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Abstract— In this paper, the problem of quantum filtering
with two homodyne detection measurements for a two-level
system has been considered. The quantum system is driven by
two input light field channels, each of which contains a single
photon. A quantum filter based on multiple measurements
is designed; both the master equations and stochastic master
equations are derived. In addition, numerical simulations for
master equations with various pulse shape parameters are also
compared.
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I. INTRODUCTION

IN quantum optics, the quantum filtering problems have

drawn more and more attentions. It is first studied by

Belavkin in [1][2] with a framework of continuous mea-

surements. Quantum filter with various Gaussian input fields,

such as vacuum state, thermal state and squeezed state, have

been considered and investigated in [3]-[6]. For an arbitrary

quantum system driven by single-photon states or coherent

states, master equations and stochastic master equations have

been described in [7], respectively. The conditional dynamic

for a cavity driven by a single-photo state has been consid-

ered in [8], where both the homodyne detection and photon-

counting measurements are simulated. Recently, filters for

an arbitrary quantum system driven by continuous-mode

multi-photons have been presented in [9]. Non-Markovian

embedding technique is adopted in this framework and an

example, a two-level system driven by a two-photon state,

demonstrates the validity of multi-photon filters. Quantum

system driven by single-photon states which is contaminated

by vacuum noise has been investigated in [10]. Diffusive

plus Poissonian measurements and two diffusive measure-

ments have been discussed, the simulation results also show

the improvements of estimation performance with multiple

measurements.

In this paper, we study quantum filtering for a two-level

system which driven by two single-photon states. Initially,

each channel contains one photon and they are independent

with each other. Then the two photons interact with the

system and excite the atom simultaneously. The filtering

equations with two homodyne detection measurements have
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CentraleSupélec, 3 rue Joliot Curie, 91192 Gif-Sur-Yvette, France (email:
nina.amini@lss.supelec.fr).

been derived explicitly and numerical results of master

equations for the system are given.

The rest of this paper is organized as follows: Section

II gives some basic knowledge about quantum system and

quantum filtering. In Section III, quantum filter for multiple

measurements is briefly introduced, then we focus on the

problem of a two-level system with two homodyne detection

driven by two single-photon states. Both the master equations

and stochastic master equations are derived explicitly. Some

simulation results are presented in Section IV to show the

pulse shape parameters’ influence on the detection probabil-

ity. Finally, Section V concludes the paper.

Notation. Let |η〉 be initial state of the system and |0〉 be

the vacuum state. We use X† = (X∗)T to denote the adjoint

operator or complex conjugate transpose. The commutator is

defined by [A,B] = AB −BA and superoperator

DLX = L†XL− 1

2
(L†LX +XL†L).

II. PRELIMINARY

A. Open Quantum Systems

The system we consider here is an arbitrary quantum

system which driven by two single-photon states. The two

single-photon state are independent with each other before

their interaction with the system. We will use the triple

language (S,L,H) [11][13] to describe the dynamic of

the system. Here, S is a unitary operator which satisfies

SS† = S†S = I . L denotes the couplings between the

system and field, and the initial Hamiltonian of the system

is described by a self-adjoint operator H .

aj denotes the annihilation operator of the system while

a∗j is the corresponding creation operator. The canonical

commutation relations is satisfied that [aj , a
∗
k] = δjk. On

the other hand, the j-th input bosonic field is represented

by bj(t), and b∗j (t) denotes its adjoint operator. Since the

field we discuss is continuous-mode, we have the following

property:

[bj(t), b
∗
k(r)] = δjkδ(t− r).

We assume that the quantum stochastic processes satisfy

the following Itō table

× dt dB dΛ dB†

dt 0 0 0 0
dB 0 0 dB dt
dΛ 0 0 dΛ dB†

dB† 0 0 0 0

.

Quantum stochastic process on the tensor product space,

i.e., System ⊗ Field, is characterized by the following
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stochastic differential equation:

dU(t) =

{
(S − I)dΛ(t) + LdB†(t)

− L†SdB(t)−
(
1

2
L†L+ iH

)
dt

}
U(t)

(1)

where U(0) = I .

Define jt(X) = U†(t)(Xsystem ⊗ Ifield)U(t) in the

Heisenberg picture, the temporal evolution of jt(X) can be

derived by the Itō table and (1):

djt(X) =jt(LGX)dt+ jt([L
†, X]S)dB(t)

+ jt(S
†[X,L])dB†(t) + jt(S

†XS −X)dΛ(t).

