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ABSTRACT

Non-Hermitian scattering systems respecting parity-time symmetry exhibit unidirectional invisibility or reflectionlessness at an exceptional
point of the scattering matrix. In this study, we investigate the scattering properties of a one-dimensional acoustic parity-time-symmetric
multilayered medium. Parity-time symmetry is defined by a spatial small-amplitude square-wave modulation of the medium parameters in
the complex plane. Such a multilayered medium has been demonstrated to reach an exceptional point and support unidirectional invisibility
for balanced real and imaginary part modulations of the refractive index. Through the analysis of interference within the medium, we show
that the complex modulation of acoustic impedance instead of the refractive index governs the exceptional point of the scattering matrix
and determines the occurrence of the unidirectional invisibility. This unidirectional invisibility is further investigated for more general cases
of complex parameter distribution including unequal modulation amplitudes and rectangular wave modulation. Our study provides an intu-
itive physical picture of the occurrence of unidirectional invisibility induced by an exceptional point in acoustic wave systems. Moreover,
this study could facilitate the design and practical realization of acoustic parity-time-symmetric structures.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0039432

I. INTRODUCTION

Parity-time-symmetric (PT-symmetric) systems are a class of
non-Hermitian systems whose Hamiltonians commute with the
combined PT operator. This type of system experiences a transition
from the PT-symmetric phase to the PT-broken phase once the
non-Hermitian parameters reach a certain threshold. During this
transition, the real eigen-spectrum becomes complex abruptly.1

The point that connects these two phases is known as the
PT-symmetry breaking point or exceptional point (EP), which is
associated with many intriguing phenomena and applications.2–7

In PT-symmetric scattering systems, EP can induce unidirec-
tional invisibility, that is, reflection vanishes from one side, and
transmission occurs as if the structure did not exist.8 This extraor-
dinary phenomenon was first theoretically predicted in a complex

PT-symmetric optical grating having balanced real-part refractive
index and gain/loss modulations.9 A loss-biased passive version of
such PT-symmetric potential supporting unidirectional reflection-
lessness, which is a more general case of an EP of the scattering
matrix, was then demonstrated experimentally through a Si-based
optical waveguide with only adsorptive media.10

The EP-induced unidirectional invisibility or reflectionless-
ness, in general, can be mathematically described by the coales-
cence of eigenvalues of a scattering matrix.11,12 PT-symmetric or
non-Hermitian acoustic scattering systems regarding their practi-
cal implementation have mainly two types. The first type used
lumped gain and/or loss elements without clear thickness to syn-
thesize EPs of the scattering matrix, for example, via loudspeaker
units loaded with active circuits,13,14 diaphragms within an airflow
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duct,15 and passive resonant structures with asymmetric loss.16–19

For the second type, which is the focus of this study, EPs of the
scattering matrix are achieved by bulk materials with effective
parameters spatially modulated in the complex plane following
certain patterns.20–25 Specifically, EP-induced unidirectional invisi-
bility appears in a PT-symmetric periodic medium whose refractive
index distribution satisfies a complex exponential modulation or a
more practical square-wave modulation.20,21 In most existing
works, this type of complex index distribution is achieved by
tuning one of the two material parameters (e.g., bulk modulus)
while keeping the other one (e.g., density) unchanged. However,
both of the two effective parameters usually alter simultaneously
with regard to their experimental realization with artificial materi-
als,22,26,27 which brings challenges to the overall design. Although
several approaches have been proposed to overcome this obstacle,
such as, through sidewall structures within acoustic
waveguides20–23,25,27 similar to the acoustic liners,28,29 still, the
stringent requirements inevitably limit their practicability. More
importantly, the necessary condition, in terms of material parame-
ter distribution, to access an EP of the scattering matrix and realize
the resultant unidirectional invisibility in PT-symmetric media
remains unclear.

