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SOCIAL OPTIMA IN LEADER-FOLLOWER MEAN FIELD LINEAR
QUADRATIC CONTROL*

JiaNHUI HUANG!, BING-CHANG WANG? AND TINGHAN XIED**

Abstract. This paper investigates a linear quadratic mean field leader-follower team problem, where
the model involves one leader and a large number of weakly-coupled interactive followers. The leader
and the followers cooperate to optimize the social cost. Specifically, for any strategy provided first by the
leader, the followers would like to choose a strategy to minimize social cost functional. Using variational
analysis and person-by-person optimality, we construct two auxiliary control problems. By solving
sequentially, the auxiliary control problems with consistent mean field approximations, we can obtain
a set of decentralized social optimality strategy with help of a class of forward-backward consistency
systems. The relevant Stackelberg equilibrium is further proved under some proper conditions.
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1. INTRODUCTION

Mean field games have been studied by researchers from various aspects [7, 8, 10, 25]. They involve a large
number of population and the interaction between each individual is negligible. The mean field game approach
has been applied in many fields such as finance [14], economics [41], information technology [21], engineering
[13, 24] and medicine [4]. The mean field linear quadratic (LQ) control problem is a special class of control
problems, which can model many problems in applications and its solution exhibits elegant properties. For
more work about the problem, readers can refer to [3, 9, 18, 19, 22, 26, 36, 37, 39, 44].

For the model with one major player and N minor players, the state of the major player has a significant
influence on state equations and cost functionals of other minor individuals, which can be considered as a
strong effect of the major player on minor ones. Mean field games (control) with major and minor players have
been discussed in some literature, such as [23, 32] for LQ problems, [6, 33] for nonlinear problems, [12, 20] for
probabilistic approaches and [11] for finite-state problems. In such types of problem, there is no hierarchical
structure of decision making between the major player and the minor players.

*The first author acknowledges the financial support from: RGC 153005/14P, 153275/16P, P0030808; the second author acknowl-
edges the support from: NNSF of China: 61773241; the third author acknowledges the support from: P0008686, P0031044; the
authors also acknowledge the support from: the PolyU-SDU Joint Research Centre on Financial Mathematics.

Keywords and phrases: Leader-follower problem, weakly-coupled stochastic system, linear quadratic control, social optimality,
forward-backward stochastic differential equation.

I Department of Applied Mathematics, The Hong Kong Polytechnic University, Hong Kong, PR China.
2 School of Control Science and Engineering, Shandong University, Jinan, PR China.

** Corresponding author: tinghan.xie@connect.polyu.hk

Article published by EDP Sciences © EDP Sciences, SMAI 2021


https://doi.org/10.1051/cocv/2020056
https://www.esaim-cocv.org
mailto:tinghan.xie@connect.polyu.hk
http://www.edpsciences.org

2 J. HUANG ET AL.

In contrast to the model discussed above, leader-follower (Stackelberg) problems contain at least two hier-
archies of players. One hierarchy of the players is defined as the leaders with a major position and another
hierarchy of the players is defined as the followers with a minor position. The leader has priority to announce a
strategy first and then the followers seek their strategies to minimize their cost functionals with response to the
given strategy of leader. According to the followers’ optimal points, the leader will choose his optimal strategy
to minimize its cost functional. Leader-follower problem also has been widely investigated. For example, the
two-person leader-follower problem combines with stochastic LQ differential game had been studied by Yong
in [43] and the problem of one leader and N followers who play a noncooperative game under LQ stochastic
differential game had been studied by Moon and Basar in [31]. For further literature related to Stackelberg
games, readers can refer to [1, 2, 27, 29, 34, 35, 38].

Different from noncooperative games, the social optimization (team optimization) problem is a joint decision
problem which all the players have the same goal and work cooperatively. The aim of each player is to select an
optimal strategy and maximize the total payoff. Team optimization problem has been studied for many years.
Marschak [30] first considered team optimization based on game theory. Ho and Chu studied team decision theory
in optimal control problems [17]. Groves did the research of viewing the incentive problem as a team problem
which the information for decisions is incomplete [16]. The team theory and person-by-person optimization with
binary decision was investigated by Bauso and Pesenti [5] and the team problems under stochastic information
structure with suboptimal solutions was studied in [15].

In this paper, we investigate social optimality of the leader-follower mean field LQ control problem. Our model
contains one leader and N followers. The leader’s state appears in both state equation and cost functional of
each follower. It shows that the dynamics and cost functionals of the N followers are directly influenced by
the behavior of the leader. Unlike the model in [23, 31], our model has a population state average term in
all state equations and cost functionals. This implies that such state dynamics and cost functionals are highly
interactive and coupled. In reality, it is almost impossible for one player to obtain all the information of other
players. Therefore, decentralized control which is based on the individual information set will be used instead of
centralized control which is based on full information set and the information structure of each agent is different.

Compared with previous works, this paper mainly makes the following contributions:

— A social optimum problem is studied for mean field models with hierarchical structure. Unlike the problem
in [31] where the leader and followers play a noncooperative game and try to minimize their own individual
cost functional, all individuals in our models aim to minimize the social cost functional which equals
the summation of cost functionals of all players. The N followers are coupled by the population state
average term. Since the cost functional presents individual performance in the game problems, the order
of magnitude of the perturbation is % which can be ignored. The population state average term may
be approximated by a stochastic process directly (see [18]). However, in the team problems, the order
of magnitude of the perturbation cannot be ignored after summing up all the cost functionals, which
makes the problem very complicated. To overcome such difficulties, we approximate some terms as N
goes to infinity and use a duality procedure combined with auxiliary equations to transform the variation
of the social cost functional into a standard LQ control form. Then, we construct an auxiliary control
problem and a forward-backward consistency system which contains four equations to help us obtain the
decentralized form of the optimal controls for the N followers.

— The decentralized controls of the leader-follower problem are obtained and the solvability of a high-
dimensional consistency condition system (CC system) is discussed. Since the leader’s state equation and
cost functional are fully coupled with the followers’ state equations and cost functionals, it is more difficult
to solve the leader’s problem. Except constructing auxiliary problem by mean field approximation as in
the former part, we need to construct six auxiliary equations and use duality relations to obtain the
decentralized form of the optimal control for the leader. Unlike the problem for N followers, the final
CC system of the leader’s problem contains ten equations which becomes a high-dimensional problem.
To solve such equations directly is very difficult since they are fully coupled and have high-dimensional
characteristics. We transform the high-dimensional CC system to a simple form of linear forward-backward
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stochastic differential equation (FBSDE; see [28, 42]) and discuss the solvability of the FBSDE through
Ricatti equation method.

— The decentralized strategies of leader-follower problem are proved to be Stackelberg equilibrium by per-
turbation analysis. Different from [22, 23, 31, 40], we discuss the Stackelberg equilibrium for the team
optimization problem. First, we need to prove the decentralized strategies for the followers have asymp-
totic social optimality. Because of the Stackelberg problem contains two hierarchies, we consider two
coupled cost functionals (the leader and the followers) when using the standard method (see [22]). We
prove the asymptotic optimality by decoupling them with two duality procedures and some arguments in
error estimates. Second, we need to prove the decentralized strategies for the leader-follower problem is
Stackelberg equilibrium. Also, some error estimates are very hard to be given directly since they are fully
coupling. We decompose them by applying Ricatti equation method and then estimate them in proper
order.

In the real world, our model can be used to describe some examples. For an automatic machine, the major
part first gives an information to the system and the minor parts will adjust their parameters automatically
such that the whole system keeps in the best state. For the economic environment, the small companies may
hesitate to make decisions and often follow a monopoly company when facing to the volatility of the market.
A monopoly company announces a decision first. Once the small companies try to make decisions according to
their own situations, the monopoly company adjusts its decision such that the sum of the social wealth can be
maximized. Moreover, the relationship between the employer and the employees or the federal government and
the government in each state also can be described by our model.

The paper is organized as follows. The problem is formulated in Section 2. In Section 3, we solve the optimal
controls for followers based on person-by-person optimality and obtain the CC system of the follower’s problem.
In Section 4, we seek the social optimal solution of the leader’s problem and give the CC system of the leader’s
problem. Then the CC system is transformed to a simple form of linear FBSDE in Section 5 and its wellposeness
is discussed. In Section 6, we give the details of proving the Stackelberg equilibrium. Also, some prior lemmas
will be introduced and proved. In Section 7, a numerical example is provided to simulate the efficiency of
decentralized control. Section 8 is the conclusion of the paper.

Notation: throughout this paper, R"*™ and S™ denote the set of all (n x m) real matrices and the set of all
(n x n) symmetric matrices, respectively. || - || is the standard Euclidean norm and (-, ) is the standard Euclidean
inner product. For given symmetric matrix S > 0, the quadratic form 27 Sz may be defined as ||z||%, where 27
is the transpose of z. C*([0, T]; R™*™) be the space of all R"*™-valued continuously differentiable functions on
[0, T]. For notation o(1), lim,_,~ o(1) = 0. By [42], for sake of notation simplicity, we will use K to denote a
generic constant in following discussion. The value of K may be different at different places and it only depends
on the coefficients and initial values.