B. Quantum Filtering

Homodyne detection and photon-counting measurements

are commonly used in quantum filtering [9]. For homodyne

detection, the measurement can be given in the quadrature

form

Y (t) = U†(t)(Isystem ⊗ (B(t) +B†(t)))U(t),

where B(t) is the integrated annihilation operator and defined

as B(t) =
∫ t

0
b(r)dr. The measurement should satisfy the

commutation relation

[Y (r), Y (t)] = 0, 0 ≤ r ≤ t,

and the non-demolition property

[X(t), Y (s)] = 0, 0 ≤ s ≤ t.

Quantum conditional expectation is defined by

πt(X) = E[jt(X)|Yt],

where Yt is characterized by Y (r) : 0 ≤ r ≤ t. Based on the

past information Yt, we want to minimize the estimation

E[(πt(X)− jt(X))2] for system observable jt(X).

III. QUANTUM FILTER WITH MULTI-MEASUREMENTS

A. System Depiction

Fig. 1. Quantum system depiction

In Fig. 1, A1, A2 and G are two-level systems with the

following (S,L,H) language:

A1 = (I, L1, 0), A2 = (I, L2, 0), G = (I2, L, 0),

where L1 = λ1(t)σ−1, L2 = λ2(t)σ−2 and L =[ √
κ1σ−√
κ2σ−

]
. Here, σ−1, σ−2 and σ− are lowering operators

and λ1(t), λ2(t) are given by

λ1(t) =
ξ1(t)

w1(t)
, λ2(t) =

ξ2(t)

w2(t)
,

where w1(t) =
∫∞
t
|ξ1(s)|2ds, w2(t) =

∫∞
t
|ξ2(s)|2ds and

ξ1(t), ξ2(t) are the input pulse shapes in the first and second

channels respectively.

By adding a beam splitter Sb = (Sb, 0, 0) with parameter

Sb =

[ √
1− r2 ir

ir
√
1− r2

, 0 � r � 1

and the concatenation and series products [11], we can derive

the whole system

(A1 �A2) 	 G 	 Sb = (St, Lt, Ht), (2)

where

St =

[ √
1− r2 ir

ir
√
1− r2

,

Lt =

[ √
1− r2(L1 +

√
κ1σ−) + ir(L2 +

√
κ2σ−)

ir(L1 +
√
κ1σ−) +

√
1− r2(L2 +

√
κ2σ−)

,

Ht =

√
κ1σ+L1 +

√
κ2σ+L2 −√κ1L

†
1σ− −√κ2L

†
2σ−

2i
.

(3)

By Itō calculus, the evolution of output fields

dBout(t) = StdBt + Ltdt,

and the general measurement equation

dY (t) = F ∗dB∗
out(t) + FdBout(t) +Gdiag(dΛout(t)),

with F = I , G = 0, which means that both channels

are with homodyne detection measurements, we can get the

measurement stochastic equations

dY1,t = 1− r2 dB1(t) + dB†
1(t) + (L1 +

√
κ1σ−)dt

+ (L†
1 +

√
κ1σ+)dt

]
+ ir dB2(t)− dB†

2(t)

+ (L2 +
√
κ2σ−)dt− (L†

2 +
√
κ2σ+)dt

]
,

dY2,t =ir dB1(t)− dB†
1(t) + (L1 +

√
κ1σ−)dt

− (L†
1 +

√
κ1σ+)dt

]
+ 1− r2 dB2(t) + dB†

2(t)

+ (L2 +
√
κ2σ−)dt+ (L†

2 +
√
κ2σ+)dt

]
.

(4)

Then the expectation and correlation of the measurements

can be derived as

π̃t(dY1,t) = 1− r2π̃t(L1 + L†
1 +

√
κ1σ− +

√
κ1σ+)dt

+ irπ̃t(L2 − L†
2 +

√
κ2σ− −√κ2σ+)dt,

π̃t(dY2,t) = 1− r2π̃t(L2 + L†
2 +

√
κ2σ− +

√
κ2σ+)dt

+ irπ̃t(L1 − L†
1 +

√
κ1σ− −√κ1σ+)dt,

(5)

and

π̃t(dY1,tdY1,t) = π̃t(dY2,tdY2,t) = dt,

π̃t(dY1,tdY2,t) = π̃t(dY2,tdY1,t) = 0.
(6)
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The Lindblad superoperator for the whole system may be

expressed in the form

LLt(A1 ⊗A2 ⊗X) = DL1A1 ⊗A2 ⊗X

+A1 ⊗DL2A2 ⊗X + (κ1 + κ2)A1 ⊗A2 ⊗Dσ−X

+
√
κ1L

†
1A1 ⊗A2 ⊗ [X,σ−] +

√
κ1A1L1 ⊗A2 ⊗ [σ+, X]

+
√
κ2A1 ⊗ L†

2A2 ⊗ [X,σ−] +
√
κ2A1 ⊗A2L2 ⊗ [σ+, X],

for any ancilla operator A1, A2 and system operator X .

