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Abstract

In this paper, we study the mean-variance portfolio selection problem under partial
information with drift uncertainty. First we show that the market model is complete
even in this case while the information is not complete and the drift is uncertain. Then,
the optimal strategy based on partial information is derived, which reduces to solving
a related backward stochastic differential equation (BSDE). Finally, we propose an
efficient numerical scheme to approximate the optimal portfolio that is the solution of
the BSDE mentioned above. Malliavin calculus and the particle representation play

important roles in this scheme.
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1 Introduction

The mean-variance portfolio selection model pioneered by Markowitz [26] has paved the
foundation for modern portfolio theory and has been widely applied in financial economics.
Markowitz proposed and solved the problem in a single period setting. For half of a century,
however, the optimal dynamic mean-variance portfolio selection problem was not solved due
to the non-separable structure of the variance minimization problem in the sense of dynamic
programming. This difficulty was finally overcame by Li and Ng [19] and Zhou and Li [3§]
via an embedding scheme, for multi-period and continuous-time cases, respectively. Since
then, many scholars have devoted their attentions to the study of the dynamic extensions of
the Markowitz model, see, for example, Li et al. [20], Lim and Zhou [22], Zhou and Yin [39],
Bielecki et al. [7], Li and Zhou [21], Chiu and Li [9] in continuous-time settings.

In the research mentioned above, the initial and terminal times are fixed as 0 and T,
respectively. The optimal strategy u; for ¢t € [0,7] is determined at time 0. However, the
optimal strategy u; found at time 0 for ¢ € [0,7] might not be optimal at time ¢ if you look
at it at time ¢. This is the so called time inconsistency problem. It is well recognized that the
optimal strategy for mean variance problem is usually time inconsistent. How to resolve this
problem is a very active research field and we refer the reader to the following reference for
works in this subject [5, 16, 27, 38]. The time consistency problem for our partial information

model will not be studied in this article, although we hope to deal with it in a future research.

On the other hand, all the works mentioned above assume that the Brownian motions that
are driving the stock prices are completely observable to the investors. In reality, however,
the driving Brownian motions are often not observable to the investors, and the stock prices
are the only observable information based on which the investors make the decisions. This
fact motivates the study of the so-called partial information portfolio selection problem.
In 2007, Xiong and Zhou [32] established the separation principle to separate the filtering
and optimization problems for the mean-variance portfolio selection problem with partial
information. They also developed analytical and numerical approaches in obtaining the filter
as well as solving the related backward stochastic differential equation. In this paper, we will

propose another more efficient numerical scheme based on Malliavin calculus.

Here we mention a few works where separation principle is also derived: Detemple [10],
Dothan and Feldman [12] and Gennotte [14]. We also indicate that Malliavin calculus is also

used to study optimal portfolio problems under partial information (see [1, 11, 31]).

The optimal redeeming problem of stock loans under drift uncertainty has been studied
by Xu and Yi [33]. In their model, the inherent uncertainty of the trend of the stock is

modeled by a two-state random variable representing bull and bear trends, respectively; the



current trend of the stock is not known to the investor so that she/he has to make decisions
based on partial information. They derive the optimal redeeming strategies based on the

prediction of the stock trend.

In this paper, we study a mean-variance problem under partial information with drift
uncertainty. Our contributions to the literature are summarized below: First, we show that
the market model is complete even in this case while the information is not complete and
the drift is uncertain. Second, the optimal strategy based on partial information is derived,
which involves the optimal filter of the drift. Third, an efficient numerical approximation
is suggested to solve the BSDE which arises from the mean-variance problem under drift
uncertainty. This scheme is investigated in the context of the Malliavin calculus approach
for the approximation of conditional expectations. We also prove the convergence of our
numerical scheme, and study the L? error induced by the Euler approximation and by the

strong law of large number (SLLN).

The rest of the paper is organized as follows. Some preliminary results on filtering and
Malliavin calculus are given in Section 2. In Section 3, we derive the innovation process
associated with the posteriori probability process of the drift uncertainty model and study
its optimization problem under partial information. We also prove the completeness of the
market under G filtration (partial information). A new numerical scheme is proposed and the

asymptotic behavior is studied in Section 4, a couple of numerical results are also presented.

2 Preliminaries

In this section, we state some elementary facts about stochastic filtering and Malliavin cal-
culus for the convenience of the reader. We refer the reader to Sections 8.1-8.3 of Kallianpur
[17] for more details about the general filtering problem and the stochastic equation of the
optimal filter, and the book of Nualart and Nualart [28] about the Malliavin calculus.

Let T be a fixed positive constant representing the investment horizon. Let (2, .#, P) be
a complete probability space and let F;, ¢t € [0, 7], be an increasing family of sub o-fields of
Z . Throughout this article, we always augment the o-filtration with all P-null sets. The
signal h;(w) and the observation Z;(w), t € [0,T], are assumed to be two N-dimensional

processes defined on (€2,.%, P) and further related as follows:

Z) = [ ha(w)du+ Wife), (2.1)

where {W;,t € [0,T]} is an N-dimensional Wiener process, and h;(w) is a R¥-valued, (¢,w)-



measurable function satisfying

/T]E(]ht|2)dt < 00, (2.2)

where | - | denotes the Euclidean norm of N-dimensional vector. Further, for each s € [0, 77,
the o-fields ZMW = o{h,,W,,0 < u < s} and FV = o{W, — Wy,s <u < u < T}
are independent. Let {ZZ }o<i<r be the filtration generated by Z. This filtration is called
the observation o-field. Let v; := (v}, ,v}), be an N-dimensional {.#7},cj0r-adapted

innovation process, which is also an N-dimensional {.%7 };c(0.rj-adapted Brownian motion.

