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Abstract-In this paper, the distribution power loss of DC 

microgrids comprising both line loss and converter loss is 

modelled as a quadratic function of current allocation coefficients, 

which is a convex function with constraints. On basis of convex 

optimization theory, the optimal current allocation coefficients 

are on-line calculated by Lagrange multiplier method. Then, an 

adaptive virtual resistance droop control (AVRDC) is proposed 

to achieve the given current-sharing rate. In the proposed control, 

the current-sharing error generates additional adaptive virtual 

resistance. It is known that the sum of virtual resistance and line 

resistance should be in inverse proportion to current distribution 

coefficient. By sampling data of two control periods, the line 

resistance can be identified in real time. In this way, the real-time 

efficiency optimization control of DC microgrid can be realized, 

regardless of line resistance variations. The effectiveness of the 

proposed control strategy is validated by both simulation and 

experimental results. 

Index Terms—Convex optimization, DC microgrid, 

distributed energy resource (DER), distribution loss, Lagrange 

multiplier.  

I. INTRODUCTION

n modern smart grid, the reduction of power loss plays an

important role in reducing carbon emissions and alleviating

the global greenhouse effect. Power savings results in further 

savings in the facility cooling system because with less heat 

generated, less heat must be cooled [1]-[6]. The line loss can 

be theoretically modelled by node voltages and distribution 

line resistance matrix. For voltage-based model, the optimal 

voltage references [7] and optimal power flow [8]-[10] of 

individual DERs can be obtained for achieving on-line power 

loss reduction. For achieving off-line power loss reduction, 

optimization methods [7], has been proposed to find the 

optimal operation point of DERs. However, such offline 

solutions are effective only in highly ideal operating 

conditions with little or no parameter variation. In practical 

scenario where the line resistance is easily affected by the 

ambient temperature and level of current flow, the 

performance achieved by the offline solutions are consistently 

sub-optimal. Besides, only the line loss can be optimized by 

solutions using the voltage-based loss model. The effect of the 

power converter loss cannot be described by this model [11].  

Apart from the voltage-based loss model, line loss can be 

directly written as a quadratic function of the line currents. 

Considering that the line currents are generated by injection 

currents of DERs, recent works have also considered loss 

modelling using parameters of the injection currents of DERs. 

In [12], the converter loss is approximately described as a 

quadratic function of its output currents. Following this, the 

converter loss and line loss are modelled as a function of 

injection currents in the work reported in [13]. However, for 

this work, the proposed weight droop control method cannot 

easily consider both the converter loss and the line loss, which 

results in sub-optimal efficiency. In [14], the author showed 

that the voltage consensus method can be adopted to reduce 

the line loss, and subsequently be used to design an optimal 

controller. However, the converter loss reduction potential is 

not considered in these works. In practice, the power converter 

loss may account for over 50% of the overall distribution loss 

[15]. Therefore, having it taken into consideration in the 

control scheme would be important in minimizing the 

distribution power loss.  

For dc microgrid with parallel-connected DERs, the output 

currents of the DERs flow through the respective converters 

and line resistances, supplying power to the load. The 

distribution loss of individual DER can be described as a 

quadratic function of its output currents. The combination of 

these quadratic functions forms the total distribution loss. 

Considering the sum of injection currents should be equal to 

the total load current, the proposed distribution loss model is 

an equality-constrained convex function with respect to the 

current allocation coefficients of DERs. In this paper, the 

Lagrange multiplier method is implemented to find the 

optimal current allocation combination of the DERs [16], [17]. 

Then, a centralized adaptive virtual resistance droop control 

(AVRDC) is proposed to adjust the output currents of DERs 

according to the optimal current allocation coefficients. In this 

method, the difference between the currents of each DER and 

the optimal value are compensated by a proportional-integral 

(PI) controller to generate a variable virtual resistance, which 

is added to a static virtual resistance. Then, the adaptive 

virtual resistance is adopted for the droop controller to provide 

output voltage references of the local controller. In droop 

control, the sum of virtual resistance and line resistance is 
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inversely proportional to current distribution coefficient. By 

sampling data of two control periods, the line resistance can be 

identified in real time, which will allow on-line distribution 

loss minimization of the dc microgrid to be realizable.  

