = Mar(Elz, — zt])2},

s.t. {E[z], E[l], E[m]} satisfies dynamic equation (4),

{z; — E[z],l; — E[ly], 7 — E[m;]} satisfies dynamic equation (5),

E(Wt—E[ﬂt]):(], tZO,]_,,T—l

\
It is indeed a separable linear quadratic optimal stochastic control problem which can be

solved by classic dynamic programming approach.

3. The Optimal Strategy

In order to obtain the explicit expressions of the the cost-to-go functional and the

optimal strategy for Problem (6), we define nine deterministic sequences of parameters

&3, e} {ed, {6}, {G ), {od), {6:), {6} and {¢x} by the following backward recursions

as follows
& = &si(1— By) + A,
= 77t+18t(E[Qt] - Et) — Aty

2
n ~
€ — €t+1E[qtz] — gz——’—iBt + )\t;
+

5t2+18?Bt
&1(1 — By) + Be1 By

G = (2801Elce] + G ) se —

9BC, Bt
&i1(1 = By) + By By P

B,
= S E -
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B,
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- Atata
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6t+18t((ﬁt+1 — &1)Elel] + %Ct—i—l)
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0r = 01 Elqe] + 2me11 (Elgect] — Elg]Eler]) + 26041 E[qe]Ec]

S en(1- Zﬁt+ BB (41 = 1) Elae] (Birr — &) Eler] + %Qﬂ)

& _25)5 T Giop, (G~ e )Elaéin
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L
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_ By p2

B <§t+1((11_ éSllB;H 5t filét)nfﬂ
2B,

 &i(1— B) + B By (61 = M1 Elar] i — N,

Yo = Yer1 + Bt (Eler])” + G Eler] + & El(c, — Elc])?]

B, L
_ &a(—B) < hnkb ((5t+1 — &) Eley] + §Q+1)
GomRe

Et+1 o ya 2
- +-—BC )
<§t+1(1 - Bt) + ﬁt+1Bt €t+l ! €t+1

2BC, ]
R AR ((Brsr — &1)Elce] + §Q+1)§t+1,

fort=T—-1,T —2,---,0, with terminal conditions

Sr=1,nmr=-1,er=1, Br=0, (r =—-w, or =0, Op =w, ér =0, Yr =0,

where A\g = 0.
Now, we present the solution to the cost-to-go functional and the optimal portfolio

strategy of Problem (3) by the following theorem.

Theorem 1. Assume that the assets and liability are correlated at every period. Then,
the cost-to-go functional is presented by

Ji (]E[It]; Ty — E[xt]u E[lt]v I — E[lt])

— & (z — Elz)” + 200 (I, — B[L)) (2, — Elzi)) + & (I, — E[])?
+ Bi(Elxy])? + GE[xe] + 20,E[L]E[z,] + OE[L] + 6:(E[le])? + ¢, (7)
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and the optimal strategy of Problem (3) is given by

«_ _m-1 / (&1 = Be)(1 = By)
;= —E [P PE[P;] (stxt 01— B + A siE[zy]

Sr1Elq] + misa (1 — 222) B, — Elgy))

§i+1

&l B) + hnB, Ell]

(ﬁtﬂ - ft+1) ] + 2Ct+1 + (€41 — 5t+1)BCt)
§ir1(1 — By) + By By

I p-1p PIE[P,q)l, — E- [P, P)E[c,P,],

§i1
where
fg+1 (1- — ( T 5j+1(1 _Bj)sj >
=z
‘ H 5]—1—1 1 - + 6]+1B 2% lg_lfﬁ-l(l - Bj) + 6j+1Bj
o <¢k+1E[Qk]Bk + Met1 (Bk Elq]) B (H Efg, >l0
Ek+1(1 — Bg) + Bry1 B
SenEler] — 3G By €411 BC ) ()
Eer1(1 — By) + Be1Be  &i1(1 — By) + Bry1 By
fort=0,1,---,T — 1.

The detailed proof of Theorem 1 can be found in Appendix A. By dynamic program-
ming method, we post the cost-to-go functional at terminal time T according to our
model first. Then we present and prove the expression of the cost-to-go functional at

time t. The optimal strategy is obtained in the procedure of this proof.

Remark 2. We observe from Theorem 1 that the cost-to-go functional is a quadratic
polynomial function of Elxy|,xy — Elz], Ell;] and l; — E[l;], and the optimal strategy is
a linear function of the current wealth xy and the current liability lp. To express the
structure of the optimal strateqy more clearly, we simply reformulate the optimal strategy
(8) to the following form:

7y = Hyxy + Hyoly + Hy 3, (10)
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Ht,l = —StE_l [PtP;]E[Pt] R

H,, = —“LE-V[P,P/E[P,q,
t+1

_ %Ct—f—l + (&1 — ﬂt+1)(§5t — E[ci])
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~

( = (§er1 — Br) (1 — By)siElzy] + [¢t+1E[Qt] + 77t+1((1 - @)Bt - E[Qt]”E[lt])

Ett1

It is obuvious that the derived analytical optimal portfolio policy consists of three terms:
the investor’s current wealth, current liability, and current cash flow with his risk attitude
specified by w and a;. It is also a function of the initial wealth xo and the initial liability
lo. In other words, it is of a feedback form, but not Markovian. At each period t, the
optimal control policy depends on two pieces of information from the given information
set, the current state (xy,1l;) and the initial state (o, ().

Remark 3. Let ¢, = E7 [P, PE[P,], & = E~'[P,P]JE[P;q;] and x, = E~'[P,P{|E[c,Py].
Also, let

deElg] + i (1 — 222) B, — Elgs))

&1

&1(1 — By) + Beya By
(5t+1 - §t+1)E[Ct] + %Ctﬂ + ({1 — 5t+1)§5t)

E[lt]7

1 _ (§t41—Bey1)(1—By)
= = (s — T Bl +

+
St‘f‘l(l - Bt) + Bt-‘rlBt
i = Zﬁ ts
/“Lz - _1a

which depend only on the current market parameters. Then, the optimal strategy can be
expressed as another simple structure which is a linear function of (i, & and Xy, i.e.,

T = W + 1 + 1 Xk (11)

If one takes (i, & and xi as three mutual funds, then the corresponding investment
amount invested in these three mutual funds are py, pi and p3, respectively. This leads
to a three-fund separation theorem, which means that though there are one risk-free asset
and n risky assets in the market, the investor only need to allocate his/her wealth among
the risk-free asset and three artificial mutual funds of (x, & and k.
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Remark 4. If the assets, the liability and the cash flow are uncorrelated with each other,
the optimal strateqy can be simplified as

(i1 — Biy1)(1 — By)siElzy] + ¢ 1 Elq [ E[l,]

§i1(1 — By) + By By
2Ct+1 + Bit1 Ele)] ).

