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ABSTRACT
The Fokker–Planck-type approximation of the full Boltzmann equation has aroused intense research interest due to its potential for the
stochastic particle simulation of rarefied gas flows. The ellipsoidal statistical Fokker–Planck (ES-FP) model treats the evolution of molecular
velocity as a continuous stochastic process, and it satisfies the basic requirements for a proper gas-kinetic model including the H-theorem and
an adjustable Prandtl number. The ES-FP model can be numerically implemented with computational particles in a Monte Carlo manner.
Two different particle ES-FP schemes are presented. The first scheme utilizes the exact stochastic integral solution of the Langevin equations
corresponding to the ES-FP equation and couples free-molecular moves and intermolecular collisions. The second scheme is designed to
enforce the conservation of momentum and energy during the numerical simulation based on the decoupled algorithm and the analysis of
the specific conditions for the conservative property. Numerical tests are conducted to demonstrate the performances of different schemes.
In the simulation of a homogeneous gas system, the ES-FP scheme without enforcement of conservation leads to unphysical variation in
the momentum and loss in energy, whereas the conservative ES-FP scheme strictly maintains the momentum and energy of the system. For
the Mach 6 flows over the leading edge of a flat plate and over a round-nosed blunt body, the non-conservative ES-FP scheme underes-
timates the shock angle and the shock standoff distance, makes inaccurate predictions of aerodynamic force and heating, and produces
low-temperature anomalies in front of the shock waves. In comparison with the results given by the direct simulation Monte Carlo method,
the results of the conservative ES-FP simulations show satisfactory accuracy for the flow fields as well as the distributions of pressure, friction,
and heat flux on the wall surfaces.
Published under license by AIP Publishing. https://doi.org/10.1063/5.0030548., s

I. INTRODUCTION

The macroscopic governing equations used in continuum gas
dynamics lose their validity when they are applied to rarefied gas
flows. The degree of rarefaction in a gas flow is indicated by the
Knudsen number (Kn), which is defined as the ratio of the mean
free path of gas molecules to the characteristic length of the flow.
When Kn is not negligibly small, the frequency of intermolecular
collisions will be insufficient to maintain the local near-equilibrium
state of the gas element, and the distribution function of molecu-
lar velocity will significantly deviate from the Maxwellian distribu-
tion once it is disturbed. As a consequence, the linear constitutive
relation used in the Navier–Stokes equation, the Fourier’s law of
heat conduction, and the no-slip boundary condition on solid walls

are no longer applicable. Typical rarefied flows include the low-
density flows encountered in aerospace flights1–8 and the microscale
flows in micro-electro-mechanical systems.7–14 Such rarefied flows
exhibit behaviors beyond the knowledge of continuum flows, and
the investigations on these flows must resort to gas-kinetic theory.

The Boltzmann equation15 provides the theoretical basis for
kinetic modeling of dilute gases, and its numerical solution can be
obtained by the direct simulation Monte Carlo (DSMC) method.16,17

Since its inception in the 1960s,18 the DSMC method has been
developed into the mainstream simulation tool for practical rarefied
flow problems, especially for the high-speed rarefied gas dynam-
ics. The state of the art in the DSMC developments can be found
in Refs. 19–24. By introducing computational particles to represent
real gas molecules and utilizing the Monte Carlo technique properly,
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the DSMC method reproduces the underlying physics of the Boltz-
mann equation in a probabilistic manner. Key ideas in the DSMC
methods include (1) the decoupling of free-molecular moves and
intermolecular collisions over each simulation time step and (2)
the pairwise random selection of particles within each grid cell to
perform binary collisions. Both physical reasoning and quantitative
analysis25–29 indicate that the grid cell size and the time step in a
DSMC simulation must be kept below the kinetic scales in space
and time, namely, the mean free path and the mean collision time
of gas molecules. Such restrictions make the DSMC method compu-
tationally expensive in the low-Knudsen-number flow regime. With
the motivation to improve the efficiency of particle-based flow sim-
ulations, it is imperative to develop novel kinetic models and cor-
responding particle algorithms,30,31 in which the restrictions on the
cell size and the time step can be relaxed.

Since the innovative work of Jenny, Torrilhon, and Heinz,32 a
number of investigations on the particle-based Fokker–Planck sim-
ulation of gas flows have been carried out during the past decade.
In Ref. 32, the Fokker–Planck (FP) kinetic equation is utilized as
a simplified model of the full Boltzmann equation. The FP model
treats the evolution of individual molecular velocity as a contin-
uous stochastic process, which can be described by the stochastic
differential equation (SDE) called the Langevin equation. With a
specially designed stochastic integration scheme for the Langevin
equation, Jenny et al.32 managed to construct an efficient particle
algorithm, which excludes the calculation of intermolecular colli-
sions and therefore offers a possibility of using a coarser compu-
tational grid and a larger time step than those used in a DSMC
simulation. For the purpose of Prandtl-number correction, modi-
fied FP-type kinetic models have been put forward. Gorji et al.33

introduced the cubic FP model so that the correct Prandtl number
of monatomic gas Pr = 2/3 can be derived from this kinetic equa-
tion. Then, Gorji and Torrilhon34,35 developed the cubic FP model
into the entropic FP model, which satisfies the H-theorem. Other FP
models, which satisfy the H-theorem and enable the adjustment of
gas Prandtl number, include the modified streaming model36,37 pro-
posed by Singh and Ansumali36 as well as the ellipsoidal statistical
Fokker–Planck (ES-FP) model due to Mathiaud and Mieussens.38

Extensions of FP models to multi-species gas mixtures were explored
by Gorji and Jenny,39 Agrawal et al.,40 and Hepp et al.41,42 Besides,
various FP models for diatomic and polyatomic gases were con-
structed by Gorji and Jenny,43 Mathiaud and Mieussens,44,45 and
Hepp et al.46 Recently, Fokker–Planck-type kinetic modeling for
nonequilibrium dense gas and multi-phase flows were investigated
by Sadr and Gorji47 and Sadr et al.48

In addition to these theoretical modeling works, numerical
issues related to the particle Fokker–Planck simulation (also referred
to as Langevin dynamics simulation) and its applications have been
attracting great interests. Gorji and Jenny49 modified the original FP
algorithm in Refs. 32 and 33. Pfeiffer and Gorji50 suggested the adap-
tive particle–cell algorithm in the FP method to further improve
the efficiency of the FP method. The intersection of the stochastic
molecular path and the computational boundaries were studied in
an analytical manner by Zhang and Fan51 and Önskog and Zhang.52

Numerical errors in the effective transport properties caused by tem-
poral discretization were analyzed by Zhang et al.53 and Fei et al.54,55

using the Green–Kubo relations. Gorji et al.56 and Collyer et al.57

applied variance reduction techniques to reduce the noise in the

FP simulation of low speed flows. Recently, Jenny et al.58 analyzed
the bias error of the FP method. Due to the particle nature of
the FP method, it can be conveniently combined with other par-
ticle methods. For example, Fei and Fan59 and Fei et al.60 pro-
posed the diffusive information preservation (D-IP) method, and
the hybrid FP-DSMC scheme61–65 has been studied. The FP method
has been applied to numerical investigations of high-speed aero-
dynamics including the supersonic flow over the leading edge of
a flat plate,66 the supersonic flow past a cylinder,64,67 the noz-
zle expansion flow,68 the re-entry aerodynamics of a slender con-
figuration,69 and the interior structure of normal shock waves.70

Simulations of microscale rarefied flows were performed with the
FP method, including the flows through a slit and an orifice,71

the thermally induced gas flow in a ratchet microchannel,72 and
the shear-driven flows in microscale gaps and cavities.73 Recently,
Zhang and Önskog74 utilized the FP molecular simulation to elu-
cidate the mechanism of the macroscopic Rayleigh–Bénard insta-
bility from a microscopic point of view. Using the same approach,
Zhang et al.75 numerically studied the instability and the transition
to turbulence in the Kolmogorov flow, which provides evidence for
capturing large-scale coherent structures through the simulation of
molecular motions.