According to Theorem 3.2 [14], we can derive the follow-

ing result directly.

Theorem 1: Let {Yi,t, i = 1, 2, . . . , N} be a set of N com-

patible measurement outputs for a quantum system G. With

vacuum initial state, the corresponding joint measurement

quantum filter is given by

dπ̃t(A1 ⊗A2 ⊗X) =π̃t(LLt(A1 ⊗A2 ⊗X))dt

+ βT
t [dYt − π̃t(dYt)] ,

(7)

where dWi,t = dYi,t − π̃t(dYi,t) is a martingale process for

each measurement output and β is the corresponding gain

given by

βT
t =

1

π̃t(dYtdY T
t )

{
π̃t(A1 ⊗A2 ⊗XdY T

t )

− π̃t(A1 ⊗A2 ⊗X)π̃t(dY
T
t )

+ π̃t

(
[L†

t , A1 ⊗A2 ⊗X]StdBtdY
T
t

)}
.

(8)

In Fig. 1, the corresponding gain β =
[
β1 β2

]
can be

calculated by (5) and (6),

β1 =
√
1− r2π̃t

[
A1L1 ⊗A2 ⊗X + L†

1A1 ⊗A2 ⊗X

+
√
κ1A1 ⊗A2 ⊗Xσ− +

√
κ1A1 ⊗A2 ⊗ σ+X

]

+ irπ̃t

[
A1 ⊗A2L2 ⊗X −A1 ⊗ L†

2A2 ⊗X

+
√
κ2A1 ⊗A2 ⊗Xσ− −√κ2A1 ⊗A2 ⊗ σ+X

]

− π̃t(A1 ⊗A2 ⊗X)
[√

1− r2k11(t) + irk12(t)
]
,

β2 =irπ̃t

[
A1L1 ⊗A2 ⊗X − L†

1A1 ⊗A2 ⊗X

+
√
κ1A1 ⊗A2 ⊗Xσ− −√κ1A1 ⊗A2 ⊗ σ+X

]

+
√

1− r2π̃t

[
A1 ⊗A2L2 ⊗X +A1 ⊗ L†

2A2 ⊗X

+
√
κ2A1 ⊗A2 ⊗Xσ− +

√
κ2A1 ⊗A2 ⊗ σ+X

]

− π̃t(A1 ⊗A2 ⊗X)
[
irk21(t) +

√
1− r2k22(t)

]
,

(9)

where

k11(t) = π̃t(L1 + L†
1 +

√
κ1σ− +

√
κ1σ+)dt,

k12(t) = π̃t(L2 − L†
2 +

√
κ2σ− −√κ2σ+)dt,

k21(t) = π̃t(L1 − L†
1 +

√
κ1σ− −√κ1σ+)dt,

k22(t) = π̃t(L2 + L†
2 +

√
κ2σ− +

√
κ2σ+)dt.

B. Master Equations
In what follows, write

πjk;mn
t (x) = Tr

{
(ρjk;mn(t))†x

}
, j, k,m, n = 0, 1,

and set

D�
σ−ρ = σ−ρσ+ − 1

2
σ+σ−ρ− 1

2
ρσ+σ−,

we only present master equations in Schrodinger picture due

to page limitation. The master equations is given by (10)

with initial conditions:

ρ11;11(0) = ρ00;11(0) = ρ11;00(0) = ρ00;00(0) = |η〉〈η|.
Remark 1: It can be easily verified that

ρjk;mn(t) = (ρkj;nm(t))†, j, k,m, n = 0, 1.

C. Quantum Filtering Equations
If we define

πjk;mn
t (X) =

π̃t(Q
jk
1 ⊗Qmn

2 ⊗X)

wjk
1 (t)wmn

2 (t)
, j, k = 0, 1,

where Qjk
1 , Qmn

2 , wjk
1 , wmn

2 are given by

wjk
i =

[
w00

i w01
i

w10
i w11

i

]
=

[
wi(t)

√
wi(t)√

wi(t) 1

]
,

Qjk
i =

[
Q00

i Q01
i

Q10
i Q11

i

]
=

[
σ+iσ−i σ+i

σ−i I

]
, i = 1, 2.