§i1(1 — By) + Bry1 By

= —E7'[P,P}E[P,] (st:vt —

—ZZ—:E[ a:) (I —ElL]) +

where

Coff S ( G- BYs, )
Fled = HO §i+1(1—Bj) + ﬁj+lB 0 g—i—lgﬂ‘f'l(l = Bj) + B B;

dr41E[gx] B o Ep1(1 = B)E[ey] — %quBk)
. (§k+1(1 — By) +5k+1Bk<HEqJ >l0 Epr1(1 — By) + Brr1Bi '

In this case, the optimal strategy is linear in ¢, = E~'[P,P}JE[P;]. Then our three-fund
separation theorem aforementioned degenerates to the well-known one-fund theorem in the
conventional dynamic portfolio selection problem with neither cash flows nor probability
constraints (see Li and Ng (2000) for more details), which means that the investor only
need to allocate his/her wealth among the risk-free asset and the artificial mutual fund
(r, and can obtain the exact investment effect as that invested in the risk-free asset and
the n risky asset. This finding implies that the correlation among the assets, the liability
and the cash flow is the hidden reason behind the transition from the three-fund property
to the one-fund property in the optimal strategy.

Based on the proof of Theorem 1, the optimal objective of problem (3) is as follows:
Jo(E[zo), 0, E[lo],0) = Boxg + Cozo + 2dolozo + Oolo + Solg + 1o. (12)

By sequences {5;}, {G:}, {o:}, {0:}, {0:} and {9y} (see the beginning of this section for
more details), we know that {5o}, {¢o}, {®0}, {60}, {do} and {¥)o} depend on the vector
of Lagrangian multiplier A = (A1, A, ..., Ar_1)". It follows from the Lagrange dual theory
(see Luenberger (1968)) that the optimal value for the original mean-variance Problem
(3) can be obtained by maximizing Jo(E[zo],0,E[l],0; A) over A € RI~". According to

(12), we can also derive the minimum variance term as below.

Theorem 2. Assume that the assets and liability are correlated at every period. Then,
the efficient frontier of problem (3) is given by

Var(zp — lr) = max_Jo(zo,0,1,0) + wE[zr — I7] (13)
AeRT !

+

for E[IT — lT] > C()ZEO — 9010.
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Remark 5. We calculate E[z; — Iy and Var(xy — 1), t = 1,2,--- T — 1 in Appendix
B. In addition, See Table 2 and 3 in the following section. In fact, Jo(-) is convex in
A=A, Ay Apq) € RI_I. From its explicit form, we can find an optimal Lagrangian
multiplier vector \* using the steepest descent algorithm or interior point algorithm di-
rectly in the code via MATLAB.

4. Numerical examples

4.1. An empirical example

In this subsection, using the data from Yao et al. (2016), we consider an empirical
example for the ALM of a defined contribution pension fund based on the real market
data in USA. In this example, we calculate the relevant market parameters according to
real data. Moreover, we further obtain the dynamic optimal investment strategy, and
the mean and variance of the terminal surplus using our theoretical results established.
As a result, we illustrate how the pension fund can keep a tradeoff between its return
and risk measured by variance.

With an initial wealth xy = 3, an initial liability [; = 1 and a trade-off parameter
w = 1, an pension fund is scheduled to enter the market at time 0, where the unit
is one thousand dollars. We adopt monthly data and take one month as time unit in
this scenario. An investment plan for 7' = 5 periods (months) is made by the pension
fund manager. At the beginning of each period, the wealth of the pension fund can
be dynamically allocated in the risk-free asset and three risky assets. We choose Cisco
Systems, Forest City Enterprises and Tandy Brands Accessories as three risky assets from
NYSE, AMEX and NASDAQ. The sample size is 156 months between January 2000 and
December 2012. The monthly American BAA corporate bonds is used as a proxy of the
uncontrollable liability return and the pension contributions for each period are modeled
as stochastic cash flows. We adopt American average monthly salary level to calibrate
these stochastic cash flows and assume that the pension fund charges 12.4 percent of
monthly wages as contributions. This fixed proportion is consistent with the retirement
401(k) plan in USA. The BAA bond and three stocks returns data come from CRSP
(Center for Research in Security Prices) database, while average hourly wage data are
from Bureau of labor statistics. For simplicity, we assume that there are four members
in the pension fund and parameters of this model are independent of the time period
t. Using the data stated above, we calculate the related parameters of the model for
t=0,1, ---, T —1, as follows:

E[P,c;] = (—0.0065, —0.0055, 0.0001)’,
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E[P:q,] = ( 0.0140, —0.0054, —0.0055)’,
E[P,] = (0.0139, —0.0054, —0.0054)’,

0.0257 0.0046 0.006
EP,P,] = | 0.0046 0.0135 0.0046 |,
0.006 0.0046 0.0194

Elc,] = 0.4284, E[c2] = 0.6355,
Elg] = 1.0056, E[g?] = 1.0113, E[ciq] = 0.4308.

Next, we choose average interest rates on American total marketable treasury securities
as the risk-free interest!. Since the annual rate (average interest rates on American
total marketable treasury securities) of the last month (December 2012) in our sample
is 2.103%. Hence, the monthly risk-free interest is s, = 1 + 2.103%/12. Using the data
above, we have

K, = E7}[P,P,JE[P;] = (0.7219, —0.5168, —0.3791)’,

K, = E7YP,P,E[P;q] = (0.7273, —0.5163, —0.3860)’,

K; = E7P,PE[P;c;] = (—0.2222, —0.3882, 0.1659)’.

