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This paper proposes a novel control framework that combines the recently reformulated in-
cremental nonlinear dynamic inversion with (higher-order) sliding mode controllers/observers,
for generic multi-input/multi-output nonlinear systems, named incremental sliding mode con-
trol. As compared to the widely used approach that designs (higher-order) sliding mode
controllers/observers based on nonlinear dynamic inversion, the proposed incremental frame-
work can further reduce the uncertainties whilst requiring less model knowledge. Since the
uncertainties are reduced in the incremental framework, theoretical analyses demonstrate that
the incremental sliding mode control can passively resist a wider range of perturbations with
reduced minimum possible control/observer gains. These merits are validated via numerical
simulations for aircraft command tracking problems, in the presence of sudden actuator faults

and structural damages.

I. Introduction

AFETY is of paramount importance to aerospace systems. Although air transport remains to be the safest means of
S transportation, it inevitably suffers from sudden actuator faults, sensor faults and even structural damages. These
faults and damages can lead to a non-equilibrium flight accompanied with varied aerodynamic properties, changed
inertia properties, new sources of uncertainties and reduced flight control authority. Therefore, fault-tolerant control [[1]],
which is capable of automatically tolerating faults and damages while maintaining stability and desirable performance,

is highly demanded.
Fault-tolerant control systems can be classified into passive fault-tolerant control systems and active fault-tolerant

control systems [1} 2]. The active fault-tolerant control systems use fault detection and isolation processes to obtain
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the most up-to-date information of the faulty system. This knowledge is then supplied to reconfigurable mechanisms
to redesign the on-board controller. By contrast, the passive fault-tolerant control systems are robust enough to
cope with considered faults/damages without any detection nor reconfiguration [1]]. Being invariant (better than just
robust) to matched uncertainties [3| 4], Sliding mode control methods are widely used in passive fault-tolerant control
systems [[1} 2L 5SH11]]. A recent flight evaluation demonstrated the effectiveness of a model-based sliding mode controller
on solving active actuator fault-tolerant control problems [[12]].

A well-known obstacle for sliding mode control applications is the chattering phenomenon, caused by high frequency
switching of the control input [[13, [14]. Although higher-order sliding mode control techniques offer a continuous
control signal by artificially increasing the input-output relative degree, chattering is only mitigated instead of being
totally eliminated [14]. Another popular approach to alleviate chattering is using approximations of the signum function,
such as saturation and sigmoid functions. However, these approximations (and hence compromises) result in partial loss
of robustness [15,[16]. On account of the fact that the chattering amplitude is proportional to the magnitude of the
discontinuous control, a current research focus is on adaption mechanisms for achieving the minimum possible value of
the control gain [[13H15([17]]. In spite of the variations of gain adaption methods, the sufficient condition for enforcing a
sliding motion still requires the switching gain to be larger than the uncertainty bound (for first-order sliding mode
control), or the corresponding bound for uncertainty derivatives (for higher-order sliding mode control) [13H15} [17]].

Many (higher-order) sliding mode disturbance observer designs are based on sliding mode control techniques [18H21]].
For these methods, the required switching gain for guaranteeing convergence is a monotonically increasing function
of the uncertainty bound, or the corresponding bound for uncertainty derivatives [18H21]]. Although the observations
provided by disturbance observers are always continuous, the filtering process in first-order sliding mode disturbance
observer, and the integration process in super-twisting disturbance observer can only attenuate instead of totally rejecting
chattering in the observations [19]]. Therefore, a method that could reduce the uncertainty is fundamentally beneficial
for reducing the minimum possible gains of both (higher-order) sliding mode controllers and observers.

An intuitive approach to reduce the uncertainty is using a preliminary model-based feedback control term to roughly
cancel the nonlinearities and couplings. For nonlinear system control problem, this goal is normally fulfilled by feedback
linearization, also known as Nonlinear Dynamic Inversion (NDI) in the aerospace community [22-24]]. Examples
that use NDI as the baseline control are: first-order sliding mode control [446] [10, [11} [16] [19, 25H29], higher-order
sliding mode control [30-32], sliding mode control driven by a first-order sliding mode disturbance observer [18-20],
sliding mode control driven by higher-order sliding mode disturbance observers [14} [15 [18-21} [31H33]]. However,
side-effects of the model-based approach are also well-known. For instance, pursuing decent models for complex
aerospace systems is costly and time-consuming. Model identifications and updates, which are challenging and require
sufficient excitations, are also necessary in the presence of faults [24].

In view of the above analyses, an interesting research question emerges, i.e., is there a baseline control method that



could reduce the uncertainty whilst requiring less model knowledge?

Incremental Nonlinear Dynamic Inversion (INDI) is a sensor-based control approach, which requires less model
knowledge than NDI, but has enhanced robustness than both NDI [22} 23], and NDI with model identifications [24]].
Numerical simulations [22H24}|34]35]], quadrotor flight tests [36], and passenger aircraft flight tests [37]] have consistently
demonstrated the robustness and easy implementation of this method, which makes it promising as a baseline control
for inducing sliding modes. This paper follows the recently reformulated INDI in [38]], which is more general and more
rigorous than INDI in the previous literature [22H24!|34H37]]. Research questions still exist for this reformulated INDI.
First of all, the property of the remaining uncertainty term after INDI feedback is unclear from the literature. Moreover,
there is no explicit model and analysis for the influences of sudden (discontinuous in time) faults on INDI. What is more
important is that a compensation method for further improving the robustness of INDI in perturbed circumstances is
desired.

The main contribution of this paper is the hybridization of (higher-order) sliding mode controllers/observers with the
reformulated INDI for generic multi-input/multi-output nonlinear systems, named Incremental Sliding Mode Control
(INDI-SMC), which inherits the advantages and remedies the drawbacks of both methods.

Contributions to the reformulated INDI

In this paper, the properties (especially the boundedness) of the remaining uncertainty term after INDI feedback will
be analyzed. The influences of sudden actuator faults and structural damages on INDI will also be explicit modeled and
analyzed. The robustness enhancement that sliding modes bring to INDI will be proved and numerically verified.
Contributions to (higher-order) sliding mode control

The present paper introduces an incremental sliding mode control framework, which reduces uncertainty whilst
requiring less model knowledge. By virtue of the uncertainty reduction, the minimum possible control/observer gains
can be reduced, which is beneficial for chattering alleviation. The advantages of inducing sliding modes based on INDI
instead of NDI will be analyzed and numerically validated by aircraft fault-tolerant control problems.

This paper is organized as follows: The derivations and robustness comparisons between NDI and the reformulated
INDI are presented in Sec. [[I} The INDI-SMC framework is proposed in Sec. [lII} considering the hybridizations of the
reformulated INDI with (higher-order) sliding mode controllers/observers. This INDI-SMC framework is then applied
to aircraft flight-tolerant control problems in Sec.[[V]and compared with NDI, reformulated INDI, and sliding mode

control based on NDI in Sec.[V] Main conclusions are drawn in Sec. [Vl



I1. Comparisons between NDI and the Reformulated INDI

A. Problem Formulation

Considering a multi-input/multi-output nonlinear control-affine system described by
X =f(x)+Gxu, y=h(x) (1)

where f : R" — R" and h : R" — R™ are smooth vector fields. G is a smooth function mapping R" — R™ " whose
columns are smooth vector fields. Define the vector relative degree of y with respect to u as p = [p1, P2, ... Pm]” -

Assume p = 37", p; = n, then by differentiating the output, the input-output mapping of the system is given by
y# = a(x) + B(x)u 2)

m i—1 . i i—1
where a(x) = [.E;”hl,l:}’zhz,..., .E? hw]t, B(x) € R™™M, B, = nglj}) h;, with .[Z}’ hi, ngl}’ h; are the
corresponding Lie derivatives [16]. Assumed det{B(x)} # O (before and after faults), which yields a controllable
system without control redundancy. Sensor faults are not considered in the present paper, and the reader is recommended
to Ref. [39] for sensor fault detection and fault-tolerant control methods. Define &; = [h;, Lrh, ..., L;"_lhi]T, €=

[£15€0; .5 €] i = 1,2, .., m, the nonlinear system described by Eq. can be transformed into a canonical form as
‘.i: =A€ + B la(x)+Bx)u], y=C.E 3)

where A, = diag{A}, B. = diag{B}}, C. = diag{C},}, i = 1,2,...m, and (A, B, C}) is a canonical form
representation of a chain of p; integrators. The control object is to make the output y asymptotically track a reference
signal y,.(¢) = [yr, (1), Yry (£); s Y1, ()] . Assume y,, (¢), i = 1,2, ...,m, and its derivatives up to yﬁf"')(t) are bounded for

all 7 and each y,’ ")(t) is continuous. Denote the reference and the tracking error vectors as
R = [R1;R2;.;Rul, Ri = [y v oy i 1,2, 00m, e=¢-R 4)
Using Eq. (3)), the error dynamics are given by
é=A.(R+e)+B.fa(x)+Bx)u]-R=Ace+B[ax)+ Bx)u -y (5)

where y(rp) — [yfl), yﬁl;z)’ - yffnm)]T.