We list three theorems for ready references. The following one appears in Section 8.3 of
[17] (page 208).

Theorem 2.1. Under conditions (2.1) and (2.2), every separable, square-integrable F7-

martingale Y; is sample path continuous a.s. and has the representation

N t
Vi-E() =) [ elwl telnT) (23)
i=1 Y0
where
T
/ E(|®,|*)ds < oo (2.4)
0

and @, := (B!, -+ ®N) is jointly measurable and adapted to F7.

The next theorem is called the Clark-Ocone formula (see Theorem 6.1.1 of [28]). It
expresses a square integrable random variable in terms of the conditional expectation of
its Malliavin derivative. Let B = (B,),», be a multi-dimensional Brownian motion on a
filtered probability space (€2, .Z, (%)i>o0, ;’), where ()0 is the natural filtration of B and
F = V>0 Denote by D the Malliavin derivative operator. We define the Sobolev space

D2 of random variables as follows:
D2 — {F € LQ,.Z, P) : ||F|%, = B(|FP) +E[/ |DtF|2dt] < oo},
0

where L°(Q, %, P) denotes the set of .Z-measurable random variables.

Theorem 2.2 (Clark-Ocone formula). Let F € DY N LO(Q, %r, P). Then, F admits the

following representation

T
0



Let M(d,q,R) be a vector space of matrices with d rows and ¢ columns of R-valued

entries, || - || be the canonical Euclidean norm.

Denote by LP(0,T;R?) the set of all R%-valued {F;}:cjor-adapted processes f in the
probability space (€2, F,P) whose L? norm are finite, namely

T v
£l e o,rme) = (E/ |f(t)|pdt) < 00.
0
Let LP(F,RY) be the set of all R%-valued random variables ¢ with finite LP norm

I€ll, == (BlEP)? < oo.

The next theorem which appears in Section 7 of [29] (Theorem 7.2), states the error
approximation of the Euler scheme for the solution (X;);co,7] to a d-dimensional stochastic

differential equation
dXt = b(t,Xt)dt+U(t,Xt)th, (25)

where b : [0,7] x R? — R o : [0,T] x R — M(d,q,R) are continuous functions, W =
(W4)iepo,1) denotes a g-dimensional standard Brownian motion defined on a probability space
(Q,F,P) and X : (Q, F,P) — R? is a random vector, independent of W.

The discrete time Euler scheme with step % is defined by

\ \ T n v n v T n \
X, = Xop + =0 (6, Xgp) + 0 (1, Xop) \[ = Zirs Xo = Xo,
k=0,--- ,n—1,
where t} = %T, k=0, ,nand (Z}),<;<, denotes a sequence of independent and identically

distributed random vectors given by

n n
zr izw/f(Wtz—Wtﬁl)? k=0, n.

Theorem 2.3 (Strong rate for the Euler scheme). Suppose the coefficients b and o of the
SDE (2.5) satisfy the following regularity condition: there exist a real constant Cy,r > 0
and an exponent B € (0,1] such that for all s,t € [0,T],z,y € R,

[b(t, x) = (s, 2)| + |lo(t, 2) — o(s,2)[| < Coor(L+ |2])]t — 5|7, (2.6)
[b(t, 2) = b(t, y)| + llo(t, 2) — ot y)|| < Coorly — =], (2.7)



Then for all p > 0, there exists a universal constant k, > 0, depending on p only, such that

for everyn > T,

_ T\ 2
| sup g = X3, < Ko 41Xl () 23)
0<k<n n
where
K(p7 ba g, T) = KJPCI/),J,Te,{p(1+C{)’U’T)2T
and
! = Chy b(t. 0 £.0)| < +o0. 2.9
bor = Cb, Tﬂ%&?ﬂ (t, )I+tgg§§]l|0(, )| < 400 (2.9)

3 Problem formulation

3.1 Model setup

Assume that (2, F,{F;}i>0, P) is a complete filtered probability space, which represents
the financial market. The filtration {F;}+>o satisfies the usual conditions, and P denotes
the probability measure. In this probability space, there exists a standard one-dimensional
Brownian motion W. The price process of the underlying stock is denoted by S;, t € [0, 7],
which satisfies the stochastic differential equation (SDE):

dSt = ,uStdt + Stth, (31)

where p is random and independent of the Brownian motion W, and it may only takes two

possible values a and b that satisfy
vy:=a—b>0.

The stock is said to be in its bull trend when @ = a, and in its bear trend when pu = b. Note

that the volatility for the model (3.1) is normalized to be one.
The observed information up to time ¢ is given by
G =0(Ss: s<t), te]l0,T].
The posteriori probability process ™ = (74 )scpo,r is defined as
7= P(p = alG). (3.2)

It is used to estimate the chance that the stock is in its bull trend given the observed
information up to and including time ¢. Assume that 0 < 7wy < 1. This means it is not clear

whether the stock is in its bull trend or bear trend at time 0.

Let uy, called a portfolio, be the amount invested in the stock at time t.