According to Theorem 1, we can derive the optimal strategy of problem (3) as follows

5 = —so(x0 — 2.9479)K, + 1.0218Ksly — K,
1 = —s1(z1 — 3.3851)K; + 1.0163K5l; — K3,
5 = —so(2s — 3.8224)K, + 1.0108Kols — K,
Tt = —sy(as — 4.2598)K, + 1.0054Kols — K,
Tt = —sy(1g — 4.6972)K, + 1.0000Ksl; — K.

The final optimal expected expectation and variance of the surplus are E[xs —I5] = 4.1981
and Var(zs —l5) = 2.1757, respectively. In Table 1, we choose a; = 0.2 and w from 0.5 to
1.25 with a step size 0.05. We can see from Table 1 that both the final expectation and
variance of the surplus increase. This is obvious and coincident with the real financial
market. As we all know, the investor who can bear a higher risk may achieve more

wealth. In addition, the higher the risk, the easier to go bankruptcy.

!The average interest rates are calculated on the total un-matured interest-bearing debt. See
http://www.treasurydirect.gov/govt/rates/pd/avg/aveg.htm
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Table 1: The impact of w (a; = 0.2)
w 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85
Elzy —lp] | 41786 4.1806 4.1825 4.1845 4.1864 4.1884 4.1903 4.1922
Var(zp —I7) | 2.1611 2.1621 2.1632 2.1644 2.1657 2.1671 2.1687 2.1703
w 0.9 0.95 1 1.05 1.1 1.15 1.2 1.25
Elzr —lp] | 4.1942 4.1961 4.1981 4.2000 4.2020 4.2039 4.2059 4.2078
Var(zp — I7) | 2.1720 21738 2.1757 2.1776 2.1797 2.1819 2.1842 2.1866

4.2. Another example

Since the above empirical example is the correlated case, in this subsection we provide
another example to let readers/practitioners know how to calculate numerical example
for the correlated and the uncorrelated cases using our theoretical results, and present
the difference between these two cases.

We consider another example of constructing a pension fund consisting of S&P 500
(SP), the index of Emerging Market (EM), Small Stock (MS) of US market and a bank
account. Based on the data provided in Elton et al. (2007), Table 2 presents the expected
values, standard deviations and correlation coefficients of the annual return rates of these
three indices, the liability and the cash flow per thousand dollars (see Yao et al. (2016)).

Table 2: Data

SP EM MS liability cash flow
(thousand dollars)
Expected return 14% 16% 17%  10% 0.438
Standard deviation | 18.5% 30% 24%  20% 0.672
Correlation coefficient
SP 1 0.64 0.79 P1 Ple
EM 0.64 1 075 P2 Poc
MS 079 075 1 03 P3¢
liability p1 P2 03 1 Ple
cash flow Pic P2e P3c Ple 1
(thousand dollars)
Thus, for any time ¢, we have
0.09 0.0342 0.0355 0.0351
EP,]=1011], Cov(P,) = |0.0355 0.0900 0.0540 |,
0.12 0.0351 0.0540 0.0576
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0.0423 0.0454 0.0459
E[P,P) = [ 0.0454 0.1021 0.0672
0.0459 0.0672 0.0720

We consider 5 time periods and the annual risk-free rate is 5% (s, = 1.05). Assume that
the investor has an initial wealth zyp = 3 (thousand dollars), an initial liability Iy = 1
(thousand dollars), a trade-off parameter w = 1. Furthermore, for t = 0, 1,2, 3,4, assume
that the probability a; = 0.1, the correlation of assets and liability is p = (p1, p2, p3),

where .
o = Cov(gt, PY)

B \/Var(qt) \/Var(Pti)

is the correlation coefficient of the i-th asset and liability. This means

E[F/q] = E[g:|E[F/] + pin/Var(g)y/ Var(F).

Also, the correlation of assets and cash flow is defined as p. = (p1c, pac, P3c), where

_ Cov(cy, P})
\/Var(ct)\/Var(Pti)

is the correlation coefficient of the i-th asset and cash flow. Hence,

E[P{c)] = E[e|E[F{] + picy/ Var(c;)/ Var (F}).

The correlation of the liability and cash flow is defined as

Pic

_ Cov(qs, ct)
VVar(g)/Var(c,)

Plc

and thus

Elq.ct] = E[q:|E[es] + plc\/\/ar(qt)\/\/ar(ct).

4.2.1. Correlation example

In this subsection, assume that the returns of the assets and liability are correlated
with p = (p1,p2,p3) = (—0.25,0.5,0.25), the returns of the assets and cash flow are
correlated with p. = (p1e, pac, p3c) = (0.25,0.25,0.25) and the correlation of the liability
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and cash flow is p,. = 0.25. Hence,

P, Cov(P;) Cov(g:, Py) Cov(c, Py)
Cov Q@ = | Cov(¢,P;)  Var(q)  Cov(qe,ct)
Cr Cov(ey, P)  Cov(q, ;)  Var(c)

0.0342 0.0355 0.0351 —0.0092 0.0311

0.0355 0.0900 0.0540  0.0300 0.0504

=1 0.0351 0.0540 0.0576  0.0120 0.0403 | > 0.

—0.0092 0.0300 0.0120  0.0400 0.0336
0.0311 0.0504 0.0403  0.0336 0.4516

Using the above formula of E[P/q,], we have E[P;¢] = (0.0898,0.1510,0.1440)’. Similarly,
we obtain E[P;c;] = (0.0705,0.0986,0.0929)". Moreover,

