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In long-term follow-up studies, data are often collected on repeated mea-
sures of multivariate response variables as well as on time to the occurrence
of a certain event. To jointly analyze such longitudinal data and survival time,
we propose a general class of semiparametric latent-class models that accom-
modates a heterogeneous study population with flexible dependence struc-
tures between the longitudinal and survival outcomes. We combine nonpara-
metric maximum likelihood estimation with sieve estimation and devise an
efficient EM algorithm to implement the proposed approach. We establish
the asymptotic properties of the proposed estimators through novel use of
modern empirical process theory, sieve estimation theory and semiparamet-
ric efficiency theory. Finally, we demonstrate the advantages of the proposed
methods through extensive simulation studies and provide an application to
the Atherosclerosis Risk in Communities study.

1. Introduction. Many clinical and epidemiological studies generate data on repeated
measures of response variables at multiple time points as well as on time to the occurrence
of a clinical event. In cardiovascular cohort studies, for example, data are often recorded for
both repeated measures of risk factors (e.g., blood pressures, cholesterol levels) and time to
a cardiovascular event (e.g., stroke, heart attack) or death [17]. Shared random-effect models
and joint latent-class models have been proposed to investigate the dynamic relationships
among such longitudinal and survival data.

In shared random-effect models, a linear mixed model with a set of unobserved random
effects is assumed for the longitudinal outcomes, and a proportional hazards model or trans-
formation model with the same random effects as covariates is assumed for the survival time
[4, 6, 18, 23, 24]. The shared random effects account for the dependence between the longitu-
dinal and survival outcomes. These models typically assume that, conditional on the random
effects, the distribution of the survival time and the effects of covariates on the longitudinal
and survival outcomes are the same across subjects.

Joint latent-class models assume that the population consists of subgroups and within each
subgroup, subjects have the same distributions of longitudinal and survival outcomes [9,
13]. These models allow the baseline risk of event and the association pattern between the
longitudinal and survival outcomes to vary flexibly across subgroups. However, the existing
work is mostly confined to fully parametric models. Lin et al. [5] proposed a semiparametric
latent-class model with a nonparametric baseline hazard function for the survival time in each
latent class but did not investigate the theoretical properties of the proposed nonparametric
maximum likelihood estimators (NPMLE). In fact, such NPMLEs are inconsistent [11, 20];
see Section S1 of the Supplementary Material [21].

We propose a general model for the joint analysis of multivariate longitudinal data and
survival time. We assume that the population consists of a mixture of latent subgroups such
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that within each subgroup, the joint distribution of the longitudinal and survival outcomes
is described by a separate random-effect model, in which the survival time is characterized
by a separate nonparametric baseline hazard function. This model naturally extends those of
Henderson, Diggle and Dobson [4] and Tsiatis and Davidian [18] by allowing the existence
of latent subgroups. The model can be used to address important scientific questions:

1. Identification of latent subgroups within a heterogeneous study population;

2. Estimation of the effects of baseline covariates, such as treatment, on longitudinal and
survival outcomes within each subgroup;

3. Evaluation of the event risk given baseline covariates and trajectories of longitudinal
outcomes; and

4. Estimation of the association between the trajectories of longitudinal outcomes and
covariates with proper adjustment of informative dropout due to the occurrence of the event.

The proposed modeling framework also extends existing work by accommodating multi-
variate longitudinal outcomes measured at multiple time points. This framework is particu-
larly useful in cardiovascular studies, where multiple risk factors, such as blood pressures and
cholesterol levels, are repeatedly measured. Including multivariate longitudinal outcomes not
only provides a comprehensive depiction of the dynamic relationships among the event of
interest and relevant risk factors but also helps identify the latent subgroup structure.

Due to the presence of multiple nonparametric components in the model and the lack of
a closed-form expression for the likelihood function, model estimation is highly challenging
both theoretically and computationally. To overcome the nonidentifiability of the fully non-
parametric likelihood approach, we propose to combine nonparametric likelihood estimation
with sieve estimation, such that the cumulative hazard function of a reference latent class is
estimated by a step function with jumps at the observed event times, and the ratios of the
baseline hazard functions across latent classes are estimated by spline functions. We develop
a stable and efficient (accelerated) EM algorithm [3] to compute the proposed estimators.

We prove that the proposed estimators are consistent and the parametric components of the
estimators are asymptotically efficient. The derivations involve novel applications of empiri-
cal process theory, sieve estimation theory and semiparametric efficiency theory. One major
challenge in our theoretical development is to show that the proposed model is identifiable
with an invertible information operator. Due to the presence of latent classes, techniques for
establishing model identifiability or invertibility of the information operator for semiparamet-
ric shared random-effect models are not directly applicable to the current setting. In addition,
existing methods for latent-class models are not readily applicable to semiparametric mod-
els. To establish model identifiability and the invertibility of the information operator, we note
that the likelihood and the score function are the sums of the terms arising from the likelihood
of semiparametric shared random-effect models and show that the terms in the summation
can be separated by properly varying the observed data values.

The rest of this article is structured as follows. In Section 2, we formulate the model and
describe the proposed estimation approach. In Section 3, we discuss the computation of the
proposed estimators, and in Section 4, we present the theoretical results. In Section 5, we
report the results from our simulation studies. In Section 6, we provide an application to
the Atherosclerosis Risk in Communities (ARIC) study [17]. In Section 7, we make some
concluding remarks. We relegate technical proofs to the Appendix.

2. Model, likelihood and sieve estimation. Suppose that there are G latent classes. Let
C denote the latent class membership, with C = g if a subject belongs to the gth latent class
(g=1,...,G). We relate C to a set of time-independent covariates W, which generally
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includes the constant 1, through a multinomial logistic regression model:

ong
() P(C=g|W)=
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where a is the vector of class-specific regression parameters. For model identifiability, we
set «g = 0. Each latent class is characterized by class-specific trajectories of multivariate
longitudinal outcomes and a class-specific risk of the event of interest. The longitudinal out-
comes and the event time are assumed to be conditionally independent given the latent class
membership and a multivariate random effect.

Suppose that there are J types of longitudinal outcomes and the jth type is measured at
N; time points. For j =1,...,J and k =1,..., N;, let Y;; denote the kth measurement
of the jth longitudinal outcome and X ji and X ]k denote corresponding covariates, which
include the constant 1. The covariates X jk, X, jk and W may partially or completely overlap.

We relate Y to X j; and X jk through the multivariate linear mixed model:
2 ij|c=g=ﬂngk+b Xk +eji

forg=1,...,G, where 8 ¢ is a vector of class-specific regression parameters, b is a vector
of random effects assumed to follow the multivariate normal distribution with mean 0 and
variance Z(E ), (€j1,...,€; iN; ) are independent zero-mean normal random variables with
variance ag i and % (&, ) is a covariance matrix indexed by a vector of class-specific variance
parameters & .

Let T denote the event time of interest. We relate T to a set of potentially time-dependent
covariates Z(-) through the proportional hazards model:

) M(tIZ.b, C = g) = dg(1)e? e 2OFID,

where 2 (-) is an arbitrary class-specific baseline hazard function, and y, and 5, are class-

specific regression parameters. In the presence of censoring, we observe T =T A U and
A =I1(T <U), where U is the censoring time, and / (+) is the indicator function. Let Z =
(CSTPRTTTS ST PIUTTD &5 PRp YJNJ) X—(Xll,---,X1N1,.--,le,---,XJNJ)T, and X =

(X11,...,X1N1,...,Xi1,.~. XJNJ)T The data consist of n independent observations O; =
(Nl]”Nl.Ivyl’Xl’Xl’ T}’Alvwl’{zl(t)}te[ovi]) fori:lv"'vna WheretIStheendOf
study time.

Let 6 = (al,...,aG_l,ﬂl,...,BG,JIZI,...,GIZJ,...,aéj,él,...,l;'c,yl,...,yG,nl,

.., ) denote the set of all Euclidean parameters and A, (1) = fot Ag(u)dutforg=1,...,G.
Under the assumption of noninformative censoring and longitudinal measurement times, rig-
orously formulated in Section S2 of the Supplementary Material [21], the likelihood function
concerning (@, Ay, ..., Ag) is proportional to

J N D - (Yijk—B Xijk—b" X jx)?