Definition 3.1. A portfolio (or trading strategy) is called self-financing if all the changes
of the values of the portfolio are due to gains or losses realized on investment, that is, no
funds are borrowed or withdrawn from the portfolio at any time. A portfolio process {u;}reo,r]

is called admissible if it is {G; }icjo.11-adapted, self-financing and
T
/ E(u?)dt < .
0

Denote by Y; the wealth process of an agent, and u; an admissible trading strategy.

Starting with an initial wealth yo > 0, Y; satisfies the following wealth equation:

d}/t = (,U/Ut + (1/; - ut)r) dt + Utth, te [0, T], (3 3)
Yo = %o.
where r denotes the interest rate, which is a constant.

Our goal is to solve the following optimization

Problem (MV): To find the best admissible portfolio u; to minimize Var(Yr) subject to

the constraint E(Y7) = z, where Y} is given by (3.3), and z is a given positive number.

Taken as observation, the log-price process L = (logS;)icp,r), by 1t6’s lemma, satisfies
the following SDE

1

Then, the innovation process

t 1
v =L, — / (b —5 + 77?8) ds (3.5)
0

is a Brownian motion with respect to the observation filtration G;. It is easy (see [17], Chapter
8.1) to verify that m, satisfies the following SDE:

dmy = ym(1 — ) duy, T = P(u = a). (3.6)
By (3.3) and (3.5), we get the v-driven representation for Y:

dY;: ((b—{—’yﬂt—T)ut—FTYZ)dt‘{‘Utht, te [OaT]a
Yo = yo.



3.2 Optimization under partial information

The optimization problem (MV) turns to minimize Var(Yr) with state equations (3.7) and
the constraint E(Y7) = z.

Let
t t 1
Py 1= exp (—/ (b —r+yms)dvs — / (r+ §(b —7r+ Wﬂs)z)d8> : (3.8)
0 0
Applying [t6’s formula to p;, we get
dp; = —rpdt — (b — 1 + ymy) peduy. (3.9)
Further, applying 1t6’s formula to Y;p;, we have

d(Yipe) = (Yi (rpe — ppr) + wepr) duy.

It is also easy to prove that Y;p; is square integrable. Therefore, Y;p; is a {G; }1c[o,g-martingale

and hence,
E(Yipt) = vo.

Denote Y7 by v. To find the optimal portfolio, we seek the best Gr-measurable terminal

wealth v to minimize the variance
E(v — 2)? (3.10)
subject to constraints

Ev =2z and E(prv) = yp. (3.11)

Let H := L?(Q, Gy, P). For X € H, let
X[l = (E(X?)*
Then, H is a Hilbert space endowed with the norm || - ||g. Note that
E(v —2)* = |lv — 0[|F — 2°.
Therefore, the optimal v is the projection of 0 onto the hyperplane

{veH: Ev=z E(vpr) =1yo}.



3.3 Completeness of the market

Denote by Lg(0,T;R) the set of all R-valued, {G; }+cp0,r1-adapted processes f(t) such that

T
2
IE/O | F(£)2dt < oo.

Then LZ(0,T;R) becomes a Hilbert space endowed with the norm

T 3
1z 0rm) = (E/O !f(t)\%lt) .

Definition 3.2. A contingent claim v € H is called attainable if there is ®, € LE(0,T;R)
such that

T
vpr = E(vpr) +/ O dv,. (3.12)
0
Denote the collection of all attainable contingent claims by AC(G). Then AC(G) is a
subspace of H. Denote by Hy the closure of AC(G) in H under the norm || - ||g.

Definition 3.3. The market is complete if Hy = H.

The following statement is quite surprise to us. Namely, the market is complete although
the information is not complete and the drift is uncertain. It is worth mentioning that
completeness was left open in [32] for their model. Because of this lacking of completeness

result, the authors of [32] turn to search the optimal solution v in the space Hy.

Theorem 3.1. The market is complete.

Proof. Since Hy C H, it suffices to show H C H,. For any V € H, let V,, = Vlrnin{|V|_%7 1}.
Then
(Vo —V)* = V21\V\>1(’V’_% — 1) < V1L < V2

Since V' € H, we have E|V|> < co. By the dominated convergent theorem,
lim ||V, — V|2 = lim E[(V, — V)3 = E| lim V1o, (|V] % — 1)2] —0.
n—oo n—oo n—oo

Therefore, if we can show V,, € AC(G), then V is in the closure of AC(G) under the norm

| - [|m, namely V' € Hy, and the claim follows.

We now show V,, € AC(G) for any n > 1. Notice

1 _1 1 1
E[V,[*Tn = E[|V]C 010 + VP o Lyja] < E(VPLysr + 1) < oo,
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so V,, € L* w. By Holder’s inequality, we have

o 1
E’VinP < <E|Vn’22g:§1> 2n+l (Ep¥2n+1)) 2nt+1 < o0,

as Epf. < oo, for all p > 1. Hence E(V,,p7|G;) is a square integrable martingale. By Theorem

2.1, we have

t
E(V,.pr|G:) — E(Vupr) = / b.dvs, t€]0,T], (3.13)
0
for some &, € Lé(O,T; R). When t = T, since V,,pr is Gr measurable, the above equation
reduces to
T
Vopr — E(Vupr) = / O, dv,, (3.14)
0
which implies V,, € AC(G). O

It was shown in [32] that the optimal terminal v to the optimization problem for the

model in [32] is given by

p — (18: 80 = ol Bl + (=2(a, B + yo(a, @)s) (3.15)

(o, )yu(B, B)u — (o, B)E ’

where «, 5 are the orthogonal projections on Hy of 1 and pr, respectively.