B. NDI and the Reformulated INDI

The standard NDI control law for stabilizing e in Eq. (3] is designed as
Unai = B (x)(ve — @(x)), ve=y¥ —Ke ©)

with the gain matrix K = diag{K;}, i = 1,2,...,m, and K; = [K; o, K; 1, ..., K p,~1] is designed such that A, — B K is
Hurwitz. v. € R™ is called the virtual control. The nominal models 8 and & are used by NDI, which results in the
closed-loop dynamics as

e = (Ac - BCK)e + B &pai N

where

Engi = (@— @)+ (B8 ~D(v. — @) = (a - @) + (B - Bunai (8)

Endi is the residual cancellation error of NDI caused model uncertainties, external disturbances, faults and damages.
Following the recently reformulated INDI [38]], the incremental dynamic equation is derived by taking the first-order

Taylor series expansion of Eq. (Z)) around the current (denoted by the subscript 0) states xo and control input u as

YO = ax)+ B =y + Bxo)Au + —‘9["‘(x)a+x3 bl ax + 0ax)
0
2y 4 B(xo)Au + 6(x, Ar) 9)

in which Ax and Au represent the states and control increments in one sampling time step Az. The incremental control

law for stabilizing the error dynamics in Eq. (3)) is then designed as

Attingi = B (x0)ve —y¥), ve =y —Ke (10)

where K is kept identical to the gain matrix in Eq. @) for fair comparisons. ygp )

is measured or estimated. The total
control command for actuator is hence ;i = inai,0 + Atting; [38]]. Substituting Eq. (I0) into Eqgs. (5} [9) results in the

closed-loop dynamics as

¢=Ace+ By’ + Bxo) B (x0)ve - y) +6(x, A1) — yP] = (Ac — BcK)e + B&inai (11)
with
Einai = 6(x, A0 + (BB~ I)(ve — y)) = 6(x, At) + (8 - B)Autina; (12)

As compared to NDI control, this INDI control is less sensitive to model mismatches, because the model information



(p)

of a(x) is not used in Eq. . On the other hand, the INDI control law needs the measurement or estimation of y j

and u, this is why INDI control is referred to as a sensor-based approach [36/ 38].

C. Comparisons between &,,4; and &;,,4;

Referring to the stability analyses in [38], if &,,4;/inq; is bounded by &,,4i/inqi, then the tracking error in Eqs.
is ultimately bounded by a class K function of &,4;/inq;- Even so, the control performance is inevitable impaired by
Endilindi-

The formulations for &,4; and &;,4; are presented by Eqgs. (8} [T2). For the reason that INDI is a sensor-based

(p)

0 and u, the mismatch

approach, in the sense that the model information of « is obtained by measuring or estimating y
error @ — @ in &,y; is accordingly replaced by d(x, Af) in &;,4;. Assume that the partial derivatives of @(x) and B(x)
with respect to x of any order are bounded. Due to the continuity of x, lima;—,o ||Ax|| = 0. Therefore, recall Eq. @), the

O0(x, At) term in &;,,4; satisfies

lim ||6(x,An)]| =0, Vx eR" (13)
At—0

which means that the norm value of §(x, Ar) becomes negligible for sufficiently high sampling frequency. Eq. also
indicates that V 5, > 0,3 At > 0, s.r. for all 0 < At < Az, Vx € R", ||6(x, At)|| < 8. In other words, there exists a At
that guarantees the boundedness of §(x, Ar). Also, this bound can be further diminished by increasing the sampling
frequency. The insensitivity of INDI to §(x, Ar) has been numerically verified in [22H24}[34436]] and flight tested in [37].
The other terms in Eqgs. , ie. (B — B,y and (B — B)Au;pyi, are caused by the multiplicative uncertainties in

the B(x) matrix.

Theorem 1 If ||I - BB7'|| < b < 1, for sufficiently high sampling frequency fs, the residual error &;,q; of INDI given

by Eq. ({[2)) is ultimately bounded.

Proof: Recall Egs. @ , the output dynamics under INDI control can also be written as y®) = v + &;na;.

p)

o =Vt Eindig- Therefore, using Eq. ti Eindi can be rewritten as

Also, at the previous time step y

Einai = (BB -D(ve-yf)+6

(I - BB—I)Sindio - (I - BB_I)(VC - VC()) + 6

Esindio - EAVC ) (14)

which can be written in an recursive way as

€indai(k) = E(k)&inai(k — 1) — E(k)Av (k) + 6(k) (15)



v is designed to be continuous in time, thus the following equation holds
Altlglo ||VC - VC()” = 0’ Vx e R" (16)

Recall Eq. and the subsequent discussions, for sufficiently high sampling frequency, both Av. and (x, At) are
bounded. Denote their bounds as Av,. and &, then Eq. satisfies

l&inai (Kl

IA

k k-1
B llsimai O + Y B} [Ave () + D (B ISG)I + 16K
j=1 j=1

IA

k k—1
(B)ll&inai(O)| + Ave Y (BT 45 ()} +§
Jj=1 J=1

B b= pktl 1k
B einai (Ol + Ave——=—+ 67— (17

Since b < 1, Eq. (17) satisfies

Aveb+6
loinarll < ===—==, as k — oo (18)
1-b
In conclusion, &;,,4; is bounded for all k, and is ultimately bounded by %. This completes the proof. O

The boundedness of perturbations is the precondition of many robust control techniques [4]. Theorem[I|demonstrates
that a sufficiently high sampling frequency f; and ||[I — B8~!|| < b < 1 guarantee a bounded &;,4;. f; = 100 Hz is a
reasonable choice for flight control, as has been verified by both simulations [22-24] 34, |35]] and passenger aircraft
flight tests [37]]. Moreover, ||I — 887!|| < b < 1 requires a diagonally dominant structure of 88!, which excludes
unacceptable estimations of B (e.g. The signs of B and its estimation B are opposite). Similar requirements can be
found in (1516, 19} 126, 130].

By contrast, as a function of both x, u,4;, and being independent of At, the residual error of NDI is undetermined
under the same conditions. The boundedness of &,,4; is normally assumed for the feasibility of sliding mode control
designs [5,[6, (191 26]. However, it will be shown in Sec.that even if || — BB7!|| < b < 1, £,4; has the possibility to
become unbounded in severe damage cases with limited control authority. As a consequence, the NDI based sliding
mode controllers can only deal with situations where both the boundedness of &,,4; and ||[I - B87!|| < b < I are
satisfied.