In spite of the advances in developing the FP method, there
are still some issues about the numerical implementation, which
require further clarification. In fact, the numerical schemes used in
the aforementioned FP particle simulations can be classified into
two distinct categories, hereafter called the coupled schemes and
the decoupled schemes. References 32, 33, 51–55, 57–60, and 66
adopted the coupled schemes, in which free-molecular moves and
intermolecular collisions are coupled. In a coupled scheme, the posi-
tion and the velocity of a particle are updated simultaneously using
the exact stochastic integral solution of the Langevin equation. By
following the treatment of Jenny et al.,32 the tortuosity and random-
ness of the particle trajectory as well as the correlation between the
velocity change and displacement are preserved in every evolution
step of the coupled scheme. In contrast, Refs. 41–43, 46, 49, 50, 56,
61–65, and 67–75 adopted the decoupled schemes, in which free-
molecular moves and intermolecular collisions are decoupled. In a
decoupled scheme, the particle position is simply updated by the
free-flight formula, which is linear and deterministic. The velocity
updating is performed after the particle move procedure has been
finished. For a FP-type particle simulation, the adoption of a coupled
scheme or a decoupled scheme will have fundamental influences on
its numerical properties, including the conservation of momentum
and energy.

The conservative property is crucial to both continuum-based
and particle-based flow simulations. In this respect, the success of
the DSMC method is largely due to the calculation of each binary
collision with intrinsic conservation.16 For the original FP method,
the conservation of momentum and energy is true only in a sta-
tistical sense, without a guarantee at the numerical level. How-
ever, for the decoupled FP schemes, there have been some reme-
dies to numerically ensure the conservative property. One feasible
approach, used by Gorji and Jenny49 as well as Pfeiffer and Gorji,50

is to transform the set of random variables for the particle evolu-
tion in each computational cell at each time step. The transformation
shifts and scales the generated random variables to normalize their
mean and variance. Alternatively, another approach is imposed on
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the particle velocity directly. For example, Pfeiffer et al.68 and Fei
et al.70 added a velocity correction procedure at the end of each
time step of their FP simulations. In this correction, velocities of
particles in one cell are shifted and scaled so that the conservation
of momentum and energy can be enforced. Nevertheless, as a mat-
ter of fact, not all aforementioned FP research works paid attention
to the conservative property of their FP schemes. Therefore, it is
necessary to make detailed numerical comparisons between the per-
formances of conservative and non-conservative FP schemes under
various scenarios.

The aims of this work are to study the conservative property
of the particle-based FP method and to illustrate the significance of
numerical conservation for FP simulations of rarefied gas flows. This
paper focuses on the ES-FP kinetic model, which has been studied
in Refs. 30, 38, 44, 66, 67, 70, 72, 76, and 77. The numerical imple-
mentation of the ES-FP model is based on the previous works of
the authors.66,77 The particle ES-FP scheme of Jiang et al.66 serves
as the baseline scheme, and it is developed into a conservative ver-
sion. Numerical experiments here focus on the high-Mach-number
rarefied gas dynamic problems, in which both the flow fields as well
as the pressure, friction, and heat flux on wall surfaces are investi-
gated. The remainder of this paper is organized as follows: Kinetic
formulation of the ES-FP model is given in Sec. II, followed by a
brief review of the particle ES-FP scheme of Jiang et al.66 in Sec. III.
Then, Sec. IV elaborates on a different ES-FP scheme that enforces
the conservation of momentum and energy. In Sec. V, simulations
of a homogeneous system, a flat-plate flow, and a blunt-body flow
are considered. The numerical performances of two ES-FP schemes
are demonstrated and compared. Finally, conclusions are given in
Sec. VI.

II. GAS-KINETIC FOKKER–PLANCK MODEL
The gas-kinetic equation for a single-species monatomic gas

describes the evolution of the velocity distribution function f (t, x, c)
at time t, position x, and molecular velocity c. If there is no external
force field, the gas-kinetic equation has a general form of

∂f
∂t

+ ci
∂f
∂xi
= S( f ), (1)

where the second term on the left-hand side is the molecular con-
vection term and the right-hand side S(f ) stands for the collision
operator. Note that throughout this paper, i, j, and k are tensor
indices and follow Einstein’s summation convention.

For dilute gases, the widely used Boltzmann equation gives
a precise account of binary collisions between molecules with the
integral collision operator15,78

SBoltz( f ) = ∫
R3 ∫

4π

0
[f (ζ∗)f (c∗) − f (ζ)f (c)]crσdΩ dζ, (2)

where c and ζ are the pre-collision velocities of two colliding
molecules, cr denotes their relative speed |c − ζ|, c∗ and ζ∗ are the
post-collision velocities, Ω represents the solid angle, and σdΩ is the
differential collision cross section.

This paper is concerned with an effective approximation of the
full Boltzmann equation, named the Fokker–Planck model. With the
assumption that the state of a gas molecule {x(t), c(t)} is a continuous
Markov stochastic process in the phase space, the evolution of the

distribution function f (t, x, c) can be described by a Fokker–Planck-
type equation.79,80 The general Fokker–Planck equation has the form
of Eq. (1) with a differential operator serving as the collision term,

SFP( f ) = −
∂(Aif )
∂ci

+
1
2
∂2
(Dijf )
∂ci∂cj

, (3)

where the first-order derivative term (drift term) contains a drift
coefficient vector Ai and the second-order derivative term (diffusion
term) contains a diffusion coefficient tensor Dij. Similar to SBoltz(f ),
the Fokker–Planck operator SFP(f ) formulates the change rate of
the distribution function f due to interactions between molecules.
However, instead of the detailed calculation of binary collisions,
the Fokker–Planck model describes the effect of molecular inter-
actions as the drift–diffusion process of f (t, x, c) over the velocity
space. To ensure the consistency between this kinetic model and the
macroscopic gas dynamics, the drift coefficient Ai and the diffusion
coefficient Dij must be constructed properly. This paper focuses on
one of the viable constructions of such Ai and Dij, which results in
the ellipsoidal statistical Fokker–Planck (ES-FP) gas-kinetic model
equation.38

A. Ellipsoidal statistical Fokker–Planck (ES-FP) model
The ES-FP equation for the velocity distribution function f (t,

x, c) of a single-species monatomic gas can be written as66

∂f
∂t

+ci
∂f
∂xi
= SES

FP( f ), SES
FP( f ) =

1
τ

∂

∂ci
[(ci − ui)f ]+(

kBT
mτ
)Eij

∂2f
∂ci∂cj

.