A numerical scheme was given in [32] under the completeness assumption. Although that
numerical scheme can be extended to the current model, we will propose a more efficient

numerical scheme for our model, which is one of the main contributions of the current article.

3.4 Find the optimal strategy

Similar to [32], the terminal problem can be solved as follows.
Lemma 3.1. The optimal terminal wealth for the problem (3.10) is

2\ _
o — ZBoh) —yoEpr + (o — 2Bpr)pr (3.16)
Var(pr)

where pr is given by (3.8).

After finding the optimal terminal wealth, we then seek a portfolio to realize it. Namely,

for v given by (3.16), we need to find a solution of the following BSDE:

dY;, = ((b—l—’}/ﬂt —T>ut—{—rn)dt—l—utd%, te [O,T],
YT:U.

(3.17)
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Theorem 3.2. The optimal portfolio is given by
ug = (b— 1 +ym)Y; + p; 'y, (3.18)

where n; € Lé((), T;RY) is uniquely determined by the martingale representation theorem

E(0|G,) = E(0) + / Cndve, Vi€ 0,77, (3.19)

with 0 = prYr, and the explicit representation of the integrand ns is given in Theorem 4.1

below, which is identified by Malliavin derivative using the Clark-Ocone formula.

Proof. As seen from the arguments above, we need to seek a solution to the following forward-
backward SDE:

(Y, = ((b+ym — r)u, + 7Yy dt + wdvy, Yy = yo,

dmy = ym(1 — m)duy,
t =" t( t) t (3.20)
dpy = —rpdt — (b — 1+ y7) prdvy,

(po =1, mo=co, Yr=c1+cpr,

2EpZ —yoEpr

and ¢y = L=2EPT are known constants.
Var(pr)

where Co = P(/J = CL)7 G = — Var(pr)

To prove the invertibility of p;, we define ®; to be the solution to the following SDE:

dq)t = (7‘ + (b —r+ ’}/7Tt)2)®tdt + (b -7+ P)/Trt)(btdl/t?
Dy = 1.

(3.21)

Apply Ito’s formula to p,P;, we have
d(p:®) =0,

and hence, p;®; = po®y = 1. Consequently, ®, is the inverse of p;. Since p,Y; is a martingale,
then

Y = o, 'E(prYr|G) = pi "E(01G,) = B.E(0]G). (3.22)

Applying It6’s formula to (3.22) and comparing the result with (3.20), we obtain the expres-
sion (3.18) for the optimal portfolio. ]

Finding the numerical solution (u¢, Yy, 7, pr) of the FBSDE (3.20) is the object of the

next section.
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4 Numerical schemes based on Malliavin calculus

Pardoux and Peng [30] obtained the unique solvability results for the nonlinear BSDEs in
1990. Since then a growing literature investigates the numerical methods for BSDEs ([2,
3, 4, 13, 15, 23, 24, 25, 36, 37]). In [6], the Malliavin calculus approach and Monte Carlo
approximation are employed to study the conditional expectation, in the Ph.D. thesis [35]
of Zhang, some fine properties of the BSDEs by using Malliavin derivatives under weaker
conditions were also studied. However, those works mentioned above are based on the setting
that the drift coefficients of the BSDEs are deterministic. We can not apply these numerical

schemes to our model directly.

In Xiong and Zhou’s [32] model, the coefficients of u; and Y; which appear in the drift term
are random in general. They proposed a numerical approximation (u}",Y;") to the solution
(ug, Y;) to that kind of BSDE with random coefficients. However, due to technical difficulty,
only the convergence of Y;" to the wealth process Y; is proved, and leave the convergence
problem of the portfolio unsolved. The rate of convergence of Y,” to Y; is not established in

that paper.

In this section, we propose an efficient numerical scheme for the BSDE (3.17) whose
terminal value v takes the form c¢; + copr, where ¢y, co are constants and p; is a diffusion
process which is Malliavin differentiable (see Theorem 4.1 for detailed calculation). With
the help of Malliavin calculus, we prove that our scheme for the portfolio and the wealth

processes converge in the strong L? sense and derive the rate of convergence.

Denote N(t) := E(0|G;). We note that the main complexity in Xiong and Zhou’s [32]
numerical scheme for BSDEs results from the approximation of the integrand n, in (3.19),
which is difficult to calculate directly. They use the following procedure to approximate 7;:

First they divide [0, t] into n; subintervals and approximate the quadratic covariation process

t
At = <N, I/>t = / 7’]st
0

by the discrete version over the partition points. They further divide each subinterval men-
tioned above into ny smaller ones and obtain an approximation of ny, s <t. This procedure
is not computationally efficient because the double-partition increases error dramatically.

This will be seen from the numerical examples in the subsequent section.

