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Abstract

The impact of Zika virus (ZIKV) is a global public health issue and its severity is ongoing. It is primarily transmitted
via mosquitoes and sexual contacts. Sexual transmission experiences a longer period and strongly depends on the
topological structure of sexual networks. However, relatively little work has been done to explore the characteristics
of ZIKV infection in sexual networks, and further control ZIKV by changing contact patterns between individuals.
In this paper, using the settings of Costa Rica as a case study, we developed a heterosexual network-based model, to
study the effect of changing the degree heterogeneity by the measure of deleting the sexual contacts of individuals with
small number but large degree in the sexually active places at different time, on ZIKV spread. We obtained a threshold
time, which is later than the peak time of ZIKV infected cases. If applied prior to the threshold time, the measure will
inhibit ZIKV infection and lower the final size; surprisingly if past the threshold time, the measure will boost ZIKV
infection and increase the final size. In addition, our model yields higher cumulative infection among females, which
is in line with observations. Our results provide some guidelines for preventing and controlling mosquito-human and
sexual transmissions against ZIKV, particularly for countries with a high rate of sexually transmitted infections.

Keywords: Zika virus, sexual contact patterns, network, time threshold of deleting nodes with large degree

1 1. Introduction

2 Zika virus (hereafter referred to ZIK'V) has been a global concern since the outbreak in Brazil in March 2015 [1].
s ZIKYV, similar to dengue, is an arthropod-borne flavivirus, vectored by infected female mosquitoes of genus Aedes.
+ Besides mosquitoes, ZIKV can also be transmitted by sexual contacts [2]. In general, approximately 20% of ZIKV
s infections [3] (50% or 66% in French Polynesia 2014-2015 [4]) shows mild symptoms including mild fever, rash,
s conjunctivitis and joint pain. Recent research also indicates that the virus is closely associated with neurological
7 disorders, especially microcephaly [5]. Unfortunately, there are no feasible treatment and vaccine for ZIKV.

8 ZIKYV was first isolated from the serum of a febrile sentinel rhesus monkey in the Zika forest of Uganda in 1947 and
s then discovered from Aedes africanus mosquitoes in the same forest in 1948 [6]. It was first identified in humans from
10 the serum of east African residents in 1952 [7]. In April 2007, cases outside Africa and Asia were reported on Yap
1 Island in the southwestern Pacific Ocean [8]. Since then, the outbreak of disease ZIKV induces has become serious.
12 In October 2013, a severe outbreak hit French Polynesia and caused an estimated 28,000 cases [9]. Subsequently,
13 an outbreak started in Brazil in March 2015 and swept across South and Central America with more than 140,000
14 suspected and confirmed cases by the end of February 2016 [10, 11]. WHO immediately declared ZIKV as a Public
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Health Emergency of International Concern on February 1, 2016. CDC Emergency Operations Center also declared
actions for moves to the highest level of activation on February 3, 2016 [12]. ZIKV has been detected in semen,
blood and other body fluids and especially stays longer time in semen [13, 14, 15]. The two main routes of ZIKV
transmission are mosquito bites and sexual contacts. Recently, there have been many research on ZIKV outbreak
using mathematical models [3, 10, 11, 16, 17, 18, 19]. Most of them treated mosquito-human transmission as the
dominant form of ZIKV transmission [16, 17, 18] and suggested some control measures [19]. Only a few studies
considered the two transmission routes simultaneously [3, 10, 11, 20].

Gao et al. developed a deterministic model with both mosquito-human and sexual transmissions and studied the
contribution of the two transmission routes to the basic reproduction number and the attack rate [10]. Based on Gao’s
work, Maxian et al. built a sex- or age-structured model to further explore the contribution of sexual transmission
to ZIKV spread under different conditions [3]. Moreover, Agusto et al. established a model with both mosquito-
human and sexual transmissions and analyzed the dynamical behavior of the model [20]. All the above studies
were based on the well-mixed-population by assuming that each individual has the same number of sexual partners.
However, in general, the majority of the married individuals have one heterosexual partner; children and the elderly
may have zero sexual partners; sexually active individuals (middle age) especially in countries with a high rate of
sexually transmitted infections may have more sexual partners. Research has already indicated that, the discrepant
contact patterns (or degree heterogeneity) between individuals within population have great impacts on disease spread
[21, 22, 23, 24]. In order to find out the quantifiable impacts and further propose control measures, it is important to
establish a network-based mathematical models, in which each individual is represented by a node and each contact
by an edge.

However, from the research done so far and to the best of our knowledge, it clearly shows that the network-based
model to study the impact of contact patterns on ZIKV spread has not been carried out yet. Hence, in this paper, we
established a heterosexual network-based model to explore effects of changing degree (contact or edge) heterogeneity
at different time on ZIKV spread. We used Costa Rica as a case study, due to the availability of ZIKV data, and the
high rate of sexually transmitted infections in that country. The age factor is considered by grouping individuals in
sexually inactive age (children and the elderly) as nodes of degree zero (0), and individuals in the sexually active age as
nodes of degree more than zero (0). We estimate the degree distribution and the threshold time of changing the degree
heterogeneity through measures of supervising, isolating and closing sexually active places to cut off sexual contacts
of individuals with a greater number of sexual partners. Also, we quantified that the probabilities of one female or
male individual is connected to an opposite sex infected individual via one sexual contact during ZIKV spread, which
causes higher cumulative and infected cases in females. Our work will help researchers and health authorities to gain
a better understanding of the evolution of ZIKV in sexually active regions or countries and formulate comprehensive
measures against ZIK'V. The rest of this paper is organized as follows; Section 2 elaborates on the methods, Section 3
contains the results and finally Section 4 gives the discussions and conclusions.

2. Material and methods

2.1. The network with sexual contacts and mosquito-human contacts

ZIKV can exist in semen much longer than in blood and other body fluids [13, 14, 15]. It means that sexual
transmission has a longer infectious duration than mosquito-human transmission. Thus, sexual transmission could
play a crucial role during ZIKA outbreak. Since the unrecognized same-sex sexual activity is of a small proportion
in most countries and the outbreak of ZIKA in specific regions lasts typically short, we consider a network with
heterosexual contacts and human-mosquito contacts (Figure 1), to study the effects of network degree heterogeneity
on ZIKV spread. In the following, we first introduce the degree distribution of the heterosexual network.

According to the empirical observations [22], the general sexual-contact networks are referred as the bipartite
scale-free (SF) networks. In such networks, the number k of contacts of a node with other nodes—the degree k of
this node—follows a power-law distribution, p; ~ k~. The expression of the degree distributions for both male and
female nodes are respectively

P~k and pl ~k7, k=ko - knars 1
where k¢ stands for the minimum degree (ky > 0) and k,,,, stands for the maximum degree with Z:’;]jo py = 1and

Zi”:"};] p{ = 1. Note that for the power-law distribution of Eq. (1) the minimum degree ky of network is more than
2
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Figure 1: Representation of the whole contact network with heterosexual contacts (black solid line) and human-
mosquito contacts (gray dashed line) which connects the isolated individuals to others. In such a network, N} (N]](r )
represents male (female) nodes with &k (0 < k < k) female (male) partners.