2. PROBLEM FORMULATION

Let (2, F,P) be a complete probability space which contains all P-null sets in F. & € R™ are the values of
the initial states and W;(-) are d-dimensional standard Brownian motions, where ¢ = 0,1,..., N. & and W;()
are defined on (2, F,P). Consider a large-population system which contains one leader and N followers. The
state processes of the leader and the ith follower, i = 1,2,..., N, are modeled by the following linear stochastic
differential equations (SDE) on a finite time horizon [0, T7:

{ dxo(t) = [Ao(t)xo(t) + Bo(t)uo(t) + Co(t)x™(t)]dt + Do (t)dWo(t), x0(0) = &,
dx;(t) = [A(t)xi(t) + B(t)wi(t) + C(t)X(N) (t) + F(t)xo(t)]dt + D(t)dW;(t), x;(0) =&,

where (V) (t) := & vazl z;(t) is the state average of the followers. Let o-algebra F; = o(W;(s),0 < s < t)
and G} = F; \ 0{&. &, Wo(s),0 < s < t}, where 0 <i < N. F; = o(W;(s),0 < s <t,0<i<N) and G =
FiV o{&,0<i< N} F = {F/}o<i<r is the natural filtration generated by W;(+) and G* = {G; }o<t<7, where
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0 <14 < N. Correspondingly, we denote F = {F; }o<i<7, G = {G; }o<i<7. Next we introduce the following spaces:

L=(0,T;R™™) = {¢:[0,T] = R™™| ©(-) is bounded and measurable},
LER™) ={¢:Q— R™| ¢ is F-measurable, E[|¢]]? < oo},
LE(0,T;R™) = {z: [0,T] x Q@ — ]Rm’ x(-) is F-progressively

T
measurable, ||z(t)[|%, ::E/ |z(t)||dt < oo},
0
L3 (9 C([0, T);R™)) = {x 1[0, 7] x Q@ — R™| x(-) is F-progressively
measurable, continuous, E sup ||z(t)||* < oo},
t€[0,T]
MI0,T] := Lg(C([0, TI;R™)) x LE(; C([0, T, R™)) x LE(0, T; R™*).
The set of admissible controls for the leader is defined as follows:

Z/[O = {u0|u0(t) S Léo (07T;R7n>} 5

and the set of admissible controls for the ith follower is defined as follows:

Ui = {ui|u;(t) € LZ:(0,T;R™)}, 1<i<N.

These are the decentralized control sets and we let U/ = Uy X Us X --- X Uy. For comparison, the centralized
control set is given by

Now we introduce the cost functionals of the leader and the ith follower, 1 < i < N. For the leader, the cost
functional is defined as follows:

T
Jo(uo(-);u(")) = E{ / [lzo(t) — ©0(B)a™ () = 1m0 ()15 1y + w0 ()| ()] At
0 (2.2)

1 Jlwo(T) — Gpr™)(T) - ﬁona},

where u(-) = (ui(t),...,un(t)) € Ue. Qo(-), Ro(-) and Go(:) are weight matrices. Qo(-) and Og(-) represent
the coupling between the leader and the population state average. This implies that the states of the followers
can influence the cost functional of the leader. For the ith follower, the individual cost functional is defined as
follows:

T
Ti(uo(-);u(-)) = E{ / [lli(t) = ©(1)z™ () = ©1(8)o(t) = ()1 Ze) + i (8)| ey ] At
0 (2.3)

3 (T) — 6™ (T) — By (T) — ﬁné},

where Q(-), R(-) and G(-) are weight matrices. Q(-), ©(:) and O;(-) represent the coupling between the ith
follower, the population state average and the leader. This implies that the cost functional of the ith follower
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will be affected by the behavior of both the leader and the other followers. All the individuals in the system,
including the leader and followers, aim to minimize the social cost functional, which is denoted by

T (ug(-);u(-)) = aN Jo(uo (- )+ ZJZ (up(- a>0.

Similar to [23] and [32], we have a scaling factor aN before Jo(uo(-);u(-)) such that Jo(uo(-);u(-)) and
Ji(uo(+);u(-)) have the same order of magnitude. Otherwise, if aN = 1, then the performance of the leader
will be insensitive when N becomes larger. Now we introduce our assumptions.

(A1) The coefficients of (1), (2) and (3) satisfy

AO()ch()7A()7C()7F() € LOO(O?T; Rnxn)v
Bo(), B(-) € L=(0,T;R™ ™), Dy(:), D(-) € L>(0,T; R™*%).

Qo(-),Q() € L=(0,T58"), Ro(),R(-) € L>(0,T;8™),
©0(),01(),0() € L*(0,T5R™™), 1o(-), () € L*(0, T3 R™),
6076 éERan) G07G€S"a ’f]o,’f]ERn.

(A2) z0(0) and Wy(-) are mutually independent. {x;(0),1 < i < N} and {W;(-),1 < i < N} are indepen-
dent of each other. Ex;(0) = {C, 1 < i < N. For some constant K, which is independent of N, such that
sup; <;<n Ellz;(0)||* < K. Furthermore, z(0), Wo(-) and {x;(0),1 < i < N}, {W;(t),1 < i < N} are inde-
pendent of each other.
(A3) Qo(-) >0, Ro(:) > 0I, Gog > 0 and Q(-) > 0, R(-) > 61, G > 0, for some § > 0.

From now on, we may suppress the notation of time ¢ if necessary. We introduce our leader-follower problem:

Problem 2.1. Under (A1)—(A3), for any ug € Up, to find a mapping M: Uy — U, and a control iy € Uy such
that

T (w03 M(ug)) = Jnf T (ug3 ),
T (wg; M(t19)) = inf js(N)(Uo;M(UO))-

wuo €U,

Note that the M here is a mapping, which is different from the notation M[0,T] we just introduced.

3. THE MEAN FIELD L) CONTROL PROBLEM FOR THE N FOLLOWERS

3.1. Person-by-person optimality

Fix ug € Up. The leader firstly announces his own open-loop strategy. Let @ = {@1,us,...,un} be the
centralized optimal control of the followers and T = {Z1,Z2,...,Zn} be the corresponding states. Now we
perturb u; and fix other %, where j # . Then we denote du; = u; — u;, 0x; = x; — Z;, where u; is the control after
perturbing and z; is its corresponding state. The Fréchet differential 6.7 (du;) = Jo(uo; u) — Jo(uo; @) + o(||dus||)
and 07;(0u;) = Ji(uo;u) — Ti(uo; @) + o||dus]|), where ¢ = 1,..., N. Therefore, the variations of the state
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equations for the leader, the ith follower and the jth follower, where j # i, are

dézo = (Agdzo + Codx™)dt,  62(0) = 0,
déz; = (Adx; + Bou; + Cox'™N) + Féxg)dt, dx;(0) =0,
ddxj = (Adz; + Cox™ + Fozo)dt, 6x;(0) =0, j#4,

and the variations of their corresponding cost functionals are

1 T
5(5\70((5111‘) = E{ / <Q0(f0 — (“)()f(N) — ’170), 0xg — @0(55(}(]\[)>dt
0

T (Go(@0(T) — ©0a ™ (T) — i), 50(T) — Sz ™) <T>>},

1 T
507i(0ui) = ]E{ / (Q(zi — 07N — 0,7 — 1), dz; — O52N) — ©1020) + (R;, du;)dt
0

+(G(z4(T) — 62 NN(T) — 61%0(T) — 7), 6a4(T) — O8N (T) — élém()(T)>},

1 T
5073(0ui) = ]E{ / Q(z; — 0z — 0,70 — 1), dz; — O3z — ©18x0)dt
0

+(G(2;(T) — 62 ™N(T) — €120(T) — ), 62;(T) — ©52™(T) — élaxo(T»},
respectively. Consequently, we have the variation of the social cost functional as:

%5 T (5u;) = % [aNéjo((Sui) 367 (0u) + 6%(6%)}
j#i
T
= IE{ / aN(Qo(Zo — Oz — 19), 60) — aN(OFQo(zo — Oz ™) —19), 6™ + (Q(z; — OV
0
— @152’0 — T]), 5$1> — <@TQ((El — @i’(N) — @1500 — 77), (S(E(N)> — <®?Q(ﬂ_§l — @i'(N) — @15?0 — 7]), 6.’£O>
+ <R1_L7,5U7> + Z<Q(j] - @f(N) - @1@0 - 77), 5SCJ> - Z<@TQ(Q_7] - @i’(N) - @11_70 - ’I’}), 517(N)>
i i
- Z<@1TQ(5% — 02N — 0120 — 1), 6x0)dt + aN(Go(Zo(T) — O ™(T') — i), 520(T))
j#i
— aN(O7 Go(#o(T) — ©02™(T) — ), 56 (T)) + (G(2:(T) — OFN(T) — ©120(T) ~ 1), 6:(T))
—(07G(2:(T) — ©2N(T) — ©120(T) — 1), 62"(T)) — (O G(#:(T) — O ™(T) - €:120(T) — ),
0xo(T)) + > _(G(#;(T) — 02N(T) = 612(T) — ), 62;(T)) = > (07 G(%;(T) — 02™)(T) — 612(T)
J#i J#i