(4)

In the ES-FP operator, kB is the Boltzmann constant, m denotes the
molecular mass, u(t, x) is the local gas velocity, T(t, x) is the local
gas temperature, τ(t, x) is called the relaxation time, and Eij(t, x) is a
dimensionless tensor that is devised to adjust the gas Prandtl number
derived from the ES-FP model. The tensor Eij is constructed as

Eij = (1 − ν)δij + ν(−Pij/p), (5)

where δij is the Kronecker delta, Pij(t, x) denotes the local stress
tensor, p(t, x) = −Pkk/3 is the local gas pressure, and ν is a model
parameter linked with the gas Prandtl number. To guarantee the
positive semi-definiteness of the diffusion coefficient in Eq. (4), ν is
defined as

ν = max{1 −
3

2 Pr
,

1
1 − λmax

}, (6)

where Pr is the correct value of the gas Prandtl number (e.g., Pr
= 2/3 for monatomic gases) and λmax is the maximum eigenvalue
of the normalized stress tensor (−Pij/p). Based on this ν, the local
relaxation time τ(t, x) is defined as

τ(t, x) = 2(1 − ν)
μ(T(t, x))

p(t, x)
, (7)

where the gas viscosity μ(T) is a known function of temperature
T(t, x), and the expression of μ(T) is provided by gas-kinetic theory
using a model of the collision cross section of the gas molecule.

As shown above, the coefficients in the ES-FP operator involve
many macroscopic flow properties, which should be regarded as the
statistical moments of the velocity distribution function f (t, x, c).
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The formulas for number density n, gas velocity u, stress tensor P,
and temperature T are

n(t, x) = ∫
R3

f (t, x, c)dc, (8)

ui(t, x) =
∫R3 cif (t, x, c) dc

n(t, x)
, (9)

Pij(t, x) = −∫
R3

mCiCjf (t, x, c) dc, (10)

T(t, x) = ∫R
3 (

1
2 mC2

)f (t, x, c) dc
3
2 kBn(t, x)

, (11)

where C denotes the thermal velocity of a molecule, and it is defined
as C = c − u.

The ES-FP model preserves the essential properties of the full
Boltzmann equation and meets the basic requirements for a proper
gas-kinetic model.66 Specifically, it can be proved that (1) a gas sys-
tem governed by the ES-FP model obeys the laws of conservation
of mass, momentum, and energy, as well as the second law of ther-
modynamics (H-theorem); (2) in the limits of Kn → ∞ and Kn
→ 0, the ES-FP model yields the free-molecular and the equilibrium
solutions, respectively, which are identical to those derived from the
Boltzmann equation; and (3) in the continuum regime (Kn ≪ 1),
applying the first-order Chapman–Enskog analysis78 to the ES-FP
equation will recover the Navier–Stokes equations of compressible
viscous flows.

The conservative property of the ES-FP model, which is the
topic of interest in this paper, means that the hydrodynamic con-
servation laws

∂

∂t

⎛
⎜
⎜
⎝

ρ
ρuj

ρe

⎞
⎟
⎟
⎠

+
∂

∂xi

⎛
⎜
⎜
⎝

ρui

ρujui + pδij − πij

ρeui + pui − πijuj + qi

⎞
⎟
⎟
⎠

= 0 (12)

can be obtained by taking moments of Eq. (4). In Eq. (12), ρ denotes
the mass density, e denotes the total energy per unit mass, πij is the
viscous stress tensor, and qi is the heat flux vector. In fact, these
conservation laws are direct results of the following property of the
ES-FP operator:

∫
R3

⎛
⎜
⎜
⎝

m
mcj

mc2/2

⎞
⎟
⎟
⎠

SES
FP( f ) dc = 0, (13)

indicating that mass, momentum, and energy are conserved during
molecular interactions. Theoretically, Eq. (13) is guaranteed, owing
to the construction of SES

FP( f ) together with the relations between
macroscopic quantities and the distribution function f [see Eqs. (8)–
(11)]. However, in a numerical implementation of the ES-FP model,
special care may be needed to satisfy the conservation conditions
described by Eq. (13).

B. Langevin dynamics corresponding to ES-FP model
Instead of a direct discretization of Eq. (4), the ES-FP model

is numerically simulated with stochastic particle-based algorithms

in this paper. For this purpose, the dynamical law of the individ-
ual behavior of gas molecules is required. Fortunately, theories of
continuous stochastic processes and stochastic differential equations
(SDEs) show that a Fokker–Planck-type equation for the distribu-
tion function f (t, x, c) is equivalent to its corresponding SDEs for
molecular state {x(t), c(t)}, called the Langevin equations.79,80

The ES-FP equation (4) can be derived if the motion of each gas
molecule follows the Langevin equations

dxi

dt
= ci, (14)

dci

dt
= −

1
τ
(ci − ui) +

√
2kBT
mτ

LijẆj(t), (15)

where W(t) denotes the 3D standard Wiener process, and its time
derivative has the properties of white noise,

⟨Ẇi(t)⟩ = 0, ⟨Ẇi(t)Ẇj(t′)⟩ = δijδ(t − t′). (16)

In Eq. (15), L is a dimensionless matrix associated with the tensor E
defined by Eq. (5), and the relation between L and E is

LikLjk = Eij. (17)

For numerical convenience, matrix L can be taken as the Cholesky
factor of E. It can be mathematically proved that the above Langevin
dynamics and the ES-FP equation (4) describe the same stochastic
process of {x(t), c(t)}.79,80

From a physical point of view, Eqs. (14)–(17) provide a coarse-
grained model of the molecular dynamics, by exerting a drag force
and a rapidly fluctuating random force on each gas molecule to effec-
tively replace the real molecular interactions. The linear drag force
and the anisotropic fluctuating force in Eq. (15) correspond to the
drift term and the diffusion term in the ES-FP equation (4), respec-
tively. In Secs. III and IV, the key step of a particle ES-FP scheme
is to evolve each particle by integrating the Langevin equations (14)
and (15).

C. Initial and boundary conditions
Similar to any gas-kinetic description of flow problems, the

ES-FP model requires initial and boundary conditions for the dis-
tribution of molecular velocities. In this paper, the initial flow field
is uniform and is in thermal equilibrium, and therefore the ini-
tial molecular velocities are sampled from a Maxwellian distribu-
tion under macroscopic parameters nini, uini, and Tini. At freestream
boundaries, the velocity distribution is a Maxwellian distribution
under freestream parameters n∞, u∞, and T∞. Wall surfaces are
stationary and isothermal at temperature Tw. For gas–surface inter-
actions, the diffuse reflection model with full thermal accommoda-
tion is assumed. At a plane of symmetry, the molecular velocities are
specularly reflected.

III. REVIEW OF PARTICLE ES-FP SCHEME
This section briefly reviews the particle-based ES-FP scheme

proposed in Ref. 66. This scheme closely follows the methodol-
ogy of Jenny et al.,32 which is characterized by the coupling of
free-molecular moves and intermolecular collisions over one time
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step. In this section, a specially designed integration technique
for stochastic differential equations (14) and (15) is introduced
at first, and then the algorithm of this particle ES-FP scheme is
outlined.