0; that is, the size of nodes based on the power-law distribution is only the size of individuals with sexual partners
(or contacts). However, for ZIKV, nodes without sexual contacts—children and the elderly, participate in mosquito-
human transmission, thus degree of which is set to 0. In order to consider the two type nodes without and with sexual
contacts at the same time, we normalize the two types of nodes in the total population according to demographic
data in Costa Rica from World Bank 2016 [25] in Section 2.3, and obtain the degree distributions of the heterosexual
network.

Since mosquitoes randomly bite humans, they connect the individuals with sexual contacts and individuals with-
out sexual contacts (isolated individuals) to form the whole network with sexual contacts and the mosquito-human
contacts, as shown in Figure 1.

The heterosexual bipartite network ( of size N) — network between humans in Figure 1 consists of two gender
groups—the male group (of size N™) and the female group (of size N). From the viewpoint of the degree of nodes,
the network can also be divided into k. + 1 groups. Each group is a set of nodes with the same degree k (0 < k < kyuqx)
and its size is N, satisfying N = N" + N/ = Z]/?f(; Ny.. Additionally, N}" and N,{ depict the total size of the male nodes
and the female nodes in the group of N; size, satisfying

Kumay Kmax

Nk = N/Zn +NI{’ N™ = ZNm, Nf = ZNI{, k= 09 17 9kmax-
k=0 k=0

The degree distribution and the average degree of network are respectively denoted by

NH‘[ +Nf kmu).‘
=) ke k=01 K

pk = —7
Nm + NS e

Now let (k2)/{k) = Zf’;“(;‘ Kpi/ Zf’;“(;‘ kpy be the basis to measure the level of heterogeneity.

The relative degree distributions and the relative average degrees of the male and female groups are respectively

max

Nln k
m k m
P = K= Dk k=01 o
k=0

and
; NIJ: Kinax £
pk:m, <k>f:kz(;kpk’ kzo’l"",kmax-
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Denoting the fraction of the female nodes in the heterosexual networks by 6, & = N//N, the average degree is
represented as
(k) = (1 = O){kym + OCk) .
In addition, in the heterosexual networks, there exists the following closure relation

N"™(k) = NY (k) . 2

It means that the number of edges ending at the male group (of size N™) equals the number of edges ending at the
female group (of size N).

2.2. A heterosexual network-based model with mosquito-human transmission

_________________________________ Male
T T
I lgASIM, / N™ .
. H m
Rk
Mosquito
! R/
! (1-9)5,kS{ Og i
L (I=qAS/M, I'N
Tt T Female

Figure 2: Flow diagram for ZIKV spread involving mosquito-human and sexual transmission. Solid squares and
circles represent humans and mosquitoes respectively, among which the green and yellow are non-infectious and the
red are infectious. Black solid arrows describe the progression of infection. Red dashed arrows show direction of
male-to-female transmission, purple dashed arrows show direction of female-to-male transmission and blue dash-
dotted lines show direction of transmission between humans and mosquitoes. S (S { ), A7 (A{ ), I (I,{ ) and R} (R{ )
represent the number of nodes with degree &, gender male (female) and state of susceptible (S), asymptomatic infected
(A), symptomatic infected (I)—both A and I with virus in semen, blood and other body fluids, and recovered (R),
respectively; B, Ji' represent the number of nodes with degree k, gender male and state of asymptomatic infected
(B), symptomatic infected (J) both with virus only in semen; M; and M; represent the number of susceptible and
infected mosquitoes, respectively.

To investigate the effects of the degree heterogeneity of the heterosexual network on ZIKV spread, based on the
mean-field theory [21], we developed a mosquito-human and heterosexual network-based model. The flow chart is
shown in Figure 2.

Since ZIKV can exist in semen much longer than in blood and other body fluids [13], the male nodes have
additional time to transmit ZIKV. We assume that male nodes of degree k (0 < k < k,,,,) may experience states from
susceptible (S) to asymptomatic infected (A) or symptomatic infected (/) both with virus in semen, blood and other
body fluids to asymptomatic infected (B) or symptomatic infected (J) both with virus only in semen to recovered (R).

4
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The number of each state is respectively represented by S}', AY', I", B!, Ji' and R}'. The female nodes of degree k
(0 < k < kyuqx) may only experience state from susceptible (S') to asymptomatic infected (A) or symptomatic infected
(1) both with virus in blood and other body fluids to recovered (R), and the number of each state is denoted by S { , A{ R

II{ and R{ , respectively. According to Section 2.1, these numbers of male and female nodes with different degrees and

states satisfy

N=N"+N = Z SE@) + A8(H) + B(t) + R8(2) + B"(1) + J" (1)

gelm, f}

gelm,f} k

Z Z (S8) + ALt) + L5ty + Ry + B (1) + T (1)) 3)

For mosquito population, M, and M; depict the numbers of the susceptible and infected mosquitoes, respectively.
We assume that, the birth rate d of mosquitoes is equal to the death rate, i.e., the total number M of mosquitoes is kept
constant, M = M + M;. A mosquito may progress from susceptible (M) to infected (M;).

Table 1: Parameters in model (4)

Term  Meaning Range Value Reference
0 The proportion of the female in the 0.5 World Band Group[26]
human population
q Proportion of individuals who are 0.82 [3, 10]
asymptomatic after infection (per
week)
b1 Transmission rate from the infect- 0.221-0.235 0.228 Estimated
ed female to the susceptible male
(per week)
Ba Transmission rate from the infect- 0.111-0.118 0.115 Estimated
ed male to the susceptible female
(per week)
A1 Transmission rate from infected 0.510-0.528 0.519 Estimated
mosquito to susceptible human
(per week)
A Transmission rate from infected 0.510-0.528 0.519 Estimated
human to susceptible mosquito
(per week)
1/y4 Mean duration of state A (weeks) 5/7-9/7 1 Assumed
1/v2 Mean duration of state I (weeks) 5/7-9/7 1 [27]
1/ Mean duration of state B (weeks) 50/7-60/7 55/7 Assumed
1/ Mean duration of state J (weeks) 50/7-60/7 55/7 [27]
d Natural birth and death rate of 7/45-7/55 7/50 [27, 28]
mosquitoes (per week)
M The size of mosquitoes population ~ 2.008e6-2.048¢6  2.028e6 Estimated

According to the model description and the parameters in Table 1, we developed a set of 10(k;,qx + 1) + 2 ordinary
differential equations in the given heterosexual network with mosquito-human contacts, which falls into male, female
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human subpopulation and mosquito population.
The male subpopulation

Su) = —BIkSPNO (1) - LSTOMD/N,
An) = gBIkS(NO () + g S (OM(D) N — Y1 AL (1),
i = (1= gpikSPOO (1) + (1 = YIS OM(D)/N = YL} (1), k=0 ke
BMNO = yiAR®) - mB),
Jne = k) - md),
RI() = B0+ mJ ().
The female subpopulation
S = —ﬂszJ{: (00" (1) = ;S| (OM(D)/N,
AL = gBkSL(O"(1) + quS [(OMAD/N = AL (1), (4b)
[0 = (1-gBkS{(HO"(D)+ (1 = QS [OMD)/N =21 (1), k=01, knax
Rty = nAl@®)+nl®).
The mosquito population
M) = dM — M)A + 1(0)/N — dM(0), A
M) = aMAD + I0)/N - dMi(o). (%)
where ( )
i S (KAL@) + K 10(t) + KBl (t) + K (D)
o= T ’ ©
and ; ;
Nk AL () + KT, (1)
/(1) = Ze (KA L ) (6)

(kypNT

with (k),,N" = 3, IN]" and (k) NS =3y lle . The quantity ©"(r) (©/(t)) represents the probability that any given
contact of female (male) individuals is linked to an infected male (female) individual [21].