K, = E-'[P,P/|E[P,] = (1.0580, —0.1207, 1.1052),

K, = E-'[P,P|E[P,q] = (—0.2398,0.4374, 1.7446)’,

K, = E-'[P,P|E[P,c;] = (0.8152,0.2481, 0.5390)".
By interior point algorithm of “fmincon” with the initial point A = (0.5,0.5,0.5,0.5),

we can obtain A\* = (0,0.082,0,0). According to Theorem 1, we can derive the optimal

strategy of problem (3) as follows

7t = —1.05(zg — 3.3047)K; + 1.1877Kly — K,
7 = —1.05(z1 — 3.8005)K; + 1.1335K,l; — K,
= —1.05(25 — 4.3634)K; + 1.0979K s — K,
( )
( )

i)
7T§ = —1.05 T3 — 4.9122 K1 + 10478K2l3 - Kg,

The terminal optimal expected expectation and variance of the surplus are E[zs — I5] =
5.2628 and Var(zs5—[5) = 1.8843, respectively. In addition, the expectations and variances

of the surplus at other periods are also given in Table 3.
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Table 3: The expectations and variances of the surplus

t 1 2 3 4
A 0 0082 0 0

Elz; — 1] 26714 3.3233 3.9767 4.6215

Var(z, — 1) 0.6431 1.1044 14567 1.7069

Var(z; — ) — a;(Elz, — 1)])* | 0.0706 0 -0.1247 -0.4289

Table 4 and Table 5 present the impact of the risk aversion factor w and the probability
of bankruptcy a; on the the expectations and variances of the surplus, respectively. In
Table 4, we choose a; = 0.1 and w from 0.5 to 8 with a step size 0.5. In Table 5, w is fixed
to 5 and a; changes from 0.1 to 0.25 with a step size 0.01. We can see from the two tables
that when w and a; increase respectively, both the final expectation and variance of the
surplus increase. Since both of the parmeters w and a; represent the risk, these results

are coincident with the real financial market as the empirical example in subsection 4.1.

Table 4: The impact of w (a; = 0.1)

w 0.5 1 1.5 2 2.5 3 3.5 4
Elzr —lp] | 4.7215 5.2628 5.5301 5.7018 5.8573 5.9589 6.0273 6.0956
Var(zp —I7) | 1.4880 1.8843 2.2183 2.5154 2.8652 3.1395 3.3616 3.6178
w 4.5 ) 5.5 6 6.5 7 7.5 8
Elzr —l7] |6.1639 6.2322 6.3005 6.3688 6.4371 6.5054 6.5737 6.6420
Var(zp — I7) | 3.9082 4.2326 4.5912 4.9839 5.4108 5.8718 6.3670 6.8963
Table 5: The impact of a; (w = 5)
ay 0.1 0.11 0.12 0.13 0.14 0.15 0.16 0.17
Elzr — 7] | 6.2322 6.4977 6.7388 6.9663 7.1854 7.3984  7.5791  7.7151
Var(zp — lp) | 42326 4.6992 5.1977 5.7342 6.3125 6.9352  7.4606  7.8021
ay 0.18 0.19 0.20 0.21 0.22 0.23 0.24 0.25
Elzy — 7] | 7.8491 7.9815 8.1129 8.2436 8.3740 8.5024 8.5750  8.6472
Var(zp — l7) | 8.1636 8.5458 8.9498 9.3764 9.8266 10.2922 10.4957 10.7069
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4.2.2. Uncorrelation example
In this subsection, assume that the returns of the assets, liability and cash flow are

uncorrelated. Hence,

Pt COV(Pt) COV(qt, Pt) COV(Ct, Pt)
Cov s = | Cov(g, P}) Var(¢;) Cov(qy, ¢t)
& Cov(c,P})  Cov(ge,cr)  Var(e)

0.0342 0.0355 0.0351 O 0

0.0355 0.0900 0.0540 0 0
=10.0351 0.0540 0.0576 0O 0 = 0.
0 0 0 0.04 0

0 0 0 0 04516

By interior point algorithm of “fmincon” with the initial point A = (0.5,0.5,0.5,0.5)’,
we can obtain A* = (0,1.1829,0,0)". According to Theorem 1, we can derive the optimal
strategy of problem (3) as follows

7t = —1.05(z0 — 3.9938 + 1.1558y ) K1,
7 = —1.05(x; — 4.5631 + 1.1032; Ky,
w5 = —1.05(z5 — 5.4046 + 1.14981) K,
w5 = —1.05(z3 — 6.0443 + 1.09755) K,
7wt = —1.05(z4 — 6.7161 + 1.04761,) K.

Remark 6. From the above numerical results, we find that the optimal investment strat-
egy depends on Kq, Ky and K3 for the correlated case but the optimal investment strategy
only depends on K, for the uncorrelated case. In fact, Ky = ¢ = E7'[P,P}E[P],
K, = & = E7YPPE[P¢] and Kz = x5 = E7'[PP}E[c;Py] are the three mutual
funds. As stated in Remark 3 and Remark 4 in Section 3, the three-fund separation the-
orem holds and the optimal strategy can be expressed as a line function of three mutual
funds for the correlated case; however, for the uncorrelated case, the one-fund separation
theorem holds and the optimal strateqy can be expressed as a line function of only one
mutual fund.

The expectation and variance of the terminal optimal surplus are E[z5 — [5] = 5.5519
and Var(zs — l5) = 2.4118, respectively. In addition, the expectations and variances of

the surplus at other periods are given in Table 6.
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Table 6: The expectations and variances of the surplus

t 1 2 3 4
A 0 11829 0 0
Elz; — 1] 2.6637 3.3249 4.0694 4.8100
Var(z, — 1) 0.6046 1.1055 1.6267 2.0510
Var(z; — ) — a;(Elz, — 1)])7 | -0.1049 0 -0.0204 -0.2626

In the following, we give two tables to show the impact of w and a; when the returns of

assets and liability and cash flow are all uncorrelated. That is, p = (p1, p2, p3) = pe =

(P1cs P2cs P3c) = (0,0,0) and pge = 0. It is easy to see that the results are similar with

that of correlated case in the last subsection.

Table 7: The impact of w (a; = 0.1)

w 0.5 1 1.5 2 2.5 3 3.5 4
Elzr — 7] | 5.2249 5.5519 5.7484 5.9037 6.0421 6.1104 6.1787 6.2470
Var(zp — I7) | 2.1789 24118 2.6510 2.9229 3.2307 3.4185 3.6405 3.8967
w 4.5 ) 5.5 6 6.5 7 7.5 8
Elzr —Il7] | 6.31563 6.3836 6.4519 6.5202 6.5885 6.6568 6.7251 6.7934
Var(zp — I7) | 4.1869 4.5114 4.8699 5.2626 5.6895 6.1505 6.6456 7.1749
Table 8: The impact of a; (w = 5)
ag 0.1 0.11 0.12 0.13 0.14 0.15 0.16 0.17
Elxr — 7] | 6.3836 6.8327 7.1548 7.4368 7.6981  7.9406  8.1000  8.2539
Var(xp — Ip) | 45114 5.1664 5.7902 6.4430 7.1382  7.8548 8.2302  8.6268
ag 0.18 0.19 0.20 0.21 0.22 0.23 0.24 0.25
Elxr — 7] | 8.4041 8.5515 8.6969 8.8409 89687 9.0482  9.1269  9.2050
Var(xp — Ip) | 9.0457 9.4882 9.9553 10.4483 10.8911 11.1108 11.3389 11.5758