A. Stochastic integration
Assume that the local macroscopic quantities u, T, τ, and L in

the Langevin equations are known and frozen over the time interval
[t, t + ∆t]. A statistically exact integration scheme for the Langevin
equations (14) and (15) can be written as66

xi(t +Δt) = xi(t)+uiΔt +[ci(t) − ui](1−e−Δt/τ
)τ+
√

BxxLikξk, (18)

ci(t + Δt) = ui + [ci(t) − ui]e−Δt/τ +
√

Bcx
2/BxxLikξk

+
√

Bcc − (Bcx
2/Bxx)Likηk, (19)

where ξ and η are two independent 3D random vectors that obey the
standard normal distribution so that

⟨ξi⟩ = 0, ⟨ηi⟩ = 0, ⟨ξiξj⟩ = δij, ⟨ηiηj⟩ = δij, ⟨ξiηj⟩ = 0. (20)

Besides, the coefficients Bxx, Bcx, and Bcc are

Bxx = τ2
(kBT/m)(−3 + 2Δt/τ + 4e−Δt/τ

− e−2Δt/τ
), (21)

Bcx = τ(kBT/m)(1 − e−Δt/τ
)

2
, (22)

Bcc = (kBT/m)(1 − e−2Δt/τ
). (23)

On condition that c(t) is known, the statistical moments of
the displacement ∆x = x(t + ∆t) − x(t) and the velocity increment
∆c = c(t + ∆t) − c(t) can be obtained from Eqs. (18)–(23) and
then compared with the theoretical expressions derived from the
Langevin equations (14) and (15). The comparison shows that the
integration formulas Eqs. (18) and (19) exactly preserve the theo-
retical expressions of the first-order and second-order moments of
∆x and ∆c:

⟨Δxi⟩ = uiΔt + [ci(t) − ui](1 − e−Δt/τ
)τ, (24)

⟨Δci⟩ = [ci(t) − ui](e−Δt/τ
− 1), (25)

⟨ΔxiΔxj⟩ − ⟨Δxi⟩⟨Δxj⟩ = τ2
(kBT/m)

×(−3 + 2Δt/τ + 4e−Δt/τ
− e−2Δt/τ

)Eij, (26)

⟨ΔciΔcj⟩ − ⟨Δci⟩⟨Δcj⟩ = (kBT/m)(1 − e−2Δt/τ
)Eij, (27)

⟨ΔciΔxj⟩ − ⟨Δci⟩⟨Δxj⟩ = τ(kBT/m)(1 − e−Δt/τ
)

2
Eij. (28)

B. Outline of algorithm
The particle ES-FP scheme shares the framework of the stan-

dard DSMC method. A computational grid with boundary settings
should be prepared before the simulation begins. Each computa-
tional particle represents a large number of real molecules and
evolves according to the Langevin dynamics and boundary condi-
tions described in Sec. II. The particle ES-FP algorithm in Ref. 66 is
briefly described in Algorithm 1.

ALGORITHM 1. Outline of the stochastic particle algorithm in Ref. 66 for the ES-FP gas-kinetic model.

1. Initialization
Initialize the macroscopic flow field and assign to each grid cell a proper number of computational particles with random positions x(0) and
random velocities c(0).

2. Particle evolution
In a loop over all computational particles:

• Find the particle position x(t) at time t. Local macroscopic parameters u(t, x(t)), T(t, x(t)), L(t, x(t)), and τ(t, x(t)) will be used in the
integration formulas [Eqs. (18) and (19)] for the particle.
• Generate independent standard normal random vectors ξ and η for the particle.
• Update the particle position and velocity using Eqs. (18) and (19). Meanwhile, the particle is being tracked. When the particle hits a
boundary element, the corresponding boundary treatment will be performed.

3. Statistical procedure
In a loop over all grid cells:

• Calculate the macroscopic flow properties by averaging molecular properties over the particles located in this cell.
• For steady flow problems, an exponentially weighted time averaging strategy32 is used to reduce the statistical noise in the
macroscopic flow field.
• Determine the parameter v [Eq. (6)], the tensor E [Eq. (5)], the Cholesky decomposition matrix L of E [Eq. (17)], and the
relaxation time τ [Eq. (7)].

Advance the physical time to t + ∆t. If the required number of time steps is reached, go to step 4. Otherwise, go to step 2.

4. Output
Output the results of macroscopic flow field and the distributions of pressure, friction, and heat flux along the wall surface.
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IV. CONSERVATIVE PARTICLE ES-FP SCHEME
The numerical performance of the scheme described in Sec. III

has been assessed in Ref. 66. In this ES-FP scheme, due to the strong
coupling of free-molecular moves and intermolecular collisions, it is
difficult to analyze whether this scheme can numerically ensure the
conservation of momentum and energy or not. Toward a truly con-
servative particle ES-FP scheme, this section begins with the decou-
pling of free-molecular moves and intermolecular collisions. On this
basis, the numerical implementation of a conservative particle ES-FP
scheme is described.

A. Approximation of the exact stochastic
integral solution

Consider the approximation of the position update formula
[Eq. (18)] in the limit of the vanishing time step ∆t. The Taylor
expansion of Eqs. (18) and (21) with respect to (∆t/τ) leads to

xi(t + Δt) = xi(t) + uiΔt + τ[ci(t) − ui][
Δt
τ

+ O(
Δt
τ
)

2
]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
deterministic terms

+

¿
Á
ÁÀτ2 kBT

m
[

2
3
(
Δt
τ
)

3
+ O(

Δt
τ
)

4
]Likξk

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
random term

,
Δt
τ
→ 0,

(29)

where the random term is O((Δt/τ)3/2). By neglecting terms of 3/2
order and higher, the position update formula is reduced to the free-
flight formula

xi(t + Δt) = xi(t) + ci(t)Δt. (30)

Since Eq. (30) is deterministic, there is no need to preserve the
covariance of ∆c and ∆x [Eq. (28)], and thus, the two random terms
in Eq. (19) can be replaced by a sole random term. The reduced
formula to update molecular velocity becomes

ci(t + Δt) = ui + [ci(t) − ui]e−Δt/τ +
√

(kBT/m)(1 − e−2Δt/τ)Likξk,

(31)

where ξ is a 3D random vector that obeys the standard normal
distribution and, therefore,

⟨ξi⟩ = 0, ⟨ξiξj⟩ = δij. (32)

Equation (31) is actually the solution of the Langevin equation (15),
preserving the exact expressions of ⟨Δci⟩ and ⟨ΔciΔcj⟩ [Eqs. (25) and
(27)]. Note that the random term in Eq. (31) can never be neglected
when (∆t/τ) approaches 0 because this random term is a semi-order
infinitesimal O((Δt/τ)1/2).

Equations (30) and (31) describe the simplified ES-FP par-
ticle evolution under the condition of a small time step. Such a
simplification implies the decoupling of free-molecular moves and
intermolecular collisions. Therefore, a time-splitting strategy can be
used in the implementation of the particle ES-FP method. In each
time step, the ES-FP equation is split into a free-molecular kinetic
equation,

∂f
∂t
= −ci

∂f
∂xi

, (33)

and an equation for the molecular velocity evolution due to inter-
molecular collisions,

∂f
∂t
=

1
τ

∂

∂ci
[(ci − ui)f ] + (

kBT
mτ
)Eij

∂2f
∂ci∂cj

. (34)

Accordingly, the particle evolution is implemented in two sequen-
tial stages. First, following Eq. (30), all particles move at constant
velocities along the straight lines that are actually the character-
istic lines of Eq. (33). Then, all particle positions are fixed, and
all particles are indexed to the computational cells. In a loop over
all cells, one can determine the cell values of macroscopic param-
eters (u, T, L, and τ) and update the velocity of each particle
located in the cell using Eq. (31), which precisely corresponds to
the analytical solution of Eq. (34). As a consequence of using the
decoupled scheme with Eqs. (30) and (31), the time step ∆t of
particle simulation has to be a fraction of the molecular collision
time scale.