— ), 6z N(T)) — Z<91TG(531' (T) — ©zN)N(T) — ©120(T) — ), 5xo(T)>}~
i
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When N — oo, it follows that

T
%6js(oj\£)(5uz) = E{ / Q<Q0(f0 — @()f(N) — 770), N51E0> — a(@ng(fo — @of(N) — 770),N51‘(N)>
0

+(Q(z; — 02N — 0,70 — 1), 62;) + (R, du;) + < > Q(z; —©1Z0 — 1), N(sxj>
J#
1
< Y eTQ(z; — 0™ — 0,7 — ), N5x<N>> ~ <N > el Qz; —0z™) — 0120 — 1),
J#i JFi

N5£Eo> dt + a(Go(Zo(T) — ez (T) — ig), Noxo(T)) — a(OF Go(o(T') — ©0z™(T) — o),

Noz™(T)) + (G(z:(T) — Oz NN(T) — 6120(T) — 1), 6 < > G(z 0zN)(T)
JFi
—0170(T) — 1), Nox;(T > < Z@TG — 0zMN(T) — 6,2(T) — 7)), No2N)(T )>
J#i
< > 07 G(;(T) — 0z™N(T) — 612(T) — ﬁ),N&cO(T)> } +o(1).
Jj#i
Note that Esupyc,cp [0z0]> = O(§z), Esupgccr [[62™M]> = O(§z) and (07Q(z; — ©2N) — 017 —

n),0zM) + (0T Q(z; — ©2™N) — ©13¢ — 1), 0z0) + (OTG(2(T) — OZWNN(T) — ©120(T) — 7),52N(T)) +
(OTG(z:(T) — @x(N (T) — 6,%0(T) — 7)), 6x0(T)) = o(1) (the rigorous proof will be shown in Section 6). Let

dxh = lim (Ndxo),

N —+oco
; (3.2)
ox :NEIEOO(N(S% _NLHEOO ;6% , J # 1.
JF1

Here Nz converges to 51‘2; such that EfOT INdxog — (53:5“2 = O(5). Similarly, > j4i0zj and Ndz; converge
to 0z (see Section 6 for the detailed proof). Then one can obtain

{ Aozl = (Agdad + Coda; + Codat)dt, 5z4(0) =0, 53)

dézt = (Adzt + Cox; + Coxt + Fozl)dt, 627(0) =o0.

When N — oo, by mean field approximation, we use & to approximate Z(N). Note that & will be affected by ug
which is given by the leader. Moreover, the influence of individual follower on  may be negligible. Hence, by
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straightforward computation, we simplified the social cost functional as follows:

1 T ‘
§5~75(£)(5ui) = E{ / (@Qo¥y — 6T QT3 6z)) + (QT — ©TQU; — 0O Q4 5z;)
0
+ (R, 6ui) + (QU3 — 0T QU3 — a0l Qo¥y, d2")dt + (aGoW4(T)
—OTGU(T), oz} (T)) + (GUG(T) — OTGWU6(T) — a®F GoW4(T),

ozt (1)) + (GUL(T) — 6T GU(T) — aOL GoW4(T), 6:ri(T))},

where

\Ifl() = i’o — @Oi’ — 770, \I”é() = 9_57; — @i’ — @112’0 — 77,
\113() = (I — @)QAT — O1xg — 1,

are related to time ¢, and

are related to time 7" which are terminal terms.

It is very important to formulate an auxiliary control problem to obtain the decentralized optimal control
for analyzing the problem of social optimality. Usually, an auxiliary control problem is a standard LQ control
problem (see [22, 40]). However, (3.4) contains 6z and dz', which are the terms we do not want them appear
in the social cost functional. Therefore, we need to use a duality procedure (see [44, Chapter 3]) to get off the

dependence of 6js(é\cf)(6ui) on 5332) and dz'. To this end, we introduce two auxiliary equations

dky = ardt + B1dWo, ki(T) = aGoWa(T) — OF GU4(T), 55)
dky = andt 4 BodWy, ko(T) = (I — OT)GWe(T) — aOF GoW4(T). '
Using It6 formula, we have the following duality relations
E(aGoW4(T) - OF GW(T), 5z{(T))
T
= E(k1(0),0z8(0)) + E / (k1, Agda} + Codw; + Codz') + (o, 6ad)dt,
0
(3.6)

E((I - 07)GW(T) — aOf GoWa(T),62'(T))

T
= E(ky(0),627(0)) + E / (ko, Adzt + Cox; + Coxt + Fozl) + (ag, 62t)dt.
0
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Putting (3.4) and (3.6) together, we obtain

1 T
55@(;? (6u) = ]E{ / (Ri;, 6u;) + (aQoW¥y — OT Qs + ay + FTky + Alky, 62])
0

+(QV3 — 0TQU3 — a®T QoW + CTky + CTky + ag + ATky, 621)
+(QU5 —0TQUs — aBF QoW + Cg k1 + C" kg, d;)dt

+(GUL(T) — OTGUG(T) — aB®L GoW4(T), 6z (T)>}.

Comparing the coefficients, it follows that

ar = —(aQo¥1 — O] Qs + FTky + Alky),
s = —(QWs — O7 QU3 — a®F QoW1 + C k1 + CThy + ATk»).

Then, according to above discussion, the two auxiliary equations can be rewritten as:

dk; = —(aQo¥1 — O] QU3 + FTky + Al'ky)dt + B1d Wy,
dks = —(QU3 — ©1QU; — a0 QoW1 + CJ k1 + CTky + AT ko) dt + B2d Wy,
k1 (T) = aGoU4(T) — OTGUG(T), ko(T) = (I — O7)GU6(T) — aOF Gy (T),

and the variation of social cost functional is equivalent to

1 T
5(SJS(;\CU((Sui) = E{ / (R, 0x;) + (R, du;) + (—Q(OF + ©1%0 + 1)
0
—07TQU; — aOT Qo + CTky + CTky, d2;)dt + (Gz;(T), 6x4(T)) (3.7)

+ (=G(OE(T) 4 ©120(T) + 7)) — OTGUG(T) — aOL GoW4(T), 5zi(T)>}.

3.2. Decentralized strategy design for followers

As discussed in previous subsection, when N is sufficiently large, a stochastic process & can be used to
approximate (V). Now, we can introduce the following auxiliary control problem for the ith follower.

Problem 3.1. (P2) Minimize J;((uo,2); u;) over u; € U;, where
dXi = [AXi + Bui + Cx + F)_{()(U())]dt + DdWi, Xi(O) = 517 i= 1, 2, e 7I\I, (38)

Ji((uo, &); ui) = E{ /0 ill3y + luill % + 20¢1, za)dt + |:(T)|IZ + 2<X27xi(T)>}» (3.9)

with

X1 = —Q(0% 4 017 (ug) + 1) — 0TQV3 — aOF Qo + CTky + CT ks,
X2 = —G(OE(T) 4+ ©1Z0(uo)(T) 4+ 7)) — OTGU6(T) — aOF Gy (T).
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Here, To(ug) means Ty is related to ug. To, &, k1 and ks are determined by

dzo = [AoTo + Bouo + Coz]dt + DodWy,  7o(0) = &,

d# = [AZ + Bi + C& + FZo(uo)ldt, #(0) = ¢,

dk; = —(aQo¥1 — O7 QU3 + FTky + Al'ky)dt + B1dWy, (3.10)
dky = —(QU3 — 0T QU3 — a0l Qo1 + CL k1 + CTky + AT ko) dt + BodWy,

k1(T) = aGoWa(T) — O GUs(T), ks(T) = (I - OT)GU6(T) — aOF GoW4(T),

where # and @ are the approximations of (™) and % fil u;, respectively.

In what follows, we let & = M(ug) = {41, z,...,an} € U. Note that @ here represents the decentralized
optimal control, which is different from the same notation in the beginning of Section 3.

Proposition 3.2. Assume that (A1)—(A3) hold. For given ug € Uy, (P2) has a unique optimal control
i = —R™'BTp;,
where p; is an adaptive solution to the following backward stochastic differential equation (BSDE)
dp; = —(ATpi + QT + x1)dt + (odWo + G:dW;, pi(T) = Gz4(T) + xa-
Proof. The variation of the state equation in (3.8) is
déx; = (Adz; + Bou,;)dt, dz,;(0) = i=1,2,...

and the variation of the corresponding cost functional is

1 . T
55%((’(1,0,.’1?),1&1) = ]E{ / <Qj,, (533Z> + <R’l]“ (SU1> + <X1,5l‘i>dt + <G.’fl(T), (5$Z<T)> + <X2, 6551(T)>} (3.11)
0
Using a similar argument from (3.5) to (3.7), we construct the following auxiliary equation
dpi = —(ATp; + Qx; + x1)dt + (odWo + GdW;, pi(T) = Gz4(T) + xo, (3.12)
and have the following duality relation between p; and dx; by using It6 formula

T
E(pi(T), 0zi(T)) = E(pi(0), 02:(0)) + E/o <Asz' - (ATPz' +Qz; + x1),0x;) + <BTZ?¢, dug)dt.