One may argue that for some moderate fault and damage cases, €,4; is normally bounded. Even if this is true, by
comparing €,4; with &;,4; under the same fault/damage circumstances, €;,4; typically has smaller bound, which can be
further diminished by increasing f;. This can be demonstrated by comparing Eq. (8) with Eq. (12), where ||6(x, A?)||
becomes negligible for sufficiently high f; (Eq. (13)), while ||@ — @|| is normally large in the presence of faults and

disturbances, especially for aerospace systems. Moreover, when u,,4; # 0, there exists an f; such that ||Au;nq; || < ||#naill-



Denote &n4; = |l@ — @|| + |8 = Bll|lunaill = |€naill. and &inai = 16(x, A)|| + |8 - Bll|Attinaill = l|€inaill. then
consequently, in the perturbed conditions that ||@ — @|| # 0, ||B — B|| # 0, and ||u,,4;|| # 0, there exists an f; such that
Eindi < Endi-

The smaller bound of &;,,4; is a useful feature, because for many (higher-order) sliding mode controllers/observers,
the required gains for inducing sliding modes are monotonically increasing functions of the perturbation bounds. High
control/observer gains are undesirable in practice, because they amplify the measurement noise, excite the unmodeled
parasitic dynamics, induce chattering, threaten the actuator rate and/or position limits and potentially lead to divergence.

The advantages of the incremental framework will be further demonstrated in Sec.

I11. Proposal of the Incremental Sliding Mode Control Framework
This section proposes a new control approach that hybridizes the reformulated INDI with (higher-order) sliding
mode controllers/observers, defined as Incremental Sliding Mode Control (INDI-SMC). First, the control frameworks
for INDI-SMC and NDI-SMC are presented. Then it will be shown in the following subsections that a wide variety of
(higher-order) sliding mode control designs in the literature belong to the NDI-SMC framework, and redesigning them
in the new incremental framework is beneficial for chattering reduction and robustness enhancement.

The INDI-SMC framework is proposed as:
Attingis = B~ (x0)ve + vy - yF) (19)

where v, is designed for stabilizing the unperturbed system, while v can be designed using (higher-order) sliding mode
control/observer techniques for perturbation compensations. By contrast, control methods in the literature that are in the
form of

Ungis = B (x) Ve + v — @(x)) (20)

are classified as NDI-SMC.
Design the sliding variable as o(x) : R" — R, and define the vector relative degree of o with respect to u as
r=[r,nr,.., rm]T, then the dynamics of the sliding variable o are given by

o) = ag(x) + Bo (X, @y, = L0y, Boy = Lo, L7 oy i,j = 1,2 m. 1)

In the context of sliding mode control, o is designed such that when the sliding surface o~ = 0 is reached, the system
obtains the desirable dynamics, in spite of uncertainties. The following subsections will show how the incremental
framework can be used to enforce (higher-order) sliding modes, and its advantages as compared to the NDI-SMC

framework.



A. First-order Incremental Sliding Mode Control

In Eq. @]), ifr; =1,i=1,2,...,m, control methods that achieve o = 0 are referred to as first-order (or conventional)
sliding mode control [30} 40]. In order to reduce the switching magnitude, many sliding mode controllers introduce
a continuous preliminary feedback component based on the equivalent control method [41]]. The equivalent control
is defined as the control effort needed to maintain the sliding motion on the surface and is calculated by requiring
o =0 =0[4,41]. Recall Eq. , for first-order sliding mode, 6 = @ (x) + B, (x)u., = 0. By dynamically inverting

this nonlinear algebraic equation, the equivalent control u., is calculated by
Ueg = =By~ (X)erg(x) (22)

Since u., contains uncertainties and disturbances, only the model-based nominal equivalent control ., =

—Z_B(;l (x)a@ s (x) is available for feedback control. The most widespread first-order sliding mode control structure is
U=Uegt+Uug= -@;I(x)(vs - @y (x)) (23)

Remark 1 Eq. (23) is widely used in sliding mode control techniques regardless of the choice of sliding surface and
reaching law. For example, this control structure is adopted using integral-type sliding surfaces [6} [11} 19} 25]], linear
sliding surfaces [4} |10} [16], dynamic sliding manifolds [26], terminal sliding surfaces [27-29], finite reaching time

continuous sliding mode designs [3]], etc.

It will be shown by an example that sliding mode control laws designed in the form of Eq. (23)) are essentially NDI
based. Since INDI is able to preserve the benefits of NDI (e.g. decoupling, linearization) while requiring reduced model
knowledge, it can also be used in sliding mode control designs. The integral sliding surface is taken as an example,
because of its simplicity, strong robustness, and design flexibility.

Design the matrix D = diag{D;}, D; = [K;1,...,Kip,-1,1], Ko = diag{K; o}, K;0 = [Ki0,0,..0], i = 1,2,...,m,

and then design the integral-type sliding variable as
t t
o =De —De(t) - / D(A. — B.K)edt = De — De(ty) + / Kgedr 24)
0 0

where K matrix is the same as used in Eqs. (6] [I0). D(A. — B.K) = —K can be proved by substituting the expressions
for D, K into Eq. , and using the condition that (A}, Bg, Cf)) is a canonical form representation of a chain of p;

integrators.



Equivalently, Eq. (24) can be written as

t
[ e('p,-—l) + Ki’pi_le(p"_z) + Ki,p,._ze(pi_3) + ...+ Ki,le(o) + / K,;oeid‘r
0

13

—(* 7 (10) + Ky py-1€P 7 (10) + Ki py—2P 7 (t0) + ... + K 16O (10)) (25)

It can be seen from Eq. (25) that o°(fp) = 0, which means if the initial conditions are known, system dynamics
initiate on the sliding surface without a reaching phase. Furthermore, 0 = 0 is equal to the desired closed-loop error

dynamics as shown by

e(Pi) 1K (pi=1) (o

. (1)
J; ; ipi-1€; + Ki,p,j—Zei

i

) .
! )+...+Ki,1e +Ki,()ei=0’ i=1,2,...m,

o = yP -yP 1 Ke=0 (26)

In the above equation, y'®) contains system dynamics, y(rp ) and K e are known or measurable. Substituting Eq.

into Eq. (26)), control law designed in the form of Eq. (23)) is

o = (a(x)+B(x)u) —y(rp) +Ke=0
Undis = fleq+us =B (x)(v; - G(x) - Ke +y¥) 27)

which belongs to NDI-SMC (Eq. ) with v, = y® - Ke.
By contrast, if the incremental output dynamics (Eq. (9)) are substituted into Eq. (26), then INDI-SMC (Eq. (I9)) is

designed as

o

(ygp) + B(xo)Au + 6(x, Ar)) —y(rp) +Ke=0

Auingis = B x0)vy -y —Ke+ ) (28)
As an example, v, is designed in the classical way as
vy = —Ksign(o) = —[Kj,1sign(o), Ky 2sign(os), ..., Ks,msign(O'm)]T (29)

where sign represents the signum function, and the switching gains K;; > 0, i = 1,2,...,m. If the conditions in

Theorem [I|are satisfied, using Eq. , then the time derivative of the candidate Lyapunov function V = %O'TO' under

10



the control of Eqs. (28] 29) is calculated by

Vo= ol =0y + BB (ko) -y +ve) + 8(x, A1) ]
= ol [6(x,At) + (BB = I)(v, _ygm) + BB ly,]
m
= ol&inai - BB‘IKsSigH(O')] < Z (|0'i||3indi,i| + BKs,i|0'i| - Ks,i|0'i|)
=1

N+ |&inaiil
1-b

IA

—r]z loy| = —noTsign(o), VK> (30)
where 7 is a small positive constant. V < —no ! sign(or) is referred to as the 7 reaching law and guarantees the sliding
surface o = 0 is reached in finite time [6H8]]. On the sliding surface, the desired error dynamics are achieved, which
ensure e converges to zero.

Reviewing the discussions in subsection the boundedness of g,,4; is undetermined even if the conditions in
Theorem|T] are satisfied. For the feasibility of sliding mode control design, assume &,4; is bounded, then similar to the
derivations in Eq. , NDI-SMC given by Eq. guarantees the convergence of o, when v, = —K ssign(o), VK;; >

(M + l&naiil)/(1 = b).

Remark 2 First-order sliding mode control that contains a model-based nominal equivalent control term are essentially
NDI based, and can be correspondingly designed in the proposed incremental framework. Recall the gain requirement
in Eq. (30), and the analyses in subsection[[T[C] this incremental framework is able to passively resist a wider range of
perturbations with reduced control gains, because the boundedness condition of &;,,4; is easier to fulfill, and there exists

an f; which makes the bound of €;,4; smaller than the bound of &,4; under the same perturbation circumstances.