In this study, we present two examples to show that the uni-
directional invisibility supported by an acoustic PT-symmetric
refractive index distribution at an EP can take place in the opposite
direction or even disappear when the density and modulus are
modulated simultaneously. To determine which parameter governs
the EP of the scattering matrix, we analyze the interference of back-
scattered waves and demonstrate that, in the small-modulation
regime, the acoustic impedance instead of the refractive index
exclusively determines the occurrence of the unidirectional invisi-
bility in the PT-symmetric medium. In addition, the broadband
response is investigated in the cases of unequal amplitudes of real
and imaginary part modulations and rectangular wave modulation.
Our results offer a deeper understanding of EPs in acoustic scatter-
ing systems and would benefit the practical design and applications
of PT-symmetric or other non-Hermitian acoustic structures under
complex small-amplitude modulation.

II. PT-SYMMETRIC MULTILAYERED MEDIUM

The one-dimensional periodic PT-symmetric acoustic
medium with N periods is immersed in the background medium,
as depicted in Fig. 1(a). The background medium parameter X (X
can be density, bulk modulus, refractive index, or acoustic imped-
ance) is modulated by a complex square-wave function
ΔX(x) (jΔXj � X) as shown in Fig. 1(b). In this function, T is the
modulation period, l1 and l2 are the thicknesses of the negative and
positive half cycles of the real part modulation (T ¼ l1 þ l2), m is
the duty ratio of the positive real part modulation defined as
m ¼ l2/T , and ε and δ are the modulation amplitudes of the real
and imaginary parts. Each period is composed of four layers (A, B,
C, and D).

The proposed configuration widely employed in the studies of
PT-symmetric systems10,20,21 consists of real and imaginary part
modulations, which is different from the pure gain-loss distribution
discussed in Ref. 11. Evolved from the continuous complex

exponential function, this square-wave function configuration is
proposed to simplify experimental realization and can be readily
implemented by combining sidewall structures and micro-
loudspeakers. In detail, the sidewall structures such as micro-
perforations and grooves have been proved to mimic homogenous
resistive and capacitive boundaries for real-part index and loss
modulation, respectively.20–22 The most challenging part may be to
construct a homogenous gain element. Emerging schemes such as
virtual atom and loudspeaker units loaded with circuits can serve
as potential candidates of gain media.13,26,30 Achieving the pro-
posed configuration is possible by embedding these micro-
loudspeakers array into the sidewall structure, provided that the
micro-loudspeakers and their intervals are much smaller than the
wavelength.

III. TRANFER MATRIX METHOD

To analyze the scattering properties of the multilayered
medium, the transfer matrix method is employed.31 After omitting
the time dependency eiωt, the one-dimensional linear acoustic wave
equation can be expressed as

d2p(x)
dx2

þ ω2

c2
p(x) ¼ 0, (1)

where p, ρ, κ, c ¼ ffiffiffiffiffiffiffi
κ/ρ

p
, f, and ω ¼ 2πf represent the acoustic

pressure, density, modulus, speed of sound, frequency, and angular
frequency, respectively. The general solution of the acoustic pres-
sure field subject to Eq. (1) is given by

p(x) ¼ Pf e
�ikx þ Pbe

ikx , (2)

and the particle velocity is obtained as

v(x) ¼ � 1
iωρ

@p
@x

¼ Pf e�ikx

ρc
� Pbeikx

ρc
, (3)

FIG. 1. One-dimensional acoustic medium under PT-symmetric modulation. (a)
Schematic of the multilayered periodical medium inserted in the background
medium. The medium is composed of four components A, B, C, and D with N
periods; (b) parameter ΔX under complex square-wave modulation.
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where Pf and Pb denote the acoustic pressure of forward and back-
ward propagating waves and k is the wave number. Given the conti-
nuity of pressure and normal particle velocity at the interfaces as
shown in Fig. 1(a), the sound pressure and normal acoustic particle
velocity on two sides of any individual layer can be connected by a
2 × 2 transfer matrix TY ,

p(xM)
v(xM)

� �
¼ TY

p(xN )
v(xN )

� �
, (4)

where M and N represent two adjacent layers. The transfer matrix
TY is expressed as

TY ¼ cos(kY lY ) iρYcY sin(kY lY )
isin(kY lY )/ρYcY cos(kY lY )

� �
, (5)

where kY , lY , ρY , and cY represent the wavenumber, thickness,
density, and speed of sound of layer Y, respectively (Y can be A, B,
C, or D). For the PT-symmetric medium with a total number of
periods N, the forward and backward transfer matrices of the entire
system are expressed as