For given ug € Uy, since @ > 0 and R > 41, for some 6 > 0, (3.9) is uniformly convex and it has a unique
optimal control. Combining above equation with (3.11), we have

1 . T
5(5%((110, .f?), ui) = E/ <Rﬂl + BTpi7 (Su»dt
0

(3.11) equal zero is equivalent to

Ru; + BTp;, = 0.
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Thus, we have
ﬂi = —RilBTpi.

The proposition follows.

Substituting (3.13) into (3.8) and combining (3.12), we have the following FBSDE

"N’

dz; = [Az; — BR™'BTp; + Ci + Fizo)dt + DAW;, 2;(0) =&, i =1,2,..
dp; = —(ATp; + Qi + x1)dt + (dWo + AW, pi(T) = Gzi(T) + xa.

By taking limits, the above FBSDE can be rewritten as:

di = [(A+ C)3 + Fzo — BR™'BTpldt, #(0) = ¢,
dp = —(ATH + Q& + x1)dt + GdWo, H(T) = G&(T) + xa-

3.3. The consistency condition of the follower problem
Let

(1]

=T —-01)QU -0)+ a@TQOG)O, 2¢ = (1 -67)G(I —0) 4+ adl Gy6y,
(I -01)QO, + a0l Q, E§ = (I - @T)G(i)1 + a®7 Gy,
Z3:=(1-0")Qn- 04@0 Qomo, ES = (I —6T)Gi — aOF Gy,

1 :=0TQ0; +aQo, 5 :=6TGO, + aGy,

5 := 01 Qn — aQono, E§ := 6T Gi — aGoi.

(1]

[ V)
Il

[1
w

[1]

(1]

Combining (3.10) and (3.15), we can obtain the CC system

di = [(A+ O)i + Fig — BR™*BTky)dt, (0) =€,

dZo = [AoZTo + Boug + Coz|dt + DodWy, Zo(0) = o,

dky = —[E4Zo — T3 + AT k1 + FTky + E5]dt + £1d W,

dky = —[E18 — EaZo + Cd by + (A + C) kg — Z3)dt + BodWo,

ky(T) = EFZ0(T) — ()" #(T) + 2§, ko(T) = EF#(T) — E5'%0(T) — EF,

where p = ko can be easily verified.

4. THE OPTIMAL CONTROL PROBLEM FOR THE LEADER

11

(3.13)

(3.14)

(3.15)

(3.16)

Now, let (P2) have a unique solution. Then, for ug € Uy given by leader, the followers choose their optimal
control & = M(ug) = {ay,t2,...,an} € U, where 4; is shown in (3.13). Now we consider the optimal control
of the leader to further minimize the social cost functional. In the infinite population system, (™) may be
approximated by z. Hence, we can construct the following auxiliary optimal control problem for the leader.
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Problem 4.1. (P3) Minimize js(,ﬁi) (ug; @) over ug € Uy, where

dxg = [A()Xo + Boug + Co)A(]dt + DodVVo7 X (0) = &,

R 4.1
T8 (ug; @) = aN Jo(uo; @ +ZJZ (uos (1)

(P3) is based on (P2). Therefore, combining (3.13), the equations below (3.4) and the equations (2), (3) with
mean field approximations, the cost functionals of the leader and the ith follower are

T
jo(uo;ﬁ) = E{ / (Qo¥1, 1) + (Rouo, up)dt + (G4, \I’4>}7
0
T
Fitunsm) = B{ [ QUL W) + (BT R BT e + (05, W)
0

where &, Zg, k1, ko, T;, p; are determined by (3.16) and (3.14).

Using a similar argument in Section 3, we let 4 be the optimal strategy of the leader and perturb wg in (4.1),
where dug = ug — Ug. Since g, &, T; and p; are determined by ug, we denote their corresponding perturbations
as: 0%y = .fo(Uo) — i‘o(ao) 0 = i‘(Uo) — .i‘(ﬂo) 0x; = i‘l(UQ) fl(ao) and Jdp; = pi(UQ) —pi(ao). For sake of
notation simplicity, we drop (@g) in the following Zq (o), Z(uo), Z;(4o) and p;(4g), etc. Then, one can obtain

d(SLEO = [A()(S.’fo + Bo5U() + C()(sli']dt, 5@()(0) = 0,

and the variations of corresponding cost functionals
1. r A
5&70@“0) = ]E{ / (QoW1,0Z0 — Ogdz) + (Rotio, dug)dt + (GoVa, 620(T) — @0555(T)>}7
0
|
=Y 6T (dug) = ZE{ / Ui, 6%; — ©0% — ©10%0) + (R~ BT p;, BT 6p;)dt
+ (GUL, 62,(T) — ©62(T) — éléxo(T))}.

Here Wy, W, Wy (T), WL(T), are related to ug. In what follows, ¥y, Uh, Wy, Wy(T), Wi(T), ¥s(T) will be related
to @g. Therefore, the variation of the social cost functional is

S0 6uo)
T
= (IN]E/ <QQ\I’1, 5£0> — <®gQOW1,5f> + <R0ﬂo, 5’LLO>dt
0
N T
+ Z]E/ QUL 5z;) — (0T QUL &) — (0T QY. 6%0) + (BR™*BTp;, op;)dt
. 0

(OTGWL(T),6z0(T))

Mz

+ OZN<G()\IJ4 (T), 5%0 (T)> — CMN(@O GQ\I’4
N A | N | =1
=Y (OTGUL(T), 6&(T) + Y _(GWL(T), 62:(T)).
i=1

i=1
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Similarly, the variations of those equations in (3.14) and (3.16) are given by

déz; = [A6z; — BR™'BT6p; + Co& + Fézoldt, 67;(0)=0, i=1,2,...,N,
dodp; = —(ATp; + Qdz; + [E1 — Q0% — EpdT + CL 6ky 4+ CT 6ky)dt + 6CodWy + 6¢;dW;,
pi(T) = Goxi(T) + [EY — GIo&(T) — E5670(T),

and

dé@ = [(A+ C)d2 + Fozg — BR™* BT §ky]dt, 62(0) = 0,

ddk; = —[24070 — EL 6 + AL 0ky + FToky)dt + 66, dW,

doky = —[210% — Z90T0 + CL6ky + (A + C)T ko]dt + 68,d Wy,

5k (T) = E§620(T) — (ES)T62(T),  ko(T) = Z562(T) — 2§ 630(T).

Since (4.2) contains many terms that we do not want them appear in the social cost functional, we will use

a similar argument in Section 3 to get off the dependence of 5js(£)(5u0) on those terms. Therefore, we need
to construct six auxiliary equations to help us obtain the optimal control of the leader. We introduce the first
three auxiliary equations:

dg; = mydt + n2dWy + ndW;,  ¢:(0)=0, i=1,2,...,N,
dll = Sldt + ’/’1dVV07 ll(O) = O7
dlz = Sgdt + TQdWo, 12(0) =0.

where
m; = —(BR™*BTp; — BR™*BTy; — Aq,),
s1 = Cola + Aoli — Cogs, s2=(A+C)ly — BR™'B"§' + Fly — Cq;,
n,;:O, n?:(), T1:O7 7'2:0-

Here ¢;, 1 and ls are used to free 5js(é\cf) (dug) from the dependence on p;, k1 and ko, respectively. By a similar
argument from (3.5) to (3.7), we can rewrite the variation of the social cost functional as follows:

1.4
5575(5\0[)(5“0)
T N _ N _ N _
= IE/ D (aQo¥y — O QU 6%0) + Y (—aOf Qol¥y — ©7QWY, 62) + Y (QUS,0%;)
0 =1 i=1 i=1
N N

+N<04R0’I_L0, 5’LLO> + Z<BRilBTpi, 5p2> + Z<ll’ 7(1431(%71 + FT(SkQ + E40T0 — Eg&i‘»
i=1 i=1
N N N
+ Z<81, 6/€1> + Z(SQ7 6](52) + Z(lg, —((A + C)T5k2 + Cgékl + =102 — 5265‘0»
=1 =1 =1
N N
+ > (—(AT0p; + Q63; + [E1 — Q10d — Epb + CF 0ky + CToka), qi) + D (psmi)
i=1 i=1
N N N )
+ Y [(8B1,m1) + (B2, m2)] + D _[(8C0, nf) + (6Gi, na)]dt + Y (GUE(T) — Gai(T), 62:(T))

=1 i=1 =1
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'MZ

<
Il
_

(aGoWy(T) — O GUL(T) — (E§) " 1(T) + (E5)T1a(T) + (E5) T as(T), 620(T))

'MZ

@
Il
—

(a®T GoU,(T) + OTGUL(T) — ESHT1(T) + (E)T1(T) + (2

T
=Q
I
8

~
2
3
o
2
3

Next, we introduce another three auxiliary equations:

N
dj = adt + BdWo + Y Bid W,
=1

§'(T) = aOf GoWu(T) + 67 GUL(T) — () 1(T) + (E) 1o(T) + (E¢ — G)'qi(T),

N
dyh = odt + fodWo + Y BldW;,
i=1

Yo(T) = aGoWa(T) — 6] GU(T) — (E{)TI/(T) + (E5) 1ao(T) + () ai(T),
dy; = aidt + BodWo + B;dW;,  yi(T) = GVE(T) — Gg;i(T), i=1,2,...,N.

where

do = —(aQo¥1 — O] QU + Fly; — FT§" + Afys — E1h + E5 1o + E5 i),
& =—a0§ Q¥ —0TQUL+CTy; — (A+C)'§" + CJ yh + Eali —E1 1 — (51— Q)" s,
= —(QUs + ATy, — Q"qy).
Here §°, yb and y; are used to free (Sjs(é\cr) (dup) from the dependence on §Z, 6%y and 6Z;, respectively. Similarly,

by It6 formula and the duality relations, the variation of the social cost functional can be further rewritten as
follows:

,53(1\/)(5”0)

soc

= E/ Z aQO\I/1 @TQ\Iﬂ + FTyz FTyz + Ao yé +hg— EZ[I n 5512

+ 5241, 0%0) + Z<‘a9§@o‘1’1 —0TQW, + CTy, — (A+O)19" + Cg v

=1

N
—a+ Sl —E{l — (51 - Q)"qi,08) + > _(QUS + ATy, + i — Qqi, 67:)
i=1

B

Il
—

N
+> (BR™'B"p; — BR™'B"y; + m; — Agi, opi) + Z[(nm 8¢i) + (nf, 6¢0)]
i=1

7

_|_

-

Il
-

N
(s1 = Cola — Aoly + Cogi, 0k1) + Z<52 —(A+QC)ly+ BR'BTy — FI,
i=1

7

N N
+Cqi,0ka) + > [(r1,081) + (r2,68)] + <aNRoao +Y " Bl v, 5U0> dt,
=1

i=1
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which implies,

1. T N .
§5js(é\c’)(5u0) = ]E/ <04NR0120 + Z BOTyé, 5u0> dt
0

i=1
Thus, %6js(ég)(6uo) = 0 is equivalent to

N
CUNR()TI,O + Z Bgyé =0.
i=1

Then, we have the centralized form of the optimal control for the leader

-1 N
_ « —1 i N
o =~ R, BOTZyB = ué ),

i=1

where g relies on NV and the following FBSDE

dy; = —(A"y; — QTq; + QUY)dt + BodWo + B;dW;,  yi(T) = GUE(T) — Ggi(T),
dg; = (BR™'B"y; + Ag; — BR™'B"p;)dt, ¢;(0)=0, i=1.2,...,N,
dj' = (a0 Qo1 — 0T QUL + CTy; — (A+ O)T9" + Cf y + Ealy — ET I

N
—(E1 — Q)Tg)dt + AW, + Z BidW,

=1

dyy = —(aQo¥; — 0T QWY + FTy; — FT4 + ATyl — =11, + 221, + =L g;)dt

N
+ BodWo + > BldW;,
=1
yb(T) = aGoWy(T) — O GUL(T) — (EF)"L(T) + (E§) 1(T) + (E§)  a0:(T),
dly = (Aoly + Cola — Cogs)dt, 11(0) =0,
dly = [Fly + (A4 C)ly — BR™'BTj' — Cq;]dt, 15(0) = 0.

Denote
LN 1
y - N1—1>r-Ii-1<>o N Zy“ Z;* - Nl—i}-ll-looﬁzgz7 ys N Nl_lir&ooﬁzly67
1 3 1 3
q :NLIIEOO Zq“ T:NETWN;ZM Z;ZNHIEWN;ZQ.

§'(T) = a0 GoWo(T) + OTGUL(T) — (25) 1 (T) + (EF)T12(T) + (2F — &) ai(T),

15

(4.4)

Here, using a similar argument of (3.2), we can easily prove that 4 Ziil Yir & Zfil T Zfil Yo, ~ vazl qi,

% Zf\il ly and ﬁ Zf\il Iy converge to y*, §*, yg, ¢*, I and I3, respectively. Thus, combining (3.16) and (4.4),
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when N — oo, we can obtain the CC system for the leader-follower problem

di = [(A+ Q)i+ Fzg — BR™'BTky)dt, #(0) =&,
dZo = [AoZo + Coi — Bo(aRo) ' BLygldt + DedWy, 70(0) = &,
dky = —[Z470 — 58 + AT ky + FTky + Z5]dt + £1dW,
dky = —[212 — E9Z0 + CF k1 + (A + C) kg — 3] dt + Bod W,
ky(T) = E20(T) — (25)"#(T) + 2§, ka(T) = EF#(T) — E5'%0(T) — EF,
dy* = —(ATy* — QTq" + QUs)dt + grdW,, y*(T) = GU6(T) — Gq*(T),
dg* = (BR™'BTy* + Aq* — BR™'BTky)dt, ¢*(0) =0,
dg* = [-aOl Qo — 0TQUs + CTy* — (A+ CO)Ty* 4+ CLys + =07 — 2713 (4.5)
— (51— Q)" g]dt + B dWy,
§J*(T) = aOf GoWa(T) + O GW4(T) — (E9)"1(T) + (EY)15(T) + EF — &) " (T),
dys = —(aQo¥1 — O Qs + FTy* — FT§* + Afy; —E11; + 2515 + 25 ¢")dt
+ BydWh,
Y5 (T) = aGoW4(T) — O7 GU(T) — (EF)T1(T) + (ES)"15(T) + (E5)"¢*(T),
dlf = (Aol] + Col; — Cog™)dt, 17(0) =0,
dly = [Fl; + (A+ C)l3 — BR™'BTy* — Cq*]dt, 15(0) = 0.

—~

and the decentralized optimal control for the leader
ug = —(aRo) ™" By yg- (4.6)

The final CC system is highly coupled with five forward equations and five backward equations. The existence
and uniqueness of (4.5) is very important for obtaining the optimal control, however it is very difficult to solve
such high-dimensional system. We need to simplify the CC system to a FBSDE using block matrices and these
will be discussed in next section.

5. WELL-POSEDNESS OF THE CC SYSTEM

Note that in (4.5), the equations of (Z,Zo, k1, k2) form a coupled FBSDE and (y*,q*,9*,v5,!5,15) form
another coupled FBSDE. The two FBSDEs are also fully coupled with each other. Therefore, we try to look at
the above FBSDEs in a different way. To this end, we set

z v 3 R R GV — Gg*(T)

o 7" €o aOf GoWy — OTGU6 — (2§)TH(T) + (EF)"15(T) + (Ef - G) g (T)
X=[ ¢ [, Y=] w5 [, XO=] 0 |,¥YT)= aGoWy — O GV — (EF)TIH(T) + (EF)"13(T) + (E9)"¢*(T)

I ky 0 =¢z0(T) — (2S)T2(T) + =§

I3 ko 0 EFH(T) — ES70(T) — Z§

Then (4.5) is equivalent to

{dX=[AX+BY+b}dt+]D>dWo, X(0)=(E" & 0 0 07, (5.1)

dY = [AX + BY + b]dt + DdW,, Y(T) = GX(T) + g,
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with
A+C F 0 0 0 0 0 0 0 —BR'BT
Cy Ap 0 0 0 0 0 —Bo(aRo)ilBg 0 0
A= 0 0 A 0 0 ,B=| BR'BT 0 0 0 —BR'BT |,
0 0 —Co Ao Co 0 0 0 0 0
0 0 -C F (A+QO) 0 —~BR™'BT 0 0 0
0 0 —-Q(I - ©) Q6, QT 0 0
0 Dy A Z1-QU-0) -E+Q0, —(5,-Q7F =z, -=T
b=| 0|, D= 0 |, A= =7 —B4 —=r = =7 |,
0 0 =7 -4 0 0 0
0 0 -5 = 0 0 0
Qn g —AT 0 0 0 0
A —E3+Qn ) B ) ot —(A+O0)" cf0 0
b= —Es , D=| g |, B=| —F" FT AT 0 0 ,
—Z5 B 0 0 0o Al —FT
E3 s 0 0 0 -c —A+o0)7T
~Giy G(I - ©) -G6, —G 0 0
=5~ G —Ef+ G -0) -G (Ef -G —EHT EPT
9= Efé , G= *(f%)T i‘é (E%) (E5)" (E5)
= —(2%) =¢ 0 0 0
—E3 =¢ —E=§ 0 0 0

Denote

= A+BG ]B _ b _ ]D) B
A_<A—GA+IFBG—GIFBG IB%—GIB%)’ b_(B—Gb>’ D_<D—GID>)’ Y=Y-06X

Then (5.1) can be rewritten as:
_ /X - _
a(F)={a(F)+o}arsnam,
Y (5.2)