B. Higher-order Incremental Sliding Mode Control

The problem of higher-order sliding mode control is equivalent to the finite time stabilization of higher-order
integrator chains with bounded nonlinear perturbations [30,42]. Since NDI is able to reduce the dynamic couplings and
nonlinearities by providing a preliminary feedback term based on the nominal model, it is widely used in higher-order
sliding mode controllers [30H32]].

Consider an output tracking problem for the system described by Eq. (I), and choose the sliding variable as
o =y —y,. Assume the time derivatives of oy, 3, ..., o-l-(’ =1 are continuous functions for all i = 1,2, ..., m, and the
manifold defined as

S = {x|loi(x) = di(x)=...=;""D(x)=0,i=1,2,...m.} (31)

called the "r"-order sliding set" [30} 43]] is non empty and locally an integral set in the Filippov sense [44], then the

motion on 8" is called the "r'"*-order sliding mode" with respect to the sliding variable o. It is noteworthy that a

11



r'-order sliding mode can also be established for a system with relative degree p less than r by manually increasing

the length of the integrator chains [40]]. For clarity, only p = r will be considered in the following derivations.
Recall Egs. , and define z = [z1;22; ...; Zm), 2i = [07(x), Lroi(x), .. r‘_IO'i(x)]T, i =1,2,...,m, then the

dynamics of the sliding variable o are given by
t=Acz+Bola@) + Bxu -y, o =y@ -y (32)

In order to achieve the r*-order sliding mode, Ref. [30]] design a higher-order sliding mode controller in the form of

Eq. (20) as

Undi-s = B l(x)(vs +Vn— a/(x) +y(p)) (33)

where v, is a continuous virtual control to achieve the finite time stabilization of the integrator chains [30} 45].
Ve =Vn+ y(rp )in Eq. , which is able to stabilize the unperturbed system. It is noteworthy that the formulations for
Endijinai (Egs. (@ @)) and Theoremm are not constrained by the specific v design, they are valid as long as v, is
continuous in time.

By contrast, using the incremental output dynamics (Eq. (9)), the incremental higher-order sliding mode control law

is designed in the form of Eq. (I9) as
Atingics = B (x0)vs +va =y + ¥ (34)

The r'"-order sliding mode can then be established by properly designing v,, and vy. As an example, design the
augmented sliding variable as s = oDy, $au =—Vn, and design v in the classical way as v = —Kj,sign(s) =
—[Kp,1sign(sy), Kp2sign(sa), ..., Kpmsign(s,)]?, Kpi > 0, i = 1,2,..,m. When the conditions in Theorem [1| are

satisfied, using Eq. (12), the time derivative of the candidate Lyapunov function V; = 5 1sTs is

Vo = sTs =T + B(x)B (x0)(vs + Vi =y + 3) + 6(x, A1) -y —v,.]
= sT[60x, A + (BB —D(ve -y + B8y,
= sT[b‘,'ndi — B@‘lKhsign(s)] < Z (|Si||5indi,i| + EKh,ilsil — Kh,ilsi|)
i=1

m
. n+ |8ind','|
= ) lsil = =nsTsign(s), - VK > T (35)

IA

i=1

Eq. proves that when K, ; > (17 + |&inai.i|)/(1 — b), the sliding surface s = 0 will be reached in finite time. On
the sliding surface, using the equivalent control method [41], o) = —§,, = v,,, which means the system dynamics are

integrator chains with v, as an input. Design v,, using the geometric homogeneity based method introduced in [45],
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then the r*"-order sliding mode is established in finite time.
Analogously, assume |[I — 887!|| < b < 1 and &,4, is bounded, then Eq. (33) guarantees the establishment
of the r'"-order sliding mode in finite time when v, ensures finite time convergence of integrator chains, and

vs = —Kpsign(s), VKp; > (7 + lenaiil)/(1 = b).

Remark 3 In view of the gain requirement in Eq. (35), similar to the Remark 2} designing a higher-order sliding mode

controller in the incremental form enables it to passively resist a wider range of perturbations using lower control gains.

Remark 4 For simplicity, the classical v, design using the signum function is adopted in the above derivations. To
migrate the chattering effects, continuous approximations of the signum function are widely used in the literature 2|4} |6
9, (12, [16]]. Other continuous v, designs such as the fast terminal sliding mode-type reaching law [29] can also be
used. In spite of the variations of v designs, the relation that larger perturbation bounds require higher control gains

consistently holds.

Remark 5 The sliding mode control gains can also be adaptive, which removes the pre-knowledge requirement on the
uncertainty bound. Many advanced adaptive sliding mode control methods are aiming for the "as small as possible"
gain to migrate the chattering effects [13H15}[17]. Theoretically, the smallest gain that can enforce sliding motion is a
monotonically increasing function of the perturbation bound. Since there exists an f; such that the bound of €;,,4; is
smaller as compared to the bound of &,,4;, the chattering reduction benefit of the incremental framework still holds in

the context of adaptive sliding mode control.

C. First-order INDI-SMC Driven by First-order Sliding Mode Disturbance Observers

An increasingly popular approach is designing sliding mode control in conjunction with sliding mode disturbance
observers, known as sliding mode control driven by sliding mode disturbance observers [[14} 15, 18521} 31H33]]. The
main idea is using the uncertainty observations in v such that the uncertainties are directly compensated in the framework
of Eq. @]) This subsection will show the merits of the incremental framework, when a first-order disturbance observer
is incorporated. Higher-order sliding mode controllers/observers will be discussed in the next subsection.

Considering the first-order sliding variable Eq. (24) with dynamics given by Eq. (26) as an example. Ref. [18-21]]
design sliding model controllers driven by sliding mode disturbance observers in the form of Eq. (20), which leads to

the closed-loop dynamics as

o = y(p) — Ve = (a(x) + B(x)undi-s) — Ve

Vs + ((Q’ - d’) + (B - B)undi-s) = Vs t Endi-s (36)

in which v contains the perturbation observations, and will be designed later. It is worth noting that the uncertainties in

13



the control effectiveness matrix 8(x) are not considered in [18421], while they are included in the present paper.

By contrast, using the incremental framework given by Eq. (19) leads to

o = YO v =% + B(xo)Auinais +6(x, At) - v,

Vs + (6(]&', At) + (B - Z;)Auindi—s) = Vs t Eindi-s (37)

Proposition 1 If||I — BB87'|| < b < 1, and if v, is continuous in time, for sufficiently high sampling frequency f;, the

residual error term €;nqi.s in Eq. (37) is ultimately bounded.

Proof: The only difference between &;,4i-s (Eq. (37)) and &;,4; (Eq. (I12)) is the incorporation of v,. In the context of
sliding mode observer designs, v is always continuous in time. Therefore, analogous to Eq. and the subsequent
discussions, for sufficiently high f;, Avy = vy — v, is bounded. Denote the bound as A_vs, then analogous to the proof
of Theorem |1} &;,,4;.s is bounded for all k, and is ultimately bounded by

Aveb+Avib+ 6

l€inai-sll < — 1-5 (38)

This completes the proof. O

Moreover, since v is continuous in time, similar to the discussions in subsection @.@], under the same perturbation
circumstances, there exists an f such that &;,,4;.s has a smaller bound as compared to &,4;-s (Eq. @). This feature is
beneficial for disturbance observations, which will be shown as follows:

Using the first-order sliding mode disturbance observer proposed in [18-21]], the auxiliary sliding variable s is
designed as s = 0 + 2, Zo = =V — V,,, With dynamics § = &,,4_s/indi-s — Vo under the control of Egs. @@ If s is
stabilized by v, = K,;,sign(s), then the equivalent control exactly equals &,,4;_s/inai-s- This equivalent control can be
estimated by low-pass filtering v,,, consequently, the estimated equivalent control V., reconstructs &,4;.s/indi-s With
a small error proportional to the the time constant of the low-pass filter. Finally, designing vy = —K,0 - V., with

positive definite K, ensures o is bounded by an arbitrary small bound.