Tf ¼ (TA � TB � TC � TD)
N , (6a)

Tb ¼ (TD � TC � TB � TA)
N : (6b)

The overall reflection and transmission coefficients for
forward and backward incidences can be obtained from the ele-
ments of the transfer matrix as

r f ,b ¼
T f , b
11 þ T f ,b

12

ρ0c0

 !
� ρ0c0T

f ,b
21 � T f ,b

22

T f ,b
11 þ T f ,b

12

ρ0c0

 !
þ ρ0c0T

f ,b
21 þ T f ,b

22

, (7a)

t f ,b ¼ 2e jk0NT

T f ,b
11 þ T f ,b

12

ρ0c0

 !
þ ρ0c0T

f ,b
21 þ T f ,b

22

, (7b)

with ρ0, c0, and k0 being the density, sound speed, and wave
number, respectively, of the background medium.31 T is the length
of a period of the multilayered medium. Considering the reci-
procity, tf ¼ tb ¼ t.

The entire multilayered medium is immersed in a homoge-
nous background medium (regions outside the multilayered
medium) and works as a two-port system that can be fully
described by a 2 × 2 scattering matrix. This matrix connects the
pressure amplitudes of forward and backward propagating waves

outside the entire multilayered medium,

Pf jx�NT
2

Pbjx��NT
2

" #
¼ S

Pf jx��NT
2

Pbjx�NT
2

" #
, S ¼ t rb

rf t

� �
: (8)

IV. KEY ROLE OF THE ACOUSTIC IMPEDANCE

A. Limitation of the refractive index description

We start from the normal case, that is, the parameter X þ ΔX
mentioned in Sec. II represents the refractive index distribution
nþ Δn. The modulation is only applied to the bulk modulus
(Table I). The reflection and transmission coefficients are calculated
using the transfer matrix method. The background medium is air
with refractive index n0 ¼ 1, density ρ0 ¼ 1:21 kg/m3, and bulk
modulus κ0 ¼ 0:14236 MPa. The modulation period T is set as
0:06 m with l1 ¼ l2, and its number N is chosen as a relatively
small value, 10 to avoid the breakdown of unidirectional invisibil-
ity.8 The amplitudes of the refractive index modulation, εn and δn,
are both 0.005 that satisfies the small-amplitude modulation.

As shown in Figs. 2(a) and 2(b), the vanishing reflection from
the backward direction and the unitary transmission coefficient
(jrbj ¼ 0 and jtj ¼ 1) are observed at the first Bragg frequency
fB ¼ c0/(2T), 2858.33 Hz, which satisfies the generalized unitary
relation.11,12 This unidirectional reflectionlessness can be under-
stood from the fact that the square-wave modulation provides a uni-
directional modulation vector in momentum space.20 Intrinsically,
this effect takes place at an EP of the scattering matrix defined in the
parameter space when δ/ε ¼ 1, which corresponds to the coalesced

and unimodular eigenvalues λ1, 2 ¼ t + ffiffiffiffiffiffiffiffi
rbrf

p� �
with one of the

reflection coefficients vanishing [Fig. 2(c)]. Moreover, Fig. 2(b)
shows the transmission phase jft j ¼ 0 at fB. The above three features
(jrbj ¼ 0, jtj ¼ 1 , and jft j ¼ 0) indicate that the multilayered
medium is invisible when probed from the backward direction,
namely, the so-called unidirectional invisibility phenomenon.

The above refractive index description has been widely used in
acoustic PT-symmetric scattering systems.20–22,25,27 However, this
description may no longer work when the two material parameters,
ρ and κ, are simultaneously modulated. To demonstrate this point,
two counterexamples, cases I and II, are given as follows.

In case I, the refractive index modulation reflects in the bulk
moduli of components A and C and the densities of components B
and D, as listed in Table II. Notably, the resultant refractive index
distribution n ¼ c0

ffiffiffiffiffiffiffi
ρ/κ

p
still satisfies the square-wave modulation

as given in the normal case. According to the previous experience,

TABLE I. Parameter distribution for the normal case.