2.3. The degree distribution of the heterosexual network

In what follows, we determine the distribution of the heterosexual network representing the human population,
which is divided into female and male subpopulations based on gender. Firstly, we note that not all individuals
of all age groups participate in sexual transmission. The demographic data in Costa Rica from World Bank 2016
[25], indicates that 22% of population are 0-14 years, 69% are between the ages 15-64 and 9% are more than 65
years (see Figure 3). Among these age groups, people at 0-14 years and more than 65 years are considered to be
sexually inactive [3], and they are only involved in the mosquito-human transmission. Therefore, we set the degree
of these isolated individuals to 0. The remaining 69% is sexually active who takes part in both sexual and mosquito-
human transmissions, and they form the sexual-contact network of which the degree distribution follows power-law
distribution of Eq. (1) with degree more than O (see Section 2.1). Secondly, the work [10, 29], indicates that sexually
active individuals mostly have about two sexual partners (contacts) on average, and if averaging on sexually inactive
and active individuals, one has about one sexual partner (contact); that is, the average degree of nodes only with sexual
contacts is approximately 2 and the average degree of all nodes is approximately 1. Thirdly, according to report [30],
the maximum number of opposite-sex partners of individuals during 15-44 years are 15 or more in the Americas, but
the number of individuals with a degree more than 15 are low. Hence, we assume the maximum number of opposite-
sex partners an individual may have in his or her life time in Costa Rica are 15, which is the maximum degree ki,
of the network. Last but not the least, according to the demographic data from World Bank Group 2016 [26], the
proportion 6 of the female in Costa Rica has 8 = 0.5; that is a 1:1 sex ratio.

Within the constraints of the above assumption of the average sexual partners, the maximum degree &, and sex
ratio, based on (1) and the configuration model [31], the power exponent is set as ¥ = 2.07 and y/ = 2.12 (where

6
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Figure 3: Age and sexual activity distributions in Costa Rica 2016 [25].

¥™ < v/ and the difference is small according to [22]), so the average degree of the obtained degree distribution (the
inset in Figure 4) of the sexual-contact network only in terms of sexually active nodes satisfies <k),, = (k); = 2.0.
In order to include sexually inactive nodes, we normalize the sexual inactive and active nodes based on the their
proportions of 31% and 69% of all nodes in Figure 3, to obtain the degree distribution of the heterosexual network
with isolated nodes in Table 2 and Figure 4. The average degree is approximately 1.4, (k),, = (k); = 1.4. Although the
obtained heterosexual network is not the real network in Costa Rica (which is indeed difficult to obtain), it provides
some guidelines for controlling ZIKV.
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Figure 4: The degree distributions of the heterosexual network and the heterosexual network without isolated nodes
in the inset.

2.4. MCMC algorithm
Next, according to [32, 33], we introduce the adaptive Metropolis-Hastings (M-H) algorithm of Markov Chain
Monte Carlo (MCMC) simulations based on model (4). As the quality of the time series data is poor, we choose the
limit cumulative cases of the reported ZIKV data in Costa Rica 2016, from Pan American Health Organization [34].
The following relationship exists between the reported cumulative cases y(¢) and the values y*(f) obtained from
model (4) via ODE function in MATLAB

yo) =y +e, t=0,---,19,
7
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Table 2: The generated network degree distribution

Degree 0 1 2 3 4 5 6 7
Female Probability(p/) 03100 0.4575 0.1057 0.0448 0.0244 0.0152 0.0104 0.0075
Male Probability(p™) 0.3100 0.4485 0.1064 0.0454 0.0249 0.0161 0.0110 0.0087
Degree 8 9 10 11 12 13 14 15
Female Probability(p/)  0.0057 0.0044 0.0036 0.0030 0.0025 0.0021 0.0017 0.0015
Male Probability(p™) 0.0065 0.0050 0.0042 0.0036 0.0030 0.0026 0.0022 0.0019

where
19 Kpax

NOEDIONIACEIAG] )

t=0 k=0

with y(0) = y*(0) and & is assumed to follow the standard normal distribution N(0,0?) (o = 0.1). If we denote the
parameter vector by © = (51, B2, 4, M) with assumption A = 1} = A,, the maximum likelihood function for the data
Y = (y®0)}5=" has

Lo [y(0) - y*(z)]z)
L(Y|®) = - .
(Y1©) ]_0[ Tm”p( =

Then, the joint posterior distribution of the parameters is P(O|Y) « L(Y|®)P(®). For many biological models, one
may only know the fact that the parameters of model are more than zero, so non-information prior distribution is
adopted [33]. They generally assume P(®) oc constant, so the joint posterior distribution of the parameters becomes

®

P(O|Y) o L(Y|O). ©)

In order to estimate model parameters, at each iteration, given the initial value ®@(0) we update the sample O by
random walk [33] with the maximum walk values w = (8 x 10,8 x 107%,8 x 107, 1 x 10%). Then, with respect to
the new parameters ®*, we calculate the cumulative cases of model (4) based on Eq. (7) to get the posterior likelihood
P(©7]Y) based on Eq. (8) and (9). The new values ®* of parameters will be accepted with probability

. (1 P(®*IY))
min @) |

The corresponding algorithm is shown in Table 3 according to [33].

Table 3: The MCMC Algorithm [33]

Input:The total number of iterations /ter; The burn-in time Bur; The

maximum walk values w in random walk;

Output:The sample ® from Bur to Iter;

Input the initial values of parameters ®@(0);

Calculate P(®(0)|Y) based on Eq. (8) and (9);

For each i = 1: (Iter) do
Get the new parameter %, @ = O(i — 1)+w. X [2 X rand(1,4) — 1];
Calculate P(®*|Y) based on Eq. (8) and (9);
With probability

min (1

Set O(i) = O%;
Otherwise ©(i) = O — 1).

7 end

AN N AW =

P(@)*IY))
> POIY)
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3. Results

3.1. The parameter estimation

Costa Rica is a country in Central America and has two weather changes - dry season (November-April) and wet
season (May-November) with stable temperatures. For data reliability, we select data between April 12th 2016 and
August 24th 2016 [34] (blue circles in Figure 6). During this initially short period (19 weeks) there is no intervention
on mosquito and hence we assume the size of the mosquito population is constant. Also, there exists no cure, treatment
and no vaccine for ZIKV during this period.