Remark 7. From the numerical results between Tables 3-5 and Tables 6-8, we find that
both the E[xy — lr] and Var(xp — Ir) in the uncorrelated case are greater than those in
the correlated case. This mean that, in the uncorrelated market, the investor will become
more radical, he is willing to take on greater risks to get a higher return.
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5. Conclusion

In this paper, we consider a multi-period asset-liability mean-variance portfolio selec-
tion problem with probability constraints and cash flows. Using mean-field formulation,
the analytical optimal strategy and efficient frontier are strictly derived. The numerical
examples show how to apply the theoretical results. We also present the impact of the
risk aversion fact and bankruptcy probability on the expectation and variance of the

terminal surplus via numerical examples, which coincides with the real life.

Appendix A

Appendix A.1. Lemmas 1 and 2

In this appendix, we present some lemmas which are useful for us to prove the The-

orem 1 in this paper.

Lemma 1 (Sherman-Morrison formula). Suppose that A is an invertible square ma-
trix and p and v are two given vectors. If

1+ A #0,
then the following holds

A_lluV/A_l
Aq /)y t=at o2 W2
Lemma 2. Suppose that z; # 0, zo # 0 and z;(1 — B;) + 20B; # 0 hold. Then

R -
(i) (2EPP]~ (21~ 2)EPEP]) E[Piw]
(=25
a 21(1 — Bt) + ZQBt
(iii)  («E[PP]] — (21— ZQ)E[Pt]E[P;DIE[PtCt]
(1 - 2)BC,
~ 2(1- By) + %B,

E~'[P,P|E[P,];

1
Eil[PtP;]E[Pt] + Z_Eil[PtPQ]E[PtQt]S
1

1
E~'[P.P,E[P,] + Z—Efl[PtPg]E[Ptct];
1

(iv) E[P}] <21E[PtP;] - (Zl - 22)E[Pt]E[P;]>_1E[PtQt] - 21(1 — ijt) + ZQBt;
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5,
21(1 — Bt) + ZQBt7

(1) EP)(2EPP] ~ (2~ »)EPJEP)) E[Piwc] =

-1 -2 ~ 1 ~
. / n_ . ’ _ = 9 1 .
(vi)  Elg.P] <21E[PtPt] (21 ZQ)E[Pt]E[PtD E[P:q] 21— B,) + %B, B; + P By;
-1 -2 ——2 1 —
.. / n _ - / _ 21 4
(vii) E[eP)] (zlE[PtPt] (= z2)]E[Pt]E[Pt]) ElPu) = =g g B0 5 PO

Proof. (i) Applying Sherman-Morrison formula yields

(zlE[PtP;] — (2 — zQ)E[Pt]E[P;]) “E[P,

Z;lE—l [PtPg] (21 — Zz)E[Pt]E[PQ]ZIIE—l [PtP”
L -z (21 — 2)E[P)JE ! [PPE[P] )E[Pt]
1

= E-YP,PE[P,].
Zl(l—Bt)+ZgBt [ ! t] [ t]

— (z;l]E‘l PP} +

(ii) Applying Sherman-Morrison formula yields

<Z1E[PtP;] — (2 — ZQ)E[Pt]E[P;]) TEBPg)

7 B PP(z1 — 2)E[PJE[P]]z "B~ [PP]]
1=z (21 — 2)E[PE! [PPE[P,]

— (zllEl PP +

I G 2)B E-'[P,P)JE[P,] + —E'[P,P!E[P:q]
21(1 = By) + B, o T o o

)P

iii) Applying Sherman-Morrison formula yields
ying

<Z1E[PtP;] — (2 — ZQ)E[Pt]]E[P;D “Bie,P)]

C'EYP,PY (21 — 2)E[P,|E[P))z; 'E PP,
= (Zl_lE—l[PtP:s] + 21 [ '5_115](21 ) [/ 2 7£ t]ZI/ = t])E[CtPt]
1 —z1 (21 — 22)E[PE- [P, P} E[P]
(- 2)BC, E-'[P,PE[P,] + —E~'[P,P||E[c,P,
21(1 — By) + 2By o S A S

(iv) Applying the above (ii) yields

E[P}] (4 E[P.P]] - (2 - ZQ)E[Pt]E[Pg])_lE[Ptqt]

( - Z—Q)Et 1~

L B,+—B

Zl(l — Bt) + ZQBt ! 21 !
B

Zl(l — Bt) + ZgBt‘
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(v) Applying the above (iii) yields
-1

E[P!] <z1E[PtP;] — (= - zZ)E[Pt]E[P;D E[P,c]

__(-2)BC B+ ~BC
- Zl(l—Bt>+ZQBt ! Z1 !
BC,

21(1 — Bt) + ZQBt.
(vi) Applying the above (ii) yields

E[q,P!] (zlE[PtP;] — (2 — ZQ)E[Pt]E[P;])_lE[Ptqt]

( _z_i)ét ~ 1~

B,+—B

Zl<]. — Bt) + ZgBt ! 21 !
= ~ 1

= = Bf + —B

21<1 — Bt) + ZgBt t 21 ¢

(vii) Applying the above (iii) yields
-1
E[e,P!] (zl]E[PtP;] — (2 — ZQ)E[Pt]]E[P;]) E[P;c,]
(1-2)BC: = 1

= A0 DB) T ZQBtBCt + Z—lBCt
-2 —2 1
= V0B & ZQBtBC’t + Z—lBCt.
This completes the proof. ([l

Appendix A.2: The Proof of Theorem 1
Proof. We prove the main results by dynamic programming approach. For the informa-

tion set JF;, the cost-to-go functional at period ¢ is calculated by
Jt(]E[l't], Ty — ]E[.I’t], E[lt], lt — ]E[lt])