II. DISTRIBUTION LOSS MODELLING OF DC MICROGRID 

A. Configuration of DC Microgrid

A single-bus dc microgrid is shown in Fig. 1. It comprises

distributed generation (DG) units, loads, ESS, and power 

electronics interfaces. The wind turbine and solar PV panels 

serve as clean energy. Resistive loads and constant power load 

(CPL), i.e., motor drive system, are considered in the figure. 

The ESS is introduced to compensate power and alleviate bus 

voltage fluctuations. For those DERs, of which injection 

current can be regulated, such as the ESS, diesel engine, some 

combinations of ESS and clean energy, are considered as 

controllable DERs. Other power sources are seen as 

uncontrollable DERs. For analysis, all uncontrollable DERs 

and loads are taken as load nodes in the following analysis and 

are set as constant-current sources in a short time scale.  
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Fig. 1. Configuration of dc microgrid.  

B. Distribution Loss Modelling and Convexity Analysis

Taking the simplified dc power system in Fig. 2 as an

example, which contains n controllable DERs. Here, R1, R2, …, 

Rn, are the distribution line resistances; I1, I2, …, In are the 

output currents of the DERs; V1 V2, …, Vn are the output 

voltages of the DERs; and Vbus is the DC bus voltage.  
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Fig. 2. Simplified circuit of a dc microgrid with n DERs.  

For a dc microgrid, the distribution loss contains two parts, 

namely the converter loss conv

lossP  and the line loss line

lossP . 

Generally, the converter loss can be simplified as a quadratic 

expression of the output currents [13], [14]. Then, the 

distribution power loss of dc microgrid can be written as  
2

1
[( )( ) ]

nconv line

loss loss loss i i i i i ii
P P P a R I b I c
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where ai > 0, bi, and ci are the conversion loss coefficients of i-

th converter. The actual dispatchable load current is Itol, which 

is the difference between total load current and the injection 

current of uncontrolled DERs. Here, N1, N2, …, Nn are defined 

as the current allocation coefficients of the controllable power 

supplies DER1, DER2, …, DERn, respectively. In this way, the 

distribution loss model can be further written as a function of 

current allocation coefficients:  
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By considering that the consumed current should be equal 

to the provided current, yields  
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By taking the second partial derivative of equation (2) with 

respect to the Ni 
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Thus, the distribution power loss model in (2) is strictly 

convex. Then, the objective function and constraints of the 

proposed control strategy can be given as 

min max1
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subject to =1

loss i

n
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J P N

N P P P
=

  ，
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where Pmini and Pmaxi are lower and upper bounds of the power 

generation capacities.  

III. PROPOSED CONTROL STRATEGY

A. Lagrange Multiplier Method for Convex Optimization

A geometric illustration of the equality constrained

optimization problem (5) is presented in Fig. 3, where the 

feasible set g(Ni) and the level sets of the convex function 

Ploss(Ni) can be seen graphically. Here, the Lagrange multiplier 

is selected to find the optimal current allocation coefficients.  

Ploss(Ni)=C1

g(Ni)=0
Ploss(Ni)=C2

Ploss(Ni)=C3

Fig. 3. Sketch map of the proposed convex optimization with constraint.  

Based on (5), a Lagrange multiplier variable λ ≠ 0 is 

introduced and the Lagrange function is defined as  

2
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The optimal current allocation coefficients (i.e., Ni) can be 

derived by equalizing the first-order partial derivative of the 

Lagrange function to zero, as 
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which yields 
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Considering the output power constraint in (5), the optimal 

current allocation coefficients derived can be given as  

max max

min min

min max
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/
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where Imini and Imaxi are the lower and upper bound output 

currents of the i-th DER, which can be calculated by the 

voltage and power bound. If the output power of the i-th DER 

reaches the limits (i.e., Pmaxi or Pmini), it can operate at the 

limited power while the power loss of rest DER systems is still 

a convex function such that the optimization control strategy 

can still be used to minimize the distribution power loss. 

B. Adaptive Virtual Resistance Droop Control and Line 

Resistance Identification  

With regards to line resistance variation, to achieve loss 

minimization, two operations must be performed: the 

allocation of the output currents according to (8) and the real-

time distribution line resistance identification. The control 

block diagram is shown in Fig. 4.  
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Fig. 4. Control block diagram of the AVRDC.  