In order to overcome the aforementioned drawback of the above numerical scheme, we
turn to use the Clark-Ocone formula from Malliavin calculus to get an explicit expression of
n:. In fact, it will be the conditional expectation of a Malliavin derivative. Our numerical

scheme will be based on this representation.
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Theorem 4.1. We can represent 0y as E (Dy0|G;) where Dy is the Malliavin derivative op-
erator evaluated at time t. Further,

D0 = (c1 + 2¢c2p7)Dyipr (4.1)

and Dypr is given by

T T
Dipr = pr [— / v(b =1+ yms)Dymsds — (b— 1+ ymy) + / ’}/Dﬂrsdl/s} , (4.2)
t t

with

S 1 S
Dy = ym(1 — ) exp (/ v(1 — m)dv, — 5/ Y1 — 27rr)2dr> : (4.3)
t t

Proof. Note that
0 = prYr = c1pr + c2p7,
and hence, (4.1) follows by applying the Malliavin derivative on both sides.
As
T 1 T
P = €XP (_/ [T+ 5(b—T+77T8)2]d8—/ (b_fr+77rs)dys) )

0 0

a direct calculation yields (4.2).

Applying Malliavin derivative to both sides of the integral form of the identity (3.6), we
get

Dyrty = ym(1 — 1) + / v(1 = 27m,.) Dym,dv,. (4.4)
¢

Then, (4.3) follows by solving the linear SDE (4.4). Finally, the representation of 7, as
E(D;0|G;) follows from the Clark-Ocone formula given in Section 2. [

Remark 4.1. Our method is based on the Malliavin differentiability of pr so that the solution
of (3.17) can be represented explicitly. In this paper, our setting is a drift uncertainty model
with p only takes two values, nevertheless, the whole analysis can be generalized to a model
with several risky assets, where the drift vector takes finite states, under which assumption
we can still deduce the Malliavin differentiability of pr.

4.1 A numerical scheme and its analysis

Based on Theorem 4.1, it is easy to show that

ne = E(D:0|G;) = Ni(t) + vNa(t) + v Ns(t),
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with N;(t) =E ([;|G:), j = 1,2,3, where

I = —(c1pr + 2c9p%) (b — 1 + y71), (4.5)
T
I, = (c1pr + 202,02T)/ Dymidvs, (4.6)
Yo
Iy = —(c1pr + 2c205) / (b — 1+ yms) Dymgds, (4.7)
¢

and D7, is given by (4.3).

As in the proof of Theorem 3.2, the key to solve the optimal portfolio is the martingale
representation of the G,-martingale E(0|G;). We will establish particle representation for this

martingale.

The solution of (3.9) is given by

t t 1
Dy = exp (-/ (b— 1 + ) dvs — / (b7t 7w5)2)d3) | (4.8)
0 0
Denote p; := log p;, then

1
dpy = —(b—r+ym)dv, — (r + §(b — 1+ ym)?)dt. (4.9)

To approximate E(m|Gy), we use the conditional SLLN such that 7} is given by (3.6)
with v, be replaced by v! for s > ¢/, where v, i = 1,2,--- are independent copies of v.
More precisely, we define the following processes 7' (¢,#') with two time-indices as follows:
For t <t 7'(t,t') = m, and for t > ¥/,

dr'(t,t) = yr'(t, ) (1 — 7' (¢, ) dv!, ot t) = my. 4.10
t

To approximate E(p;|Gy), we use E(exp(p;)|Gy) instead. For t < t', p'(t,t') = p;, and for
t>t

dp'(t,t") = —(b—r +~7'(t,t"))dv; — (r + §(b — 1+t (t, t)?)dt, Pt ) = py.

The following proposition follows from the same argument (which we term it as conditional
SLLN) in the proof of Theorem 2.3 of Kurtz and Xiong [18] (more specifically, two equations
on lines 9 and 14 on page 115 there).
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Proposition 4.1. Denote p'(T,t) = exp(p'(T,t)). Then, we have a.s.,

Na(t) = —(b—r+9m) lim 3" (ap (T0) + 20a( (T, 1)),

1 & , , o [T , ,
Nalt) = lim_ 3 (e (T.) + 20 (T, 0) | Der'(s, )
Ng(t):T}LE%O%Z—@WZ'(TJ)+2c2(pi(T,t))2)/t (b— 1 + i (s, £)) Dy (s, £)ds.

In order to approximate Ni(t), (k = 1,2,3), we use the discrete Euler scheme to approx-

imate m;. We divide the time interval [0, 7] into n small intervals and let 6 = %

Note that the diffusion coefficient in the SDE (3.6) is o(z) = vx(1 — x), which does
not satisfy the global Lipschitz condition (2.7). To overcome this hurdle, we define o(x) as

following

ye(l —z), z€]0,1],
0, x ¢ [0,1].

Using the fact that m; € [0,1] for all ¢ € [0,T], it is easy to see that m; is a solution of the
following SDE

d7rt = 5(7Tt)dl/t. (412)

This SDE satisfies the global Lipschitz condition (2.7), so 7, is the unique solution. Therefore,
we approximate m; by applying the Euler scheme to (4.12) instead of the SDE (3.6).

Moy 1= W?kq)a +0o (ﬂ-?k—l)é) (Vks — Vie—1)s)

with 7§ = m, (k = 0,---,n). Similarly, we use pjs and ®}; to approximate pps and ®ys,

which are defined as following:
. . 1 2
Py = P((Sk—n(s —o(r + §(b —Tr+y (ng—1)5) ) —(b—r+ 77rgk—1)5 (Vks — Vi-1)s) »
with ) = 0. Then we have pl; = exp (p2;).
~ ~ 1
POy = @‘gk_l)(; +0 (7" +3 (b—r+~7°((k — 1)6, kd))Q)
+ (b= 7+ ((k = 1)8,k6)) (vhs — Vik-1)a)

with ®) = 0. Then ®2; = exp(®Z;).
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Note that we aim to approximate the N(t), (k = 1,2, 3) by using particle representation
as well as the discrete Euler scheme, thus we define 7%9(18, kd), 1,1’ > 1, in two steps.