B { —]EIPi?E[ }%E[erl (E[fftﬂ]va?tﬂ — Elzea], Ellea], livr — E[lﬂrl]) ‘}-t}

(20— U — Bz, — 1)) = Na(Blz, — 1))
The cost-to-go functional at terminal time 7T is
Jr (Elzr), 7 — Elar], Ellr], Ir — E[ir])
= (27 — Iy — Elzr — 7)) — wE[zp — I7]
= &r(wr — EBler))” + 200 (ir — Ellr)) (20 — Elr)) + er (i — Elig])?
+ Br(Elzr])? + ¢rElar] + 207E[lr]|Elzr] + 67E[ir] + 0r(Ellr])® + .
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Assume that the cost-to-go functional at time ¢ + 1 is the following expression
Jii1 (B[], w1 — Elzep] Ellena], lipa — Ellisa])
= &1 (o1 — E[$t+1])2 + 201 (epr — Ellea]) (w41 — Elzea]) + €1 (s — Eflea])?
041 (Elre41])* + CGiBlen] + 200 1Bl [E[zei] + 0Bl ] + 0ri1 (Elle])® + P

We prove that the above statement still holds at time ¢. For given information set J,

we have

E(Jes1 (Blzea], wrp1 — Elwesa), Bllia], by — Ellia]) | 7]

— B |6 s (o~ Elod) + Pi(m, — Blr]) + (P} ~ EIPI)Bl] + (e~ Bl
+ 2041 [qt (le — E[L]) + (@ — E[qt])E[lt]}
X |so(w0 = Elw]) + Py (m — E[m]) + (P} - E[P{)Eln] + (c. — E[a])]

+ e [e(l — E[L]) + (¢ — Ela.])E[l] “ 4 B (s¢Elz:] + E[PE[m,] + E[Ct])Z
+ Gt (seEle] + E[PE[T] + Elc)]) + 20011 ElgE[l] (:E[2¢] + E[PYE[m] + Elcy])

+ O BIAIED] + s BB + v | ]
_@HFﬂ@ ()’ + (m — Elm)) E[P P} (m, — Elmi])
E[m]) + E[r] (E[P/P}] — E[P,JE[P}])E[m]

+ 284 (¢ — Elzy])E[P] (m —
+2(m - E[ 1) (E[PtP |~ E[P,E[P, 1>Em + 2(ElcP}) — ElcEP}) (v, — Elm)
+2(E[e,P}] P}))E[r.] + Ef(c. — Elci])?]

+ 24 [stIE o (zt —E[L)) (z: — Elx ) +E[gP}) (I, — B[L) (m — E[m))

+ (E[q.P)] <E L) (m — + (I, — E[L))E[r,] + E[lt]E[ﬂtD

+ (Elgicr) — Ela]E[e 1)((@ ~ElL)) +E[zt1)]

+ €41 [E[qtz](lt — E[L])* + 2(Elq7] - (Ela])*)(l — E[L)E[L] + (Elg;] — (E[qt])2)(E[lt])2]
+ B[ 2 (El]) + 25,Elo E[P]|E[,] + E[xE[P,E[P|Efr,

+ 29 E[eEfr] + 2E[e]EIPYEL] + (E[e])’] + Gor (sEa] + E[PJEr,] + Efe)

+ 2001 ElgJE[l] (s:E[z] + E[P}E[m] + Elc]) + 01 E[GE[L] + Sp41 (B[] E[L])? + i
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Since any admissible strategy of (E[m],

E[l;]] = 0 holds, we have

E B & B &

We first identify the optimal solution (E[r;]|, 77 — E[r

equivalent cost functional,

E [ Ji41 (Elzeg1], 241 — B[z, E[lt+1] liy1 —

=& [5? (2 — E[l’t])g + (m —
+ 254 (2, — Elz,)) E[P}] (7 —

+2(E[,P)]

e — E[Wt])/(E[PtPQ] - E[Pt]E[PQ])E[W]

— E[¢]E[P;]) (I: — E[l;]) E[m]

(Elgr] — (Elae))*) (le — E[l))E[L]

—MMMPDHM

—E:L‘t

— E[m]) satisfies E[r; — E[m;]] = 0 and E[l; —

EJ:Q
— E[r]) }:Q
— E[r) ]:Q

F| =0,

R]:O

*]) by minimizing the following

Elli1]) | 7]

P (e — Elm])

™) (E[P:P;] — E[P|E[P}]) E[m]
Ele.))?]

[mi]) El
)+E
+ E[(¢; —
]

- E[lt]) (7rt - E[T[‘t])

+ 211 |seBlar) (1 — E[L]) (w0 — Elai])

+ (Ela:P}) - ElaE[P))ElL]E[m] + (Elaci] — ElaEled])ElL]
+ evs |El?)( — E[L))? + (Elg?) - (Ela)) (ElL])?]
+ﬁt+l[s§<E[x])2+2stE[xt1E[P |E[,] + Elx/E[PJE[P/]E[]

+ ]E[QtPt] (lt
[

+ 25,E[c,|Elx,] + 2E[c,|E] ]+ ( }+Qﬂsmxt+Eth4+mq)
+ 2¢t+1E[qt]E[lt] (seElz] + ]E[ ] [me] + E[Ct]) + 0, A B[ El] + 01 (Bl@]E[L])? + i

= &t+1 [3? (xt ) (7Tt ) P, P, ](

+E[”t](ft+1E[Pt | = (§t+1—5t+1) [P, |E[P}])E[m] + 2641 (B[P}
4&mHF£MKQ—HMﬂ@—EmD+E@PMQ—HMN@—EM@

+ (E[q/P}] — E[g:|E[P}])E[L,]E[m] + (Elgec:] — E[Qt]E[Ct])E[lt]]
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—Em]) + 25:(2 — El])E[P])(m, — E[m,])]
— E[c]E[P])E[r,]



+ ecrn [Elg?) e — EILD) + (BI) — (Bla)?) BIL]?] + €Bl(co — Efe])”

+ B |2 (E[wi])” + 25/E [ |E[P)JE[r] + 2 E[c]Elw:] + 2E[c]E[P{E[r,] + (E[c])’]
+ Gev1 (s:E[z] + E[PE[m] + Eler]) 4 2001 E[q]E[l] (s:E[z¢] + E[P}|E[m] + E[c,])
+ 0, E[g]E (L] + 0r1 (Elg]E[L])? + i