1_[ Z e Tw, / 1_[ 1_[ O—gj %si {)\g(ﬁ)e}’gzi(ﬁ)-l—ngb}A,

4 =l 121 e kel
7-'[ —_
X exp{—/ erng(r)+n§bdAg(t)}‘z(EgM1/26_%,,T2(§g) lbdb,
0

We reparametrize the model by setting A = Ay and ¥, =log(Ag/A1); we then estimate A
nonparametrically and approximate ¥, using a sieve of B-spline functions for g =2, ..., G.
In particular, we treat A as a step function that jumps at the observed event times and replace
A1(T;) in the likelihood by A{T;}, where A{r} is the jump size of A atz. Let By, ..., By, be
B-spline functions on a grid over [0, ], where the number of spline functions m,, increases
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with the sample size. For g = 2,..., G, we approximate v, by Zs | Ggs By, where a =
{ags}g=2,....Gis=1,...m, 18 a set of regression parameters. Ideally, NPMLE would be adopted
for every nonparametric function because it does not require tuning and is more flexible than
splines. However, because the NPMLE for (Ay,..., Ag) is inconsistent, we estimate the
cumulative baseline hazard function of a reference group using NPMLE and estimate the
remaining nonparametric functions using splines, so as to achieve as much model flexibility
as possible while ensuring estimation consistency.
Let @,, A,, Zin) be the maximizer of

ﬁz /li[ﬁ z(zjk ﬂg ijk— bthk)
11g1211€a’W j=lk=1

~ 5 mp T; mn
X [A{TZ}EVEZ,(TIH-Z; 1agsBs (Tt)+7lgb] eXp{ / e}'gzi([)“'zg 1agsBs(t)+”gb dA(t)}
0

x | ()| e EE b gp,

and let {p\ng = ZT’langsBs, where a,g5 is the correspondlng element of @,. Let B =

(Y2, ..., ¥g). The sieve NPMLE of (0, A, B) is (0,,, An, B ), where Bn = (wnz, .. WnG)

3. Computation of the sieve NPMLE. In this section, we use Z(-) to denote the
combination of the original set of time-dependent covariates and the B-spline functions
(Bi1, ..., Bn), with y, being the corresponding vector of regression parameters for the gth
latent class. We compute the sieve NPMLE using an accelerated version of the EM algorithm,
with C and b treated as missing data. The proposed algorithm iteratively performs the EM
steps. Unlike the standard EM algorithm, an E-step may not be performed under the current
parameter estimates but under some function of the estimates at the previous steps.

We first introduce the standard EM algorithm. The complete-data log-likelihood function
is

Y3 1(Ci=g) (agw,- - log(Z e W') — S log[Z(E )| - b/ (&) b
=1

i=1g=1

L ieo? (Yijk — By Xiji — b; Xiji)*
_ZZ E OgUgj+ 202

j=lk=1 8j

~ ~ Try. Ty,
Ai[y3Zi(T) +nibi +log A{T;}] — Y Afs}e”s” (S)Jr"gb’)-
s<T;
In the E-step, we compute the expectation of functions of (b, C) involved in the M-step. The
conditional density of b; given C; = g and the observed data is proportional to

J J Nij T Ty . . \2
d (Yijk — By Xijk — b; Xijk) _
fig(bi)E(H )1—[ [Tex { ik — B Xijk jk }IZ(Eg)} 12

2
j=1 j=lk=1 20,

1 S . |
% exp{_ib;[‘z(gg)lbi}eAt{}’;Zz(Tz)‘H?gbz}exp{_/ RIAGED dA(t)},
0
and the conditional probability of C; = g given the observed data is proportional to

Tw,
ql-gze“gw’/f,-g(b)db.
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The conditional expectation of any function % of (b;, C;) given the observed data is

G
_ [h(b,g) fig(b)db

Eihb;,C)10;} = i ;

{h( )1 0;} gZIPg [ Fi(B)db

where Dig = qig/ ZZGZ1 gi1- The integrations in the above equation can be approximated with
the adaptive Gauss—Hermite quadrature [7].

In the M-step, we update the parameters by maximizing the expected complete-data log-
likelihood function given the observed data. In particular, we update e, (g =1,...,G — 1)
by maximizing the weighted multinomial log-likelihood

n G G -
313 et ton( 3o )|
i=1 g:l g:]

via the Newton-Raphson algorithm. Then we update B, and ogzj (G=1...,J;g =
1, ..., G) by maximizing

Nij
——Zzng[szlogUgj'i‘Z z]k ﬂ ijk b;FXijk)z}:|
g

j=li=l J

and update §, (g =1, ..., G) by maximizing

——Zp,g [log|Z(&,)| + Eg (b Z(&,)'bi}],
i=1

where Eg denotes the conditional expectation with respect to b; given C; = g and the ob-
served data. If closed-form solutions for the maximization problems are not available, then
we employ the Newton—Raphson algorithm. In addition, we update (y,.n,) (§=1,...,G)
by maximizing the (weighted) log-partial likelihood

n G G n
. ~ ~ ~ o~ Ty T o Tp
> A{E Pigly ¢ Zi(T) + ngBe (b} —log} 3 I(Tj2T,-)pjge"gZ’(T’)Eg(e"gb’)H

i=1 g=1 g=1j=1

via the Newton—Raphson algorithm. Finally, we update the cumulative baseline hazard func-
tion A by

~ A;
AT} = = =T a1
YO St I(Tj = T pjge?« 1 DB, ()
fori =1,...,n, where (y g N g) are the current estimates of the parameters.

The standard EM algorithm, which iteratively performs the E-step and M-step until con-
vergence, may be slow, especially when the number of parameters is large. To accelerate the
convergence, we adopt a modification of the EM algorithm proposed by Varadhan and Roland
[19]. Let ¢ denote the set of all parameters and s (1) be the set of updated parameters after a
single EM step if the initial parameter value is . With ¢ (k) being the set of current estimates,
a step of the accelerated EM algorithm consists of:

1. Calculate #, = s(3"®).

2. Calculate #, = s(1#).

3. Calculate r =#; —9®, v=9,— 9, —r,anda = —||r|}2/||v]>.
4. Update the parameter estimates by # ™D = s(@® — 2ar + a2v).
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To improve stability, we update the parameters using the standard EM steps at early steps of
the algorithm. Once the difference between consecutive parameter estimates becomes smaller
than a certain threshold, we perform the accelerated EM steps until convergence. When the
assumed number of latent classes is larger than the actual number, the model is nonidenti-
fiable and the parameter estimates may not converge; therefore, we terminate the algorithm
when the difference between the log-likelihood values of consecutive iterations is smaller
than a certain threshold.

The algorithm may converge to a local maximum of the log-likelihood. To improve the
chance of obtaining the global maximum, we can run the algorithm with different initial
values and set the estimates to the converged values that yield the largest log-likelihood. One
strategy for setting the initial values is to classify subjects into G classes by some clustering
method and set the parameter values for each class to be the estimates obtained from subjects
assigned to the class.

Upon convergence, we use Louis’s formula [10] to compute the observed information
matrix, essentially treating the model as parametric, with parameters @, A{7;};.a,=1, and
{agstg=2,....G;s=1,...,m,- The submatrix of the inverse of the observed information matrix cor-
responding to @ can be used to estimate the standard errors of 0,,. This submatrix is essentially
an estimate of the inverse of the efficient information matrix T defined in the proof of Theo-
rem 4.2, where the least-favorable directions are estimated by solving the empirical counter-
parts of the integral equations they satisfy. The consistency of this standard error estimator is
established in Theorem 4.3.

We propose to use the Bayesian information criterion (BIC) [15] to select the number of
latent classes G. Specifically, for each G, we estimate the model using the sieve NPMLE and
compute

BIC = —2log Ln(ﬁn, Kn, En) + slogn,

where L, is the likelihood function, and s is the number of free parameters in the model,
including the regression parameters for the B-spline functions. We select the G that yields
the smallest BIC value.

4. Asymptotic properties of the sieve NPMLE. Assume that the degree of the B-spline
functions is fixed at some p > 1 and that the distance between adjacent knots is within
(K~'m; !, Km 1) for some large constant K. Let d be the dimension of the Euclidean pa-
rameters and ® be a known, compact parameter space of 6. Let (6, Ag, Bp) denote the true
parameter values, where By = (Y02, ..., Yoc). Let Ag(r) = fé Ag(u)du and Ao, be its true
value (g =1,...,G).

We impose the following conditions.

(C1) The parameter @ lies in the interior of ®, and the function A, is continuously
differentiable up to the third order on [0, 7] for g =1, ..., G.