For | <k, let
(16, k8) := 7 (I — 1)8,k6) + &(m™° (I — 1)8, k8)) (vi5 — va-1)5)
with 749(0, k§) = mo; for [ > k, let
70 (16, ko) := 7 (I — 1)8,k8) + &(x** (1 = 1)8,k6)) (Vs — Vii_1s) -
For | <k, let
P16, k6) := p" (1 — 1)8, kS) — 8(r + ;(b — 47 ((1 = 1)8, k6))?)
— (b—71 4+ 7" ((1 = 1)8,k8)) (v15s — va-1)s) ; (4.13)
with 5% = 0; for I > k, let
P16, ko) = p°((1 — 1)8, kS) — 8(r + ;(b —r 47 ((1 = 1)8,k6))?)
— (b—r + 7 ((1 = 1)8, ko)) (Vli(; — I/gl_l)é) ) (4.14)
Then p™(18, ké) = exp (ﬁi"s(lé, ké))

Next we approximate N;(t) by Nim’é(k:é), (1 =1,2,3; mis related to the SLLN, which will
be chosen later). For all s € [¢t,T],t € [0,T], let k = [nt], j = [ns]. Then t € [kd, (k + 1)J)
and s € [j8, (j 4+ 1)8). We define N™°(k6), (i = 1,2,3) as follows:

m 1 « )
NI (k6) = — (b —r + 7 (kd)) EZ c1p" (T, kS) + 2¢2(p™ (T, k6))?)

=1

NI (k) %Z (c1p (T, k8) + 2ea(p (T, k6))?) SE(T, k),
=1
NI (k) %Z (crp™ (T, k) + 2650 (T, k6))?) SE°(T, kS),

1

(2

where

S’5 T, ké) = Z Dysm™ (L + k — 1), ko) (Vlié - sz_m) )

SE(T, ko) Z 5(b—r 4+~ (I + k — 1)8, k6)) Dpsm™ (1 + k — 1)0, k6).
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In the above, Dys7°(jd,kd), (j = k,--- ,n — 1) are still stochastic integrals. By (4.4), we
define Dysm°(jd, k&) only in one step. Namely, for j > k, we define

Dyps° (56, k) == Dysm™* ((j — 1)8, k6)
+ 7 (L =27 ((j = 1)6, k6)) Dism*((j — 1)8, k6) (Vl5 — v{;_135)
with Dysm (kd, k) = ymps(1 — mhs).
Finally, we obtain

o = N™ (k6) + YN (k) + YN (k). (4.15)

To summarize, we can approximate Y; and uy, kd <t < (k+1)d, by Y,fém and u,‘i’;“ , where

m

YV =0l— (clp (T, k6) + e (p™(T, ké))g) (4.16)

1=

and

o,m om
updt = (b—r+yms) Y + (I)k677k6 : (4.17)

In the proof of the following main theorem, we will need the following simple lemma which

we cannot find a reference so we present it here for the convenience of the reader.

Lemma 4.1. Let G be the sub-o-field. Suppose that given G, &, &, &, -+, & are i.1.d.
random variables with E(£1) < oo. Then,
4
1 « 16
Ef|[=) &-E < —E(¢Y).
m;5 (9] | = SEE

Proof. Without loss of generality, we assume that E(£|G) = 0. Then,

4
1 m
E;@

= Z E(£¢19) +E—ZE£|9

1,7=1, i#j

m? —m m
= TR (REI0E(GI0)) + e
1
< ﬁE(f‘*). (4.18)
For the general case E(£|G) # 0, since given G, £, &, &, -+, &, are i.i.d. random variables,

then E[(§; — E(£]G))|G] = 0 holds for i = 1,--- ,n, thus by Jensen’s inequality and applying
(4.18), we have

< —B((€ - E(El9)") < - B(E).

Z& E(£|G)
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Theorem 4.2. There exists a constant C such that for any ko < T, we have

m 1
s — e < € (V34 =)

and

- 1
[Vis — Vil < € (\/5+ ﬁ) |

Proof. In the following, C' > 0 will denote a generic constant, which may change from line

to line.

Since we apply the Euler scheme for the new equation (4.12) which satisfies all the con-
ditions in Theorem 2.3. Thus,

s — mhslla < CV6.
We claim that
|@rs — P2slla < CVB, || Dispr — Drsplhlls < CVG.

In the following, we will verify the first inequality since the second one can be deduced

similarly.
For easy computation, we rewrite the SDE (3.21) for &,
d(I)t = C(Wt)q)tdt + h(ﬂ't)q)tdl/t,
q)O = 17

where ¢(x), h(z) are bounded functions (z € [0, 1]) and Lipschitz continuous in z. By Jensen’s

inequality, the Burkholder-Davis-Gundy inequality and Gronwall’s inequality, we get
|®4]]s < Ce?, for all t € [0,T]. (4.19)

Note that

k k
(I)ié =1+ Z (C(ng—né)q’?i—l)s) 0+ Z h (W?z‘—l)é) (D?i—l)d (Vi5 - V(ifl)é) ;
i=1 i=1
then