Remark 6 The sufficient condition for stabilizing s is the observer gains Kop; > |&ndi-sjindi-s,il + 1, With a small
positive 7. Even though the observation term v is continuous, the chattering effects are only attenuated instead of being
rejected by the filtering process [19]]. Therefore, aiming for the "as small as possible" observer gains is still meaningful.
Since there exists an f; such that g;,4;-s has a smaller bound as compared to &,4;.s, the incremental framework is

beneficial for chattering reduction.
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D. Higher-order INDI-SMC Driven by Higher-order Sliding Mode Disturbance Observers
This subsection will show how to design a higher-order sliding mode control driven by a higher-order sliding mode
disturbance observer in the incremental framework. Following the derivations in subsection [IIIIB] design the sliding

variable as 0 =y — y, and design v, = v, + y(r‘0 ), then the dynamics of o~ under the control of Eq. is

O-(r) = y(p) - yﬁ*p) = &(x) + g(x)undi—s + Endi-s — y(rp) =Vn tVs+ Endi-s (39)

By contrast, using Egs. (9] 37), the dynamics of o~ under the control of Eq. equals

o) =y — y P =y + B(x0)Aindi-s + Eindis = I = Vi + Vs + Bindies (40)

The only difference between Eq. @]) and Eq. @]) is the value of the perturbation terms. Since &;,4;-s has
better properties than &,,4;.s, higher-order sliding mode disturbance observers (such as the (adaptive) super-twisting
disturbance observer) designed for Eq. (39) [14} 15| [18-21131H33]] can be straightforwardly applied to Eq. (#0). Design
the augmented sliding variable as s = 0" Y 4 §0u Sau = —Vn, then § = vy + Endi-s/indi-s Tor dynamics given by
Egs. @ @[) If s is stabilized by the (adaptive) super-twisting control, then v, observes —&,,4;_s/indi-s in finite time.
Consequently, the closed-loop systems described by Eqs. (39} A0) behave like unperturbed systems in finite time. It is
noteworthy that the observation term v provided by (adaptive) super-twisting observer is continuous because of the

integration of the signum function.

Remark 7 Theoretically, (adaptive) super-twisting control/observer may be less suitable for resisting sudden (discontinu-
ous in time) on-board faults or damages, since the classical super-twisting control/observer requires bounded &,,4;_s/indi-s>
and the adaptive super-twisting requires bounded &,4;.s/inai-s [144113,[19]. Nevertheless, many physical processes in
reality are at least twice differentiable, which makes the incorporation of (adaptive) super-twisting control/observer

possible.

E. Advantages of the INDI-SMC Framework

In this subsection, the NDI (Eq. (€)), INDI (Eq. (I0))), NDI-SMC (Eq. (20)), and INDI-SMC (Eq. (I9)) methods will
be compared. The main focus of this paper is on demonstrating the properties of the incremental framework, instead of
specific v, and v, designs. Therefore, the following comparisons are also independent of v, v, as long as they are
kept consistent in the four different control frameworks for fair comparisons.

Fig.[T]illustrates the relations of the four control frameworks. When the sliding mode module for calculating v is
deactivated, Fig.[I] shows the control structure of NDI and INDI. To be specific, when the two switches are connected

with the blue dashed lines, Fig. [I|shows the control structure of NDI, where the nominal model @(x) is needed. By
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Fig.1 Control structures of NDI, INDI, NDI-SMC, and INDI-SMC.

contrast, when the two switches are connected with the black solid lines, INDI control presents, which does not need the

(P)

model @(x) but depends on the measurements/estimations of y

and u;,4;0. Activating the sliding mode module
inserts the v virtual control for resisting perturbations, which results in the NDI-SMC, and INDI-SMC frameworks.
Moreover, INDI and INDI-SMC design the control increments, while NDI and NDI-SMC directly design the total
control commands.

By virtue of the incorporation of v, the advantage of INDI-SMC over INDI is straightforward, i.e. robustness
enhancement. On the other hand, the advantages of the INDI-SMC framework over NDI-SMC are:

1) Less model dependency and lower computational burden.

2) Lower sliding mode control/observer gains required.

3) Improved robustness, since INDI is more robust than NDI.

4) Capability to solve problems that are non-affine in the control.

a@(x) contains the aerodynamics for aerospace systems, which are difficult to be modeled accurately. Since the
incremental framework is independent of @(x), the implementation process is simplified, and the computational burden
can also be reduced. INDI-SMC also requires lower control and observer gains, mainly because of the better properties
of &;nai(-s). As proved by Theoremﬂ'] and Propositionm sufficiently high f; and a diagonally dominant structure of
B8~ ensure the boundedness of €indi(-s)» While the boundedness of &,,4;(s) is not guaranteed under the same conditions.
Moreover, in the same fault scenario, there exists an f; such that &;,,4;(s) has a smaller bound as compared t0 &,,4;(s)-
These properties enable INDI-SMC to passively resist a wider range of perturbations using lower control and observer
gains, as compared to NDI-SMC in the literature. In addition, the incremental framework can also deal with non-affine
in the control problems, since the incremental dynamic equation (Eq. (9)) is derived by taking partial derivative with

respect to u. The merits of the incremental sliding mode control framework will be numerically verified in Sec.[V]

IV. Fault-Tolerant Flight Control Design
In this section, the nominal six degrees of freedom nonlinear equations of motion of aircraft are given first. Then the

actuator faults and structural damages are modeled. After that, the control methods derived in Sec. [[Il|are applied to
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damaged aircraft fault-tolerant control problems.

A. Nominal Equations of Motion
In the nominal case, the origin of the body-fixed frame is assumed to coincide with the aircraft center of mass (c.m.),

and the equations of motion for a rigid aircraft are given by

Vv ml 0 -mdV + F
@ 0 J —oJw+M
0 = TOw (41)

where V = [u,v,w]! and w = [p,q,r]" represent the translation and rotational velocities of the body-fixed frame
relative to the inertial frame. 6 = [, 6,]” contains the Euler angles. m is the total mass and J represents the inertia
matrix. F and M are the total force and moment vectors. The T'(6) matrix links angular velocities w to Eulerian
velocities §. Bold mark indicates vectors and matrices. (-) denotes the skew-symmetric matrix of the corresponding
vector. F and M contain aerodynamic, gravitational, and thrust forces and moments. Furthermore, the aerodynamic

forces and moments are normally given as functions of the aerodynamic coefficients as

Cl(ﬁ’ r, I’) Clga (CX, :8) 0 Cl5r (0'7 IB) 5a
M, = gqoSdiag([b,c.bD)|| Cpu(e,d,q) |+ 0 Cing, (@) 0 e
Cn(ﬁ7 r7p) C"ria (Q,B) 0 Cn(sr (a»ﬁ) 67’
Fa = QmS[Cx(a” ﬁs qs 66)3 Cy(aa ﬁ’ p7 r9 6617 6}’)’ CZ (a7 ﬂ9 Qa 66)]T (42)

In the above equation, «, 8 represent the angle of attack and the sideslip angle. V is the airspeed, and the dynamic
pressure is given by e, = 0.50V? (p is the air density). S, b, ¢ are the wing area, wing span and mean aerodynamic

chord respectively.

B. Actuator Faults

The actuator faults considered in this paper are the loss of control surface area and control surface jamming problems.
The inertia effects of loss of control surface area are assumed to be negligible, and the aerodynamic effects can be
modeled by multiplying the control derivatives with an effectiveness scaling factor, namely, C{,- = piCy, i=1lLmn, j=
Oas>Oe, Or, pj € [0, 1], with (-)” indicating the post-failure condition.

There are two main effects of actuator jamming. One is the influence on control effectiveness, the other is the

induced extra forces and moments. If one side of the ailerons or elevators is stuck, the corresponding control derivatives
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are halved, i.e. u; = 0.5,j = 64, 0.. Jamming faults also introduce new control derivatives such that the decoupling
between longitudinal and lateral controls no longer holds. Specifically, aileron jamming would introduce Cy,;_, and
elevator jamming would introduce C;, and Cy;, .