(C2) With probability one, P{T =t|W, X, i(, Z(-)} > &g for some fixed §g > 0.

(C3) With probability one, Z(-) has left-continuous sample paths on [0, t] with right
derivatives. In addition, there exists a large constant K such that

,,,,,

where Z' is the (componentwise) left derivative of Z.
(C4) The number of knots m,, satisfies m, = O (n?) for some 1/12 < g < 1/8.

The next condition is more technical and ensures model identifiability and invertibility
of the information operator. Essentially, it requires that the covariates take enough distinct
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values such that the class-specific distributions of the longitudinal outcomes can be distin-
guished and the effect of each covariate on each class-specific distribution can be identi-

fied. Let X, = diag(0g, 1y, - - . 0g,, 1n,) Tog = o (I + T X X5 X Wo,) W] . and
Yoyg = )N(\Iﬂog\llggf(T + Xg, where 1; is a k-vector of ones, W(, is an orthogonal matrix

such that X(§¢,) = \Ilog\IIOTg, and agg j and §, are the true values of the corresponding pa-
rameters. Note that Xy, is the covariance matrix of ¥ given C = g and (N, ..., Ny).

(C5) There exist some positive integers (ny,...,n;) such that P(Ny =ny,...,Nj =
ny) > 0 and that the following holds. Let X be the set of possible values of (X, X) given
(N1 =ny,..., Ny =ny) such that XT)NK is invertible and

~ ST < ST
XXE(Ep)X +Xog #XEE)X +Zo
or (XBog # XBo and Ty, X Bo, + o, XT(,m0, # Ty XBor + o, XTymey)

whenever g # . For k= 1,...,n; and j = 1,...,J, if WThy =0, X ihxjx =0,

X}khgjk =0, and Z(1)Th 7 = 0 almost surely for all (X, X)e Xands €0, 7], then hy =0,
hxjr=0, h;(jk =0, and hz =0, where hw, hx i, h;(jk and hz are fixed vectors of appro-
priate dimensions.

The final condition ensures that the least-favorable direction for the Euclidean parameters is
sufficiently smooth.

(C6) The conditional density of the censoring variable U given the observed covariates is
continuously differentiable on the support of U with respect to some dominating measure up
to the third order.

REMARK 1. Conditions (C1)-(C3) are common assumptions in the analysis of right-
censored data under semiparametric survival models. Condition (C4) pertains to the rate at
which the number of B-spline functions increases to infinity. Condition (C5) pertains to the
class-specific distributions of the longitudinal outcomes and event time. Instead of directly as-
suming the identifiability and invertibility of the information operator of the proposed model,
we derive these properties under assumptions on individual class-specific distributions. Con-
dition (C5) requires that after removing specific covariate values that yield equality of certain
quantities of the class-specific distributions of the observed variables, the set of possible
covariate values are linearly independent. For latent-class models in general, linear indepen-
dence of the covariates and distinctness of parameter values across latent classes are not suf-
ficient for the invertibility of the information operator. To see this, consider a simple model
with two latent classes, a known mixture probability of 0.5 for each class, a single binary
covariate X, and a single outcome variable ¥ with ¥ | (X,C = g) ~ N(ag + B¢ X, 1) for
g =1,2, where C denotes the latent class membership. The score statistic along the direction
o] =0p] +€, 0 =00 — €, ,31 = ,301 — € and ,32 = ,302 + € is zero when o1 = o2, €ven if
Bo1 # Po2, where (xo1, @02, Po1, Bo2) are the true parameter values. This model does not sat-
isfy (a simplified version of) condition (C5) because the two latent classes are different only
at X # 0, but given X # 0, (1, X) is no longer linearly independent. A simple sufficient con-
dition for condition (C5) is that all covariates are linearly independent and the class-specific
variances of Y are distinct almost surely.

Let || - ||oo be the supremum norm over [0, T]. We have the following results.
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THEOREM 4.1. Under conditions (C1)—(C5), there exlsts a local maximum of the non-
parametric likelihood in the sieve space, denoted by (0n, A, B ), such that

-~ P T -~
16, — 00113 + 1A, — Aoll% + Z/O [Ung (1) — Yoo (1) > dt =0, (n/?).
g=2

This theorem provides a preliminary, combined rate of convergence for the estimators of
the Euclidean and infinite-dimensional parameters. Based on this convergence rate, the fol-
lowing theorem establishes that the Euclidean parameter estimators converge at the optimal
n'/? rate and attain the semiparametric efficiency bound [1].

THEOREM 4.2. Under conditions (C1)—(C6), nl/z(b\,, — 0o) converges weakly to the
normal distribution with zero mean, and its asymptotic variance attains the semiparametric
efficiency bound.

Let I, be the negative Hessian matrix of the log-likelihood evaluated at the estimated
parameters, with the jump sizes of A, and the coefficients of the spline functions in
wnz, .. w,,(; treated as Euclidean parameters. Let V,, be the submatrix of (n~'1,)7! that
corresponds to 6.

THEOREM 4.3. Under conditions (C1)~(C6), |V, — I 2 =0,(1), where 1 is the ef-
ficient information matrix of 0 defined in the proof of Theorem 4.2.

The proofs of Theorems 4.1 and 4.2 are given in Appendix A, whereas the proof of Theo-
rem 4.3 is given in Section S3 of the Supplementary Material [21].

5. Simulation studies. We considered a longitudinal study where data were collected
on repeated measures of longitudinal outcomes as well as on the time to the occurrence
of an event of interest. Each subject was examined periodically until the event of interest
occurred or the subject was lost to follow-up. At the initial examination, a set of baseline
covariates, which may represent sex, age and other information, were measured, and at each
examination, two types of longitudinal outcomes were measured. The latent class for each
subject was generated from model (1) with G =3 and W = (1, X1, X»)T, where X and X»
are independent Bernoulli(0.5) and N(0, 1), respectively. We set the examination times at
sy =015k —1)fork=1,...,10.For j =1,2and k =1,..., 10, we generated

(5) Yk lc=g = Bg;j Xk +bj + b3+ €k,

where € | (C = g) ~ N(O, agzj), Xi = (1,5, X1, X2)T, b | (C = g) ~ N(0, ;gj), and
(b1, by, b3) are independent of each other and of (X, X7). Note that the random effects
b1 and b, account for the dependence among repeated measures of a single type of longitu-
dinal outcome, whereas b3 accounts for the dependence between the two types of longitudi-
nal outcomes. The event time 7 was generated from model (3) with a single random effect
term b3 and Z(¢) = (X, X»)T for all ¢, and the censoring variable U was generated from
Uniform(0, t) with T = 5. Note that the number of longitudinal outcome measurements is
max{k:k <10,s, <T AU}.

The true values of the Euclidean parameters are given in Table S1 of the Supplemen-
tary Material [21]. The class-specific baseline hazard functions are A;(z) = 0.5, A2 (¢) =
exp(0.25¢) and A3(t) = 1. The proportions of subjects belonging to latent classes 1, 2 and
3 are approximately 35%, 35% and 30%, respectively. The average number of longitudinal
outcome measurements per subject is about 5.4. The censoring proportion is about 25%.
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We set the degree of the B-spline functions to be 1 and the number of interior knots to
be 2; in our experience, the results are largely insensitive to the choice of the number of
knots. The locations of the knots were set data-adaptively to be the 33% and 66% empiri-
cal quantiles of the observed event times. We considered G = 2, 3 and 4 latent classes and
used BIC to select G. To set the initial values, we use k-mean clustering based on the event
(or censoring) time, the censoring indicator, and the baseline longitudinal outcome values
to classify subjects into subgroups with kK = G. Then we fit the generalized linear models
and survival models (without random effects) on each subgroup and set the initial parameter
values to be the corresponding estimated values. The initial values for the coefficients of the
B-splines and the regression parameters of the random effects are set to O, the initial values
of Var(b;) + Var(e ;) are set to be the estimated variances in the corresponding fitted linear
models with Var(b;) = Var(ejr) (j =1,2; k =1,...,10), and the variance of b3 is set to
be 0.1. The initial cumulative baseline hazard function is set to be the Breslow estimator.
We constrained all Euclidean parameter estimates (including the regression parameters for
the B-spline functions and the logarithm of the variance parameters) to be smaller than or
equal to 10 in absolute value. This constraint is imposed because in the early iterations of the
EM algorithm, the unconstrained estimates may sometimes become too extreme and cause
numerical problems. We set the sample size to be n = 1000 or 2000 and considered 1000
simulation replicates for each setting.