In Table 1, for the easily obtained parameters y,, u, and d, we fix 1/y, = 1 (range : 5/7,9/7), 1/u, = 55/7 (range :
50/7,60/7) and d = 7/50 (range : 7/45,7/55) according to [27, 28]. For the parameters y; and y;, there are no
scientific references but the male asymptomatic or symptomatic individuals experience similar duration from infected
to recovered [13]. We therefore assume 1/y; = 1/y, and 1/u; = 1/u,. For the parameters S, 52, 41, A, and M, not
easily obtained, based on the reported ZIKV cases from April 12th to August 24th (19 weeks) 2016 in Costa Rica, we
apply the MCMC algorithm in Table 3 to estimate them. According to [3, 10], we fix the initial values of 1, 5>, 4;
and Ay, with 8; = 0.207, 8, = 0.125 2; = 0.517 and A, = 0.517. We set the size M of mosquitos with M = 2.1 x 105.
It then follows that ®(0) = (0.207,0.125,0.517,0.517, 2.1 x 10°) in MCMC algorithm 3.

The initial conditions of model (4) are set as follows. Firstly, at the onset of ZIKV, we assume the initial value of
the susceptible individuals S (0) (S™(0)+S7(0)) to be 75% of the total size (4.757 x 10°) of the population in Costa
Rica at the beginning of 2016. For individuals of other states, we set A(0) = 1(0) x l—fq with 7(0) = 8, which are the
confirmed cumulative cases in initial stage, and B(0) = J(0) = R(0) = 0. The sex ratio is 1:1, so the initial values
of male (female) individuals of all states are set as half of total numbers of each state, such as S"™(0) = S(0)/2,
A"D(0) = A(0)/2 and I D(0) = I(0)/2. Then, we gave the initial values of males (females) with different degrees
and states according to the degree distribution in Table 2, such as § Z'(f )(O) = S™H(0) x pzl(f ) with 0 < k < 15. Finally,
for the mosquitoes population, since Costa Rica is a country where tourism is extremely popular, the initial infected
cases may be imported by travellers from other infected countries and territories [35, 36, 37] and hence there are no
or less infected mosquitos during the initial stage. Thus, we assume M; = 1 and My, =M — 1 = M.

Based on the initial conditions of parameters and variables of model (4) and degree distribution in Table 2, we
run MCMC algorithm in Table 3 for 10000 iterations with a burn-in of 3000 iterations to estimate the parameters 3,
B2, A1, A2 and M. Figure 5 show their empirical distributions, the corresponding mean values and the curves of the
approximatively normal distributions. The specific values and range are displayed in Table 1.

3.2. The fitting results

According to the estimated parameters in Table 1 and degree distribution in Table 2, using MCMC in Table 3,
Figure 6 illustrates a good fitting results of model (4) and the reported ZIKV cases from April 12th to August 24th
2016 in Costa Rica. The red solid curves show the median values of all 7000 simulations outputs and shaded region
shows the 95% range. Figure 7 show the relative errors (y — y*)/y" between theoretic and the reported data. All of
them are below 20% and evenly distribute on both sides of the zero line, which suggests a good fit of the model to
data.

3.3. The basic reproduction number

Mathematically, we apply the next generation matrix method developed by van den Driessche and Watmough
[38] to calculate the basic reproduction number denoted by Ry (see Appendix 6). The general form of Ry is given in
Appendix. Here, for explicit representation, we calculate two special cases for different parameter values.

Case 1. When kyux = 0 or 81 = B = 0, ZIKV is only transmitted by mosquitoes and the basic reproduction
number of model (4) caused by mosquitoes is denoted by Ry, with

Ry, = (i + E)M (10)
Y1 v2 7 Nd

In particular, when there are no asymptomatic infections, ¢ = 0, the basic reproduction number Rj, reduces to

‘ AL AM
R = 1M
v2Nd

9




183

184

185

186

187

188

189

190

B1 =0.288(95%Cl:0.227,0.228) $,=0.115 (95%CI:0.1149,0.1152)

0.20 0.20

[ MCMC samples
= Estimated mean value
= = = Approximately normal curve

[ MCMC samples
—— Estimated mean value
--- i normal curve

0.15 0.15

Frequency
o
>
Frequency
o
S

0.05 0.05

Q
0.225 0.235 0.255 0. 0.11 0.115 0.12
B B,
(a) ! (b) ’
¥,=Y,=0.519(95%CI:0.5196,0.5202) M=2.028e6 (95%Cl:2.027¢6,2.028e6)
0.20
0.20

[ MCMC samples
—© Estimated mean value
= = = Approximately normal curve

[ MCMC samples
= = = Approximately normal curve
— Estimated mean value

015 0.15

Frequency
o
S
Frequency
o
>

0.05 0.05

2.1
(d) M x10

0
0.479 0.489 0.509 0.519 0.529 0.539 0.549
ARAVAA

(c)
Figure 5: The estimation of model (4) parameters 1, 82, 11, 4, and M using MCMC. Subplot a, b, ¢ and d show their
empirical distributions, the corresponding mean values and the curves of the approximatively normal distributions.

which is consistent with the classical Ross-Macdonald malaria model [39].
Case 2. When A; = A, = 0 and k4 # 0. The basic reproduction number of model (4) caused only by the sexual
transmission is denoted by Ry, with

g  1-gyvq 1l-q q 1l-¢q (K2 (K%Y g
Ry = J(Lilzaya, 1-a 4 , 1
g \/(71+ o S T P, (n

Particularly, when there are no asymptomatic infections, ¢ = 0, the basic reproduction number reduces to

* 1 1 ,BlﬂZ <k2>m <k2>f
Ry = £|(—+ — )22 ,
o \/(72 * 1) o ©

which coincides with the heterosexual transmission model [23].

Moreover, based on the values and the range of parameters in Table 1, the degree distribution of the overall network
in Table 2 and the characteristic equation (16) in Appendix 6, we employ the Latin Hypercube Sampling (LHS) (see
[40]) to generate 5000 samples by assuming a uniform distribution for each parameter to give the distribution of the
basic reproduction number Ry in Figure 8. The mean value of the basic reproduction number is Ry = 2.37 (95%Cl:
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Figure 7: The relative errors between theoretical values of model (4) and the real data.

2.35,2.39), and mean values of R, (Eq. (10)) and Ry, (Eq. (11)) are Ry, = 1.04 (95%CI: 1.03,1.05) and Ry, = 1.99
(95%CI: 1.97,2.01), respectively. This indicates that sexual transmission has a larger effects on initiating an outbreak
of ZIKV in Costa Rica than mosquito-human transmission. It may be because of the legalization of prostitution and
unprotected sex activities in Cost Rica [41].

To determine the most sensitive parameters in Ry, we performed a sensitivity analysis via the partial rank correla-
tion coefficients (PRCCs) for all input parameters against Ry as shown in Figure 9, which illustrates the dependence
of Ry on each parameter. We choose a normal distribution with 5000 samples for all parameters with mean values
in Table 1, and the respective standard deviations are 1 X 1073 for B, 1 % 1073 for B2, 9 % 10~ for A;, 6 x 1073 for
Ao, 4% 1073 for Y1, 4 X 1073 for 5, 1 x 1073 for ui, 1 X 1073 for 1 and 2 X 107 for d. Figure 9 indicates that, the
male-to-female transmission rate 3,, the female-to-male transmission rate 8;, the transmission rate 1; from an infected
mosquito to a susceptible human, and the transmission rate 1, from an infected human to a susceptible mosquito are
the most sensitive parameters in Ry. Figure 9 further shows that, the transfer rate y;, the natural birth and death rate
d of mosquito, the transfer rate u;, and the transfer rate y, reduce the spread of the disease. The parameters 3; and
B> are based on sexual transmission, 1; and A, are based on mosquito-human transmission, but the PRCCs of them
are very close. We conclude that both sexual and mosquito-human transmissions have a considerable effects on Ry
in Costa Rica, and that the effect of sexual transmission is slightly larger than that of mosquito-human transmission.

