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Abstract:  

Ignition of materials by a point source of heating plays an important role in initiating many structure and 

wildland fires, such as spotting by hot particles, lightning, laser, and concentrated irradiation. Herein, we study 

the smoldering ignition of tissue paper by a concentrated sunlight spot with heat fluxes up to 780 kW/m2, which 

is focused by a transparent glass sphere. The diameter of the sunlight spot on the paper sample ranges from 1.5 

to 20.0 mm by varying the paper position within the focal length, where a smaller spot has a larger intensity of 

sunlight irradiation. The measured minimum spot irradiation for smoldering ignition is not a constant but is 

much higher than 11 kW/m2 measured in a traditional cone-calorimeter test. As the diameter of the irradiation 

spot decreases from 20 to 1.5 mm, the minimum irradiation for smoldering ignition increases from 17.5 to 205 

kW/m2, and the ignition energy increases from 0.084 to 2.0 MJ/m2. A simplified heat transfer analysis reveals 

that the lateral conductive cooling within the fuel becomes dominant for a smaller spot ignition area. This work 

ultimately quantifies the potential fire risk from concentrated sunlight spots and helps elucidate the underlying 

mechanisms leading to smoldering ignition. 
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1. Introduction  

The ignition of combustible materials is fundamental to fire safety analyses, defining initiation and leading 

to the eventual growth of sometimes devastating fire events. Many ignition events leading to both structure and 

wildland fires occur remotely by a point heating source [1], such as the deposition of lofted firebrands [2–4], 

hot metal particles [4,5], dripping molten materials [6], laser irradiation [7–10], lightning strikes [11], and 

concentrated irradiation [12–15]. Significant studies have recently focused on spotting ignition of various fuels 

by lofted firebrands, which can sometimes dominate the fire spread rate in both wildland and wildland-urban 

interface (WUI) fires [2,3]. A lesser-studied source of ignition is a concentrated sunlight spot, which can be 

reflected by a curved mirror or focused by a dew droplet, curved glass window and decorations, transparent fish 

bowls, or cylindrical bottles filled with water [16–18]. From 2010 to 2015, 125 fires in the United Kingdom 

were reported to be triggered by a concentrated sunlight spot [19], posing threats to both human lives and 

property. However, to the best of the authors’ knowledge, this remote ignition phenomenon has not received a 

detailed and quantitative study, presenting a key knowledge gap. 
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Nomenclature 

Symbols  Greeks  

𝐵𝑖 Biot number (-) 𝛼 thermal diffusivity (m2/s) 

cp specific heat (J/kg-K) 𝜀 emissivity (-) 

𝐶 concentration factor (-) 𝜎 Stefan-Boltzmann constant (J/m2-s-K4) 

D light spot diameter (m) 𝛿 thickness (m) 

𝐷𝑂2
 oxygen diffusivity (m2/s) 𝜌 density (kg/m3) 

𝐸𝑖𝑔
  ignition energy (MJ)   

𝐸𝑖𝑔
′′  ignition energy per unit area (MJ/m2) Subscripts  

ℎ heat transfer coefficient (W/(m2K)) ∞  ambient  

𝑘 thermal conductivity (W/(mK)) c concentrated  

nc refractive index (-) cond conduction 

𝑞̇′′ heat flux (kW/m2) crt critical 

r radius (m) ig ignition 

∆𝑟 thermal penetration depth (m) min minimum 

T temperature (oC/K) s solar 

∆𝑇 temperature difference (oC/K) sm smoldering 

t time (s) T thermal 

 

Over the past 50 years, limited studies have investigated flaming ignition by a laser spot or concentrated 

irradiation. Kashiwagi [7,8] showed that the minimum radiant heat fluxes for flaming autoignition are 90 kW/m2 

for red oak and 160 kW/m2 for PMMA, performed with a 2-3 cm diameter laser spot. By increasing the diameter 

of the heating spot to about 3.5 cm, the minimum radiant fluxes decreased to 80-90 kW/m2, still much higher 

than a value of 25-50 kW/m2 reported for auto-ignition of 10-cm width square wood samples more evenly heated 

in a cone calorimeter [20]. Later, the laser ignition of thin PMMA sheets with different orientations has also 

been investigated experimentally and numerically [21,22]. Grishin et al. [12] generated a light beam by a 

tungsten lamp to ignite a porous forest fuel layer with a bulk density of 6-24 kg/m3 and revealed that the required 

irradiant heat flux for flaming ignition decreases as the heating diameter increases from 8 mm to 27 mm. Warren 

[13] concentrated sunlight using a spherical water-filled glass bowl with a diameter of 200 mm and 

demonstrated the possibility of smoldering ignition of print paper by concentrated irradiation. Recently, Sandia 

National Laboratories [14,15] used hundreds of reflection mirrors in a concentrated solar tower plant to generate 

an irradiation greater than 2,000 kW/m2 (about 0.5-m diameter spot) that could ignite some common fuels within 

a few seconds.  