Under G = 3, in no replicates do any parameter estimates (in absolute value) equal the
boundary value of 10. Some parameter estimates are equal to the boundary value in about
60% of the replicates for G =4 and in less than 5% of the replicates for G = 2. The con-
vergence to the boundary under G = 4 is expected, because the model is nonidentifiable. In
all but ten replicates under n = 1000, BIC selected the correct number of latent classes, and
thus we only present the estimation results under G = 3. Because the labels of the latent
classes are arbitrary, after convergence of the EM algorithm, we redefined the latent classes
such that the orders of the estimated values of certain parameters across latent classes match
the orders of the corresponding true parameter values. The estimation results for n = 1000
and n = 2000 are summarized in Tables S1 and S2 in the Supplementary Material [21], re-
spectively. The estimators of all parameters, including the class-specific cumulative baseline
hazard functions at particular time points, are virtually unbiased. The standard errors are es-
timated accurately, and the coverage probabilities of the confidence intervals are close to the
nominal level, especially for n = 2000. Thus, the proposed estimation method effectively un-
covers the latent structure of the population, produces consistent estimators, and yields valid
statistical inference.

6. A real study. The ARIC study is a prospective epidemiological cohort study con-
ducted in the United States. In the study, a total of about 15,000 subjects received a baseline
examination in 1987-1989 and potentially six subsequent examinations in 1990-1992, 1993—
1995, 19961998, 20112013, 20162017 and 2018-2019. At each examination, medical
data, such as body mass index (BMI), blood pressure and cholesterol levels, were collected.
The subjects were also followed through reviews of hospital records, and potentially right-
censored observations on time to myocardial infarction (MI), stroke and death were also
obtained.

We aimed to study the risk of cardiovascular diseases or death among African American
subjects and to detect the presence of latent subgroups. The event of interest is MI, stroke or
death. The African American subjects were recruited from two centers of study in Forsyth
County, NC and Jackson, MS. We set study location, sex and BMI, glucose level, smoking
status and age at the first examination as covariates; these are referred to as the baseline
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covariates in the sequel. We considered systolic blood pressure and total cholesterol level,
which were measured at each examination, as longitudinal outcomes. After removing 347
subjects with prior (or unknown status of) stroke or coronary heart disease at baseline and
178 subjects with missing data, the sample size is 3284, and the censoring proportion is
49.2%.

We fit models (1)—(3), where T is the time from the first examination to MI, stroke or
death, whichever occurred first, (Y1, Yox) are respectively the systolic blood pressure and
total cholesterol level at the kth examination, and N; is the total number of examinations
(k=1,...,Nj; j =1,2). The set of covariates W consists of the baseline covariates (and
the constant 1 for the intercept). For the jth longitudinal outcome at the kth examination,
we assumed model (5) with the set of covariates X consisting of the baseline covariates
and the time of the kth examination. In the survival model, the set of covariates Z(¢) is time-
independent and consists of the baseline covariates, and the set of random effects consists of a
single term b3. We set the degree of the B-spline functions to be 1 and considered 2—4 interior
knots. The locations of the knots were chosen to be empirical quantiles of the observed event
times. We ranged the number of latent classes G from 1 to 6.

For any numbers of knots for the B-spline functions, the BIC picked G = 4 latent classes.
The BIC values at G =1, ..., 6 under 2 interior knots are plotted in Figure S1 of the Sup-
plementary Material [21]. Since the estimation results across different numbers of knots are
similar, we reported the results under 2 interior knots. The point estimates, standard errors
and p-values of all Euclidean parameters in the survival model are given in Table 1, and the
estimated class-specific cumulative hazard functions are plotted in Figure 1; the estimation
results for the remaining Euclidean parameters are given in Tables S3 and S4 of the Supple-
mentary Material [21]. The estimated trajectories of the mean longitudinal outcomes for a
typical subject from each latent class are plotted in Figure S2 of the Supplementary Material
[21]. We classified a subject to a latent class if the (estimated) posterior probability of the
class is larger than 0.7; a subject is unclassified if none of the posterior probabilities is larger

TABLE 1
Estimation results for the Euclidean parameters in the survival model for the ARIC data

Parameter Estimate SE p-value Parameter Estimate SE p-value

¥1,Center 0.2431 0.3041 4.24E—-01 ¥3.Glucose 0.2304 0.0450 3.15E-07
Y1,BMI —0.0775 0.0949 4.14E—-01 ¥3,Smoke 0.8147 0.1487 4.26E—08
Y1,Glucose 0.4086 0.1325 2.04E-03 ¥3.Sex 0.3840 0.1355 4.61E—03
¥1,Smoke 0.7848 0.1505 1.84E—07 ¥3,Age 0.5433 0.0673 7.13E—16
Y1,Sex 0.5965 0.1617 2.25E-04 Y4, Center 0.0770 0.3369 8.19E—01
Y1,Age 0.6440 0.1303 7.75E—07 Y4.BMI —0.1136 0.1082 2.94E—01
¥2,Center 0.1269 0.1887 5.01E-01 Y4.Glucose 0.2954 0.0411 7.05E—13
¥2.BMI 0.1052 0.0552 5.65E—02 Y4,Smoke 0.5983 0.2039 3.34E-03
¥2,Glucose 0.0634 0.0403 1.16E—01 Y4.Sex 0.4959 0.1986 1.25E-02
¥2,Smoke 0.6472 0.1378 2.65E—06 Y4, Age 0.2654 0.0980 6.78E—03
¥2.Sex 0.3533 0.1298 6.49E—03 m 1.8929 2.5689 4.61E—01
Y2, Age 0.3426 0.0721 2.00E—06 2 1.5561 0.6952 2.52E-02
¥3,Center —0.0954 0.1920 6.19E—01 n3 0.9861 2.3893 6.80E—01
Y3, BMI 0.1853 0.0641 3.86E—03 N4 1.3614 1.0065 1.76E—01

NOTE: For the parameters labeled y, the first subscript represents the latent class and the second subscript rep-
resents the covariate that corresponds to the parameter. “Center” is the indicator for the Jackson center; “Sex” is
the indicator for male; “Smoke” is the indicator for smoker; “Glucose” represents glucose level. All continuous
covariates are standardized. The parameter 7 is the regression parameter of b3 for the gth latent class.
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FIG. 1. Estimated class-specific baseline hazard functions for the ARIC data.

than 0.7. The Kaplan—Meier curves for the (predicted) latent classes are plotted in Figure S3
of the Supplementary Material [21].

Older subjects, males and smokers have higher risk of MI, stroke or death across all latent
classes. Subjects with higher BMI tend to have higher risk of disease or death in the third la-
tent class, but BMI has no significant association with the risk in other latent classes. Glucose
level has highly significant positive effect on the risk of disease or death in all but the sec-
ond latent class. The random effect b3, which captures the dependence of the systolic blood
pressure and the total cholesterol level, is significantly associated with the risk of disease
or death only in the second latent class. This suggests that systolic blood pressure and total
cholesterol level are associated with the risk of disease or death even conditional on the latent
class membership. The estimated class-specific cumulative hazard of the second latent class
is substantially higher than those of the other classes, and the empirical survival probabilities
of the second latent class are smaller. The mean systolic blood pressure of subjects in the
second latent class tends to be higher than those of the other classes. The results suggest that
the second latent class is characterized by elevated risk of disease or death. The other groups
also exhibit differences in the risk of disease or death, distributions of the longitudinal out-
comes, and effects of covariates on the longitudinal and survival outcomes. In the latent-class
membership model, the regression parameters for glucose level are significantly negative for
the first three latent classes, suggesting that the fourth latent class is characterized by high
glucose level. In addition, the second latent class is characterized by older subjects and the
third latent class is characterized by males and subjects with higher BMI.

Suppose that we are interested in the conditional survival function for a subject at risk
at time s given the trajectories of the longitudinal outcome measurements up to s. For a
subject with time-independent covariates in the survival model, this probability function can
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be estimated by /(¢) / h(s) for t > s, where

G J K — o =By X ju—b" X )

h(t)= ) ———— T /exp —A (z)eVgZ+'7g H Hogj [
1

o= 121 j=1k=1
X [E(E )|V EE  ap,

K ; is the number of observations on the jth longitudinal outcome by time s, and the param-
eters are evaluated at the sieve NPMLE. Figure S4 in the Supplementary Material [21] shows
the estimated curves for two hypothetical subjects at s = 10.