X0) =" & 0 0 0f, YT)=g

=R

This is a fully coupled FBSDE. From the Theorem 3.7 of Chapter 2 in [28], the FBSDE (5.2) is solvable for all
g € LZ(Q;R°") if and only if the following condition holds:

det {(o,f)e& ( ) )} >0, VteloT]. (5.3)

In the case, (5.1) admits a unique solution for any given g € L2(Q;R®").
Under the condition (5.3), we may decouple the FBSDE (5.2) by

Y=KX+r tel0,T],
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where K € C1([0,T];S°") is a solution of the following Ricatti equation
K+ K(A +BG) + KBK — (B — GB)K — (A — GA +BG — GBG) =0, t € [0,7], K(T)=0,
and k € C1([0,T]; R®") satisfies
i+ (KB — (B—GB))k+Kb— (b—Gb) =0, t € [0,T], k(T)=g. (5.4)

By the Theorems 3.7 and 4.3 of Chapter 2 in [28], if (5.3) hold, then the Ricatti equation admits a unique
solution K(-) which has the following representation:

K = _[(o,f)eMﬂ ( ? ”_1[(0,1)&@” ( é )] t € 0,7]. (5.5)

Example 5.1. Consider the system (5.2) with parameters Ay = 0.1, By = 1, Cp = 0.01, Dy = 1, A = 0.05,
B=1,0=005D=1,F=0306=1, Qo =1, Ry =10,Gy=0,0=0.1,0, =1, Q = 0.9, R = 15, G = 0,
a=1.02, T =12, ny = n = 0. Then, we have

0.10 0.30 0 0 0 0 0 0 0 —0.0667
0.01 0.10 0 0 0 0 0 —0.0980 O 0
A= 0 0 0.05 0 0 B = 0.0667 0 0 0 —0.0667 |,
0 0 —-0.01 0.10 0.01 0 0 0 0 0
0 0 —-0.05 0.30 0.10 0 —0.0667 0 0 0
—0.81 0.90 0.90 0 0 —0.05 0 0 0 0
. 0939 —-093 -—-2.649 183 —-1.749 ) 0.05 —-0.10 0.01 0 0
A= 1.83 -1.92 -183 192 -1.83 ,B= —-0.30 0.30 —0.10 0 0
1.83 —1.92 0 0 0 0 0 0 -0.10 -0.30
—-1.749 1.83 0 0 0 0 0 0 —-0.01 -0.10

Hence, according to the simulation through Matlab software, for any ¢ € [0, T], we obtain

- A+ BG B a0
A(A—GA+BG—GEG ]ﬁ%—GIB%)’ det{(o’”e <1>}>0’

(e.g. for t = 6, det {(07 Ieht ( 2 )} = 12.7053 > 0). By the argument above, FBSDE (5.1) is solvable.

For further analysis, we make the following assumption: o
(A4) The equation (5.2) has a unique solution and the solution (X,Y,D) belongs to M|0, T].
For the following equation

(5.6)

dz; = [Az; — BR™'BTp; + Ci + Fzo)dt + DAW;, 2;(0) =&, i=1,2,..., N,
dp; = —[ATp; + QF; + xa]dt + (odWo + AW, pi(T) = Gai(T) + X,

where x; and o are related to iy. We let p; = P%; + @, t € [0,T], where P € C*([0,T];S™) is a solution of the
following Ricatti equation and ¢ € C'*([0, T]; R™) satisfies

P+PA—PBR'BTP+ATP+Q=0, te0,T], P(T) =G,
¢+ (AT — PBR7'BT)¢ + x1 + PCi+ PFiy =0, t €[0,T], (T) = xo.
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Since the Ricatti equation is standard, it has a unique solution. Hence, the FBSDE (5.6) is uniquely solvable
and the solution belongs to M[0, T7.

6. ASYMPTOTICALLY SOCIAL OPTIMALITY

In this section, we discuss that if the leader announces ug obtained in (4.6) to the N followers, then the set of
the optimal decentralized controls for the leader and the followers will constitutes an approximated Stackelberg
equilibrium. First, for the open-loop decentralized strategy (ug,u*) in (4.6) and (3.13), we have the realized
decentralized state x(; and z], satisfies

dag(t) = [Aox(t) — Bo(aRo) ™' By (t) + Co(z™) N (#))dt + DodWo(t),
dx; (t) = [Ax} (t) — BRTIBTp;(t) + C(x*) M (t) + Fxji(t)]dt + DAW;(t), (6.1)
z5(0) = &o, z;(0)=¢&, i=1,2,...,N,
where yg, p; satisfy (4.5) and (5.6), respectively. Then, by [2] and [31], we give the definition of the Stackelberg
equilibrium.

Definition 6.1. A set of control laws M(ig) € U has asymptotic social optimality if

1 1
N‘fg(ﬁ)(%;/\/l(ﬁo))** inf 0 (io; )

1
—0(—),
()
where M is a mapping and M : Uy — U. U, is defined in Section 3 as a set of centralized information-based
control.

Definition 6.2. A set of control laws (u, u*) € Uy x U, where u* = M(ug), is an Stackelberg equilibrium with
respect to js(é\c[)(uo, w) if the following two properties hold:

1. M(@p) has asymptotic social optimality under .
2. The following equation is satisfied

1 1
’st(ﬁ)(“o’M(u?))) vt T& (UO,M(%))‘ =0 <\/N> :

We first need to introduce some lemmas before proving the Stackelberg equilibrium.

Lemma 6.3. Assume that (A1)—(A4) hold. Then

T T T 1
B[ 1) —afae B [ - ptae s [ - aola =0 ().
0 0 0 N

Proof. See Appendix A. O

Lemma 6.4. Assume that (A1)—(A4) hold. There exists a constant K, which is independent of N, such that
TG (ug;u”) < NK.

Proof. See Appendix B. O
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Proposition 6.5. Assume that (A1)—(A4) hold. For all (tg;%) € U, there erists a constant K, which is
independent of N, such that

aN |2, + |Ju]2: < NK.

Proof. By Lemma 6.4, we have
T
E/ aN ol + JalPd < inf T (a0 0) < T4 i) < NK, (0> 0)
0 uo;u

Therefore, N ||tio||2. + [|@]|2, < NK, where K is independent of N. The proposition follows. O

The following two propositions will give the rigorous proofs for the approximations in Section 4.

Proposition 6.6. Assume that (A1)-(A4) hold. Then, for (3.1), Esupy;<r [[020]* = O(7).
Esupg<;<r ||§x(N) |? = O(%) and (0T Q(z; — 0z(N) —9,7, —n), 595(N)) +(©fQ(z; - 0z(N) —9,7, —n),0xo) +
(07G(2:/(T) = 02NN(T) = €120 (T) — 1), 52 ™)(T)) + (6] G(&:(T) — 02 N)(T) — 120 (T) — 1), ao(T)) = o(1).

Proof. See Appendix C. O

Proposition 6.7. Assume that (A1)-(A4) hold. Then, Néx;, Néxg, Néxz; converge to 3, 0x;, oxb, oxt
such that

T 1 T 1 r 1
E Néz; — I?=0(-—), E Nézo—ox}|? =0 | — ]E/Nz—TQ: — .
| v, > 05z ) B [ Ivomo—aaf =0 () & [ INda; - sl = 0
Proof. See Appendix C. O

By the lemmas and propositions, we discussed above, we give the main result.

Theorem 6.8. Assume that (A1)—(A4) hold. Then (ul,u*) given in (4.6) and (3.13) is a Stackelberg
equilibrium with respect to the social cost functional.

Proof. For (ug; ) € U, let

1 . . 1 o 1 . . 1 . _
oo (s u) = T80 (s 1) = = TG0 (ug; M(ug)) = 1= TG0 (iios M(iio))
1 1
+ st(é\c/)(%;/\/l(@o)) - st(é\cf) (to; @) := Ay + Ag,
where A; = %Js(é?(ué;/\/l(u{%)) - %Js(ép(ﬂo;/\/l(ﬂo)), Ay = %js(ol\c[)(ﬁo;/\/l(ﬂo)) - %js(;\c/)(ﬂo;ﬂ) Since g is

fixed, by following the standard method in Huang et al [22], we obtain ||As||? < c(||tio]|22)+ - Specifically, we
denote &; as the state of the ith follower when its control is M; (o), thus &; is equivalent to Z; in Section 4. Let

{ao g — =0, i=u—M(ip), =1 —M;ip),

To = To — Xg, Tj =Ty — Xy
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Then we have

where

T (w03 0) = aN Jo (403 @) + ZZ

N N N
= aNJo(to; M(io)) + aNHo + aNly + ZZ(%;M(@O)) + ZHl + Zfi,

=1 =1 i=1

T
ot M(a0) = E{ [ 20 = 062 ~ ol + ol + () ~ 602™(T) = i,
0

T
Hy — E{ [ 30— 00t + 30(T) - 60 (T)II%;O},
0
T
Tilito: M(itg)) = E{ [ = 02 013 — i + Mo e
0
() — 62 (T) — By (T) - WG}
T A A
H; = E{ / |17 — 02N — @170\ + ||| Rdt + ||7:(T) — 03 ™N(T) — elszo(T>||%,~},
T
{ / (2o — Q™ — 19)TQo(Fo — Oz ™))dt
0
T (#0(T) = 063 ™) (T) — 1) Go(G0(T) — Gz ™ <T>>}7
T
I = IE{ / (2; — 02 — 0120 — )T Q(&; — 02N — ©1%) + MY (@) Rudt
0

(@ (T) — 2N (T) — 6,20(T) — )T G(E(T) — 03N (T) — é@om)}.