11



207

208

209

210

211

212

213

214

215

216

217

218

219

220

221

222

223

224

R,=2.37(95%Cl:2.35,2.39)
0.18

Frequency
o
o

o
o
>

G L.

1 1.5 2 25 3 35 4

Figure 8: Distribution of the basic reproduction number R in Costa Rica with mean Ry = 2.37.

1

0.5

PRCCs(R,)
(=]

0.5

A A 5 s 7 7 o H d
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In addition, we also find that the transfer rate y; from state A to B, y from state B to R have a greater impact on Ry
than the transfer rate y, from I to J, u, from J to R at the same stage, respectively. In such cases, Figure 9 clearly
suggest that, in order to effectively prevent ZIKV, the government should look for control measures to minimize the
asymptomatic infected individuals.

To determine the dependence of Ry on controllable parameters 31, 8>, 4; and A, of model (4), we take 8; = 0.228
or in (0.220,0.235), B> = 0.115 or in (0.110,0.118) and let A = A; = A, = 0.519 or in (0.510,0.528), and other
parameters 6, g, v1, v2, U1, 42 and d take the corresponding values in Table 1. By fixing one of 8y, 82, 4 and changing
the other two parameters, Figure 10 represents the contour plots of Ry with respect to A and 81, A and 3. It indicates
that dampening both mosquito-human and sexual transmission simultaneously are effective measures to prevent ZIKV
spread. For high-risk sexual transmission, controlling sexually active population at initial stage is an important and
valid measure, which agrees with results in [3, 10].

In addition, the degree distribution of the network is a crucial factor in determining the basic reproduction number
Ro, which generally depends on degree heterogeneity (mathematically, the moments of the degree distribution) [21].
To know the impact of degree heterogeneity on Ry, based on sex ratio 1:1 and the degree distribution in Table 2,
we have (k2)/(k) = (k2 /K)m = (K2) r/{k)s as the measure of the heterogeneity level. Figure 11 shows the basic
reproduction number R against (k?)/{k) under three mean degrees, 1.4 (blue), 6 (red) and 10 (black). We can see
that, Ry increases whenever (k?)/(k) increases in the three cases, which correspond with the existing result of degree
heterogeneity increasing epidemic threshold [21]. Therefore, an effective measure of controlling ZIKV infection at
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the onset is by supervising, isolating, quarantining and closing places with high-degree sex workers, and cutting off
high-risk contacts so as to decrease the degree heterogeneity.

3.4. The epidemic final size

The final size is the proportion of the population experiencing infection (here including asymptomatic and symp-
tomatic) during the epidemic, which is also an important characteristic parameter for epidemics of recovered individ-
uals having permanent immune. Based on the parameters in Table 1, the final size is calculated as 48.33% that is near
the reported final sizes of outbreaks on Yap Island in 2007 and French Polynesia in 2003-2014 [27]. Additionally, by
the numerical solution, we calculate the contributions of the sexual and mosquitoes transmissions with 23.27% and
25.06%, respectively. It indicates that in the longer term, mosquitoes transmission has a slightly greater effect on the
final size.

To further find the important factors that affect the final size, we carry out sensitivity analysis by PRCCs for all
input parameters against the final size in Figure 12. The parameter values and standard deviations are the same as
those for the basic reproduction number in Section 3.3. We can see that the final size is more sensitive to transmission
rate A; from infected mosquito to susceptible human than the transmission rate 8, (8;) from infected male (female) to
susceptible female (male).

To determine the dependence of the final size on controllable parameters 31, 32, 41 and 1, of model (4), we take
take 8; = 0.228 or in (0.220,0.235), 8, = 0.115 or in (0.110,0.118) and let 2 = A; = A, = 0.519 or in (0.510,0.528),
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and other parameters 6, g, y1, Y2, 11, (2 and d take the corresponding values in Table 1. By fixing one of §;, 82, 4
and changing the other two parameters, Figure 13 shows the contour plots of the final size with respect to 2 and 3}, 4
and ;. It implies that controlling both mosquito-human and sexual transmission are effective measures in decreasing
the final size, but dampening the transmission rate A between mosquitoes and humans is more effective, like spraying
insect repellent on body. Nevertheless, we mainly consider the effects of sexual contacts on the course of ZIKV spread
in the absence of control interventions for mosquito-human transmission.

0.528, 0.528,
0.525

< <
0.51 0.51

"0.22 0.225 B 0.23 0.235 0.11 0.112 0.114 0.116 0.118
(a) ' (b)

b,
Figure 13: The contour map of the final size with respect to controllable parameters: 3; (the female-to-male trans-
mission rate), B> (the male-to-female transmission rate) and A (the transmission rate 1; (d2) from infected mosquito
(human) to susceptible human (mosquito)) and 1 = 4; = A,.

3.5. The time threshold of taking intervention strategy

As indicated in [41], prostitution is legal in Costa Rica, sex workers within sexually active places, play a vital role
in transmitting sexually transmitted infections (STIs). Intuitively, cutting off high-risk sexual contacts of individuals
with large degree but small number (or changing degree heterogeneity) in the sexually active places may be an effective
measure to prevent ZIKV spread, but the question is that when and how many of these can we isolate?

According to experienced observations in the Americas [3, 42], the proportions of females and males with more
sexual contacts who are considered high risk are 0.07 and 0.09, respectively. Here, we take 0.0576 of the female
population size and 0.0648 of the male population size as the high-risk individuals which precisely corresponds to the
proportion of nodes with degree from 15 to 5 in the degree distribution in Table 2. Specifically, at a given time, we cut
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off the contacts of these individuals by isolating the sexually active places and make them shift to the group of degree
zero. The parameters of all the cases in model (4) are the same as those values in Table 1. The degree distribution
after taking measures is modified to the distribution in Table 4, and the degree heterogeneity baseline IS changes
from 5.63 to 1.67 for females and from 6.31 to 1.65 for males. The initial conditions of the groups with degree 1-4
and of mosquitoes after the measures keep the same as the corresponding final values before the measures, whereas
the initial conditions of group with degree O are the sum of the corresponding final values of groups with degree 0 and
groups with degree 5-15.