Due to page limitation, the following theorem only

presents the quantum filter in Heisenberg picture for the

two-level system G, and we only give the explicit form of

dπ11;11
t (X), the other 15 stochastic differential equations can

be derived similarly.
Theorem 2: Let {Yi,t, i = 1, 2} be the two homodyne

detection measurements for a quantum system G. With

single-photon input states |1ξ1〉 and |1ξ2〉 in each channel,

the quantum filter for the conditional expectation in the

Heisenberg picture is given by (11). Here,

k11(t) =ξ1(t)π
10;11
t (I) + ξ∗1(t)π

01;11
t (I)

+
√
κ1π

11;11
t (σ− + σ+),

k12(t) =ξ2(t)π
11;10
t (I)− ξ∗2(t)π

11;01
t (I)

+
√
κ2π

11;11
t (σ− − σ+),

k21(t) =ξ1(t)π
10;11
t (I)− ξ∗1(t)π

01;11
t (I)

+
√
κ1π

11;11
t (σ− − σ+),

k22(t) =ξ2(t)π
11;10
t (I) + ξ∗2(t)π

11;01
t (I)

+
√
κ2π

11;11
t (σ− + σ+),

the innovation processes W1(t) and W2(t) are given by

dW1(t) = dY1,t −
[√

1− r2k11(t) + irk12(t)
]
dt,

dW2(t) = dY2,t −
[
irk21(t) +

√
1− r2k22(t)

]
dt,

respectively. We have πjk;mn
t (X) = (πkj;nm

t (X†))†, the

initial conditions are

πjk;mn
t (X) =

{ 〈η|X|η〉, j = k and m = n,
0, otherwise.
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ρ̇11;11(t) =(k1 + k2)D�
σ−ρ

11;11(t) +
√
k1ξ1(t)[ρ

01;11(t), σ+] +
√
k1ξ

∗
1(t)[σ−, ρ10;11(t)]

+
√

k2ξ2(t)[ρ
11;01(t), σ+] +

√
k2ξ

∗
2(t)[σ−, ρ11;10(t)],

ρ̇10;11(t) =(k1 + k2)D�
σ−ρ

10;11(t) +
√
k1ξ1(t)[ρ

00;11(t), σ+] +
√
k2ξ2(t)[ρ

10;01(t), σ+] +
√
k2ξ

∗
2(t)[σ−, ρ10;10(t)],

ρ̇01;11(t) =(k1 + k2)D�
σ−ρ

01;11(t) +
√
k1ξ

∗
1(t)[σ−, ρ00;11(t)] +

√
k2ξ2(t)[ρ

01;01(t), σ+] +
√
k2ξ

∗
2(t)[σ−, ρ01;10(t)],

ρ̇00;11(t) =(k1 + k2)D�
σ−ρ

00;11(t) +
√
k2ξ2(t)[ρ

00;01(t), σ+] +
√
k2ξ

∗
2(t)[σ−, ρ00;10(t)];

ρ̇11;10(t) =(k1 + k2)D�
σ−ρ

11;10(t) +
√
k1ξ1(t)[ρ

01;10(t), σ+] +
√
k1ξ

∗
1(t)[σ−, ρ10;10(t)] +

√
k2ξ2(t)[ρ

11;00(t), σ+],

ρ̇10;10(t) =(k1 + k2)D�
σ−ρ

10;10(t) +
√
k1ξ1(t)[ρ

00;10(t), σ+] +
√
k2ξ2(t)[ρ

10;00(t), σ+],

ρ̇01;10(t) =(k1 + k2)D�
σ−ρ

01;10(t) +
√
k1ξ

∗
1(t)[σ−, ρ00;10(t)] +

√
k2ξ2(t)[ρ

01;00(t), σ+],

ρ̇00;10(t) =(k1 + k2)D�
σ−ρ

00;10(t) +
√
k2ξ2(t)[ρ

00;00(t), σ+];

ρ̇11;01(t) =(k1 + k2)D�
σ−ρ

11;01(t) +
√
k1ξ1(t)[ρ

01;01(t), σ+] +
√
k1ξ

∗
1(t)[σ−, ρ10;01(t)] +

√
k2ξ ∗2 (t)[σ−, ρ11;00(t)],

ρ̇10;01(t) =(k1 + k2)D�
σ−ρ

10;01(t) +
√
k1ξ1(t)[ρ

00;01(t), σ+] +
√
k2ξ

∗
2(t)[σ−, ρ10;00(t)],

ρ̇01;01(t) =(k1 + k2)D�
σ−ρ

01;01(t) +
√
k1ξ

∗
1(t)[σ−, ρ00;01(t)] +

√
k2ξ

∗
2(t)[σ−, ρ01;00(t)],

ρ̇00;01(t) =(k1 + k2)D�
σ−ρ

00;01(t) +
√
k2ξ

∗
2(t)[σ−, ρ00;00(t)];