By straightforward computation

T N
aNly = E{ / aN[¥] Qo — (Bgv1)" QolFo — a[¥T QoO0 — (Bov1)"Q0O0] Y _ #sd
0

=1

N
+ OéN[\I’4(T)TG0 — (éo’ul (T))TGo]i‘o(T) — a[\I/4( ) G()@o — (@()Ul Z }

N
Z[ = {/ Z U)YTQE; — [(0v)TQ + ¥I Qo — (I - 0)v,)TQe] Z N[wTQe,

—[(I = ©)v1)TQ61]E0 + MT (@) Ri;dt + Z (BL(T)TGi(T) — [(Gu(T)TG + Te(T)T GO

=1

N
—((I— Z (TGO, — [(I — @)Ul(T)]TGé)l]:EO(T)}.

21

(6.2)

(6.3)
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(N) — 2. By (4.5), (5.6) and Tt6 formula, we obtain following relations:

where v; = %

Nk (T), &o(T)) = (aNGoWy, 5(T)) — (NOT GWg, &0 (T))

T N
= IE/ —(aNQo¥1, 7o) + (NOTQWs, &) — (ko, NFio) + <00Tk1, > x> dt,
0 =1

and
N T N N N
Z@%(T)»fi(T» = ]E/ <@TQ‘I’372561’> - <Q‘Iﬂzazfi> + <0490TQ0‘I’1,Z@>
i—1 0 i=1 i=1 i=1
N N N
- <COTI<11725151> - <p(N) — kg,Cchz> + <pi,Bﬂi> + <p(N),NF§?0> dt.
i=1 i=1 i=1
Meanwhile, by (3.13), we have
N N N N

D (M), Riiz) + Y (pi, Biis) = Y (RM; (i) + B p;, i) = > (R(~R™'B"p;) + B pi, ;) = 0.

i=1 i=1 i=1 i=1

Combining (6.2)-(6.6), Lemmas 6.3 and 6.4, it follows that

. (még —o( L),

Moreover, % (aNHo + Zf\; HZ> > 0. Thus, we have

1

1 1
Ay = st(é\c/)(ﬂo;/\/l(ﬂo)) - st(oj\c,) (to; @) < c(||to][z2)

=

For Ay, we decompose it as follows:

1 1
e (o M(iio)) = < T&or (ug; M(u5))

=L g0 (a0 () 4 L 700 (M (7)) L7 s M

1 * *
Ay = st(ol\c[)(uo;M(uO)) -

Note that uéN) is the centralized social optimal control in (4.3), thus one can easily obtain that

%Js(ﬁ) (a6 M (u)) < %Js(ﬁ)(ﬁo;/\/l(ﬂo)).

(6.4)

(6.8)

We know that Jg(ﬁ)(uo;./\/l(uo)) continuously depends on wug. Since M(ug) is the solution of FBSDE (5.6)
which continuously depends on parameters, we have M (ug) is continuous in ug. Note that T (ug; M(ug)) is

a quadratic functional and ug is fixed. Let JZ‘E)N) and jl(.N) be the state of the leader and the ith follower when
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the control of the leader is u((JN). Denote

o =g~y M(uo) = M (uf™) — M(u5),

Then we have

730 (a5 (7)) = T 0 M)

TR (6 = g+ s M) = M) + M) ) = T (s M(w5)|.

and

N
TG0 (w6 M) ) = aN[To s M) + Hy + 6] + D[y M) + H] + I,

=1
where
T A
Jo(ug; M(ug)) = E{ /0 25 — ©0 (™) ™) — |3, + [|ugl| %, dt + [|25(T) — O (™) N(T) — 770||2G0}7
T
Hy = E{ /0 0 — @ ™M||3, + IIto||, dt + ||£0(T) — Ot ™) (T)||2GO},
T
Ti(ug; M(ug)) = E{ /O 2} = ©(z*) M) — ©125 — nllf + [|M(ug)||%dt
+ |l2H(T) — O(z*)NN(T) — O125(T) — 77”26*}7
T A ~
H} = E{ / | — O ™) — O[3 + |6M ;i (uo)||%dt + ||#:(T) — O N)(T) — @1330(T)||%;}7
0
+ (@3(T) — Oo(a*) N N(T) — o) " Go(do(T) — éof(N)(T))}»
{ (z7 — O(x") M) — 025 — )T Q(i; — O — O140) + MT (ul) ROM; (ug)dt
+ @H(T) — O (") MT) — O125(T) — )" G(£:(T) — O N)N(T) — @1930(T))}~
By using similar arguments in Lemma A.1 to Lemma A.2 and [|As||> < ¢(||i0|22) . we obtain

1H’+1Hf+a1’+1§:ﬂ=0(1>
NTOONTE Y N VN
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Hence, we have

1 1 1 1
T (a0 () + 0 M < K () =0 (). (6.9

where K is independent of N. By (6.9) and (6.8), it follows that
L vy, ay Loy () ) 1
stoc (u()%M(UO)) - stoc (’LLO ;,/\/l (uo )) =0 — ,

and

1

ST (a5 M (7)) = 76 (a0 Mao)) < 0,

respectively. Thus, we have
1
A = 05 M)~ T80 o M) < 0 (). (6.10)

By Proposition 6.5, there exists K independent of N such that ||dg|/zz < K. Then, combining (6.7), (6.10), we
can obtain:

1 1 1 1
A1 +2 <0 —= | +c(||u — | <K-O—= :O<),
a0 () wellule) (o) <50 (o2 ) =0
where K is independent of N. The theorem follows. O

7. NUMERICAL EXAMPLES

We now give a numerical example for Lemma 6.3. By (5.5) and (5.4), K and x can be easily computed.
Consider Y = KX + &, we can obtain that

dX = [(A + BK)X + Bx + b]dt + DAdW,, Y =KX + &,

where X = ((8)7 (20)T ()7 ()7 (5)7)7, ¥ = (5") (3")7 (w§)™ (k)T (k2)T)T. Since py = Pz + 3, by the
following equations below (5.6), we have

dz; = [(A — BR'BTP)z; — BR™'BT ¢ + C& + Fzo|dt + DAW;.

The realized decentralized state xf; and (z*)N), can be derived by (6.1). Combining them with (4.5), one can
obtain

d( (x:f?(;)g?fi > - K /1{9 Aioc ) ( (mf§(;)fjf ) - ( BRPlBT )(p(N) —ﬁ)]dH;[( ZigD )dWZ—
(&S5 )0=(yxie-e)
where p = ko.

We continuously use the parameters in Example 5.1. The population N = 100 and the time interval is [0, 12].
By Matlab computation, the trajectories of the realized state x} are shown in Figure 1(a).
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FIGURE 1. (a) is the trajectories of x}, i = 1,...,100 and (b) is the curves of &2
when time interval is [0, 12].

1=1,2,3

7

We defined ] = f (%)) —|2dt, €3 = E f012 |zg —Zo||?dt, e3 = E f012 lp™) — p||2dt. When N increases
from 1 to 100, the curves of €%, €3 and &3 are shown in Figure 1b. The X axis indicates N and the Y axis
indicates €Z,i = 1,2, 3. It can be seen that they are approaching to zero when N is growing larger and larger.

8. CONCLUSION

This paper has analyzed the social optima in a class of L mean field control problem. We obtain the
decentralized form of the optimal controls for the leader and N followers. By Ricatti equation method, we
discuss the solvability of the FBSDE. Finally, a Stackelberg equilibrium theorem is established. For future work,
one can extend the results of this paper to the hierarchical control with many leaders case.

APPENDIX A. PROOF OF LEMMA 6.3
By (5.6) and (6.1), we have

N N
1 1
*\(N) _ #\(N) _ —1pRT (N *\ (N * - : (N) -
d(z*)N) = [A(2*) BR™'BTpM) 4 C(2*)M) 4 Faf)dt + N?:l DAW;, (x* = Ez
1 N
=(N) _ =(N) 1T, (N) =(N) _ = .
Az =[Az"Y) — BRT" B p\") + Ct + FIo|dt + — E Ddw;, z¥V(0) = N Eﬁ &, (A.1)

dp™) = —[ATpN) + x]dt + GodWo + Z@sz, pN(T) = Gz™(T) + xa.

To prove Lemma 6.3, we need the following two lemmas.