B. Conditions for the conservation of momentum
and energy

Upon the decoupling of free-molecular moves and intermolec-
ular collisions, the conservative property of a particle scheme can be
analyzed. Clearly, the particle move procedure [Eq. (30)] is conser-
vative. This is because particles are the carriers of mass, momentum,
and energy in the simulation, and these properties of each particle
(m, mc, and mc2/2) remain unchanged during the free-molecular
moves. Therefore, the present decoupled scheme will be conserva-
tive as long as the velocity evolution procedure follows the physical
fact that mass, momentum, and energy are conserved in intermolec-
ular collisions, which is already stated by the important property
[Eq. (13)] of the ES-FP operator.

In the decoupled scheme, the particle velocity evolution can be
implemented cell by cell. In this process, there is no flux through
cell faces because particles do not move at this stage. Thus, the
mass, momentum, and energy in each cell should be the same before
and after the velocity evolution. For mass, this requirement is met
obviously. For momentum and energy, it means the velocity update
formula [Eq. (31)] is supposed to ensure

∑
pic
[mci(t + Δt)] = ∑

pic
[mci(t)], (35)

∑
pic
[

1
2

mc2
(t + Δt)] = ∑

pic
[

1
2

mc2
(t)], (36)

where∑
pic
(⋅) represents the summation over particles in the cell.

Although Eq. (31) is the statistically exact solution of the
Langevin equation (15) [or equivalently the split ES-FP equation
(34)], it may not ensure Eqs. (35) and (36) due to the details in
the numerical implementation. Consider a computational cell that
contains N particles. As shown by Eq. (31), the evolution of each
particle velocity c(t) is driven by a normal random vector ξ, and
therefore, a set of normal random vectors {ξ(1), ξ(2), . . ., ξ(N)} need to
be generated for this cell. Here, we propose the following sufficient
conditions to satisfy Eqs. (35) and (36).
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Condition 1. The macroscopic flow velocity u and tempera-
ture T in Eq. (31) should be derived from the microscopic infor-
mation of the N particles located within this cell at the instant just
before performing the velocity evolution procedure. To be specific,
the definitions of u and T should be

⎛

⎝
∑
pic

m
⎞

⎠
ui = ∑

pic
[mci(t)], (37)

1
2
⎛

⎝
∑
pic

m
⎞

⎠
u2 + N(

3
2

kBT) = ∑
pic
[

1
2

mc2
(t)]. (38)

The above equations emphasize on the instantaneous correspon-
dence between the macroscopic quantities and the molecular veloc-
ity distribution in the ES-FP kinetic model [see Eqs. (8)–(11)].

Condition 2. The set of normal random vectors {ξ(1), ξ(2), . . .,
ξ(N)} satisfy

N

∑
n=1

ξi
(n)
= 0, (39)

N

∑
n=1

ξ(n)i ξ(n)j = Nδij. (40)

Although there are many mature techniques to sample each ξ(n)

from the standard normal distribution, Eqs. (39) and (40) impose a
much stronger constraint on {ξ(1), ξ(2), . . ., ξ(N)} than the theoretical
expectations of ξ, as shown in Eq. (32).

The Appendix shows that these conditions ensure the conser-
vation of momentum and energy. In practice, condition 1 can be
satisfied as long as an instantaneous averaging strategy is used when
calculating the macroscopic quantities involved in Eq. (31). How-
ever, condition 2 is inevitably violated, unless the number of particles
N approaches infinity.

C. Conservative particle scheme
One can circumvent condition 2 in Sec. IV B and still enforce

the conservation of momentum and energy, by adding a velocity cor-
rection procedure after evolving the particle velocities according to
the Langevin dynamics. In this way, the conservative property of the
scheme can get rid of the reliance on the statistical characteristics of
random variables.

By replacing c(t + ∆t) with a temporary variable c̃, Eq. (31) can
be rewritten as

c̃i = ui + [ci(t) − ui]e−Δt/τ +
√

(kBT/m)(1 − e−2Δt/τ)Likξk, (41)

where the macroscopic flow velocity u and temperature T are
defined by Eqs. (37) and (38). Then, based on these temporary
molecular velocities c̃, one can define a temporary macroscopic
velocity ũ and a temporary temperature T̃ for each cell,

⎛

⎝
∑
pic

m
⎞

⎠
ũi = ∑

pic
(mc̃i), (42)

1
2
⎛

⎝
∑
pic

m
⎞

⎠
ũ2 + N(

3
2

kBT̃) = ∑
pic
(

1
2

mc̃2
). (43)

ALGORITHM 2. Outline of the stochastic particle algorithm for the ES-FP gas-kinetic model with enforcement of conservation.

1. Initialization
To each grid cell, assign a proper number of computational particles with random positions x(0) and random velocities c(0).

2. Free-molecular moves
• In a loop over all computational particles, move and track each particle using Eq. (30). Meanwhile, implement the boundary
conditions of the flow problem.
• Index the particles to the grid cells.

3. Evolution of molecular velocity
In a loop over all grid cells:

• Perform an instantaneous statistical procedure in preparation for the velocity evolution so that the macroscopic parameters involved
in the Langevin dynamics are obtained by sampling the particles in this cell at this instant. For example, see Eqs. (37) and (38).
• For each particle in the cell, generate a standard normal random vector ξ and evolve its velocity using Eq. (41).
• Perform a velocity correction procedure. Calculate ũ and T̃ for the cell, using Eqs. (42) and (43). For each particle in the cell, correct
its velocity using Eq. (44).

4. Statistical procedure for output
Calculate the macroscopic flow properties by averaging the molecular information. Similar to the routine in the DSMC method,
an accumulative time averaging strategy is used to reduce the statistical noise in the macroscopic results. These macroscopic results are only
for the output purpose, and they will not be used in step 3.

Advance the physical time to t + ∆t. If the required number of time steps is reached, go to step 5. Otherwise, go to step 2.

5. Output
Output the results of the macroscopic flow field and the distributions of pressure, friction, and heat flux along the wall surface.
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TABLE I. Parameters in the VHS model for argon gas.

Parameter Recommended value17

Reference temperature Tref (K) 273
Reference diameter dref (m) 4.17 × 10−10

Viscosity–temperature index ω 0.81
Molecular mass m (kg) 6.63 × 10−26

If condition 2 in Sec. IV B holds, it can be shown that ũ and T̃ are
identical to u and T, respectively (see the Appendix). However, in
general, ũ is different from u, and T̃ is different from T. Therefore, a
scaling–shifting transformation

ci(t + Δt) = ui +

√
T
T̃
(c̃i − ũi) (44)

will be performed to finally determine the updated velocity c(t + ∆t)
for each particle in the cell. By using the definition of macroscopic
properties u, T, ũ, and T̃ [Eqs. (37), (38), (42), and (43)], it is straight-
forward to show that the velocity correction [Eq. (44)] can lead to the
conservation of momentum and energy [Eqs. (35) and (36)].

Based on the above considerations in Secs. IV A–IV C,
a conservative particle ES-FP scheme can be implemented with
Algorithm 2, where some remarkable differences from Algorithm 1
should be noted. In particular, the purpose of the statistical pro-
cedure here is twofold: (1) to obtain the macroscopic parameters

FIG. 1. Time history of the total momentum and the total energy in the entire computational domain: (a) x-component of momentum, (b) y-component of momentum, (c)
z-component of momentum, and (d) energy.
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FIG. 2. The computational grids for ES-FP and DSMC simulations of a Mach 6
flow over a flat plate. The thick line stands for the plate.