We use cross-validation to evaluate the robustness of the latent-class structure. We split
the data into 20 pairs of training and validation datasets with a ratio of sample sizes of 3 : 2.
On each training dataset, we fit the latent-class model with G = 4 and 2 interior knots for
the B-spline functions, and for each subject in the corresponding validation dataset, we used
the estimated model to compute the posterior probabilities of class membership given the
subject’s covariates and longitudinal outcomes (but not the event time). A subject is predicted
to belong to a latent class if the posterior probability of the class is larger than 0.7; a subject
is unclassified if none of the posterior probabilities is larger than 0.7. Note that the prediction
of latent class does not directly involve the event time of the subjects in the validation dataset.

To evaluate the explanatory power of the (predicted) latent classes, in each validation
dataset, we fit the Cox model with covariates, including the baseline systolic blood pressure,
the baseline total cholesterol level, and the predicted latent classes; unclassified subjects were
discarded. We tested the significance of the latent classes in the model using the likelihood-
ratio test. The combined p -value across data splits is 0.0248, where the combined p-value
is defined as ®{0.05 25—1 &~ !(ps)}), ps is the p-value for the sth split and & is the stan-
dard normal distribution function. In addition, we fit a stratified Cox model, stratifying on the
latent classes, with covariates including the baseline covariates, the baseline systolic blood
pressure, the baseline total cholesterol level and the interaction between the latent classes and
the other covariates. The combined p-value for the likelihood-ratio tests for the interaction
terms is 0.0250. These results suggest the existence of heterogeneity in the population that is
not captured by the observed covariates. Subjects from different latent classes have not only
different baseline hazards but also different association patterns between the covariates and
the risk of disease or death.

7. Discussion. In this article, we consider a semiparametric latent-class model for the
joint analysis of longitudinal outcomes and a potentially right-censored event time. We de-
velop a novel estimation approach that combines NPMLE and sieve estimation. We prove that
the nonparametric components of the proposed estimators are consistent at a rate of o(n'/4).
Although sieve estimators generally converge at a rate slower than n'/2, the Euclidean com-
ponents of the estimators are nevertheless n'/%-consistent and asymptotically normal.

Under the proposed model, covariates may be associated with the event time through the
latent class membership or directly through the class-specific survival models. The regres-
sion parameters in the survival models are best interpreted conditional on the latent variables
b and C, so that for a subject in a specific latent class, each covariate in the survival model
contributes multiplicatively to the baseline hazard. To obtain an “overall” effect of the co-
variates, we may adopt a Monte-Carlo approach: repeatedly generate data from the estimated
model and the observed covariates, and fit the Cox model on the generated event times and
covariates. The estimated regression parameters could be interpreted as the overall effects of
the covariates, combining the effects on the latent class membership and the class-specific
event-time distributions.
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We proposed to estimate the standard error of the estimators by the inverse of the observed

information matrix. This approach yields satisfactory performance in our extensive numer-
ical studies, but it may be numerically unstable in very large samples or models. If one is
interested only in the inference of the Euclidean parameters, then alternative methods based
on the profile likelihood can be adopted [22].
__ The constraints on the number of B-spline functions given by condition (C4) guarantee that
Yng (€ =2,..., G) converges to the true value at a rate faster than n 1/4 5o that the Euclidean
parameters can attain the efficiency bound. Because v/, ’s are continuously differentiable up
to the third order, the approximation error of the spline functions is of rate O (n=3%) and g >
1/12 is necessary for || Y — Yogll2 = 0p (n~1/%); this bound can be relaxed under stronger
assumptions on the smoothness of Agg’s. The upper limit ¢ < 1/8 arises from the shrinking-
neighborhood-based argument for consistency. In the proof, we show that a local maximum
of the log-likelihood exists in an o(n~!/#)-neighborhood of the true parameter values. The
upper limit ¢ < 1/8 is to guarantee that the second-order term in the linear expansion of the
log-likelihood dominates other terms in the expansion.

An intuitively appealing nonparametric estimation approach is to set each class-specific
cumulative baseline hazard function to be a step function that jumps at the observed event
times. This approach, however, yields inconsistent estimators even in the simple settings con-
sidered by Ma and Wang [11] and Wang, Garcia and Ma [20] because the parameter space is
overly complex. Each (uncensored) observation belongs to a specific latent class and should
only contribute to the jump of the corresponding cumulative baseline hazard function at the
observed event time. However, the latent class membership is unknown, and this nonparamet-
ric approach incorrectly allows all cumulative baseline hazard functions to jump at the event
time. To overcome this difficulty, we only estimate the cumulative baseline hazard function
of a reference class nonparametrically and approximate the relative magnitudes of the base-
line hazard functions between the reference class and other classes using spline functions.
With a properly chosen number of grid points for the spline functions, the complexity of the
parameter space is controlled to yield consistent estimators.

During the preparation of this article, independent work of Liu et al. [8] was brought to
our attention. Our model is more general than that of Liu et al. [8], which allows only a single
type of longitudinal outcome with a random intercept in the longitudinal outcome model, and
Liu et al. [8] adopted spline approximation for all nonparametric functions. In addition, we
establish the asymptotic properties of the proposed estimators under specific assumptions on
the proposed models and the observed data, whereas the assumptions in Liu et al. [8] are
expressed in very general terms and are difficult to verify for given models. To demonstrate
the extra flexibility of the proposed model over that of Liu et al. [8], we conducted a sim-
ulation study, which showed that misspecification of the latent variable structure may yield
substantial estimation bias; see Section S4 of the Supplementary Material [21].

Our work can be extended in several directions. First, one may be interested in the joint
analysis of multiple event times, such as the times to the occurrence of different diseases.
The proposed modeling framework can be readily extended to allow for multivariate event
times by assuming a separate regression model for each event time with a set of shared ran-
dom effects b. The sieve NPMLE can be easily extended to the multivariate setting, and its
theoretical properties can be established along the lines of the proofs of Theorems 4.1 and
4.2.

Second, one may consider interval-censored event time(s). In ARIC, the onset of asymp-
tomatic diseases, such as diabetes and hypertension, was not directly observed but was known
to fall within certain time intervals. To accommodate interval censoring, we can extend the
proposed methods and use the NPMLE [28] to estimate the cumulative baseline hazard func-
tion of the reference class. However, interval censoring results in a different likelihood func-
tion, which poses great challenges to the derivation of the asymptotic properties of the sieve
NPMLE.
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Finally, it would be of interest to consider high-dimensional longitudinal outcomes or co-
variates. In current biomedical studies, different types of molecular data, such as DNA al-
teration and gene expression, are collected along with clinical data. Such molecular data are
often high dimensional, with the number of variables much larger than the sample size. These
data contain rich genetic information that can be used to classify subjects into biologically
distinct disease subtypes [16]. We can set variables for the molecular data as longitudinal
outcomes or covariates in models (1)—(3) and adopt a penalized (sieve) likelihood approach
for estimation.

APPENDIX A: PROOFS OF THEOREMS

In this Appendix, we prove Theorems 4.1 and 4.2. The proofs make use of the lemmas
given in Appendix B. To facilitate the presentation, we introduce the following notation.
Let Mg ={A € £*[0, t]: A is monotone nondecreasing, A(0) =0, A(r) < K}. For some
large enough positive constant K, let Exg = © x Mg x BVg]O0, 716! be the parameter
space of (0, A, ¥, ..., ¥g), where BVg[0, ] = {y € £°[0, t]: |[¥|lv < K}, and || - ||v is
the total variation over [0, 7], such that

Ifllv = sup SOIfE) = fti-).

O=ty<t;<-- <tm—rl 1

The subscript K for the parameter spaces may be suppressed in the sequel. Let W (0, A, B)
denote

G oTw J Nj Loy —B8TX . —bTX,
e’s 1 202‘( =By X jk ? y Z(T)—i-wg(T)-i-nTb
726; alTW ng e 8&J e’s g
g=12.=1€ j=1k=1

exp|— [ er ORIl 1|6 ] e R g,
0

so that the likelihood for a generic subject is proportional to AT}AW@, A, B). Let
‘i’@ (8, A, B) denote the derivative of W (@, A, B) with respect to 6, \i/A (6, A, B)[H] denote
the derivative of W (0, A, B) with respect to A along the direction H, and ¢¢g(0, A, B)[h]
denote the derivative of W (6, A, B) with respect to ¥, along the direction .