Table 4: The network degree distribution after cutting off contacts

Degree 0 1 2 3 4
Female Probability(p/)  0.3676  0.4575 0.1057 0.0448 0.0244
Male Probability(p™) 0.3748 0.4485 0.1064 0.0454 0.0249

Figure 14 (a) displays four cases of the cumulative cases (dashed lines) with the infected cases (solid lines) versus
the time: case 1 without any other prevention and control measures (green), case 2 with cutting off contacts of
individuals with degree 5-15 at week 19 (red), case 3 with cutting off contacts of individuals with degree 5-15 at week
45 (purple), and case 4 with cutting off contacts of individuals with degree 5-15 at week 71 (black). At week 19 and
week 45 when we take cut-off measures or change the degree heterogeneity, Figure 14 (a) shows that the cumulative
cases and final sizes are smaller than that in the case without any control measures. The 45th week corresponds to the
peak time of the infected cases without control measures. However, at week 71, it shows that the cumulative case and
final size are higher than that in the case without control measures (see inset in Figure 14 (a)). In detail, the steady
cumulative case and the final size in the case without control measures are 3.104 x 10° and 48.33%, respectively.
The steady cumulative cases in the three cases with control measures are 2.322 X 103, 2.939 x 10° and 3.119 x 10°,
respectively. The final sizes arc 36.16%, 45.76% and 48.56%, respectively.

Inspired by Figure 14 (a), Figure 14 (b) illustrates the evolution of the final size with the time of taking measures.
It indicates that there exists a threshold time 59.5, at which the cut-off measures keeps the final size unchanged, before
which the measure decreases the final size (corresponding with purple and red curves in Figure 14 (a)), and after
which the measure increases the final size (corresponding with black curve in Figure 14 (a)). In the case without
mosquito-human transmission, the same phenomenon exists. Therefore, the reasons for this phenomenon may be
rooted in nodes with large degrees but small number (only approximately 0.06 of the total population size) in the
heterosexual networks. In the early of epidemic, once these nodes are infected they easily transmit disease to more
neighbors than nodes with small-degree nodes. At this time, removing the contacts of these nodes by supervising,
isolating, quarantining and closing the sexually active places help stem and delay the ZIKV spread (corresponding
with the first two case). On the other hand, at the later stage of epidemic, these nodes are surrounded by more infected
and recovered nodes, which forms clusters and further inhibits the spread of disease. At this stage, once these contacts
from them are cut off, sexual activities among people with relatively low degrees will increase, which promotes ZIKV
spread (corresponding with the third case).

To find the distribution of threshold time of cut-off sexual contacts of individuals with large degree (or changing
degree heterogeneity) and peak time of infected cases, based on the parameter ranges and values in Table 1 and the
same cut-off measure, we use LHS to generate 2000 samples by assuming a uniform distribution for each parameter
to give the distribution of threshold time (red) and peak time (blue) in Figure 15. The two averages of threshold and
peak times are calculated as 54.0 and 45.6. It follows that the cut-off measure is effective until threshold time.

The discovery of the threshold time provides a deadline for the authority to prevent ZIKV spread by closing
sexually active place. The research indicates that the way of controlling ZIKV outbreak can be by changing the
structure (degree distribution) of sexual-contact network, rather than only focusing on controlling mosquitoes in [16,
17, 18]. More attention should be paid to the monitor of the sexual transmission. It give us a guide of formulating
control measure based on sexual transmission.

3.6. Disparity in the maleffemale cumulative and infected cases

For many sexually transmitted infections, the reported cases in males and females are discrepant and often higher
in females. What has resulted in the phenomenon for ZIKA? Is it due to the different reported rates or the intrinsic
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mechanism of these SITs? It is of great significance for the authorities to find out the essential causes to draw up the
corresponding prevention and control measures. We give a clear and visual explanation on ZIKV infections in this
section. Figure 16 illustrates the male/female cumulative and infected cases versus the time based on the parameters in
Table 1. The inset shows the evolutions of the probability @”(¢) in Eq. (5) that any given contact of female individuals
is linked to an infected male and the probability ®/(r) in Eq. (6) that any given contact of male individuals is linked
to an infected female. We discover that the cumulative and infected cases in females are higher than in males, but
the probability ®"(r) is bigger than the probability ®/(z). That is to say, sexually active females face larger sexually
infected risk than sexually active males. Actually, from Eq. (5) and (6), we can see that the discovery is essentially
because ZIKV exists in semen much longer than in blood and other body fluids [13], so different ZIKV cases in males
and females are because of the intrinsic mechanism of ZIKV rather than the different reported rates. Compared with
two ZIKV models in [10, 20], our model quantifies the sexually infected risk of females and males during the process
of ZIKV infection via two network-based variables " (¢) and ©/ (7). It inspires us to focus more on the infected males
when enacting control measures although the female cumulative and infected cases are higher.

4. Discussions and conclusions

The spread of ZIKV has caused global concern. Numerous researches focused on exploring the effects of mosquito-
human transmission on ZIKV outbreak [16, 17, 18, 19] whereas only some works involved sexual transmission
[3, 10, 20, 27]. In fact, due to the longer time of ZIKV in semen, sexual transmission plays an important role in
ZIKV spread, especially for countries or regions with a high rate of sexually transmitted infections. More signifi-
cantly, it is well known that network topological structure has a great impact on sexual transmission [22, 23, 43, 44].
However, there are few related works except that Saad-Roy [27] et al. applied an edge-based model to obtain the prob-
ability distribution of the time until the detection of microcephaly. In this paper, we took Costa Rica as a case study
to develop a network-based model (4) of ZIKV spread via mean-field theory with mosquito-human and heterosexual
transmissions, and further explored when and how changing the sexual network structure (the degree distribution) to
control ZIKA spread in Costa Rica. In detail, the age factor was also considered by classifying humans in sexually
inactive age as nodes of degree 0 and humans in sexually active age as nodes of degree more than 0. We estimated
the degree distribution of sexually active individuals and all the individuals in Costa Rica according to demographic
data in 2016. Compared with the influential well-mixed models on ZIKV such as Gao et al. 2016 [10], Maxian et al.
2017 [3], Agusto et al. 2017 [20] and so on, our model takes into account the heterogeneity of sexual contacts via the
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and right vertical scale) cases based on the parameters in Table 1. The inset shows the evolution of the probability
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degree distribution based on the demographic data of Costa Rica 2016, which includes more detailed information of
individual interactions—crucial in understanding ZIKV sexual transmission deeply.

Based on the estimated degree distribution and limited data of cumulative cases of ZIKA, a good fitting results
for model (4) (Figure 6) were obtained. Under the assumption of constant mosquito size, the basic reproduction
number was estimated as Ry = 2.37 (95%CI: 2.35,2.39) with R, = 1.04 (95%CI: 1.03,1.05) and Ry, = 1.99 (95%CI:
1.97,2.01). Both the basic reproduction number Ry, without human-mosquito transmission and the basic reproduction
number Ry, without human-human transmission are more than one. In other words, either sexual transmission or
human-mosquito transmission may initiate an outbreak of ZIKV in Costa Rica, which is different from the result
in Brazil that only human-mosquito transmission may initiate an outbreak [3, 10]. In addition, the final size (the
proportion of the population experiencing infection during the epidemic) was estimated as 48.33% with contribution
of 23.27% by sexual transmission and 25.06% by mosquito-human transmission, respectively. It can be seen that
sexual transmission has a large contribution to the basic reproduction number and the final size. The possible reason
is that Costa Rica is a country where prostitution is legal and regulated [41]. In order to make our results more
convincing, we did the simulation based on model and parameter setting of Gao et al 2016 [10]. If 8 is assumed as 0.2
(instead of 0.05, which is a low estimate by Gao et al.), we perform random selection of parameters in the same ranges
as Gao et al. for 5 in 0.01 to 0.4. The Ry, (which is the Ry component for human to human transmission, mainly
through sexual contacts) can be as high as 3. The attack rate (equal to the final size for emergent SIR epidemic) of
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human to human transmission (sexual transmission) can be as high as 40% of the population, which is very high. Even
if only 20% of the population is already very high. The simulation to Gao et al. 2016 [10] indicates that the sexual
transmission in some special cases (countries like Costa Rica) could be very substantial, which agrees with our result.
Thus, more attention should be also paid to sexual transmission not just mosquito-human transmission when making
the prevention and control measures on ZIKYV, especially in counties with high rate of sexually transmitted infections,
which is also demonstrated by our sensitivity analysis (Figure 9) on Ry and (Figure 12) on the final size.