TABLE II. Freestream and wall conditions of the flat-plate flow.

Parameter Value

Freestream number density n∞ (m−3) 1.33 × 1020

Freestream velocity u∞ (m/s) 1936.07
Freestream temperature T∞ (K) 300.00
Wall temperature Tw (K) 300.00
Plate length L (m) 1.00
Freestream mean free path λ∞ (m) 0.01
Freestream mean collision time τc,∞ (s) 2.51 × 10−5

Freestream Mach number M∞ 6.00
Global Knudsen number Kn∞ = λ∞/L 0.01

that govern the particle evolution and (2) to output the macroscopic
results.49,50,72 Therefore, two separate statistical modules are sug-
gested in Algorithm 2. The instantaneous averaging strategy is used
in step 3 (velocity evolution), while the accumulative time averaging
strategy is used in step 4, for the output purpose.

V. NUMERICAL EXAMPLES
In this section, three problems are numerically simulated with

two different particle ES-FP schemes described in Sec. III (Algo-
rithm 1) and Sec. IV (Algorithm 2), respectively. Emphasis is placed
on the consequences of failing to conserve momentum and energy
in the Fokker–Planck-type particle simulations of rarefied gas flows.
The DSMC solutions serve as the benchmarks, which are provided
by a standard DSMC solver that has been developed and validated in
the previous works of the authors.77,81

The simulated gas in the following numerical cases is
monatomic argon. In the DSMC simulations, the variable hard
sphere (VHS) model16 is assumed for the binary collisions between
argon molecules, which leads to the following dependence of gas
viscosity on temperature,

μ = μref(
T

Tref
)

ω
, μref =

15
√
πmkBTref

2(5 − 2ω)(7 − 2ω)πd2
ref

. (45)

Parameters in the VHS model for argon gas are listed in Table I.
In the ES-FP simulations, the Prandtl number Pr = 2/3 and the
viscosity–temperature dependence [Eq. (45)] are used as the inputs
to the ES-FP model via Eqs. (6) and (7).

A. Homogeneous gas
A spatially homogeneous argon gas is considered. At the ini-

tial time, the gas is assumed to be at rest and in thermal equilibrium
everywhere, with a number density of 1.294 × 1021 m−3 and a tem-
perature of 273 K. A one-dimensional grid is used in the particle
simulations to represent a part of the homogeneous gas. The length
of the computational domain is 1 m, and both ends of the domain
are periodic boundaries. Such a setup implies that the total momen-
tum and the total energy of all gas molecules in the computational
domain should stay constant during the system evolution.

Two simulations of this case were performed, using Algo-
rithms 1 and 2, respectively. For both simulations, the 1D compu-
tational domain was divided into 2000 equally spaced cells, and each
cell contained 400 particles at the initial time. Each particle in the
simulations represented about 1.6 × 1015 real molecules. The system
was simulated from time t = 0 to t = 2 ms with a time step of ∆t = 1
× 10−6 s. At the end of each time step, the total momentum and the
total energy of the simulated system were calculated by summing up
the molecular properties over the computational domain.

The time history of the total momentum and the total energy
in the computational domain is shown in Fig. 1. The results labeled

TABLE III. Computational parameters in the particle simulations of the flat-plate flow.

Parameter ES-FP or conservative ES-FP DSMC

Time step (s) 3 × 10−6 3 × 10−6

Number of grid cells 165 × 75 330 × 150
Number of particles per cell (initial) 200 50
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with “ES-FP” and “ES-FP (conservative)” were obtained by Algo-
rithms 1 and 2, respectively. It is worth noting that the initial molec-
ular velocities were randomly sampled from the Maxwellian distri-
bution with mean velocity u = 0 and temperature T = 273 K, so
the nominal momentum and energy of the simulated gas system
at the initial time should be 0 and 7.316 J, respectively. However,
since the particle number is finite, the initial momentum and energy
of the actual system must be slightly different from their nominal
values. Whatever the actual initial momentum and energy are, they
should be conserved when the system evolves. Therefore, the small
discrepancies between the actual and nominal initial conditions can
be noticed in Fig. 1 (e.g., the non-zero momentum at t = 0), but
these discrepancies do not affect the discussion here. While the con-
servative ES-FP simulation strictly maintains the momentum and
energy of the system, the ES-FP simulation without the enforcement
of conservation leads to unphysical oscillation and drift of the total
momentum, as well as a significant loss in the total energy. For this
case, the loss in energy is essentially a drop in gas temperature.

B. Leading edge of flat plate
This subsection is concerned with a supersonic argon gas flow

over a zero-thickness flat plate at a zero angle of attack. The 2D

computational domain is shown in Fig. 2, where the flat plate is
aligned with the x-axis and its leading edge is located at x = 0. The
plate surface is an isothermal wall, and the diffuse reflection with full
thermal accommodation is assumed for the gas–surface interactions.
Only half of the flow field needs to be considered, and the symmetric
boundary condition is adopted along the x-axis from the flow inlet
(x = −0.1 m) to the leading edge of plate (x = 0). The freestream and
wall conditions are listed in Table II.

A comparison was made between the numerical results of two
different ES-FP schemes described in Secs. III and IV. The reference
results were provided by a standard DSMC simulation. Computa-
tional parameters of these particle simulations are listed in Table III,
and the computational grids are shown in Fig. 2. Computational
parameters and grids in two ES-FP simulations keep consistent with
each other. For the DSMC simulation, the selections of computa-
tional parameters follow the guidelines required by the DSMC prin-
ciples. Specifically, the DSMC grid is fine enough to resolve the local
mean free path of gas molecules, the DSMC time step size is about
one-tenth of the freestream mean collision time, and the initial num-
ber of computational particles in a single cell is 50 on average, which
satisfies the DSMC requirement by a wide margin.

The computed temperature fields are illustrated in Fig. 3. The
results of the ES-FP simulation using Algorithm 1 are compared

FIG. 3. Temperature contours: (a) ES-
FP vs DSMC and (b) conservative ES-
FP vs DSMC. The contour lines of
T = 600 K are labeled. Nppc denotes the
average number of computational parti-
cles located in one grid cell at the initial
time.
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FIG. 4. Anomaly in the temperature field: (a) ES-FP vs DSMC and (b) conservative ES-FP vs DSMC. Nppc denotes the average number of computational particles located in
one grid cell at the initial time.

with the DSMC results in Fig. 3(a). Both simulations capture the
flow picture that a weak oblique shock wave is generated due
to the displacement effect of the boundary layer. However, the
shock angle predicted by Algorithm 1 is smaller than the DSMC
solution. A close inspection of the contour lines of 600 K can
clearly indicate this error. As shown in Fig. 3(b), the conservative

ES-FP simulation using Algorithm 2 can achieve better agree-
ment with the DSMC method. If attention is paid to the temper-
ature field in front of the shock wave, which should be undis-
turbed at the uniform freestream state, one can find that the
ES-FP scheme using Algorithm 1 produces an unphysical low-
temperature region [Fig. 4(a)]. This anomaly can be effectively

FIG. 5. Distribution of the pressure coefficient along the plate surface: (a) ES-FP vs DSMC and (b) conservative ES-FP vs DSMC. Nppc denotes the average number of
computational particles located in one grid cell at the initial time.
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removed in the conservative ES-FP simulation using Algorithm 2
[Fig. 4(b)].