Here, the virtual resistance of the droop control comprises a 

static virtual resistance Rd0i and an adaptive virtual resistance 

Radpi, and is given by 

d d 0 adpi i iR R R= +                              (10) 

By defining xi = Ii/Ni, current allocation error is written as 

ei=∑n
i≠j(xi－xj). Then, the adaptive virtual resistance can be 

derived by a PI controller using  

adp ( / )i Pi Ii iR k k s e= +                            (11) 

where kPi and kIi are the proportional and integral gains of ith 

PI controller. Finally, the reference voltage by using droop 

control is given as  

ref nom di i iV V R I= −                             (12) 

where Vnom is the nominal bus voltage. As shown in Fig. 4, the 

operating principle of the proposed AVRDC is illustrated as 

follows. When xi is greater than those of other nodes xj, the 

virtual resistance of the ith converter Radpi will be increased (Ii 

is decreased) and Radpj will be decreased (Ij is increased) to 

make Ii/Ni = Ij/Nj. On the contrary, if xi is less than xj, the 

virtual resistance of the ith converter, Radpi will be decreased 

and Radpj will be increased. The Rdi results in the adaptive 

reference Vrefi, is adopted as the output voltage reference for 

the dual-loop control. Consequently, the output currents of 

DERs are distributed based on the given allocation 

coefficients at steady state. The current allocation of DERs 

can be achieved with variable equivalent resistances. 

According to the principle of droop control, we have  
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d

d
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As shown in (13), the allocation coefficient of each 

converter is inversely proportional to its sum of line resistance 

and virtual resistance. In this way, we can get n-1 equations by 

sampling once, i.e., kT. T is the algorithm execution period, 

which should be set long enough to ensure that the adaptive 

virtual resistance reaches a stable value. Among the equations, 

the current allocation coefficient Ni and virtual resistance Rdi = 

Rd0i + Radpi is known, while the distribution line resistance Ri is 

unknown. To get the unknown variable Ri, we should simple 

twice, i.e., k and k ‒ 1:  
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With the 2(n‒1) equations, the n distribution line resistances 

of DERs can be obtained. The time sequence of identification 

is given in Fig. 5. As shown in the figure, the adaptive virtual 

resistance Rk
adpi corresponding to k time current allocation 

coefficient Ni
k, can only be obtained at the k+1 time.  

(k － 1)T kT (k ＋ 1)T

Sampling         . Sampling         .Sampling         .

 Fig. 5. Time sequence of the line resistance identification.  

IV. CASE STUDIES  

Two simulation case studies and one experimental case are 

conducted to verify the effectiveness of the proposed method. 

The main parameters of the microgrid are listed in Table I. 

The algorithm execution period is set as 10 s. The proportional 

and integral gains of the PI controllers in the dual-loop control 

are kept constant for all the cases of the simulation. For power 

supply nodes 1, 2, 3, 4, the coefficients of their converter loss 

[a, b, c as (1)] are given in Table II.  

TABLE I. MAIN PARAMETERS OF DC MICROGRID  

Parameters Value 

Battery pack voltage (Vbus) 48 V 

Total load current (Itol) 15 A 

Line resistance of DER1 (R1) 0.5 Ω 
Line resistance of DER2 (R2) 0.8 Ω 

Line resistance of DER3 (R3) 0.2 Ω 

Line resistance of DER4 (R4) 1.1 Ω 

 



TABLE II. CONVETER LOSS COEFFICIENTS  

Converter number a b c 

1 1.166 2.410 1.110 

2 0.176 1.040 2.040 
3 0.477 0.956 1.360 

4 0.730 1.600 0.600 

A. Convexity Verification of Distribution Loss Model  

To further illustrate the characteristics of the proposed 

current-based distribution loss model, the loss waveforms of a 

dc microgrid under different load currents are plotted in Fig. 6 

and Fig. 7. Using the parameters of DER1 and DER2 in Table I 

and II, Fig. 6 shows the curves of power loss with two DERs 

under variation of current distribution coefficients. Under the 

constraint, there is one controllable variable (N1 or N2), which 

results in a two-dimensional curve. In Fig. 6, the curve is up-

opening conic regardless the variation of load current. Using 

the parameters of DER1, DER2 and DER3 (Fig. 7(a) and (b)) 

and DER2, DER3 and DER4 (Fig. 7(c) and (d)), Fig. 7 shows 

the waveforms of power loss with three DERs. With two 

controllable variables, the distribution loss is a three-

dimensional waveform. In the figures, the proposed loss 

model maintains the convexity (smooth and has only one 

minimum point) regardless of the load power level or the 

range of current allocation coefficients. For more DERs, the 

convexity is proven by (4).  