Furthermore, extra forces and moments will be induced if control surfaces are jammed at non-neutral positions. If

one of the ailerons is jammed at .4, the induced force and moment coefficients can be given by

AC[b’ ACm _ _AC]brax

Ta, c_ray

1 1 1
ACi = 5Cly, 0an ACy = 5Cny,0an, ACy = 5Cy;, bans AC: = 43)

where r, = [rax,ray,raz]T is the position vector from c.m. to the aerodynamic center of the jammed aileron.

Analogously, the induced force and moment coefficients of one-side elevator jamming is calculated by

Ciny, Oent i AC.r,
AC, = =222 ACy = 5Cg, Gens ACH= — 2

(44)

with r, = [re,, TeysTe. 1" indicates the position vector from c.m. to the aerodynamic center of the jammed elevator.

C. Structural Damages

There are three main effects of structural damages: the changes of aerodynamic properties, inertia properties, and
the control effectiveness [46, 47].

The structural damages may reduce the control effectiveness, and introduce new control derivatives if asymmetric
damages are encountered. The methods for modeling these effects have been discussed in the previous subsection.

The structural damages are normally accompanied with mass loss. As a consequence, the center of mass
instantaneously shifts to a new location. Since Eq. (41) uses c.m. as the reference frame origin O, it should be modified
for post-damage cases.

A conventional way to model the dynamics of post-damage aircraft is setting up the EoM on the new c.m. location O’,
which is referred to as the CM-Centric method in [47]. Denote the distance vector from O to O’ as r oo = [Fax, Fay, rAZ]T.
When using the CM-Centric method, Eq. (41) can still be used for post-damage conditions. Consequently, the reference
point of moments due to external fores should be transfered to the new c.m. location O’. Furthermore, the inertia tensor
needs to be modified with respect to the new point O’ using parallel axis theorem. Last but not least, the translational
velocity V in Eq. actually refers to the velocity of a new point O’, with the relationship Vor = Vo + w X roo. As
aresult, there is a discontinuity in V if w is non-zero at the damage instant, so a trigger logic to reset the integrator of V
is required. This discontinuity and trigger logic are totally avoided by using the non-CM approach [47], which means
the frame origin is still fixed on O after damage. The reference frames for moments and inertia tensor are also kept

invariant. Additionally, the moment due to gravity M = rpo’ X G needs to be added. The equations of motion using
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non-CM approach is given by [35]47]

174 m'l S -m'oV - &)STa) +F’
= (45)
) I V8 w-a8SV-aJw+M

() in Eq. denotes the corresponding skew-symmetric matrix of the vector (-). S = [m'rax, m'ray, m'ra )T is
non-zero when using the non-CM approach, which leads to coupled translational and rotational motions.

The aerodynamic characteristics of partially damaged aircraft have been investigated in [46, 48]]. It has been found
that damages of horizontal stabilizers lead to significant loss in both static and dynamic longitudinal stability. The static
derivative Gy, and damping derivative Gy, are approximately linear to the scale of tip loss. An additional rolling
moment coefficient due to pitch rate AC;, is induced if geometric asymmetrical damages are imposed on horizontal
stabilizers.

Similarly, the damages of vertical tail cause reductions in static and dynamic stability on the directional axis with an
approximately linear relationship with the damage scale. These effects are reflected by reductions of Cy; and G, .

The tip loss of the wing directly leads to the reduction of the lift slope Cy,. The unequal lift on left and right wings
also induces an additional rolling moment coefficient AC(). For aircraft with positive dihedral angle, Cj, reduces as
the wing area lost. The rolling damping coefficient C;, is also expected to reduce because the wing is the major source
of rolling damping. Similar to the effects of asymmetric horizontal stabilizer damage, the asymmetric wing damage
would also generate a rolling moment coefficient during pitch motions indicated by ACy,, .

The influences of wing, horizontal stabilizer and vertical tail damages on aerodynamic coefficients are summarized
in Table [T}

Table 1 The main influences of structural damages on aerodynamic coefficients.

Damaged component Changed coefficients New coefficients

horizontal stabilizer Cimgs Cim, AClq
vertical tail Chgs Ca,
wing Cr,. C, Ci, ACy,, ACi(a)

D. Aircraft Attitude Fault-Tolerant Control Design

Recall Eqs. (@I} [A2). the aircraft attitude dynamics can be written in a more compact form as

R
|

Si1(x1)x2

fz(xl, xz) + qu (46)

X7
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where x| = [¢, 60,017, x2 = [p.q. 71", u = [64, 60, 6,17 . The plant is perturbed by model uncertainties, damages and
failures.

f2:f2+(fﬁ—f2)K+Af2, G2262+(Gﬁ—62)K+AG2 (47)

In Eq. , f> and G, represent the nominal dynamics given by Eq. . [ s, and Gy denote the new dynamics
after sudden actuator faults or structural damages. Af, and AG; indicate the model uncertainty terms as continuous
functions of x. «(¢) € [0, 1] is a failure indicator, with k = 1 denotes post-fault condition, and xk = 0 denotes the
fault free case. «(¢) is designed as a unit step function to indicate the sudden structure breaks and actuator faults
during flight. Since the first equation of Eq. (#6) represents the kinematics of the aircraft attitude, there is no model
uncertainty (f, = f;). V,a, 8 in Eq. are viewed as measurable inputs. Choosing y = x, the vector relative
degree is then p = [2,2,2]". With knowledge only about the nominal model, the controller aims at passively tolerating
these faults/damages and model uncertainties. This paper chooses the attitude control as a demonstrative case for
testing the decoupling performance of the controllers. The output and x| can also be chosen as y = x| = [u, o, 8]7 or

=x1 = [¢,6, B]". Using the kinematic equations for y, @, B [24], the vector relative degree for these two choices still
equals p = [2,2,2]7. Therefore, the control methods designed in this paper can be applied straightforwardly.

Using Egs. (8} 46). the NDI control input is #,4; = B~ (v, — &) (Eq. (6)) with residual error

(@—a)+ BB ' -y, - a)

Endi

f12

F1f2=F2) +(f1G2G5' f1 =Dy, - (f1x2) = f1F2) (48)

where f, = f is used in the above equation. The INDI controller is designed by Eq. , but since a new variable « as
a discontinuous function of time is incorporated to indicate the sudden faults/damages on-board, §(x, Ar) in Eq. (9)

needs to be augmented by a A« related term as

8 (x, Ak, A1) = 6, An) + 77, = | L2 BB v oary |+ e Bull (49)
0x 0 Jk 0
Using Egs. A7), n,. is calculated as
L2 (f 1 x2) + f1f2+ f1Gaul _ _
M = P Ak = f1l(f 5 = F2) + (G = GoJul|jAx (50)
0

Since «(¢) is a unit step function, then Ax(t) is a single square pulse with the magnitude of one and width of Ar.
Consequently, this 17, term is only non-zero at the failure instant, and at the next time step, the faults/damages have
already been reflected in the measurements. This remarkable feature makes the sensor-based INDI a promising approach

for fault-tolerant control problems.
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Recall Eq. , 1, is bounded if at the fault instant t7, [(f , — f2) + (G — G2)u]|;=;, is bounded. This is a
reasonable assumption since more strict requirements on the boundedness of f, — f, = (f s f2)x + Af, and
G,-G, = (Gp - Gz)K + AG;, for all ¢ are often made in the literature [2}|/5H10]. Denote the bound of 5, as 7y, recall
Eq. @9), [|6"(x, Ak, At)|| < ||6(x, At)|| + 7. As a result, Theorem [I] and Proposition [I] are valid when « is involved.
Furthermore, since 77, converges to zero after the fault occurs, the ultimate bound of &,,4(.s) is not influenced by 7.
Even though this 77, term only appears at the fault/damage instant, it inevitably degrades the tracking performance of

INDI. Therefore, it is meaningful to incorporate v into INDI for robustness enhancement.