Component A B C D

ρ ρ0 ρ0 ρ0 ρ0
κ κ0

(1þεþδi)2
κ0

(1�εþδi)2
κ0

(1�ε�δi)2
κ0

(1þε�δi)2

n n0(1 + ε + δi) n0(1− ε + δi) n0(1− ε− δi) n0(1 + ε− δi)
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a strong reflection in the forward direction together with vanishing
reflection in the backward direction would be observed. However,
Figs. 3(a) and 3(b) show that the actual reflectionless direction
reverses, that is, the PT-symmetric medium now becomes invisible
from the forward direction (jrf j ¼ 0, jtj ¼ 1 , and jft j ¼ 0). An
EP can still be found at δ/ε ¼ 1 in Fig. 3(c), but in this case, is a
result of vanishing rf .

In case II, the PT-symmetric refractive index modulation is
realized by tuning κ and ρ simultaneously (Table II). The calcula-
tion results are given in Figs. 3(d)–3(f), where the unidirectional
invisibility and the related EP disappear. Instead, the bi-directional
reflection exists at the first Bragg frequency.

B. Acoustic impedance

To understand the results of cases I and II, we carry out an intu-
itive analysis by considering the interference of backscattering waves.
As shown in Fig. 4, r denotes the reflection coefficient at a specific
interface, in which the subscript represents the interface between two
adjacent layers. N is the total number of unit cells. k and Z represent
the wavenumber and acoustic impedance with their subscript denot-
ing the corresponding layer. ΔkY and ΔZY are defined as

ΔkY ¼ kY � k0

and

ΔZY ¼ ZY � Z0,

where Y can be A, B, C, or D.
We take interface BC in the leftmost unit cell as an example to

analyze the reflected wave from an interface. Considering the trans-
mission through interfaces 0A and AB and the phase delays in
layers A and B, a unitary incident wave arriving at interface BC is
formulated as

pijx¼T
2
¼ t0AtABe

�i(k0þΔkA)mT
2 e�i(k0þΔkB)

(1�m)T
2 : (9)

The transmission coefficients at interfaces 0A and AB, t0A
and tAB, are expressed by acoustic impedances as t0A ¼ 2(Z0

þΔZA)/(2Z0 þ ΔZA) and tAB ¼ 2(Z0 þ ΔZB)/(2Z0 þ ΔZA þ ΔZB).
The reflected wave at interface BC is written as

prjx¼T
2
¼ pijx¼T

2
rBC, (10)

with reflection coefficient at interface BC being expressed as
rBC ¼ (ΔZC � ΔZB)/(2Z0 þ ΔZB þ ΔZC). Again, considering the
transmission and phase delays, the reflected wave traveling back to
interface 0A reads as

prjx¼0 ¼ prjx¼T
2
tBAtA0e

�i(k0þΔkB)
(1�m)T

2 e�i(k0þΔkA)mT
2 , (11a)

where the transmission coefficients at interfaces BA and A0, tBA and
tA0, are expressed as tBA ¼ 2(Z0 þ ΔZA)/(2Z0 þ ΔZA þ ΔZB) and
tA0 ¼ 2Z0/(2Z0 þ ΔZA). For small-amplitude modulation
(jΔkj � k0 and jΔZj � Z0), prjx¼0 can be simplified after ignoring

FIG. 2. Calculation results for the normal case: (a) amplitudes of the reflection coefficients and (b) amplitude and phase of the transmission coefficient, each as a function
of frequency; (c) absolute value of the eigenvalues of the scattering matrix as a function of the imaginary-to-real-part ratio.

TABLE II. Parameter distributions of cases I and II.

Component A B C D

Case I ρ ρ0 ρ0(1− ε + δi)2 ρ0 ρ0(1 + ε− δi)2

κ κ0
(1þεþδi)2

κ0
κ0

(1�ε�δi)2
κ0

Case II ρ ρ0(1 + ε + δi) ρ0(1 + ε + δi) ρ0(1− ε− δi) ρ0(1− ε− δi)

κ κ0
κ0(1þεþδi)
1�εþδi κ0

κ0(1�ε�δi)
1þε�δi

n n0(1 + ε + δi) n0(1− ε + δi) n0(1− ε− δi) n0(1 + ε− δi)
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the higher-order infinitesimals in the form

prjx¼0 ¼ rBCe
�ik0T , (11b)

where rBC is approximated as ΔZC�ΔZB
2Z0

. Notably, only the modulation
on acoustic impedance exists in the expression of the reflected wave
after the above simplification.