Distributions of wall pressure pw, skin friction τw, and wall heat
flux qw along the plate surface are obtained in the particle simula-
tions and plotted in Figs. 5–7, where the dimensionless coefficients
of these surface quantities are defined as

Cp = (pw − p∞)/[(1/2)ρ∞u2
∞], (46)

Cf = τw/[(1/2)ρ∞u2
∞], (47)

Ch = qw/[(1/2)ρ∞u3
∞]. (48)

FIG. 6. Distribution of the skin friction coefficient along the plate surface: (a) ES-FP vs DSMC and (b) conservative ES-FP vs DSMC. Nppc denotes the average number of
computational particles located in one grid cell at the initial time.

FIG. 7. Distribution of the heat flux coefficient along the plate surface: (a) ES-FP vs DSMC and (b) conservative ES-FP vs DSMC. Nppc denotes the average number of
computational particles located in one grid cell at the initial time.
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FIG. 8. The computational grids for ES-FP and DSMC simulations of a Mach 6
flow over a blunt body. The thick line stands for the surface of the blunt body.

TABLE IV. Freestream and wall conditions of the blunt-body flow.

Parameter Value

Freestream number density n∞ (m−3) 1.29 × 1020

Freestream velocity u∞ (m/s) 1846.89
Freestream temperature T∞ (K) 273.00
Wall temperature Tw (K) 273.00
Nose radius Rn (m) 0.10
Freestream mean free path λ∞ (m) 0.01
Freestream mean collision time τc,∞ (s) 2.63 × 10−5

Freestream Mach number M∞ 6.00
Global Knudsen number Kn∞ = λ∞/Rn 0.10

Under the condition of M∞ = 6 and Kn∞ = 0.01, this flow
problem is characterized by the indirect pressure disturbance due
to viscous interaction, the heat transfer due to viscous dissipation,
and the strong rarefaction effects in the vicinity of the leading edge.

Therefore, it is challenging for numerical simulations to correctly
predict all above surface quantities at the same time. For the ES-FP
simulation using Algorithm 1, although the skin frictions were pre-
dicted accurately, underestimations of wall pressures and wall heat
fluxes can be observed, especially for the wall pressures. Remark-
able improvements can be achieved by using the conservative ES-FP
scheme, as evidenced in Figs. 5(b), 6(b), and 7(b).

C. Blunt body
This subsection is concerned with a supersonic argon gas flow

over a 2D round-nosed blunt body at a zero angle of attack. The
computational domain is shown in Fig. 8, where the nose radius
is denoted by Rn, the half angle is 10○, and the half width of base
is 1.52Rn. The body surface is an isothermal wall, and the diffuse
reflection with full thermal accommodation is assumed for the gas–
surface interactions. Only half of the flow field needs to be consid-
ered, and the symmetric boundary condition is adopted along the
x-axis from the flow inlet to the stagnation point. The freestream
and wall conditions are listed in Table IV.

A comparison was made between the numerical results of
two different ES-FP schemes described in Secs. III and IV. The
reference results were provided by a standard DSMC simulation.
Computational parameters of these particle simulations are listed
in Table V, and the computational grids are shown in Fig. 8. For
the DSMC simulation, the time step, the grid resolution, and the
number of particles per cell meet the requirements of the DSMC
method. For each of the ES-FP schemes, two selections of the num-
ber of particles per cell were considered. First, as many as 200 par-
ticles per cell were employed. Then, the number of particles per
cell was reduced to 50, which is the same as that in the DSMC
simulation. The effect of reducing the number of computational
particles on the accuracy of two ES-FP schemes will be discussed
below.

The steady fields of pressure, velocity, and temperature are pre-
sented in Figs. 9–11. In each of these figures, four different ES-FP
simulation results are compared with the DSMC results. In the ES-
FP simulation using Algorithm 1 and 200 particles per cell, rea-
sonable agreement with the DSMC simulation is obtained in the
contours of pressure [Fig. 9(a)], velocity [Fig. 10(a)], and temper-
ature [Fig. 11(a)], except for a little difference in the high pressure
region near the stagnation point [Fig. 9(a)]. However, in the ES-FP
simulation using Algorithm 1 and 50 particles per cell, the stand-
off distance of the bow shock wave is obviously underestimated
[see Figs. 9(c), 10(c), and 11(c)]. In contrast, the conservative ES-
FP scheme using Algorithm 2 demonstrates an insensitivity to the
number of employed particles and also shows satisfactory accuracy
in comparison with the DSMC method [see subfigures (b) and (d) in
Figs. 9–11].

TABLE V. Computational parameters in the particle simulations of the blunt-body flow.

Parameter ES-FP or conservative ES-FP DSMC

Time step (s) 1 × 10−6 1 × 10−6

Number of grid cells 122 × 88 244 × 176
Number of particles per cell (initial) 200 or 50 50
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FIG. 9. Pressure contours obtained by different particle ES-FP simulations: (a) ES-FP simulation with Nppc = 200, (b) conservative ES-FP simulation with Nppc = 200, (c)
ES-FP simulation with Nppc = 50, and (d) conservative ES-FP simulation with Nppc = 50. The DSMC results serve as the benchmarks. Nppc denotes the average number of
computational particles located in one grid cell at the initial time.

Figure 12 gives a closer look at the free stream in front
of the shock wave. The anomaly in the computed temperature
field, which has been discussed in Sec. V B, is observed again
in the ES-FP simulation [Fig. 12(a)] using Algorithm 1, but it
is absent in the conservative ES-FP simulation [Fig. 12(b)] using
Algorithm 2.

The simulation results of the pressure coefficient, the skin fric-
tion coefficient, and the heat flux coefficient along the surface of
the blunt body are plotted in Figs. 13–15. For the ES-FP simulation
using Algorithm 1, the results are sensitive to the number of particles
per cell, and the accuracy becomes worse as the number of parti-
cles per cell is reduced. If 200 particles per cell are used, the ES-FP
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FIG. 10. Contours of the x-component of the flow velocity obtained by different particle ES-FP simulations: (a) ES-FP simulation with Nppc = 200, (b) conservative ES-FP
simulation with Nppc = 200, (c) ES-FP simulation with Nppc = 50, and (d) conservative ES-FP simulation with Nppc = 50. The DSMC results serve as the benchmarks. Nppc

denotes the average number of computational particles located in one grid cell at the initial time.

simulation using Algorithm 1 predicts a higher wall pressure
[Fig. 13(a)] and a higher heat flux [Fig. 15(a)] near the stagnation
point, and it also overestimates the peak skin friction [Fig. 14(a)].
If 50 particles per cell are used, the ES-FP results of pressure
[Fig. 13(c)] and friction [Fig. 14(c)] are higher than the DSMC
results on the circular surface but lower than the DSMC results on

the flat surface. The largest discrepancy appears in the heat flux dis-
tribution [Fig. 15(c)], where the ES-FP results are significantly lower
on the whole surface.

As shown in subfigures (b) and (d) in Figs. 13–15, the enforce-
ment of conservation laws substantially improves the accuracy and
robustness of the ES-FP simulation. With either Nppc = 200 or
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FIG. 11. Temperature contours obtained by different particle ES-FP simulations: (a) ES-FP simulation with Nppc = 200, (b) conservative ES-FP simulation with Nppc = 200, (c)
ES-FP simulation with Nppc = 50, and (d) conservative ES-FP simulation with Nppc = 50. The DSMC results serve as the benchmarks. Nppc denotes the average number of
computational particles located in one grid cell at the initial time.