V. Numerical Validation

In this section, the NDI, INDI, NDI-SMC, and INDI-SMC designed for an aircraft command tracking problem will
be compared numerically. The nominal aerodynamic model, thrust model and inertia model are set up adopting the
public data of F-16 [49]. The nonlinear dynamic equations of motion before and after failures are given by Eq. (4I) and
Eq. @3] respectively. The aerodynamic model and control effectiveness after faults/damages are modeled using the
methods in subsection and subsection Only the rudder, ailerons and stabilator are considered as inner-loop
control variables and they are all modeled as first-order systems with rate and position limits. The bandwidth and limits
for the actuators are listed in Table 2] A simple proportional-integral thrust control to maintain the airspeed is designed
in a separate control loop. This aircraft is initially trimmed at a steady-level flight condition with airspeed V = 500 ft/s

and altitude & = 10000 ft. The sampling frequency used by the controllers is f; = 100 Hz.

Table 2 Limits and bandwidths of actuators.

Bandwidth [rad/s] Rate limit [deg/s] Position limit [deg]

Sa 20.2 80 +21.5
Se 20.2 90 +25
Sr 20.2 120 + 30

A. Flight Control in the Nominal Case

The properties of actuators influence the performance of INDI and (higher-order) sliding mode control since both
methods need “fast” actuator dynamics. The actuator dynamics are included in some (higher-order) sliding mode
controllers [6l 26], which would however increase the relative degree of the overall system. This increase would require
higher-order derivatives of the outputs as mentioned in [9]. When the bandwidth of the actuators are sufficiently higher
than the system dynamics, the controller can be designed without considering the actuator dynamics, which is a common
practice in the literature. This approach is adopted in the present paper, and the control performance is expected to be
improved if faster actuators are used.

The successive tracking references for ¢, 6,y are illustrated in Fig. [2} which are smoothly combined sigmoid

21



functions. The sigmoid function f,(¢) = ﬁ is chosen because of its differentiable property up to any order.
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Fig. 2 Tracking commands.

Remark 8 As discussed in subsection [[IIJE} NDI-SMC or INDI-SMC actually indicates a branch of sliding mode
control methods designed using the structure of NDI or INDI, regardless of the sliding order, sliding surface and

reaching law designs. Therefore, the comparisons are also independent of these factors. Eqgs. [28) with first-order

integral-type sliding variable (Eq. (24))) are implemented as an example.

The reference tracking controllers using NDI and INDI methods are givens by Egs. (6} [I0). For fair comparisons,

ve = —Ke+ yﬁp ) for all the four controllers, with the desired error dynamics consistently given by

é; + KD,iéi + Kp,,-ei =0, i=1223. (28

The gains are designed as Kp; = 5.6, Kp; = 16, i = 1,2,3 to achieve desired second-order error dynamics

with natural frequency 4 rad/s and damping ratio 0.7. v, is designed in the classical way as vy = —Ksign(o)
with K = diag([1,0.5,0.3]). The widely used boundary-layer method [2. 4.6, Ol [16] 25] that replaces the signum
functions by saturation functions are also adopted to reduce chattering. The thickness of the boundary layers are
£ =001,i=123.

In the nominal condition, namely f = J_” G = G, the aircraft responses, tracking errors, and control inputs using the

proposed four controllers are illustrated in Fig. 3]

As can be seen from Fig.[3] all the four controllers are able to make the system track the commands. Owing to the
singular perturbations from the actuator dynamics [16} 38], the closed-loop dynamics no long behave like second-order
systems under NDI and INDI controls. The aircraft using INDI control has sightly better performance as compared to
that using NDI as can be seen from the tracking error responses. Furthermore, by using both NDI and INDI based

sliding mode controllers, the tracking performance is improved without requiring additional control efforts.

22



A
0 e  _ 0 = =7
= 2 / \/ \/ \\/
< ) NDI o \
-5 - — — — INDI -0.5 ¢
NDI-SMC
INDI-SMC

Y []

t[s] t[s] t[s]

Fig. 3 Aircraft responses and control inputs under the nominal condition.

B. Flight Control in the Presence of Actuator Faults

In this subsection, the performance of aircraft command tracking in the presence of actuator faults are simulated.
The first actuator fault scenario considered is that the rudder suddenly lost 50% of its effectiveness during flight at
t =7 s. As can be seen from Fig.[d] the rotational and directional tracking performance get noticeably worse from
t = 7 s under the control of NDI, INDI, and NDI-SMC. The tracking errors under NDI control have the largest rms (root
mean square) value. Although the aircraft using NDI-SMC is able to recover from the fault, it presents distinct tracking
errors during ¢ € [7, 13] s. On the other hand, INDI-SMC is able to rapidly recover from the rudder fault with much
smaller transition tracking errors.

The second actuator fault scenario considered is when ¢ = 3 s, the right aileron runs away with it maximum rate
and gets jammed at 6,4 = 15.05°. The positive deflections are defined in the conventional way, namely a positive ¢,
indicates the right aileron deflects downwards and the left aileron deflects upwards. As discussed in subsection [[V|[B]
one side of ailerons stuck at a non-neutral position leads to halved control effectiveness, newly introduced C,, g0 @S well
as aerodynamic coefficient increments given by Eq. @3). As shown in Fig.[3] the aileron jamming induced rolling
coefficient AC; makes the aircraft roll to the left from ¢ = 3 s under NDI and NDI-SMC control. The coupling effects
also make the aircraft yaw to the left under NDI control. AC,, makes the aircraft slightly pitch down. NDI control itself
shows poor robust performance in this scenario. When combined with sliding mode control, NDI-SMC has improved
robustness especially on pitch and yaw channels. However, after fault occurs, the aircraft using NDI-SMC is unable to

track the rolling command anymore, and the rudder has a potential to get saturated.
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Fig. 4 Aircraft responses and control inputs under a rudder fault condition (r = 7 s).
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Fig. 5 Aircraft responses and control inputs under an aileron jamming condition (¢ = 3 s).

On the contrary, aircraft using both INDI and INDI-SMC are able to recover from the aileron fault, and continue
to track the commands. In view of Fig. [5] the left aileron deflects downwards at —14° and rudder deflects at —2.6°
after the commands vanish to re-trim the aircraft. Although the aircraft under INDI control can recover, its ¢ tracking

performance degrades. When using the INDI control, the rms value of e is 0.17° in the nominal case, but degrades
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t0 0.57° in the presence of fault. By using INDI-SMC, the rms value of ey is reduced to 0.07°. The aircraft under
INDI-SMC also shows better tracking performance in pitch and yaw control channels.

The third actuator fault scenario considered in this paper is the elevator/stabilator jamming problem. Atz =5s,
the left stabilator is jammed downwards at .o = —12.5°. Consequently, the stabilator control effectiveness is halved,
Ci,,, Cus, are introduced, and the aerodynamic coeflicient increments are given by Eq. @ Theses coefficient

increments cause a positive rolling moment and a negative pitching moment as can be seen from the responses under

NDI control in Fig. [0

5, 17

NDI-SMC | Y
0 s INDI-SMC 0 s

t[s] t[s] ts]

Fig. 6 Aircraft responses and control inputs under a stabilator jamming condition (z = 5 s).

Due to the coupling effects, the yaw angle track performance also deteriorates under NDI control. Even though
this deterioration is compensated by NDI-SMC, the roll and pitch angles are still unable to recover from the fault
under NDI-SMC control. Aircraft using INDI or INDI-SMC is able to recover from the fault and continue to track the
commands. Moreover, the rms of ey is diminished from 0.29° under INDI control to 0.02° under INDI-SMC control.

The fourth actuator fault scenario is the combination of the above three scenarios with responses shown in Fig.[7]
Similar phenomena can be observed that NDI and NDI-SMC are unable to recover from the actuator faults, with the yaw
angle shows a trend of divergence. Aircraft using INDI or INDI-SMC can recover and continue to track the commands.
However, using INDI control, the stabilator gets saturated when ¢t € [7.1,7.4] s. By contrast, INDI-SMC shows the
highest tracking accuracy before and after faults without actuator saturation.