The reflected waves from other interfaces can be obtained in a
similar way. The overall reflection coefficients from both sides can
be approximated as the superposition of all the reflected waves,

rf ¼ r0A þ rABe
�2iA�m

2 þ rBCe
�2iA�1

2 þ rCDe
�2iA� 1

2þ1
2(1�m)½ �

þ
�XN�1

q¼1
rDAe

�2iAq þ rABe
�2iA qþm

2ð Þ þ rBCe
�2iA qþ1

2ð Þ

þ rCDe
�2iA qþ1

2þ1
2(1�m)½ �

�
þ rD0e

�2iAN (12a)

and

rb ¼ rA0e
�2iAN þ rBAe

�2iA N�m
2ð Þ þ rCBe

�2iA N�1
2ð Þ

þ rDCe
�2iA N�1

2�1
2(1�m)½ � þ

�XN�2

q¼0
rADe

�2iA(qþ1)

þrBAe
�2iA qþ1

2þ1
2(1�m)½ � þ rCBe

�2iA qþ1
2ð Þ þ rDCe

�2iA qþm
2ð Þ
�
þ r0D,

(12b)

in which A ¼ k0T , and k0T ¼ sπ (s [ Zþ) denotes the sth order
Bragg frequency. Each term of the right-hand side of Eq. (12)
exactly represents the reflection from one interface. When m ¼ 0:5
and A ¼ π, the reflection coefficients can be written as

rf ¼ r0A � irAB � rBC þ irCD

þ
XN�1

q¼1
rDA � irAB � rBC þ irCD

� �
þ rD0 (13a)

FIG. 3. Calculation results for case I and case II: [(a) and (d)] amplitudes of the reflection coefficients and [(b) and (e)] amplitude and phase of the transmission coefficient,
each as a function of frequency; [(c) and (f )] absolute value of the eigenvalues of the scattering matrix as a function of the imaginary-to-real-part ratio.
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and

rb ¼ rA0 þ irBA � rCB � irDC

þ
XN�2

q¼0
rAD þ irBA � rCB � irDC

� �
þ r0D: (13b)

For the above normal case, after substituting the parameters
into Eqs. (13a) and (13b), rf and rb can be obtained as 2Ni(εþ δ)
and 2Ni(ε� δ), respectively. When ε ¼ δ, the reflected waves for
forward incidence are in-phase, thereby leading to constructive
interferences and strong reflection. By contrast, for backward inci-
dence, these reflections are out-of-phase, resulting in complete
destructive interferences and vanishing reflection.

In case I, rf and rb are expressed as 2N(δ � ε) and 2N(δ þ ε).
When ε ¼ δ, the directions of constructive and destructive interfer-
ence reverse compared with the normal case, and the reflectionless
direction reverses accordingly. In case II, the two terms are derived as

FIG. 5. Broadband scattering properties of the PT-symmetric multilayered medium for εZ ¼ δZ and m ¼ 0:5. (a) Amplitudes of the reflection coefficients. (b) Amplitude
and phase of the transmission coefficient.

FIG. 4. Superposition of reflections from interfaces in the case of (a) forward
and (b) backward incidence.
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2Nε(1� i) and 2Nε(�1� i) with the same non-zero amplitudes,
thereby leading to the symmetric bi-directional reflection.

From the above analysis, for small-amplitude modulation
with fixed modulation period and total length, the acoustic
impedance exclusively determines the scattering property of the
PT-symmetric system. Therefore, we conclude that the modula-
tion on acoustic impedance should be a more appropriate way to
describe PT-symmetric scattering systems and characterize the
existence of EPs.

V. UNIDIRECTIONAL INVISIBILITY IN THE CASES
OF UNEQUAL MODULATION AND RECTANGULAR
REAL-PART MODULATION

The unidirectional invisibility supported by PT-symmetric
multilayered structures is usually considered at the first-order

Bragg frequency. Moreover, the real and imaginary part modula-
tions are designed to have the same amplitude and ideal square-
wave form (equal positive and negative half-cycles). These reduce
the flexibilities of achieving unidirectional invisibility and con-
structing artificial structures. In this section, we investigate the
EPs of the scattering matrix in a broad band and explore the pos-
sibilities of relaxing the restrictions on the PT-symmetric
modulation.