From the viewpoint of network topological structure, we take (k?)/(k) as the baseline to measure degree hetero-
geneity. Figure 11 shows that R increases with the increase in (k%)/(k), which indicates that large degree heterogene-
ity results in greater Ry. Thus, cutting off the high-risk contacts by supervising, isolating, quarantining and closing
places with high-degree sexual partners to lower degree heterogeneity, is an efficient measure to suppress ZIKV dis-
semination at the onset of the epidemic. Intuitively, when ZIKV begins to disseminate, we also take the same cut-off
measures to inhibit ZIKV infection and lower the final size. Figure 14(a) shows the processes of ZIKV infection at
three different times of taking the measure: the 19th, 45th and 71th weeks. It is surprisingly found that compared with
the case without any measures (green curves in Figure 14 (a)), except for the intuitive decrease in cumulative cases
and the final sizes (19th week, red curves and 45th week, purple curves in Figure 14 (a)), there exists an increase case
(71th week, black curves in Figure 14 (a)). Figure 14 (b) illustrates the threshold time of taking measures. Although
it is well known that scale-free network is vulnerable to attack on the nodes with high degree and centrality, we find
that when attacking the same proportion of nodes with high degree and centrality in these networks at different time,
the epidemic final size has a great difference. As Figure 14 (a) and (b) indicated, cutting off high-risk sexual contacts
of individuals with large degree in the sexually active places is a double-edged sword, either restraining or boosting
the ZIKV spread, which depends on the time of taking the measures. By using LHS we obtained the distribution
of the threshold time of taking measures and peak time of infected cases (Figure 15) and the mean threshold, peak
times are 54.0, 45.6, respectively. Consequently, it may be valid to cut off high-risk contacts until the threshold time,
which provides a good guide for the government to prevent ZIKV spread from the viewpoint of control sexual-contact
network structure.

Additionally, it is helpful for the government to get deep insight into the evolution of the cumulative and infected
cases of ZIKV in males and females with time, and especially the discrepant sexually infected risks of the males and
females. Via two edge-based probabilities ©"(f) (Eq. (5)), ®/(r) (Eq. (6)) that any given contact of female, male
individuals is linked to an infected male, female individual, compared with two ZIKV models in [10, 20], our model
provides a quantitative result about the sexually infected risks the males and females face (see Figure 16). From
Figure 16, we can see that ©"(z) is bigger than ©7(r) at a given time #(see inset in Figure 16), although the cumulative
and infected cases in females are higher than those in males. It indicates that females face greater infection risk from
infected males since ZIKV exists in semen for a longer time, which reminds us that we should pay more attention to
infected males.

We propose a possible explanation/scenario and control schemes for high sex-transmission-induced infected cases
in those countries where prostitution is legal. More surveillance data with the type of route of transmission information
would be necessary to confirm our hypothesis. Nevertheless, the methodology of the model is novel and potentially
useful for mitigation planning. In countries where prostitution is legal, the monitor of the sexual transmission should
be enhanced. Our model can be applicable to other countries, which depends on the degree distribution, the parameters
and the initial values of model variables of the given country. When the mosquito is prevalent ( or less prevalent),
the parameters and size related to mosquitoes is big (or small). When sexual activity is active (or inactive), the
parameters and size related to sexual transmission is big (or small), and the degree distribution needs to reset based on
the settings of the given country. In addition, the mosquitoes distribution across regions due to elevation, rainfall and
topography, and other topological properties of sexual contact network like clustering and community have impacts of
great importance on ZIKV spread. Future models should include those factors, which need more corresponding data.
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6. Appendix—The calculation of the basic reproduction number of model (4)

Obviously, the disease-free equilibrium of model (4) is

Eq = (N(’)",0,0,0, 0,0,NJ.0,0,0,N",0,0,0,0,0,N/,0,0,0,--- . N". ,0,0,0,0,0,N/ 0,0,0, M,O).

For notation clarity, according to (2), let G = }}; IN]" = Y, lle . Note that only compartments A}, I", B}', J|", Ai s IIJ:
and M; are involved in the calculation of the basic reproduction number. Thus, at the disease-free state Ey, the rate F
of appearance of new infections and the rate V of transfer of individuals out of the compartment are given by

Foo For Fo2 e Fokyas Fok+1)
Fio Fi Fip e Flky, F1 (ki +1)
Fao Fy Fy e Fotyy, Fokat1)
F = ) ; ) i , (12)
Flo0 Flpu Fi2 Frowknee  Flonaknai+ 1)
Fllet10 Flaet D1 Flur 12 Fllaet Dk Skt 141
where
0 0 0 0 LN/ GgliiNd
0 0 0 0 LN/ U=0b;inS
G j G j
A R T R
F 0 0 0 0 Gl]Nj e l]Nj
S 0 0 0 LNl LghiiNt |
Lujjnr SN 0 0 0 0
Luijnm SN 0 00 0
M LM M L,M\T
Fi =(_9_90907_7_) s
(kl71(1/\+1) N N N N
A (1= A1 (I - ..
F(kma.ﬁrl)j = (qWN;n’ TqN;'n’Ov 0, QWN{’ Tqu s Lj=0,1,2,-  kpax,
and
Voo
Vii
Vo
V= s (13)
Knackimas
d 6(kpmax+1)+1
where
Y1 O Y1 0 0 O
2 0 -» 0 0
Vi= o R N N
2
yi O
V2
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w8 It follows that

Fv'=
FooVy, FoV;! FopVy e Fota Vkmlmk,m F O(kmax"'l)V(km[,t+l)(km[,t+l)
-1 —1 —1
Flovool F“Vlll F12V221 Flkmmvkmlmk,m Fl("mav*”V(km[,t+l)(km[,t+l)
FaoVy Fa Vi FnVy, o Fotnae Viashmas Fotinact ) Vit Dikmar 1)
. . . . (14)
Flou Vo Frypeat Vi Flou2V3, Flackna Vi i Fhuaatonaet D Vi s himas D)
Flpaes 10V Fonaer Vil Flnaer2V% " Flaet Donae Vo o
409  where
0 0 0 0 LoijN] U]
0 0 0 0 LoijN] 2 jN;
b oS U0 oS
v = 0 0 0 0 ;’ILGt]N; %UN;
AR/ 0 0 0 0 L) VARGV Vi
%G J 76 J
%3 ‘s (=g)B1 b ;- (=g)B1
i) (1"?/3 Ny “FUN';” = i X 0
q)P1 qar1 ; —q)P ;.
YIGZJN;" G l]Nm M—GZJN;" G l]N;" 0 0
410
O LM LM LM M\
Fitknax 1) Vlimax+ Ditkman+1) = (_Nd "Nd U Nd Nd ) >
411
A 1—g)d A 1-g)1 A 1-g
FpuniVi) = q le7( D m 94 ,( ) Lym 44 f7( 9 INT), = 0.2, s,
YN N N Ny N N
412 Referring to [38], the basic reproduction number is defined as the spectral radius of the matrix FV~! and the spectral radius

a3 is the leading eigenvalue of FV~!. Thus, we need to solve the leading eigenvalue of FV~!. We perform a series of similarity
a1 transformations on the matrix FV~!, and the resulting similar matrix is