As analyzed in subsection [I[C] the sensor-based INDI control has reduced residual error in the presence of

faults/damages as compared to NDI control. Moreover, €;,4; is guaranteed to be bounded using sufficiently high
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Fig.7 Aircraft responses and inputs with aileron, stabilator and rudder faults occur at = 3, 5, 7 s.

sampling frequency and if ||[I — 887!|| < b < 1. On the other hand, the boundedness of &,,4; is undetermined even if

I — BB~'|| < b < 1. These phenomena are verified via simulations under the fourth actuator fault scenario as shown

in Fig.[§]
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Fig. 8 Value of ||[I — 887!|| and the residual errors in the fourth actuator fault scenario.

As can be observed from Fig. the value of ||I — 88~!|| for both NDI and INDI show jumps at # = 3,5, 7 s due to
successive actuator faults. The variations of |[I — 887! || are because B(x) is a function of states. ||I - BB~ || < b < 1
are satisfied for both NDI and INDI during the entire time history. While the residual errors of INDI remain bounded
for all the three control channels, &,4; ,, however shows a trend of divergence. Furthermore, ||&;,4;|| is smaller than
||€naill in this scenario. It is noteworthy that ||&;,4;|| can be further diminished by decreasing At in practice, while
||€naill is independent of Ar.

For the reason that the switching gains of most sliding mode control methods are monotonically increasing functions

of perturbation bounds, the smaller and bounded &;,4; also requires lower control gains. When the same control gains
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are used for INDI-SMC and NDI-SMC, which is the situation for all the above simulations, INDI-SMC shows better
performance. One may suppose that improved performance for NDI-SMC can be achieved if the switching gains are
increased. This guess is tested by gradually increasing the switching gains of NDI-SMC as K = ¢ - diag([1,0.5,0.3])

under the fourth actuator fault scenario, with the simulation results shown in Fig. E}
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— — — NDI-SMC, c=3
20 NDI-SMC, c=5

NDI-SMC, c=7

0

I¢>[°]

-20

0[]

g

t[s] t[s] t[s]

Fig. 9 Responses using NDI-SMC with gradually increased switching gains.

In view of Fig.[9] when the switching gains for NDI-SMC increased from ¢ = 1 to ¢ = 5, the tracking performance of
NDI-SMC is indeed improved. However, the roll angle still has about ten degree’s of transition error when ¢ = 5. Further
increasing the gains to ¢ = 7 induces a divergence owing to the rate and position constrains and limited bandwidth of
the actuators. The increased switching gains after faults/damages would also amplify the measurement noise in practice.

By contrast, the INDI-SMC is able to handle all the considered four actuator fault cases with fixed and lower gains.

C. Flight Control in the Presence of Structural Damages

The aircraft attitude tracking using the proposed four control methods subject to structural damages are simulated in
this subsection. The dynamic equations after damages are given by Eq. {@3])). The aerodynamic effects of damages are
given in subsection[[V][C] The inertia properties of this aircraft after damages are calculated by using a model of F-16.
In accompany with the specific component breaks, the corresponding control surface is also damaged. Only the nominal
model is known by the controllers, and the faults/damages are intended to be tolerated by the controllers.

The first structural damage scenario considered here is the vertical tail damage case. To be specific, half of the

vertical tail area is lost at # = 7 s. At the same time, 50% of the rudder effectiveness is also lost. The system responses
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and control inputs are presented in Fig. [T0}

t[s] t[s] t[s]

Fig. 10 Aircraft responses and control inputs under a vertical tail damage condition (t = 7 s).

Fig.[I0]seems to be similar to Fig. ] at the first glance, but the influences of the forward c.m. shift caused by the
vertical tail loss can be seen from the pitch angle tracking error in Fig.[T0] Under NDI control, the pitch tracking has a
steady-state error of 0.21°. The yaw and roll channels also show obvious transition errors under NDI control. NDI-SMC
is able to compensate for the errors in roll and pitch channel, but still shows noticeable e,. INDI-SMC has improved
performance as compared to both INDI and NDI-SMC.

The second structural damage scenario simulated here is that at # = 5 s, the entire left stabilator is lost, while the
right stabilator is still working normally. Accompanying with the left stabilator lost, the c.m. shifts forwards and to the
right. The effects of the rolling and pitching moment increments can be seen from the responses under NDI control in
Fig.[TT} The reduced longitudinal damping and stability margin are also influencing the closed-loop system responses.
Using NDI control is not enough to make the system recover from this failure. Although NDI-SMC shows improved
performance, its convergence speed is slow and still presents small ey at ¢ = 15 s. Owing to the asymmetrical c.m. shift
and the newly induced coefficient AClq, the rms value of e increased to 0.18° under INDI control and is reduced by
96% using INDI-SMC.

The third structural damage scenario modeled here is at # = 3 s, the right wing lost 25% of its area. At the meanwhile,
the right aileron is also lost. The unequal lift on the left and right wing immediately causes a positive rolling moment
as can be seen from Fig.[T2] The coupling effects also cause performance degradations on pitch and yaw channels

under NDI and NDI-SMC controls. Using NDI or NDI-SMC, the aircraft is unable to recover form the damage, and the
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Fig. 11 Aircraft responses and control inputs under a stabilator damage condition (1 = 5 s).

rudder has a potential to get saturated. Both INDI and INDI-SMC are able to make the aircraft recover and continue the

tracking missions. The rms value of e, degrades to 0.51° under INDI control in this scenario, and can be improved into

0.24° using INDI-SMC.
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Fig. 12 Aircraft responses and control inputs under a wing damage condition (z = 3 s).
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The fourth structural damage scenario is a combination of the above three structural damage cases. Specifically, 25%
of the right wing breaks at r = 3 s, the entire left stabilator is lost at # = 5 s, and at # = 7 s, half area of the vertical tail is
lost. The corresponding control surfaces are also lost in accompany with the structural damages. The simulation results
are shown in Fig.[T3] from which it can be seen that both NDI and NDI-SMC controls are unable to help the aircraft
recover from the damages, and the rudder get saturated from ¢ = 9.6 s. INDI as well as INDI-SMC can complete the

tracking missions in the presence of structural damages. Furthermore, INDI-SMC has the best tracking accuracy.
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Fig. 13 Aircraft responses and inputs with wing, stabilator and vertical tail damaged at = 3, 5, 7 s.

Sufficiently high sampling frequency and |1 — B8~!|| < b < 1 guarantee a bounded &;,,4;, while the boundedness
of &,,4; is undetermined under the same conditions (analyses in subsection|lIiC). This is also verified when the aircraft is
subjected to the fourth damage scenario, as illustrated in Fig. @ where &,,4;,» shows a trend of divergence. Furthermore,

||&inaill is smaller than ||&,4;|| in Fig. which leads to smaller minimum possible gain values for INDI-SMC.
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Fig. 14 Value of || — B87!|| and the residual errors in the fourth structural damage scenario.
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VI. Conclusions

The Incremental Sliding Mode Control (INDI-SMC) framework is proposed in this paper by hybridizing (higher-
order) sliding mode controllers/observers with the reformulated Incremental Nonlinear Dynamic Inversion (INDI). The
incorporations of the sliding mode robustification terms into INDI compensate for the residual errors of INDI, whilst
the incremental framework simultaneously reduces the control/observer gains and the model dependency.

It is verified theoretically and numerically that a diagonally dominant structure of 887! and sufficiently high
sampling frequency ensure the boundedness of the INDI residual error (£;,4;). By contrast, even if these conditions are
satisfied, the Nonlinear Dynamic Inversion (NDI) residual error (&,,4;) can become unbounded in severe damage cases.
Moreover, in the same faults/damages scenario, there exists a sampling frequency which makes the bound of &;,,4;
smaller than the bound of &,4;. These beneficial properties of INDI enable the INDI-SMC framework to passively
resist a wider range of perturbations with lower sliding mode control/observer gains, as compared to the widely used
way of designing sliding mode control based on NDI.

When applied to passive fault-tolerant flight control problems, the proposed INDI-SMC framework shows better
robust performance over NDI, INDI, and the NDI based sliding mode control, in the presence of sudden actuator faults

and structural damages, which makes it a promising approach to enhance aircraft survivability in real life.
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