Lemma A.1. Assume that (A1)-(A4) hold. Let zN) = L Zil z; and p™) = & vazl pi. Then

1 1
sup E|zV) — 582:0(—), sup E (N)—A2:O<—>.
s B —a=0(5 ). sw B -5t =0 g
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Proof. Combining (A.1) and (3.15), we can obtain

N N
1 1 )
—_ -1 T . —_ PR
dpy = [Apn — BR™ B o]t + > DAW;, m(0) = i E_ & — &,

i=1

dps = —[A M2+QM1+*ZCdeu p2(T) = G,

where p; = 2V) — 2 and py = p™N) — p. Denote po = Puy + ¢, t € [0,T], where P € C'([0,T];S") is the
solution of the following Ricatti equation and ¢ € C1([0,T];R™) satisfies

P+PA—PBR'B"P+ATP+Q=0,te0,T], P(T)=G,
N
1
dp = —(A—BR'BTP)Tpdt + N > (PD = ¢)dW;, t€[0,T], o(T)=0.
i=1

This is a standard Ricatti equation and the latter BSDE has a unique solution ¢ = 0,¢ € [0, T]. Thus pus = Pu,
and

N
1
—1pT :
duy =[A— BR™"B* Pl dt + N E Ddw;.

i=1

By Cauchy-Schwarz inequality and Burkholder-Davis-Gundy’s inequality, we have

sup Eljui1]* = sup E
0<t<T 0<t<T

2

+2 sup E
0<t<T

tq N
’/ (A— BR'BTP)u, ds+/ N
=1
<2 sup E

[¥3
0<t<T o N =

<2K{ sup E/ e1]|2ds + ~ ZE/ |D2ds} =2K sup IE/ [lea || ds—l—O( >

0<t<T

t
‘/ (A— BR'BTP)u,ds

where constant K is independent of N. Then, by Gronwall’s inequality and ps = Py, we obtain

1 1
sup E 2O<>, sup E 20().
S, ([ e ] ¥ S, [ 12l ¥

The lemma follows. 0
Lemma A.2. Assume that (A1)-(A4) hold. Let (z*)™) = & ZZ 1y, Then
1 1
sup Bl — ol =0 (1) s Be) ™ s =0 (L),
0<t<T 0<t<T

Proof. Denote ps = xfy — 7o and pg = (z*)™) — z(N). By (A.1), we can obtain

()= 107 uSe) () o (€ )] ()= (3).
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For some constant K which is independent of N such that

2
M3 0 M3 Co
sup E = sup E + ds
o<rer ’(FM) 0<th H/KF A+C>(N4> <C>m]
t ¢ 2
1
§2K{ sup IE/ ( Hs > ds+ sup E/ ||u1||2ds} =2K sup E/ ‘( Hs ) ds+0<).
0<t<T Jo Ha o<t<t Jo o<t<T Jo Ha N
By Gronwall’s inequality, one can obtain
2
M3 1
sup E =0|—=—].
02T H ( Ha ) (N)
Thus, the lemma follows. O
Proof of Lemma 6.3. Since
(@)™ — &) = ||(z*) ™) — 2™ 4 2™ — 3 < 2| (@) — 2|2 4 22N — 3.

Combining Lemma A.1 and Lemma A.2, it leads to

T T T 1 1
E [ @)W ~alfat+E [ oY - plPat+E [ g -molPar <70 (5 ) =0 ()
0 0 0 N N

The lemma follows. O

APPENDIX B. PROOF OF LEMMA 6.4
Proof. By (4.5), (A.1), (6.1) and using a similar argument in Lemma A.2, one obtain that for some constant K
which is not dependent on N such that

sup E||x(*)H2 <K, sup E|(z* (N)||2 < K.
0<t<T 0<t<

By Cauchy-Schwarz inequality and Burkholder-Davis-Gundy’s inequality, we obtain

2

sup Ellz7]|* = sup EH/ — BR'BTp; + C(z*)™N) + Fz})ds + DAW;
0<t<T 0<t<T

t
< sup IE/ 2| Az | + 2| BR-BTpi||? + 2| C ()™ |2 + 2|| Fa|2ds + sup /2\|dei||2
0<t<T Jo 0<t<T Jo

T T
SQE/ 1Az} + | BRT B pi* + | O (™)™ |° + || Fa|Pds + / ID|[*ds
0 0

<2A4?% sup IE/ |27 ]|?ds + K,
0<t<T

where constant K is independent of N. By Gronwall’s inequality, we have

sup [ sup E|zf|?’] <K
1<i<N - 0<t<T
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where K is not dependent on N. Then, according to Cauchy-Schwarz inequality, Burkholder-Davis-Gundy’s
inequality and the above discussion, we have

T (ugiu®) = aN Ty (ug; u +Z«7z Ug; v
T
= QNE{/O [lzs = ©0(@)™ = mollB, + 1| = (@Ro) ™" B v ||k, | dt + [l25(T)
— O (z")NN(T) - nollco} ZE{/ (27 — ©(*) N () — ©1a5 - nll},
1l = BB p ) dt + [l (T) — ") M(T) — 6ya5(T) — ﬁné} < NK,
where K is independent of N. The lemma follows. O

APPENDIX C. PROOF OF PROPOSITIONS 6.6 AND 6.7

Proof of Proposition 6.6. Since

dézo = (Agdzo + Coéx(N))dt, 6x0(0) = 0,
doz™ = [(A + C)s2™N) + 5ui]dt, sz (0) = 0,

and by Proposition 6.5, we have ||(5u2||2L2 < K, K is independent of N. Using Cauchy-Schwarz inequality, it
follows that

E sup [|6z™V)]2 =E sup H/ (A+C) 696(N)+—5u1 drH

0<s<t 0<s<t

1
<KE [ 5™ Par ¢ iar < K8 [ 1800 ar 1 0( 1),
0 0
where K is independent of N. By Gronwall’s inequality

1
E su Sz |12 :O(—)
OSthll | IE

For dxq, we have

s 2 t 1
E sup [|0zo|* =E sup H/ [AO(S:L‘O—I—COéx(N)]drH SKE/ H(SJCOHer—I-O(—z),
0<s<t o<s<t Il Jo 0 N

where K is independent of N. By Gronwall’s inequality

1
E sup ||0zo|®> =0O( ).
s ozol = 0(5)
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Moreover,

0TQ(z; — ez — 0,z —1n) < % inf JY (up;u) < K.

(u07u soc
Similarly, 07 Q(z; — 02 — 0129 — 1), OTG(2:(T) — O N)/(T) — ©120(T) — 1), 6 G(2:(T) — O N(T)
— ©1Z9(T) — 7)) are bounded. Thus,
(07Q(@; — 0™ — 0120 — 1), 52™)) + (O Q(@: — O™ — ©120 — 1), 620) + (6" G(:(T) — 62 ™N(T)
~ &y0(T) — 1), 62N (1)) + (BT C(a:(T) — 62 (T) — &y20(T) — ), ao(T)) = o(1).

The proposition follows. O

d Z(Sl'j =
j#i J#i j#i

d(Ndzg) = [Ag(Ndxzg) + Co(Noz™M)]dt, (Ndx)(0) =0,
d(Néz;) = [A(Ndx;) + C(Noz™M) + F(Ndzo)|dt, (Néz;)(0) = 0.

Proof of Proposition 6.7. Since
(Z 5%) o N =L + F(N - 1)5x0] dt, (Z m) (0) =0,

According to equations in (3.3), one can obtain

d (Ndxj — Z(SZL']) =
J#i

Ao (Nowy — dah) + Co (Néx] 3 5%) +Co (Noz; — dox )] at, (Nowy — dwh) (0) =0,
J#i

J#i J#i

A (Naxj - Zaxj) + %MN) + Fdxg

dt, (Naxj - Z(sx]—) (0) =0,

d(Ndzy — 5x0)

d(Nsz; — 6z") = [(A+ O)(Néx; — d2T) + C (Naxj -3 m) + F(Néxzq — 6x})]dt, (Nox; — 6x1)(0) = 0.
J#i

Combing with the results in Proposition 6.6, we have

2

E su Néx; oz;ll =E su / Nézx; ox —&E(N + Féx dr
0<5I<)t J ; J OSSIS)t 0 ( J Z J) 0
2
t 1
gKE/ Noz; =3 oa;|| dr+0(53);
0 j#i

where constant K is independent of N. By Gronwall’s inequality
2

o)

E sup
0<t<T

N(S.%‘j — Z (S.I‘j
J#i
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Since Ndoxg — 5375 and Ndozx; — ozt are coupled, we have

2
Néxg — S )
E su 0
ogsIg)t < N(SIZ?] — d(SI'T
2
| A Co Néxg — a) Co
—FE s 0 Néz: — .
el (8 20 ) (Bt )+ (% )owen-gs
S8 0 J G4
K Nézo — 6z ’ 1
< 07— %% i
*KE/O ( Néz; — ddaf ) dr+O(N2)’
where real-valued matrix K is independent of N. By Gronwall’s inequality
T ? 1
Néxg — ox
E 0 —of—).
N H o(x2)
The proposition follows. O
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