In the sequel, we use | - || to denote the Euclidean norm for vectors and the L;-norm
with respect to the Lebesgue measure for functions over [0, t]. For a set of functions B =
(U2, ..., ¥g), let B> = Z i) ||1ﬁg||2 Let P and P, denote the true and empirical measures,
respectlvely

PROOF OF THEOREM 4.1. Following Schumaker [14], under condition (C1), there ex-
1st functions (Y2, ..., ¥ng) such that [[V,e — Yoglloo = 0(m,j3) for g =2,...,G, where
wng = Zs | dgs By for some regression parameters dos (§ =2,...,G;s=1,...,my,). Let

my my

. . ~ 2 2

en_i(wz,...,w(;).wgzzczgszzs.Z|ags—ags| <e,g=2,...,Gy,
s=1 s=1

where €, is a positive sequence such that €, = o(m;3/2). For B, = (Yn2, - .., ¥ng) € N, s

1/2

my
1¥ng — Vogllv <D lags — sl Bl | o = O (mn) (€1my)

s=1

=o(1).

Therefore, each function v, of N, has bounded total variation and converges uniformly to

l»”Og-
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The outline of the proof is as follows. For any sequence of B, € N, , we define

0,1B,1, AnlB,]) = argomalene(o, A, By).
0.A)

First, we show that (/0\,1 [B,], Z\n[B ]) — p (00, Ap) uniformly over B, € N, Then we derive
the rate of convergence of (8, [5,], A [B Di in terms of ¢,. Finally, we show that the maxi-

mum of the profile log-likelihood P 6(0 [B,], A [B,1, B,) over B, € N, lies in the interior
of N, for some €, = o(n~ V4m / ) and for large enough n. For simplicity of presentation,
we suppress the argument 5;, in 0 [B,] and A,[B,] in the sequel.

Step 1. We prove the existence of the NPMLE, that is, An(1) < 00. Let T = e"‘AW /

ZIGZI e“lTW and fo (Y, b) denote the joint density of (¥, b) for the gth latent class (given
Ny, ..., Nyj); we suppress the parameter or covariate values in the expressions for simplicity
of presentation. Note that

v (0O;0, A, B)

Z / {yTz(T)+n{b+wg(f)}A{1+f eyéz(s)wfbwg(wd,\(s)} ng(Y,b)db

G ~ T _
Z ¢g<r)A{1+fTe¢g<s) dA(s)} K/e0(1+||b||)fg(Y,b)db
— 0

for some constant ¥ > 1, where < denotes “smaller than up to a scaling factor.” Therefore,
if A(r) = oo, then the right-hand side of the above inequality is zero. We conclude that
Kn (1) < 00, so that the NPMLE exists.

Step 2. We show that the NPMLE is uniformly bounded. Note that

1
_logL @n. An.By) < = ZA log A {T;} + — Zk)g[zﬂ Vg (THA
i=1 i=1 g 1

T R —K
x {1 _|_/0 eVne(s) dAn(s)} /eO(HHb”)fg(Yi, b) db:|.
Let N, =n! "l A I(T; <-). We have

—logL 60, Ny, By )>——ZA logn + 0, (1),
i=1

where the second term on the right-hand side is asymptotically bounded uniformly over B, €
N, Thus,

1 ~ o~ 1 ~
- 10g Ln(on, Anv Bn) - 10g Ln(009 Nn, Bn)

<- ZA log[nAn{T;}] — —Zlog {1+ A, (D)} + 0,(1).
i=1 i=1
Using a partitioning argument similar to that of Murphy [12], we can show that the right-
hand side of the above inequality tends to —oo if limsup, An (1) = 00. By the definition of
(On, Ap), the left-hand side of the inequality is nonnegative, so that

limsup sup An(1) < 00.
n BpeNg,
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Step 3. We show that (/0\,,, A,) is consistent. Because A, belongs to a function space with
bounded total variation, by Helly’s selection theorem for every subsequence of {n},=12,. .,
there exists a further subsequence such that 9, — 6* and A, — A* for some (8%, A*).
We show that * = 0y and A* = A for any subsequence. With an abuse of notation, let
{n},=12,.. be the subsequence. Let

1
~ " ~ WA (0} 00, Ao, Bl (T; < )]
An(t):—ZAil(Ti Et):z \jI/((’)J,oo,Ao,Bo) } )

i=1 j=1

Note that Wa(8, A, B)I(- = 0] = —I1(T = ) X5 1y [ 0(O, b)e?s 2O Mb+0) gp
where

Qg(O b) = e{)’gZ(T)‘HI b+yrg(T)}A exp{— /T e}’gZ(l)‘HlTb‘Hﬁg(f) dA(t)}fg(Y, b).
0

By the definition of the NPMLE, P,¢(0,,, Ay, By) > P, £(80, An, By), s0

I’l{ } \Ij(on:Aan)
6 P,Alog = P,log——————— > 0.
© AT Tt W00, K B

Note that
P, log W(0,, Ay, B,) — Plog W (0*, A*, Bo)
= (P, —P)logW(@,, An, By) +P{log W (B,, A,, By) —log W (0%, A*, Bo)},
where the first term on the right-hand side goes to zero almost surely because the class of
log W (0, A, B) is Gilvenko—Cantelli by Lemma B.1, and the second term is o(1) by the dom-

inated convergence theorem; note that both terms converge uniformly over B, € N,.By a
similar argument on P, log W (0¢, A,, B,), the second term on the left-hand side of (6) is

W(@,, Ay, By) (0", A*, Bo)
P log————" " —Plog ——— 2~ 1),
1O @0, R B 8 W8y, 0, By 07V

where the 0, (1) term tends to O almost surely.

Consider the first term on the left-hand side of (6). Note that
—~ I P,v(0¢, Ao, Bo;

An(t):/ n (Ao Ao 05 5)

0 Pyv(@,, An, Byss)

where v(0, A, B;t) = \PA(O, A B[I(>=1)]/V(@, A, B). By Lemma B.1, {v(0, A, B;?) :
t€[0,1], (0, A, B) € E} is Glivenko—Cantelli, so

(7) dAn(s),

sup (P, = P)v(B0, Ao, Boi )| +| sup  sup (B = Pw@a, A, Bus )| —>as. 0.
te0,7] BN, t€[0,7]

By the dominated convergence theorem, Pv (0n, Ay, Bui 1) converges to Pv(6*, A*, By; t) for
each ¢. In addition, it is easy to see that the derivative of Pv (0,,, An, By,; t) with respect to ¢
is uniformly bounded, so that Pv(Gn, An, B,; t) is equicontinuous with respect to ¢. Thus, by
the Arzela—Ascoli theorem, Pv (On, An, By;t) — Pv(0*, A*, By; t) uniformly in ¢ € [0, T].
Furthermore, we can follow the argument in Zeng, Lin and Lin [27, p. 374] to show by
contradiction that min;c[o -1 |Pv(0*, A*, Bo; )| > 0. Taking limit on both sides of (7) yields

t Pv(@o, Ao, Bo; s)
o Pv(@*, A*, Bo; s)

A1) = dAo(s).
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We conclude that A* is absolutely continuous with respect to Ag, and thus is differentiable.
Let A* be the derivative of A*. Combining the above results with (6), we have

A(T)2w(@0*, A, Bo) _
og >
Ao(T)2W (80, Ao, Bo)
By the nonnegativity of the Kullback—Leibler divergence and Lemma B.2, the left-hand side
of the above 1nequa11ty is nonpositive and is equal to zero if and only if (6%, A*) = (8¢, Ag).
Therefore, (0,,, A,,) is consistent.