A. Condition of EP

The modulation on acoustic impedance is adopted in the fol-
lowing discussion, with its real and imaginary amplitudes being εZ
and δZ . Then, Eqs. (12a) and (12b) are arranged and rewritten as

rf 	

ie�iA{�δZ þ δZcosAþ εZsinA� 2εZsin[(1�m)A]}, N ¼ 1,

2ie�iNAPq
j¼1

cos[(2j� 1)A]{� δZ þ δZcosAþ εZsinA� 2εZsin[(1�m)A]}, N ¼ 2q,

ie�iNA(1þ 2
Pq
j¼1

cos2jA){� δZ þ δZ cosAþ εZ sinA� 2εZsin[(1�m)A]}, N ¼ 2qþ 1,

8>>>>><
>>>>>:

(14a)

rb 	

ie�iA{δZ � δZcosAþ εZsinA� 2εZsin[(1�m)A]}, N ¼ 1,

2ie�iNA
Pq
j¼1

cos[(2j� 1)A]{δZ � δZcosAþ εZsinA� 2εZsin[(1�m)A]}, N ¼ 2q,

ie�iNA(1þ 2
Pq
j¼1

cos2jA){δZ � δZcosAþ εZ sinA� 2εZsin[(1�m)A]}, N ¼ 2qþ 1,

8>>>>><
>>>>>:

(14b)

where q [ Zþ. According to the above expressions of reflection
coefficients, the condition of EP is concluded as

δZ � δZcosA ¼ εZsinA� 2εZsin[(1�m)A] (rf ¼ 0 and rb = 0),
�δZ þ δZcosA ¼ εZsinA� 2εZsin[(1�m)A] (rb ¼ 0 and rf = 0):

	
(15)

B. Unidirectional invisibility at higher-order Bragg
frequencies

We first examine the broadband scattering properties of a
balanced square-wave modulation on the acoustic impedance,
that is, εZ ¼ δZ and m ¼ 0:5. The condition of EP becomes
A ¼ 2sπ þ π (s is an even number for invisibility in the backward
direction, whereas an odd number for the forward one). This con-
dition is further confirmed by numerical calculation with the
parameters being the same as the normal case. As shown in
Figs. 5(a) and 5(b), unidirectional invisibility in the backward
(forward) direction, where rb ¼ 0, rf = 0, and t ¼ 1

(rf ¼ 0, rb = 0, and t ¼ 1), takes place at the first- (three) and
five- (seven) order Bragg frequencies.

From the viewpoint of momentum space, the Fourier expan-
sion of the complex square wave contains odd-number-fold 2kB
that satisfies the wave-vector matching condition for incident
acoustic wave from only one direction. For example, when
the system operates at the third-order Bragg frequency, the
PT-symmetric medium offers a unidirectional modulation vector
q ¼ 6kBx/x. The wave-vector matching condition, kr ¼ qþ ki (ki
and kr are incident and reflected wave vectors whose magnitudes
are 3kB and opposite with each other), is only satisfied for back-
ward incidence, thereby leading to the invisibility from the forward
direction.

C. Unequal amplitudes of real and imaginary part
modulations

In practice, obtaining balanced real and imaginary part modu-
lations through artificial structures may be difficult. Actually, even
in the case of unequal real and imaginary part modulations
(εZ = δZ), the unidirectional invisibility and EP can still exist.
Reconsidering the condition of EP [Eq. (15)], and when m ¼ 0:5,
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the formula is simplified as