It is easy to see that 7 — E[r/] can be expressed by the linear form of states and their
expected states, and E[r}] can be constructed by the linear form of the expected states,

ie.,

7 — E[r}] = — E7' P, PE[Py]s; (z; — E[zy]) — nz—iE‘l[PtP;]E[Ptqt] (L —E[L]), (14)

Bl] = — (6 iEIPPl] - (6 — B JEIPJEIPY) ™ (BB EIP + 6iBlP
+ (s — &) Bled + 561 ) EIPY + 6t Elg JE[PJEL
s (EIPw] - BlalEIP)EL )
~ — (G EIPiPY] — (61 — A EIPJEIPY) ™ (Kins EIP B,

+ K11 2E[PHE[l] + Kiv1 sE[P ) E[l] + K1 4E[Py] + Kt+1,5E[CtPt])

1

— _1 !
= —FE [PtPt]E[Pt] ft-i-l(l — Bt) + Bi+1 By

(ﬁt+1stE[xt] + (Bey1 — &41)Eled]

+ %Ctﬂ + (&1 — ﬁt+1)§5t + G 1 E[qE[l] + 141 ((1 - Z;l ) B — E[Qt])E[lt]>
—E'[P,P)|E[,P,] - LE[P,PE[Pg,]ElL], (1)

t+1
where

Kt—i—l,l = 5t+18t7

K2 = (¢t+1 - 77t+1)E[CIt];

S Kt+1,3 = Nt+1,

Kii1a = (B — &) Eled + 3G,
Kt+1,5 = §t+1-

\
Hence, combining with (14) and (15), we derive the desired result (8).

In order to get the explicit expression of the cost-to-go functional at time ¢, we substi-
tute 71'1;|< —E[W:] and ]E[W:] back to E [Jt+1 (E[$t+1], Ti41 —E[:Ut+1], E[lt+1], lt+1 —E[lt+1]> |ft:| s
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and further derive
Jt (E[l‘t], Ty — E[th], ]E[lt], lt — ]E[lt])

= ( _EIFi]nE[ ﬁE[‘]t-Fl(E['rt'i-l]?xt'i-l — Elzia], Ellea], livr — E[lt+1]) ‘]'-t]

A (2 — b = Bl — 1) = \ay (Bl — 1))
— &182 (2 — Eled))” + 2m15.Elgl] (I — B[L]) (20 — El)) + Bias? (Blzy)

2

+ (25t+1E[Ct] + Ct+1)5tE[$t] + (9t+1E[Qt] + 277t+1(E[QtCt] - E[C]t]E[Ct]) + 2¢t+1E[Qt]E[Ct])E[lt]

+ v [Elg?]( — BL)? + (B[g?) — (Elgi)®) (B | + 260s15Elq B[l ]E[z)
+ Bit1 (E[Ct])Q + G Efed] + 5t+1(E[Qt]E[lt])2 + &1 Ef(er — E[Ct])Q] + Vi1
- [ — E[PJs(z, — Elz]) — gE[Ptqt] (1 - E[lt])]

x E"'[P,P!] [ — E[PJs(z, — E[z]) — %E[Ptqt] (1, - E[zt])}

t

-1

X (ft—HE[PtP;] — (&1 — 5t+1)E[Pt]E[PH)

+ )\t(a:t — I —Elx; — lt])2 — Ay (E[a:t — lt])2
= &152(1 = By) (21 — E[2)])” + 2m151(Blg) — By) (I — E[L)) (w1 — E[x])

2 ~
+ <€t+1E[Qt2] - ZZ—:Bt> (ly — E[l])* + Brsrsi (E[mt])Q

— | K11 E[PElxy] + Kiy1 2E[PE[L] + Kiy1 sE[Pqi|Elly] + K1 4E[Py] 4+ Ky sE[c,Py]

X | K11 E[PE[xy] + K1 2E[PE[l] + K1 sE[P1q|E[l] + K11 4E[Py] + K1 5E[c: Py

+ (25t+1E[Ct] + <t+1)5tE[=’Et] + (9t+1E[Qt] + 2041 (Elgree] — E[g:]E[ci]) + 2¢t+1E[Qt]E[Ct])E[lt]

+ err1(Elg7] — (E[g])*) (E[L])? + 20411 5:E[qe] E[l]E[¢]

+ Bt (Eled)” + G Eler] + G (B[ JEL])? + EEl(ce — Elei])?] + v
Bt 2 Bt

- K2, (Elx])" — K2 (E[IL)?

€t+1(1 - Bt) + Bt—l—lBt t+1’1( [ t]) £t+1(1 — Bt) + ﬁt_HBt t+1’2( [ t])
— t+1 + B )KQ Ell _ K2

<5t+1(1 — Bi) + BB & 1 (ElL]) &41(1 = By) + B B, 4

—2
(1-f0BC, 25,

- 2 LT KppraKpar 2B [L)E[

<€t+1(1 — By) + BBy & t) s §i41(1 = By) + B By v K2l EL]

2B, K11 K1 3E[L)E[z,] — 25,
&1(1 — By) + B By PR S ! &1(1 — By) + Besa By

Kt+1,1Kt+1,4E[$t]
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~

9BC, 9B,
— Ky 1Kpor sElz,] —
&1(1 — By) + B By i1 K sBlzd E1(1 — By) + B By
9B, 9BC,
— Ko1K L] —
&n(1—By) + BB, 7 bl = e T B BBy

2B, (1 2=)B,BC, 1

St +

Kt+172Kt+l,3 (E[lt])2

K1 20K 5E[l]

B Kiy13K14E[l —2<
E1(1 — B) + Bi1 By 41,341, 4B (1]

9BC,
&v1(1 = By) + By By

Also, we have

Ji (E[%], Ty — E[mt], E[lt]a Iy — E[lt])
= (&Hsf(l — By + )\t) (mt — E[mt])
n 2<nt+1st(E[qt] ~B) - /\t> (1 — EL]) (2, — E[z4])

2

2 ~
+ (6t+1E[Qt2] - MBt + )\t) (I, — E[i,])?