Step 4. We derive a bound on ||0,, — 6ol + ||Kn — Mgl in terms of || B, — By||. For any
hg € R? and hp € BVI0, 7], let

. 0
Gon(8, A, B)lho, hal= a—e(o+eh9,A+ethdA,B)
€

e=0
Clearly, Pulop@n, A, Bu)lho, hal = 0 and Plga (0, Ao, Bo)lhe, ha] = 0 for any (he,
h ). Suppressing the arguments (hg, h ), we have
Ploa@n. Au. Bo) — Plya (B0, Ao, Bo)
=Plop@n. An. Bo) — Pulop@n. Ay, By)
= —(Py — P)lga @, An. By) — P{loa B0, Ao, By) — Loa (80, Ao, Bo))
—P[{€oa @, Ap, By) — €on (00, Mo, Br)} — {€oa B, A, Bo) — €an (80, Ao, Bo)}]-

By Lemma B.1, the class {£ga (0, A, B)[ho,hpl: (0, A, B) € E, ||hg|l < 1, |hplly <1} is
Donsker, so that the first term on the right-hand side above is O, (n~1/2) uniformly over
B, € N,. By repeated applications of the mean-value theorem, we can show that the second
termis O (|| B, — Bypl|) and the third term is o(||0 — 00|l + || An — Aolloo)- To evaluate the left-
hand side of the above display, note that E@ A0, A, Bp) is the score statistic of a survival model
with a single nonparametric component; the model falls under the framework of, for example,
Zeng and Lin [25]. Using arguments analogous to the proof of Theorem 3.2 of Zeng and Cai
[24] and the proof of Theorem 2 of Zeng and Lin [26], we can show that the map (@, A) —
Péga(@, A, By) is Frechet-differentiable with a derivative VIPg, that takes the form of a
Fredholm operator. By Lemma B .4, VIP’ég A (evaluated at the true parameter values) is one-to-
one, so it is continuously invertible. Therefore, there exists some positive constant ¢ such that
||VIP’£9A(0 — 00, Ay — Ao)|| = c1(||0 — 09|l + | An — Aglleo), wWhere the norm on the left-
hand side of the inequality is the supremum norm over {(hg, ha) : lholl < 1, |lhallv < 1}
By the consistency of (On, A ») and the differentiability of IP’EQ As

|PEop B, An, Bo) — Péon (B0, Ao, Bo)| = {c1 +o(1)} (18, — Boll + 10 — Aolloo)-
Combining the above results, we conclude that
18, — 8oll + A0 — Aollos < An(n ™% + 1B, — Boll),

where A, is some random variable that may depend on B, and satisfies supg cp. |An| =
O,(1).

Step 5. We show that a local maximum of P, €(0,,, An, B,) with respect to B exists in
the interior of A\, for large enough n. It suffices to show that supg , N Pul@n, An, By) <

P,£(00, A, B,) with probability going to 1 as n — oo, where 55, = (wng, o UnG). Let
By =Pul@n. A, By) — Pyl (B0, A, By)
®) =Py —P) @, An. By) — €80, A, B)} +P{€B, An. By) — €80, An, Bo)}
— P{€(80. A, By) — €80, Ay, Bo)}.
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By Lemma B.1, the first term on the right-hand side of (8) can be written as C,n—1/2 for some
variable Cy, such that sup, .. |Cn| = 0,(1). To evaluate the second term on the right-hand
side above, let

E(e; A) = m{oo + €@, —00), A +efﬁA dA, By + e(B, — Bo)},

where 71 is a step function that jumps at the observed event times, with ha=dA n/ dA, —1
at the jump points. The second term of the right-hand side of (8) is_equal to &(1; Ap) —
£(0; A,) = E'(0; Ay) +E"(e; Ay) for some € € [0, 1]. Note that £'(0; A,,) is equal to

P{AEA(T) + (09, Ay, BO)I:an — 0o, /EA dA,, By — Bo]/‘lj(%, An, Bo)}
= P{Ail\A(f) + \11(00, Ao, Bo) [5,1 — 0o, /il\A dAg, B, — B()]/\IJ(O(), Ao, Bo)}
+P{ 0@ Ky B0, — 00, [ FndKo. B, ~ Bo] /00, R, B0

— W (8, Ao, BO)I:an — 0o, /EA dAo, B, — Bo]/‘l’(oo, Ao, Bo)}

= Op{llAn — Aolloo (18 — Ooll + ITallv + 1B, — Bollv)},

where W (0, A, B)[hg, Ha, hgl = Wg(0, A, B)Tho + WA 0, A, B)[HAl + X5, Wy, (0, A,
B)[hg] for hg = (ha, ..., hg). The last equality above follows from the mean-value theorem
and that the score statistic is mean zero. By standard arguments for the NPMLE, 1 An
Aolleo = 0,(n~12). Also, ||ha|lv = 0,(1) and ||B, — Bolly = o(1), so the right-hand side
of the above equation is 0, (n™ 172y To evaluate & (e; An) we write

£"(e; An) = [€7(; Ap) — E"(0; Ap)} + {E7(0; Ap) — £"(0; Ag)} +&"(0; Ag).

Using the mean-value theorem, we can show that the first term on the right-hand side of the
above equation is 0, (8, — 801> + 1A a2, + 1B — Boll3) +0, (| A, — Aolloo)- Following the
arguments for the evaluation of £(0; 7\,1), we can show that the second term is o), (n=172).
Note that the third term is the negative information of the one-dimensional submodel 6 =
00+ echg, dA = (1 + €hp)dAo, and B = By + €hp, where hy = 5,, —0p, hp = ﬁA, and
hs =B, —By. Let H=R? x L,[0, 7]°. Forany h = (hg, ha, hy2, ..., hyc) € H, the score
statistic of the submodel along direction 4 is

G G ~ ~ o~
h] = 7 _Zzzlmez(T,A,Y,b)db} T
z[h]—;ng/Qg(T,A,Y,b)Hl 0.7 0. Y50 Wlhy,

+ AMZ(T) hyg + b hyg + ha(T) + hyo(T))

T
= /O OV VOAM TV 7T 4 BThyg + ha () + By ()} dAo(s)

f((gl)(Y, b)Thyg G N
W}d”/;”g/ 0,(F.A.Y,b)db

=K(T,A,Y;h),

where Qg(f AY,b) = 0,(0,b), f(l)(Y b) is the derivative of f,(Y,b) with respect
0 (Bg.02.8,), hyy = (hp,. hog. b}, )T (hag, hgg. hog, heg, hyg, hyg) are the directions
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that correspond to the parameters (ag, B, ‘72” Eo. Vg mg) forg=1,...,G, hyg =0, and
hy1(-) =0. For hM h® e H, we can write

. . G T
PihOY[RP] = hPT6 (hP) + Y fo (Y (0 + 1) (1)} Gag (1:RP) i,

where G (h) is some linear function of /2, and G4 (¢; h) is equal to

E{ mg [ Qg(t,1,Y,b)db
SO m [ Qi 1.Y. bydb

Fr@ | V)Su(t | DK, 1, Y; h)]

g [ Qo(T, A, Y, b)e? O ostMicb+v0:0) gy
: Y [ QuT, A, Y, b)db
e [ Qg(t,1,Y,b)db
YC, m [ Qit,1,Y,b)db
memk [ Qg(t,1,Y,b)db [ Qk(,1,Y,b)db
(% 7 [ Qi(1,1,Y, b)db)>

—E{I(t <7 K(T. A, Y;h)}/\(t)

—a"hy +E{ Frt |1 V)Su(t | Y)}hAa)

Jr@ | Y)Sy(r| Y)}hwk(t)

G

+ ZE[
k=2
G T

-3 /0 [ (5)+ hyao)} (165 < r)E[ngnkfr(t 1Y)Sy(t | Y)

ng(t, 1,Y,b)db [ Qi(t,1,Y, b)eZ(S) Yok tnob+voc(s) gp
{2 7 [ Qi(t,1,Y,b)db)?

Qs LY, bye” Tt IO b [ 05,1, ¥, B db
(X9 [ Qi(s, 1,Y, b)db)>

] +I1(t< s)E[yrgnk

Jr(s 1 Y)Sy(s | Y)]

- E[I(s <Dt <T)mgmy

ng(T A,Y, b)e zn?T 70g+”0gb+1p()z,(t) db [ Qk(T AY, b)eZ(s)Ty0k+'70kb+W0k(S) db])
(X 7 [ 0T, A, Y, b)db)?
x Ao(s)ds,

where f7(-|Y) is the conditional density of the survival time 7 given Y, Sy (- | Y) is the
conditional survival function of the censoring time U given Y, and a is a d-dimensional
vector. Define an inner product (-, -) on H such that

(hD, @)= h(l)Th(2>+/ {ha)(t)h(z)(t)JrZha)(t)h(z)(t)}dt’

and let £* be the adjoint operator of ‘. By the definition of *, POV P] = (D,
*¢[h 1), such that

G
*ih] = (Gl(m, 3 Gog(h), G ), .., Gag (5 h>>.

g=1

On the space H, we define a seminorm |4|; = (h, Z*é[h])l/z. By Lemma B4, ||h|; =0
implies that 7 = 0, such that || - ||; is a norm in . Clearly, ||A|; < ca(h, h)'/? for some
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constant ¢;. By the bounded inverse theorem in Banach spaces, we have (A, W2 < esllh|;
for some constant c3. We conclude that

£"(0; Ag) = — | @, — 00, hn, By — Bo) |7

G
< —c;2(||on — 001> + 1hal? + D 1¥ng — woguz).

g=2
By Donsker properties of the class of v(@, A, B; t) and the mean-value theorem,
17alloo = Op (18 — B0l + R — Aolloc + 1B, — Boll +n~'72).