ρ̇11;00(t) =(k1 + k2)D�
σ−ρ

11;00(t) +
√
k1ξ1(t)[ρ

01;00(t), σ+] +
√
k1ξ

∗
1(t)[σ−, ρ10;00(t)],

ρ̇10;00(t) =(k1 + k2)D�
σ−ρ

10;00(t) +
√
k1ξ1(t)[ρ

00;00(t), σ+],

ρ̇01;00(t) =(k1 + k2)D�
σ−ρ

01;00(t) +
√
k1ξ

∗
1(t)[σ−, ρ00;00(t)],

ρ̇00;00(t) =(k1 + k2)D�
σ−ρ

00;00(t),
(10)

dπ11;11
t (X) =

{
(κ1 + κ2)π

11;11
t (Dσ−X) +

√
κ1ξ

∗
1(t)π

01;11
t ([X,σ−]) +

√
κ1ξ1(t)π

10;11
t ([σ+, X])

+
√
κ2ξ

∗
2(t)π

11;01
t ([X,σ−]) +

√
κ2ξ2(t)π

11;10
t ([σ+, X])

}
dt

+
{√

1− r2
[
ξ1(t)π

10;11
t (X) + ξ∗1(t)π

01;11
t (X) +

√
κ1π

11;11
t (Xσ−) +

√
κ1π

11;11
t (σ+X)

]

+ ir
[
ξ2(t)π

11;10
t (X)− ξ∗2(t)π

11;01
t (X) +

√
κ2π

11;11
t (Xσ−)−√κ2π

11;11
t (σ+X)

]

− π11;11
t (X)

[√
1− r2k11(t) + irk12(t)

]}
dW1(t)

+
{
ir
[
ξ1(t)π

10;11
t (X)− ξ∗1(t)π

01;11
t (X) +

√
κ1π

11;11
t (Xσ−)−√κ1π

11;11
t (σ+X)

]

+
√
1− r2

[
ξ2(t)π

11;10
t (X) + ξ∗2(t)π

11;01
t (X) +

√
κ2π

11;11
t (Xσ−) +

√
κ2π

11;11
t (σ+X)

]

− π11;11
t (X)

[
irk21(t) +

√
1− r2k22(t)

]}
dW2(t)

(11)

IV. SIMULATION RESULTS

Assume the atom is initially in the ground state, i.e.,

|η〉 = |g〉. Annihilation operator is σ− = |g〉〈e|, and creation

operator is σ+ = |e〉〈g|. The pulse shapes of the two photons

are given by

ξi(t) =

(
Ω2

i

2π

) 1
4

exp

{
−Ω2

i

4
(t− ti)

2

}
, i = 1, 2.

The exciting probability is defined as

Pe(t) = Tr{ρ11;11(t)|e〉〈e|} = 〈e|ρ11;11(t)|e〉,
where ρ11;11(t) is the solution to (10).

In Fig. 2, the master equations for the two-level system are

simulated. Particularly, the red line denotes the two photons

have same peak arrival time t1 = t2 = 3 and same ratio for

their own decay rate Ω1 = 5.84κ1, Ω2 = 5.84κ2, and we can

get the maximum value of exciting probability Pe = 0.44.

When we let κ2 = 0, it means that the system has only

one input channel. Then the problem reduces to quantum

filtering for a two-level system driven by a single-photon

state, which has been considered in [7]. Meanwhile, let Ω1 =
1.46κ1, the maximum value of exciting probability Pe = 0.8
(black line) is consistent with the simulation result in [7].

Moreover, we also considered the case of two pulse shapes
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Fig. 2. (Color online) The exciting probability for the two-level system

with different peak arrival times, see the green line. In this

case, the maximum exciting probability Pe = 0.36 can be

attained two times.

V. CONCLUSIONS

In this paper, we have derived the master equations and

filtering equations for a two-level system driven by two

single-photon states. Particularly, two homodyne detection

measurements are applied and the influence of photon pulse

shape parameters on the detection probability have shown

with numerical simulation results. By simulation, it seems

that the maximum of exciting probability can be achieved

with same peak arrival time and ratio for bandwidth, i.e.,

Ω = 5.84κ.
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