B. Case 1: Method Implementation  

Fig. 8 shows the waveforms of the voltages, output currents, 

current allocation coefficients, identified line resistances, 

adaptive virtual resistances, virtual resistances, and the 

distribution power loss for Case 1.  Here, the conventional 

droop control with static virtual resistances, (Rd01 = Rd02 = Rd03 

= Rd04 = 0.2Ω) are adopted for the four DERs in the period of 

0 to 2 s. Without optimization, the distribution loss is 96.76 W. 

To obtain the data of two periods, average current allocation 

(N1: N2: N3: N4 = 1: 1: 1: 1) is adopted by the proposed 

AVRDC in the period of 2 s to 12 s. It is shown that the 

current allocation can be achieved with the AVRDC. Under 

average current allocation, the total distribution loss is 

increased to 100.04W: the converter loss is reduced, while the 

line loss is increased. After getting enough data, the line 

resistances are calculated at time = 12 s. Then, the optimal 

current allocation coefficients are obtained. Concurrently, they 

are used to allocate currents by AVRDC. Finally, the 

distribution loss is reduced to 86.40W. Some control results of 

Case 1 are given in Table III. It is shown that the line 

resistances can be accurately identified. Moreover, the actual 

 
Fig. 6. Distribution loss with two DERs under variation of current allocation 

coefficients, 4A, 8A, 12A, and 15A.  
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Fig. 7. Distribution loss with three DERs under variation of current allocation 

coefficients for load currents (a) 4 A, (b) 12 A, (c) 8 A, and (d) 15 A.  
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Fig. 8. Waveforms of the (a) voltages, (b) output currents, (c) current 

allocation coefficients, (d) identified line resistances, (e) adaptive virtual 

resistances, and (f) distribution power loss for Case 1. 

 



optimal current allocation coefficients are consistent with the 

theoretical optimal values.  

TABLE III. CONTROL RESULTS OF CASE 1 

Line 

resistance 

Actual 

value 

Identified 

value 

Current 

allocation 

coefficients 

Theoretical 

optimal 

value 

Actual 

optimal 

value 

R1 0.5 Ω 0.5000 Ω N1 0.1426 0.1430 

R2 0.8 Ω 0.8004 Ω N2 0.2902 0.2908 

R3 0.2 Ω 0.2028 Ω N3 0.4226 0.4217 

R4 1.1 Ω 1.1051 Ω N4 0.1446 0.1445 

C. Case 2: Line Resistance Variation  

In this case, the dynamic performance of the proposed 

method under line resistance variation is studied, and the 

results are given in Fig. 9. The proposed control strategy is 

adopted for the microgrid during the entire period of 0 to 42 s. 

The static virtual resistances are Rd01 = ‒0.1 Ω, Rd02 = 0.3 Ω, 

Rd03 = 0.1 Ω, and Rd04 = 0.3 Ω. The distribution line 

resistances, R1 and R3 are changed from the nominal values in 

Table I to 0.4 Ω, and 0.3 Ω, respectively at 2 s. Then, the 

distribution line resistance identification error is generated 

using the former data. Meanwhile, the current allocation 

coefficients also fluctuate from their optimal values. After two 

periodic iterations, line resistance is precisely obtained using 

the updated data at time = 22 s. Then, the distribution loss 

minimization for the dc microgrid at 89.61 W is achieved 

again during the period of 22 s to 42 s. Some control results of 

Case 2 are given in Table IV. Clearly, the line resistances can 

be accurately identified even though it is a varying line 

resistance. Due to the change in line resistances, the optimal 

current allocation coefficients in Table IV are different from 

that of Table III. Also, the actual optimal current allocation 

coefficients are consistent with the theoretical optimal values.  