( F;, F, )
F21 F22 Okmax+1

415 where
0 0 0 LM
g 4 1= 4 | lgyn @)
s Gy + 5,082 0 Gr+ 3By 0
LT ql 1 = ¢ L l=a a () 1 p ! ’ (15)
Gr+ 3,8 (5 7 i+ DB 0
A+, Gelead +—">Al<k>m GE+Shuk, 0
416

F51 = 06kt D-33x4> AN Fay = 06601100+ 1)-3)x(6(Knar+D-3)-

s17 Obviously, FV~' in Eq. (14) and F}, in Eq. (15) have the same leading eigenvalue. Additionally, since F;, is non negative,
418 according to the Perron-Frobenius theorem it has a single, unique eigenvalue as the basic reproduction number denoted by R,
419 which is positive, real, and strictly greater than all the others. The characteristic equation of Fy, is

/14+a2/l2+a1/1+a0=0, (16)
420 where
qg 1-g\4 M (q l—q)(q 1-qg ¢ l—q) K2 (K*)
a = —-|[—+ -+ — ||+ —+ =+ <0,
: (yl 7 ) T I T | T (LR
a = _M_ZM(E_,_I_Q)[ﬁz(k)m(l_,_ﬂ_,_l_,_l )+ﬁ1(k>/(—+1—)}<0
Nd \yi 7 Yoo M e Y Y2
a@ = (i N 1;4)2 (i Jl=a g 1- ) A B M (<k2>m<k2>f Rtk <k2>_f<k>m)
0 7 72 7 Y2 M1 2 Nd {ymlk) ¢ dm kyy )

421 Based on the characteristic equation (16), the basic reproduction number can be obtained numerically in Section 3.3. In what
422 follows, we give the general solutions according to the following Lemma 6.1 and Ferrari’s solution [45].
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Lemma 6.1. Consider the general cubic equation[46]:
ax* + bx* +éx+d =0, a7
where a,b,¢,d € R and @ # 0. Denote
A =D*-3a¢,B = bé—9ad,C = & —3bd, A = B* - 4AC,

then we have the following results:

1. When A = B =0, Eq. (17) has a triple root;

2. When A > 0, Eq. (17) has one real root and one pair of conjugate virtual roots;
3. When A =0, Eq. (17) has three real roots and two of which are repeated roots;
4. When A < 0, Eq. (17) has three different real roots.

In order to obtain the exact solution of Eq. (16), we use the Ferrari’s solution with the same notation as [45]. let p = a,,§ =
ay, 7 = ap and then we can get the equation with respect to an introduced variable 7

8 + 8ayiii® + 2(a3 — 4ap)in — al = 0.

In order to find 71, we solve the cubic equation according to Lemma 6.1. Let @ = 8, b=8a,¢= 2(a§ —4ay),d = —a% and then

& w2 ]

&2y Kk

A =Db* -3ac = 16(a3 + 12ap) = 16(R2, + R2,)* + 192R2 RZ, (1 -
B = b¢ - 9ad = 64ay(a5 — 4ap) + 7243

= —64(R., + R%)

k)2 2
(R;, + Ryy)” — 4RLR}, (1 (k) (9 )]

&2y (K,
qg l1-q q 1-¢g g 1-q\
+72R;, (Bz<k>m(— +— + — + —) + Bk (= + —)) .
Y1 Y2 M1 M2 Y1 Y2
C=&-3bd = 4(a% —4ay)* + 24a%a2,

k)2 2\
= 4 (Rﬁ" + Rih)z - 4RivRih (1 - <<kz>>ff - <<kk2>>,:1 ]]
_ 1- =g\
—24(R;,, + Rj)R;, (ﬁz<k>m(i Pl S B Sl S NS A _q)) ,
V1 Y2 M1 M2 Y1 Y2
A = B> —4AC.
Further, we consider the following four cases:
Case 1. When A = B = 0, we choose /it = ;_2 =-2= %(Riv +R);

~ 2 LR YT
Case 2. When A > 0, we choose 1 = _h_@_m = _8”2_2/?‘_%% = S(R’I"+Rh”;4m LA
Yip = Ab + 3a(ZBYE=C) = 80,4 + 12(-B = VA) = —8(R2, + R2,)A + 12(=B £ A);

s

Case 3. When A = 0, we choose /it = —£;
. -b-2 \/Zcosg —8ar—-2 \/Xcos% 8(R:'1‘,+R/21h)—2 \/Zcosg
Case 4. When A < 0, we choosze mz— = = 51 = o7} ,0 = arccosT,
b-3a 16a,A-24B _ —16(RY +R7 )A-24B
T=2Ah3aB: ay - i ,A>O,—1<T<l.

2VA3 2VA3 2VA3

For each case, we can obtain 7, then the roots of Eq. (16) are listed as follows:
—\/2rh+1/—(2ﬁ+2rh—%) —\/2ﬁ1+1/—(2a2+2r71—%)
2 - 2

1 = V2 1- 1- 1-—
3 [—\/ﬁ + \/— (—2(132‘, +R2) + 2+ ﬁRiv(ﬁz(k)m(% + 7" + #il + H—f) +,31<k>f(% + Tq)))J

21



442

443
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448
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450

452
453
454
455
456
457
458
459
460

462
463
464
465
466
467
468
469
470
47
472
473
474
475
476
477
478
479
480

482
483

- —(2ﬁ+2f—%) - —(2a2+2rh—ﬁk)

. Vi
S 2 - 2
N i N2 -q q l-g q l-g
= |- 2<R +R? )+2m+—Rh‘(ﬁ2<k>m(—+ + =+ —) + By (— + —)||.
i Y2 M Y 72
V2ﬁz+1[—(2ﬁ+2ﬁz+%) V2rh+1[—(2a2+2rh+%)
A3 = 5 = 5 , (18)
V2 l1-q q l-gq g l-g
= —|V2m+ 2R +RL) +2m - ) (k),,, +——+ =+ — )+ Bk (= + —))]],
\/( ) \/_ ,“(,32 Y2 H Hz) A i Y2 )
N —(2p+2m+ Rz ,/ 2a2+2m+ 2"1
/14 = 2

= | vam- \/ ( AR, + R2,) + 21 — £R2 (,32<k),,,(— i S A S S 7RO ﬂ))) .
v " Y2 M nor

the unique, positive and real eigenvalue with the largest modulus among A;, A, A3 and A4 is

Because of nonnegativity of F7,,

the basic reproduction number Ry.
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