In addition, a linear expansion argument shows that the third term of (8) is of order up to
1B, — BOH%O- Combining the above results, we have

G
By < Dun™ " + Ey(I1By — Bull3 + 1By — BollZ) — 5% > 1¥ng — Wogll
g=2

G
_ _ _ ) ~
<D V2 ey By (my ) +my %) — 323 [1Wng — og
g=2
for some sequences of positive variables D, and E, such that supg, enr.,. Dn = 0p(1) and

supg, e, En = 0O, (1) and some positive constant c4. The second inequality holds because
by Theorem 5.2 of de Boor [2],

np
~ 3 -1 ~ 3 —-1_3
||wng—wng||3=0<mn > lags — dgsl )=0(mn 1)
s=1

Suppose that B, € dN,. By the same theorem of de Boor [2], [|¥/,s — Jrng 1% > csm,jle,% for
some g and c5 > 0. Therefore, by choosing €, such that €, = o(n_1/4m,11/2) and

63 > sup Dnnfl/zmn-l—m,fs,

B.eNe,

we have P(B, < 0) — 1; the existence of such an ¢, with ¢, = o(m,, 3/ 2) 18 Aguaranteed
under condition (C4). We conclude that there exists a local maximum of P, £(6,, Kn, B,)
with respect to B3, in the interior of N, ; let gn be the maximizer. Note that by Theorem 5.2
of de Boor [2], [[¥ng — Yngll> = O(m, ' S |ags — dgs|?) = O(my '€2) for all B, € N, .
We have

18, — 001> + 1A, — Aoll% + 1B — Boll* = 0, (n~" + 1B, — Boll?)

= 0p(m, ey +m; %) =o0p(n~'?). O

PROOF OF THEOREM 4.2. Let ke be the score statistic for 0, ¢ Alh a] be the score statis-
tic for A along the submodel A + € [ ha dA, and éy,g [hy¢] be the score statistic for ¥, along
the submodel Yy +€hyg (g =2,..., G). Foraset of functions h = (hy, ..., hg), let @A[h] =
(Calh1), ... EalhaD)T and &yg[h] = (Eyglhil, ..., Lyglhal)". Let ks and hy, be the
least favorable directions for the nonparametric functions, such that (ha, hy1, ..., hyc) =
argminhA’hW,n_7hWG IP’||@9 — @A [[hpdAp] — Zgzz @wg[hwg] |2, where tEe integiation in the
second term in the norm is carried out componentwise. The existence of k and hy, follows
from the invertibility of the information operator, established in Step 5 of the proof of The-
orem 4.1. In addition, from the expressions of £*¢ given in Step 5 of the proof of Theorem
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4.1 and condition (C6), each component of h g 18 continuously differentiable up to the third
order. Let hn vg be the (componentwise) projection of h,/,g onto the sieve Space, such that
||h,, vg — h¢g||oo = O(m_3) By the definition of the sieve NPMLE, P, 49 (8,,, A, B,) =
Pula B, A, By) th dA,]=0and P, lwg(f)n, An, B, )[hn,¢g] 0. Note that

Poly,g @, A, Bn)[h¢g]
=Pulyg O, An. B)[hn,yg] + Pé¢g<0o, Ao, Bo)[hyg — Ry
+ Py = P)y g0, A, Bi)yg — Ry
+P{lyg@n. A, B)lhyg — huygl — Lyg (B0, Ao, B[y — i yel)-

The first two terms of the right-hand side above are zero. By Lemma B.1, the class of
Lyg (0, A, B)[h] is Donsker, so that the third term is o (nfl/ 2). By the mean-value theorem,

Theorem 4.1, and condition (C4), the fourth termis o, (n 1/ 2) Obviously, IP’lg (09, Ao, By) =
0 ]P)(A(ao, A(), Bo) th dAo] 0 and P€¢g(00, A(), Bo)[h¢g] 0. We have

nl/z(Pn - P){éG(/o\na Knv gn) - éA(/én» Kna gn)[/ EA an]

G
- Z el//g (011» Ay, Bn)[hlﬁg]}
g=2

= _nl/ZP[kO(/o\n’ Kn» gn) - éA(/o\na Kn’ gn)[/ EA dKn]
)

G
- Z el//g (011’ Ay, Bn)[hIﬁg]
§=2

— £5(00, Mo, Bo) + €4 (80, Ao, Bo)[/ h A dAo]
G . ~
+ ) yg(00, Ao, Bo)[hwg]} +o,(1).

g=2
By Lemma B.1, the class

G
{ée(o, A B v — A0, A BIHAT— Y Lye0, A, B)lhy,:
§=2

0,A,B) €&, vl =1, [[Hallv = 1}

is Donsker. Therefore, the left-hand side of (9) is equal to
n2(P, - P) {ee(oo, Ao, Bo) — £ (B0, Ao, Bo)| [ i dio] - Z £y,4 (60, Ao, Bo)l hwg]}
g=2
+ 017(1)7

which converges in distribution to N(0, 7) where

®2
I= ]P’{fe(f)o,l\o,l?o) €A(00,A0,30)/hAdAo Zfl/fg(ﬁ’o,Ao,Bo)[hwg]}
g=2
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is the efficient information matrix for . By the Taylor series expansion, Theorem 4.1 and the
definition of ks and hy, (g =2, ..., G), the right-hand side of (9) is

G
_n1/2(0n - OO)TIP’:(% — ZAQI:/ ha dAo] — Zf,/,gg[hl/,g]} +0p(1)
g=2

=n'21(8, — 00) +0,(1),

where 299, ‘ Ap and Zme are the derivatives of l.’,g, ) A and éwg with respect to @, respectively.
As established in Step 5 in the proof of Theorem 4.1, the information operator is invertible, so

the efficient information matrix is invertible. We conclude that n'/2 (@n —6p) —4 N(0, 7_1).
Because 8,, is an asymptotically linear estimator with the influence function lying in the space
spanned by the score functions, @, is asymptotically efficient [1]. [J

APPENDIX B: USEFUL LEMMAS

In this Appendix, we present four lemmas that are useful for the proofs of Theorems 4.1
and 4.2. The proofs of the lemmas are given in Section S3 of the Supplementary Material
[21].

LEMMA B.1. For any finite K, the classes of functions

G ={log¥(@,A,B): (0, A,B) € Ex},

U0, A, B)Tv -

N e UL EE U
W0, A, B)[Hp] -

Gy = A\(p(() 0 )B) A1.0,A,B) € Bk, ||HA||V<K}v
Wy (0, A, B)[hy,] -

Gag = ]//gxp(o A B) Ve 1(0,A,B) e dK,||h¢g||V<K}

are Donsker.

LEMMA B.2. Under conditions (C1)—(C3) and (C5), the latent-class model given by
(1)-(3) is locally identifiable.

LEMMA B.3. Consider the following normal mixture model. Let W be a set of covari-
ates and C be a latent class indicator with distribution specified by (1). Forg =1, ..., G, let
Yo~ N([Lg, Q,), where (juy, ..., ng) are vectors of mean parameters, and (81, ..., R¢g)
are covariance matrices. The observed outcome variable is Y = Zgzl I(C =g)Y,. Let
(og> Qog) be the true values of (g, Q). If (ko1, Ro1), ..., (Rog, Roc) are distinct and
the components of W are linearly independent, then the score statistic along any submodel
is nonzero.

LEMMA B.4. Under conditions (C1)—-(C3) and (CS), the score statistic along any one-
dimensional submodel for the latent-class model given by (1)—(3) is nonzero.
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SUPPLEMENTARY MATERIAL

Supplement to ‘“Semiparametric latent-class models for multivariate longitudinal
and survival data.” (DOI: 10.1214/21-A0S2117SUPP; .pdf). We present additional regu-
larity conditions, the proofs of Theorem 4.3 and Lemmas B.1-B.4, additional simulation
results and additional real data analysis results.
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