Nppc = 50, the surface quantities given by the conservative ES-
FP scheme using Algorithm 2 can match well with the DSMC
results.

The CPU times were recorded for three of the simulations listed
in Table V: the ES-FP simulation with Nppc = 50, the conserva-
tive ES-FP simulation with Nppc = 50, and the DSMC simulation.

These simulations ended after 40 000 time steps, which simu-
lated the physical process from t = 0 to t = 0.04 s. All com-
putations were performed in serial on a laptop, and the con-
sumed CPU times are 3.1 h for the ES-FP simulation, 3.7 h
for the conservative ES-FP simulation, and 7.1 h for the DSMC
simulation.
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FIG. 12. Anomaly in the temperature field: (a) ES-FP vs DSMC and (b) conservative ES-FP vs DSMC. Nppc denotes the average number of computational particles located
in one grid cell at the initial time.

FIG. 13. Distribution of pressure coeffi-
cient along the surface of the blunt body:
(a) ES-FP simulation with Nppc = 200,
(b) conservative ES-FP simulation with
Nppc = 200, (c) ES-FP simulation with
Nppc = 50, and (d) conservative ES-FP
simulation with Nppc = 50. Nppc is the
average number of computational parti-
cles located in one grid cell at the initial
time. The variable s is the distance along
the surface measured from the leading
edge.
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FIG. 14. Distribution of skin friction coeffi-
cient along the surface of the blunt body:
(a) ES-FP simulation with Nppc = 200,
(b) conservative ES-FP simulation with
Nppc = 200, (c) ES-FP simulation with
Nppc = 50, and (d) conservative ES-FP
simulation with Nppc = 50. Nppc is the
average number of computational parti-
cles located in one grid cell at the initial
time. The variable s is the distance along
the surface measured from the leading
edge.

FIG. 15. Distribution of heat flux coeffi-
cient along the surface of the blunt body:
(a) ES-FP simulation with Nppc = 200,
(b) conservative ES-FP simulation with
Nppc = 200, (c) ES-FP simulation with
Nppc = 50, and (d) conservative ES-FP
simulation with Nppc = 50. Nppc is the
average number of computational parti-
cles located in one grid cell at the initial
time. The variable s is the distance along
the surface measured from the leading
edge.
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VI. CONCLUSIONS
Based on the ES-FP model, which is a Fokker–Planck-type

approximation of the gas-kinetic Boltzmann equation, stochastic
particle simulation schemes for rarefied gas flows are developed.
The conservation of momentum and energy can be numerically
enforced in the ES-FP simulation by incorporating the following
ideas into the algorithm: (1) decoupling of free-molecular moves
and intermolecular collisions, (2) using instantaneous statistics to
evaluate the macroscopic parameters that guide the particle evo-
lution, and (3) correcting the particle velocities at the end of each
time step.

The test case of homogeneous gas provides a direct and con-
vincing evidence for the conservative property of the conserva-
tive ES-FP scheme. The simulations of two canonical flow prob-
lems in supersonic rarefied gas dynamics indicate the significance
of this conservative property. A particle Fokker–Planck scheme
without the enforcement of conservation laws may suffer from
the following defects: (1) it is unable to maintain an undisturbed
homogeneous macroscopic state; (2) it is sensitive to the aver-
age number of computational particles per cell; (3) it produces
an unphysical low-temperature region in front of the shock wave;
(4) it underestimates the shock angle and the shock standoff dis-
tance; (5) it makes inaccurate predictions of aerodynamic force
and heating. For the examples considered here, the present con-
servative particle scheme can remedy these defects to a great
extent.

Admittedly, the present conservative ES-FP scheme resembles
the conventional DSMC method in the aspect of decoupling free-
molecular moves and intermolecular collisions over each time step,
and therefore, its conservative property is achieved at the expense
of reducing the time step size ∆t below the mean collision time
τc of gas molecules. However, the original intention and the ulti-
mate goal of the particle Fokker–Planck method is to permit arbi-
trarily large ratio of ∆t to τc by coupling free-molecular moves
and intermolecular collisions, which will fundamentally enhance
the efficiency of the particle-based flow simulation. Hence, future
investigations on the particle Fokker–Planck method should include
the conservative implementations under the framework of coupled
schemes.
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APPENDIX: PROOF OF MOMENTUM AND ENERGY
CONSERVATION

Consider a computational cell that contains N particles inside.
This section shows that the velocity evolution procedure according
to Eq. (31) will satisfy the conservation of momentum [Eq. (35)]
and the conservation of energy [Eq. (36)], as long as the macro-
scopic properties of this cell satisfy Eqs. (37) and (38) and the
normal random vectors for particles in this cell satisfy Eqs. (39)
and (40).

First, consider the proof of the momentum conservation
Eq. (35). Multiply Eq. (31) by molecular mass m, and sum over all

particles in the cell. As a result, one can get

∑
pic
[mci(t + Δt)] =

⎛

⎝
∑
pic

m
⎞

⎠
ui + e−Δt/τ⎛

⎝
∑
pic
[mci(t)] −

⎛

⎝
∑
pic

m
⎞

⎠
ui
⎞

⎠

+
√

mkBT(1 − e−2Δt/τ)Lik(
N

∑
n=1

ξk
(n)
). (A1)

Substituting Eqs. (37) and (39) into Eq. (A1) reproduces Eq. (35).
This shows that the velocity evolution procedure conserves the
momentum in the cell.

Then, consider the proof of the energy conservation Eq. (36).
Using Eq. (31), one can get

1
2

mci(t + Δt)cj(t + Δt)

=
1
2

muiuj +
1
2

uje−Δt/τ
[mci(t) −mui]+

1
2

uie−Δt/τ
[mcj(t) −muj]

+
1
2

e−2Δt/τ
[mci(t)cj(t) − ujmci(t) − uimcj(t) + muiuj]

+
1
2

kBT(1 − e−2Δt/τ
)LikLjmξkξm. (A2)

Next, summing over all particles in the cell and utilizing Eqs. (37)
and (40), one can get

∑
pic
[

1
2

mci(t + Δt)cj(t + Δt)]

=
1
2
⎛

⎝
∑
pic

m
⎞

⎠
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×

⎡
⎢
⎢
⎢
⎢
⎣

∑
pic
[

1
2

mci(t)cj(t)] −
1
2
⎛

⎝
∑
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m
⎞

⎠
uiuj

⎤
⎥
⎥
⎥
⎥
⎦

+
1
2

NkBT(1 − e−2Δt/τ
)LikLjk. (A3)

Note that matrix L is generated by the Cholesky decomposition of
the tensor E, and thus, LikLjk turns out to be Eij. In addition, the
definition of E [Eq. (5)] indicates that the trace of E is equal to 3.
Therefore, by letting i = j, one can obtain

∑
pic
[

1
2

mc2
(t + Δt)] =

1
2
⎛
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∑
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×
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⎢
⎢
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⎤
⎥
⎥
⎥
⎥
⎦

+ N(
3
2

kBT)(1 − e−2Δt/τ
). (A4)

By substituting Eq. (38) into Eq. (A4) and after some algebraic
manipulations, Eq. (36) is derived. This shows that the velocity
evolution procedure conserves the energy in the cell.
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