δZ/εZ ¼ �tan
A
4

� �
(rf ¼ 0 and rb = 0),

δZ/εZ ¼ tan
A
4

� �
(rb ¼ 0 and rf = 0),

8>><
>>: (16)

where A can be substituted by πf /fB. The above condition indicates
that achieving EP at multi-frequencies is possible as long as the
value of δZ/εZ satisfies Eq. (16), as shown in Fig. 6(a). The result
is further verified through a calculation similar to that of Sec. IV A
but with different δZ/εZ values. Figure 6(a) shows the contrast
(in logarithmic scale) between the forward and backward reflection
coefficients, logjrf j � logjrbj, in which extremely asymmetric reflec-
tion can be observed over the spectrum for a series of specific
δZ/εZ values. To further confirm that the strong asymmetry in
reflection indeed corresponds to the emergence of unidirectional
invisibility, we take the modulation amplitude ratio of 1.497 as an
example and examine the amplitude and phase responses at four
frequencies, 1:25fB, 2:75fB, 5:25fB, and 6:75fB [as marked by the red
stars in Fig. 6(a)]. It is seen that invisibility in the forward (back-
ward) direction occurs at 2:75fB and 6:75fB (1:25fB and 5:25fB),
each signifying an EP in the parameter space as shown in
Figs. 6(d)–6(g).

D. Rectangular real-part modulation

The unequal amplitudes of real and imaginary part modula-
tions make unidirectional invisibility deviate from the Bragg

FIG. 6. Broadband scattering properties of the PT-symmetric multilayered
medium for εZ = δZ and m ¼ 0:5. (a) Plot of Eq. (16) and the ratio of the
forward and backward reflection amplitudes, each as a function of the amplitude
modulation ratio and frequency. The red stars denote four unidirectional invisibil-
ity points when δZ /εZ ¼ 1:497. (b) Amplitudes of the reflection coefficients. (c)
Amplitude and phase of the transmission coefficient. [(d)–(g)] Absolute value of
the eigenvalues of the scattering matrix.

FIG. 7. Broadband scattering properties of the PT-symmetric multilayered medium for εZ = δZ and m = 0:5. (a) Plot of Eq. (17) and the ratio of the forward and back-
ward reflection amplitudes, each as a function of the amplitude modulation ratio and duty ratio of real-part modulation. The red star denotes the selected unidirectional
invisibility point when m ¼ 0:4 and δZ /εZ ¼ 0:588. (b) Amplitudes of the reflection coefficients. (c) Amplitude and phase of the transmission coefficient.
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frequencies as discussed in Sec. V C. In this section, an additional
variable, that is, the duty ratio of the negative real part modulation
m, is introduced to redirect the working frequency back to the
Bragg resonance frequency. We select the working frequency as 3fB,
and the condition of EP is given by

δZ/εZ ¼ �sin[3π(1�m)] (rf ¼ 0 and rb = 0),
δZ/εZ ¼ sin[3π(1�m)] (rb ¼ 0 and rf = 0),

	
(17)

which is plotted in Fig. 7(a). In addition, Fig. 7(a) shows the contrast
between forward and backward reflection coefficients when δZ/εZ
and m change from 0 to 1, which confirms the results obtained in
Eq. (17). We further select a point (m ¼ 0:4, δZ/εZ ¼ 0:588) within
the parameter region showing a large reflection asymmetry to further
investigate its reflection and transmission coefficients over the spec-
trum. As shown in Figs. 7(b) and 7(c), invisibility in the forward
direction can be observed at 3fB. That is, by adjusting δZ/εZ and m,
the unidirectional invisibility can be well tuned back to the Bragg
resonance.

Notably, the results are obtained in the small-amplitude mod-
ulation regime. Owing to this assumption, the total reflection can
be treated as the superposition of the reflections from all the inter-
faces, allowing us to derive an explicit expression of the condition
of EPs. Beyond this regime, EPs can also be achieved, but an
explicit expression is not available anymore and numerical calcula-
tions need to be performed to find the locations of EPs in the
parameter space.13,26

VI. CONCLUSION

To conclude, we have revealed that acoustic impedance
instead of refractive index is the key parameter that governs the
scattering behavior and the occurrence of unidirectional invisibility
or reflectionlessness in PT-symmetric media with small-amplitude
modulation. In addition, the broadband scattering properties and
the distribution of EP within the spectrum are fully investigated,
during which more flexible modulation approaches are discussed.
This work could benefit the design and practical realization of
PT-symmetric scattering systems supporting unidirectional invisi-
bility or reflectionlessness. Our result may also be applied to other
non-Hermitian systems under small-amplitude modulation not
limited to the PT-symmetric ones.
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