E|®p5 — Pyl*
4
<CE

k& k
/ c(ms)Pyds — Z 50(”?1'—1)5)(1)((2—1)5
0 i=1

4

+CE

ks k
/o h(mg) @ dvs — Z h (W?i—l)g) q)((si—l)é (vis — vii-1)s)
=1

=1 + I, (4.20)
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by Jensen’s and Holder’s inequality, we get

4

ko ko
I, =CE / c(mg)Dyds — / () ®°ds
0 0

4

=CE /0k5 (c(ms) @y — () D) ds

4

+CE

4

kéd
/ ¢ (x%) (, — ) ds
<CE /k5 (c(ms) — c(wg))4 ®lds + CE /M (c (7‘(‘?))4 (s — (ID‘SS)4ds
ké 1
<C [ (B (etm) = cxd))" o s

+CE /OM (e (79)" (@, — ®2)" ds.

ko
<CE /0 (c(ms) — c(m2)) Dyds

Using the fact that ¢ is bounded, Lipschitz continuous, and (4.19), we have
ks ks A
L SC'/ |75 — 70| ads + C'/ E|<I>s — q)ﬁ] ds
0 0
ks )
<Ch|m, — 7|} +0/ E|®, — ®|'ds
0
ks )
<C& + C/ E|®, — ®2| ds, (4.21)
0

the last inequality follows by using the Theorem 2.3. Similarly, /> can be estimated by the
Burkholder-Davis-Gundy inequality and Holder’s inequality, thus we obtain

ko
I, <C8 + 0/ E|®, — °["ds, (4.22)
0
plugging inequalities (4.21) and (4.22) into (4.20), we have
ks A
E|®ps — B4 < C62 + O/ E|®, — ®%| ds,
0

an application of Gronwall’s inequality, we finally obtain the following estimation:

E|®)s — ®5* < €52,

which implies
@45 — Dslla < CV.

From the representation (3.18) and the approximation (4.17), we first estimate the error

o,m
between uis and w5,
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s,m
Uks — Ups )

<[ =7+ m st (copr + casticns)

m

1 .
—(b—71 +7s) <I>k5EZ c1p" (T, k6) + ca(p™ (T, k9))?)

=1

2

+ H(I)ka]E(C1Dk5PT + 2¢op1 Dyspr|Grs)

m

1 ‘ ‘ .
— @2% > " (e1Drsp™ (T, kd) + 202p"° (T, k) Dysp™ (T, k)

i=1

2

It (1.23)

We firstly estimate
Jp _H (b — 7 + y7ps) PrsE (ClpT + C2P2T|gk6)

1 & ~
— (b =71+ ymly) (I)idﬁz_; c1p™ (T, kd) + ea(p™ (T, k9))?)

2

§H (b — 7 + y7ps) PrsE (clpT + CQpT|gk5) —(b—r+ 7%25)®25E (clpT + Cgp%’gkﬁ) H2

+ H (b —r + ymhs)PRsE (c1pr + c207|Girs)

1 i i
—(b—-r+ vwia)éiéa Z (c1p™ (T, kS) + c2(p" (T, k0))?)

i=1

<H b—1+V7ks)Prs — (5—7‘+77T25)‘I’25H X H]E (c1pr + €207|Gks) H4

2

|0 =+ el < [E (cor+ c20bigis) B (cnh + caloh)Gw) |,
1 .
|0 =m0 ¢ [ (e + cal101s) — = 3 (T k8) + cal (T k0)P) |
=1

<C <\/5+ %) : (4.24)
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where in the last inequalities of (4.24) we apply Lemma 4.1. Additionally,

Jy < H(I)ké - @25))4 X HE<Cle(5PT + QCQPTDkapT\Qka))L
+ H<I>25H4 X HE<Cle6PT + 2¢0p7 Dispr|Grs) — E(c1 Drspy + 2¢20% Dispy|Grs ) H4

+ Hq’ia‘L X HE(QDMP(ST + 2¢20% Dispy|Grs)

1 & . . ,
= — >~ (aDrsp" (T, k6) + 2020 (T, 13) Diop (T, k) H

i=1

<C (\/5+ %) . (4.25)

Then by (4.23), (4.24) and (4.25), we have

4

Juns iz, < e (Vo + =)

Similarly, we can prove

1
am
[vs-vir|, <c(vo+ o). (4.26)
O
Remark 4.2. The optimal convergence rate under our scheme is —— which is obtained by

Jm
taking m = n. The error term \/9 in last theorem comes from Euler scheme which can be

improved by employing more efficient schemes. The term /m comes from conditional SLLN

which seems cannot be improved.

Remark 4.3. In Xiong and Zhou’s [32] model, only the convergence of Y;* to Y, is proved,
however, due to technical difficulty, the rate of convergence of Y,* to Y; is not established in
that paper. The above theorem not only proves the convergence of Y;* to Y;, but also gives
the rate of convergence. Note that the errors in our numerical scheme consist of the error
from the Fuler approximation and that from the SLLN only. From this point of view, under

the drift uncertainty model, the numerical scheme we proposed is more efficient than that of

[32].

4.2 Numerical results

In last subsection, we proposed an efficient numerical scheme with respect to BSDEs of the
form (3.17) with random coefficients and control variable. Now we use Matlab to compare

our method with that of [32]. However, there is no explicit solution for (3.17), thus we are not
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able to compare these two different numerical schemes for the mean variance problem directly.
To overcome this difficulty, we consider a BSDE whose drift term is random, and the solution
(X(t),Z(t)) can be computed explicitly. Then we obtain the numerical approximations for
(X(t), Z(t)) by applying two different schemes to this BSDE. Next, we compare these two
approximations with the actual solution. Finally, we apply the new algorithm to simulate

the drift uncertainty model.