i1
+ <5t+132 - b Ky = Atat) (Efze])*
! gt-‘rl(l - Bt) + Bt-i-lBt a
2B,
26,1 — Ki11K,
+ [( Bei1Ec] +Ct+1)5t 6n(l—B) + BB t4+1,1 84414
9BC,
- K11 K5 | Ela
E1(1 = By) + BB, T ]

B,
&1(1 — By) + b1 By

K11 K13+ )\tat] E[l|E[z4]

+2 [¢t+1 s¢Bq) —
&1(1 = By) + B By
+ [9t+1E[CIt] + 2011 (Elgeer] — Elqi]Eled]) + 2611 E[q:]Elc]

K11 K12

&1(1 = By) + BeaaBe &

Kt+1,4Kt+175 + At ([L’t — lt — E[It — lt]>2 — )\tat (]E[l't — lt]>2-

E@QKﬂngmEM

2B 2BC,
- K K — K K
E01(1 — By) + B By tr1,28 114 6n(l—B) 1 B, 41208415
= 6t+l o~
2B, (1 T € )BtBCt 1
_ Kii13K —2( o . BC>K . }Ez
Sv1(1 — By) + B By s E1(1— By) + Bea By &n 141380415 | E[l]
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By

i [am(E[qt])? T e (Bl — (Ela))?) K2,

a Ee1(1 — By) + Beya1 Be
(1— 22)B; 1

— n 2 _ 2§t
<§t+1(1 — By) + 1By - §t+1Bt>Kt+1’3 §1(1 = By) + B By
+ B (E[Ct])2 + GenBled + & El(er — Eler])?] + thiga

—=2
(1—¢=4)BC, 1

Ki19K413 — Aay (E[lt])2

Bt 3 —
. Ko (NZEITC 1 gy
§i41(1 — By) + By By i &r(1—By) + BBy & t) LS
2BC,

— K K
Eoir(1— By) + By By HHATLS

= ft (xt — ]E[.Z’t])2 + 277,5 (lt — E[lt]) (.Tt — E[th]) + € (lt — ]E[lt])2
+ Bt(]E[.fCt])Q + gt]E[fL't] + 2¢t]E[lt]]E[l't] + Ht]E[lt] + 5t(E[lt])2 + ¢t'
This is the desired result of cost-to-fuctional (7). Substituting E[r}] to dynamics of E|x;]
in (4) yields
E[xtﬂ] = St]E[.fL't] + E[P;]E[Tt] + E[Ct]
1
§i+1(1 — B) + Br1 By

+ ((5t+1 — &) Eled] + %Ct—i-l)E[Pt] + e E[q]E[PJE[]

= s E[x,] —

E[P/E[P,P) (ﬁtﬂstE[xt]E[PtJ & nEleP)

+ 141 (E[Peg] — E[Qt]E[Pt])EUt]> + Elci]

_ §i1(1 — By)sy _ Gr11E[q] Be + M1 (ét - E[Qt]Bt)
"~ &1 = By) + B By §1(1 — By) + By By
 (Bis1 = &1)Ele] By + 56418 &:1BC, - Efe]
Ei41(1 — By) + B By §v1(1 = By) + B By '
&1 = By)sy B Grr1E[qe] By + 11 (Et — Elg]B)
~ &a(1 = By) + BBy §i41(1 — By) + B By
§i1Ele] — %Ct+1Bt _ 5t+1§5t
&r1(1 = By) + BBy &11(1 — By) + Bea By

which implies the expression of E[z;] in (9).

E[z,]

Ell:]

E[z] E[l;]

(16)

Finally, we show that this optimal strategy satisfies the linear constraints. At time
0, E[ns — E[rg]] = 0 is obvious due to xy = E[zg] and [y = E[ly]. Then, according to the
dynamic system of (5), we have E[z; — E[z;]] = 0 and E[l; — E[/;]] = 0, which further
implies E[r} — E[n}]] = 0. Repeating this argument, we have E[r; — E[r}]] = 0 holds for
all t. O
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Appendix B: Calculation for E[x; — [;] and Var(x; — l;)
It follows from (10) that we have
xfﬂ = s22? + TP Pim; + & + 25,20, Pim; + 25,100, + 2Py

= Sfxtz + (Hiaxe + Hyoly + Ht,3),PtP;(Ht,1xt + Hioly + Hi3) + C?
+ 2St$tP£(Ht,1xt + Hyoly + Hy3) + 2sixpc + 2P20t<Ht,1-Tt + Hioly + Hes)

and
Teprlepr = (sewe + Pomy + ) liq
= siqeaily + Plgemels + qeeqdy
= S1qely + P;%(Ht,l%tlt + Ht,zlt2 + Hysli) + qreels.
Hence,

Bli2,] = $3(1 — B)E[?] + HL,E[P P H,E[Z] + HL E[P,PH,g
+ 20, E[P, P} H, ,E[x,l,] + 2H, E[P,P}) H, sE[x,] + 2H, [P, P} H, ;E[l,]
+ B[] + 25E[P!] HyoElwils] + 25:E[P!] HysElwi] + 25, Elw]Elci]
+ 9E[eiP!| Hy Ely] + 2E[c,P))Hy2E[l,] + 2E[c:P! H, 5
— (1~ B[] + HLE[P P! H, B[] + HL PP H,
+ 2H/ B[P P} H, ,E[x,l,] + 2H] \E[P,P}|H, sE[z,] + 2H] JE[P, P! H,;E[l,]
+ E[c}] + 28:E[P}| H; oE[wily] + 2s,E[P}] H; 3E[x4] + 25/E[z]E[c;] + 2E[c:P}]E[7]

and

Elzi1li1] = siElg|Elwedy] + E[Pig|(HiaElwedy] + HeoE[l] + HisE[L]) + Elgie,JE[L],
= (s:E[q] + E[P}q)H:1)E[zls] + E[Pq)H. 2E[l7] + (E[Pyq:] Hy 5 + E[qece] ) E[L].

Moreover, we have

Var(zy11 — li41)

= Var(zy11) — 2Cov (w411, liv1) + Var(lyyr)
= Ela},] — (Elzi1])” = 2(Elwesalin] — Elz]Elln]) + B[] — (Ella])”

Thus, we can calculate E[z; — [;] and Var(x; — ;) for t =1,2,--- ;T — 1 by (16) and the

above formula.
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