TABLE IV. CONTROL RESULTS OF CASE 2  

Line 

resistance 

Actual 

value 

Identified 

value 

Current 

allocation 

coefficients 

Theoretical 

optimal 

value 

Actual 

optimal 

value 

R1 0.4 Ω 0.4012 Ω N1 0.1600 0.1605 

R2 0.8 Ω 0.7993 Ω N2 0.3035 0.3047 

R3 0.3 Ω 0.3060 Ω N3 0.3848 0.3831 

R4 1.1 Ω 1.1040 Ω N4 0.1517 0.1518 

D. Case 3: Experimental Verification  

Experiments are conducted on a 48 V DC microgrid with 

three DER systems being connected to the DC bus. The main 

parameters are provided in [2]. Digital signal processer (DSP) 

Delfino TMS320F28379D is adopted as the controllers for the 

DER systems. The converter loss curves of the three grid-

connected boost converters are plotted in Fig. 10. The 

conversion loss coefficients for the DER1, DER2 and DER3 

are a1 = 1.161, b1 = 0.730, c1 = 1.693, a2 = 0.641, b2 = 0.547, 

c2 = 5.260, and a3 = 1.693, b3 = 5.26, and c3 = 3.54.  
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Fig. 10. Converter loss versus output currents of DER systems in experiment. 

The conventional control strategy, average current 

distribution and the proposed control strategy are adopted 

during the period from 0s to 6s, from 6s to 12s, and from 12s 

to 20s, respectively. The total output current is Itol=4.75 A. Fig. 

11 show the waveforms of current allocation coefficients, 

identified line resistances, output currents of the DERs, and 

distribution power loss of the DC microgrid. The internal 

variables, i.e., current allocation coefficients, line resistances, 

power loss are output via the digital-to-analog (DAC) pins of 

the DSP. When the proposed control strategy is adopted at the 

12s, the Lagrange multiplier is calculated to be -40.61 and the 

corresponding current allocation coefficients are 0.342, 0.517 

and 0.141, respectively, as shown in Fig. 11(a). As shown in 

Fig. 11(b), the line resistances R1 = 1.21Ω, R2 = 0.96 Ω, and 

R3 = 1.04 Ω are obtained at 12s. The measured output currents 

of the DER systems are 1.62 A, 2.46 A and 0.67 A, as shown 
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Fig. 9. Waveforms of the (a) voltages, (b) output currents, (c) current 

allocation coefficients, (d) identified line resistances, (e) adaptive virtual 

resistances, and (f) distribution power loss for Case 2.  

 



in Fig. 11(c). Obviously, the output currents of the DER 

systems are well-regulated by the adaptive droop control to 

track the references. The distribution power loss are 34.43 W, 

34.72 W and 30.67 W, respectively. Control results of case 3 

are given in Table V.  
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Fig. 11. Waveforms of the (a) current allocation coefficients, (b) identified 
line resistances, (c) output currents, and (d) distribution power loss of the DC 

microgrid for Case3.  

TABLE V. CONTROL RESULTS OF CASE 3  

Line 

resistance 

Actual 

value 

Identified 

value 

Current 

allocation 

coefficients 

Theoretical 

optimal 

value 

Actual 

optimal 

value 

R1 1.208 Ω 1.21 Ω N1 0.349 0.342 

R2 0.974 Ω 0.96 Ω N2 0.524 0.517 

R3 1.07 Ω 1.04 Ω N3 0.127 0.141 

Fig. 12 presents a comparison of the distribution power loss 

of the system with the conventional optimization control, with 

droop control (average current distribution) and that with the 

proposed control. Compared with the method that considers 

only the line loss, the total distribution power loss are reduced 

by 10.71% in Case 1, 13.17% in Case 2, and 10.92% in Case 3, 

with the proposed control. With the proposed control, the 

distribution power losses are reduced by 13.94% in Case 1, 

29.66% in Case 2, and 11.66% in Case 3, as compared to that 

with conventional droop control.  
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Fig. 12. Comparison of the distribution loss of the system with conventional 

optimization control, with droop control, and that with the proposed control.  

V. CONCLUSIONS  

In this paper, the distribution power loss of radial dc 

network is modelled as a quadratic function of the current 

distribution coefficients. It is proved that the loss is an 

equality-constrained convex function with respect to the 

current distribution coefficients. The Lagrange multiplier 

method is used to find the optimal current distribution 

coefficient in real time. An AVRDC to achieve distribution 

loss minimization for DC microgrid is presented. Meanwhile, 

the line resistance can be identified by solving the equation of 

virtual resistance and current allocation coefficients. 

Consequently, optimal current sharing for distribution loss 

minimization can be achieved regardless of the distribution 

line resistances or load variation. The effectiveness has been 

verified via simulation and experimental results.  
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