For convenience, we denote the numerical method proposed by Xiong and Zhou [32] as
the “old algorithm”, the one proposed by us as the “new algorithm” and the explicit solution

as the “true value”.

For the appearance of presentation, we now write W; as W (t) (especially when ¢ has a

complicated expression). Let

t t
H(t) = / (14+W(s))dW(s) — / (W (s)* +2W (s))ds.
0 0
We consider a BSDE with random coefficients as following

dX (t) = ( L1 —2W() - W) X(H) — (1+ W(t))Z(t))dt + Z()dW (1),

(4.27)
X(T) =exp (H(T) —2T), t €10,7).

Following the steps (see Theorem 2.2, Chapter 7 of [34]), we can solve the above linear BSDE
(4.27) explicitly as

X(t)=edO72 7)) = 1+ W)X (1) (4.28)

Note that the drift term of the above example (4.27) has random coefficient, which is a
feature shared by the BSDE (3.17). Since we do not have explicit solution to (3.17), as a
compromise, we compare the “new algorithm” with the “old algorithm” by using the example
(4.27) which has explicit solution (4.28).

For simplicity, let 7' = 1. We discrete [0, 1] into nyny small intervals. Denote §; = n% and
(52 S

ning’

Let 6 = exp (2 JEQ+W(s)dW(s) —2 [ (1 + W(s))2ds> and ®(t) = e #® . Using the
old algorithm, the approximation for (X (t), Z(t)) is given by

X7(t) = @5 ([N (1),
27 (1) = =X"5(1) + 05 (O (1)

where

N(t) =E(017"),
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(F is the o-field generated by the values of the Brownian motion W up to and including
time t) and ®°!(¢) is the approximation of ®(¢) generated by the Euler scheme, N™ () is the

approximation of N(t) generated by the particle representation as well as the Euler scheme,

k - k—1 ' k—1 j—1
() (e (2 ) (5142)
ny =1 1 nin9 nq nine

X(W52(—k_1+ / )—W52(—k_1+3_1)), (4.29)
ni ning ni ning

k:1a27"'7n1_17 n17n2:1a27""

and

On the other hand, since 6 is Malliavin differentiable, we get
m(t) == E (D,0|F")
=K (62 S QAW ()W (9)=2 T (14 W (3))*ds [2W(T) —4 / T(1 + W (s))ds + 2] )}}W) :
t (4.30)
By the new algorithm, the approximation for (X (¢), Z(t)) is given by

X7(1) = 9N 1),
Zm(t) = ~ X (1) £ OO 1),

where 75, 02 (t) is the approximation of 75(t) generated by the particle representation as well

as the Euler scheme.

Using the aforementioned algorithms, we generate the following figures.

True value True value
new algorithm new algorithm
old algorithm 1 old algorithm | |

0

0 0.1 02 03 04 05 06 07 08 09 1 0 0.1 02 03 04 05 06 07 08 09 1
1000 discrete intervals 100 discrete intervals

Figure 1: X (¢) with 100 discrete intervals Figure 2: Z(t) with 100 discrete intervals
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True value True value
new algorithm new algorithm
old algorithm | 4 1 old algorithm |

0.8 -

Zosr

0.4

/

021

0 -1.5

0 0.1 02 03 04 05 06 07 08 09 1 0 0.1 02 03 04 05 06 07 08 09 1
1000 discrete intervals 1000 discrete intervals

Figure 3: X (t) with 103 discrete intervals Figure 4: Z(t) with 10% discrete intervals

It can be seen from Figures 1, 2, 3, 4 that our new numerical scheme well approximated
the true processes X (t) and Z(t). The curves of X (t) and Z(t) generated by the new scheme
are almost the same as the true processes. In contrast, the paths generated by the old
scheme are relatively far off due to the double-partition which is the main drawback in that
scheme. More precisely, the inefficiency of the old algorithm results from the double-partition
when generating ™!, as we can see from (4.29), to obtain 7™, the interval is partitioned
into ny; X my subintervals, this procedure increases the error dramatically. While the new
algorithm overcomes this drawback by using the Malliavin calculus, the term 7, can be
represented explicitly by (4.30). Since Z(t) contains the term 7, therefore, the improvement
of the approximation to the second component Z(t) of the solution of the BSDE by the
new algorithm over the old algorithm appears to be more pronounced than the respective

improvement of the approximation to the first component X (¢).

Finally, we apply our efficient numerical scheme to simulate the wealth process Y; and

the optimal control u; for the drift uncertainty model.

m = 1000, r = 0.03, @ = 0.04,

We choose the parameters as following: n = 1000, 6 = Wlt)o’

b=0.032, yo = 100, z = yo - (1 + r 4+ 0.03), and 7y = 0.1.

Figure 5 below is the numerical results for the innovation process v;, the wealth process

Y; and the optimal control u;.
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125 T 31.5
120 +
115+
110+ — 31+
105
=S 5
100 -
95+ 1 30.5¢
90
85+
-1 - 80 - 30 -
0 0.5 1 0 0.5 1 0 0.5 1
The innovation process The wealth process The optimal control

Figure 5: drift uncertainty model with 103 discrete intervals.
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