Compared to spotting ignition by direct contact with a hot metal spark or firebrand (i.e., transfer of both a 

physical heat source and fuel) [2,4], ignition by a concentrated irradiation spot involves only energy transfer. 

Thus, such an ignition process is simpler, which may also provide valuable information applicable to other 
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spotting ignition processes. Once an intense irradiation spot is applied, a recipient fuel may first be heated, dried, 

decompose, and then begin to smolder. Auto-ignition directly to a flaming mode of combustion is also possible 

if the radiation is strong enough [8,23]. Smoldering combustion is slow, low-temperature and flameless burning 

of porous fuel, which is sustained as a heterogeneous oxidative process and different from flaming combustion 

[24]. Smoldering is a common fire phenomenon in both structures and wildland, such as the burning of 

upholstered furniture, mattresses, firebrands, duff, and peatlands [24–26]. Smoldering can be easily initiated by 

a weaker ignition source or even self-ignited, providing a shortcut to severe fire events through the smoldering-

to-flaming transition [24,25,27–30]. Therefore, it is of vital significance to fully understand smoldering ignition. 

So far, little research has studied the smoldering ignition by concentrated irradation spots, and the ignition 

criteria are still poorly understood.  

     This work investigates the smoldering ignition of multiple-layered tissue paper samples by intense point 

irradiation, i.e., a sunlight spot concentrated by a spherical glass ball. Within the focus length, the diameter of 

the heating spot was varied from 1.5 mm to 20 mm, and the intensity of irradiation was varied up to 780 kW/m2. 

The ignition delay time, critical heat flux, and ignition energy of smoldering by the irradiation spot were 

quantified. Finally, a simplified heat transfer model was proposed to (1) explain the varying minimum 

irradiation and energy required for smoldering ignition and (2) quantify the potential ignition risk initiated by 

the concentrated sunlight in both structure and wildland fires.  

2. Experimental methods 

2.1. Materials and apparatus  

Thin tissue paper made of unbleached pulp was used in the experiment, as it was a typical thin fuel that 

could be found in residential buildings and similar in nature to cellulosic wildland fuels. The results of 

thermogravimetric analysis (TGA) could be found in Appendix (Fig. A1). Before the test, the tissue paper was 

first oven-dried at 75 ℃ for 48 h, and its dried bulk density was measured to be 98 ± 5 kg/m3. Afterward, it was 

placed into an electronic dry cabinet to avoid re-absorption of moisture from the air. For the test, the tissue was 

first cut into a size of 60 mm × 60 mm, and six layers of tissue were packed into a sample with an overall 

thickness (𝛿) of about 2 mm (see Fig. 1a). For a single layer of tissue (about 0.1-mm thick), the concentrated 

irradiation spot would create a hole on the tissue directly without ignition, so multiple layers of tissue were used. 

The gap between layers was minimized to consider the total sample as one, and the influence of the gap between 

layers was characterized by the bluk density. 

In the experiment, natural sunlight was concentrated by a 150-mm K9 crown glass sphere with a refractive 

index (nc) around 1.53. The spherical lens minimized the operation of the concentrator during the experiment, 

because its projection of sunlight beam was fixed and insensitive to the position of the sun. The focal length and 

back focal length of the crown glass sphere were theoretically calculated to be 108 mm and 33 mm [31], as 

illustrated in Fig. 1b.  
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Fig. 1. (a) Schematic diagram of the designed experiment apparatus, and (b) overall concentration factor at 

different axial distance from sphere. 

A positioning device was fixed perpendicular to the surface of the base stand (Fig. 1a). To ensure that the 

device was parallel to the sunlight, the angle of the base stand was adjusted until the light beam passed through 

the hole in the middle of the front aluminum block and projected on the middle of the back aluminum block. A 

solar power meter was fixed at the front towards the sunlight direction to record real-time solar irradiation (𝑞̇𝑠
′′). 

The sample frame was a hollow box that provided a volume of 60 × 60 × 2 mm3 for the tissue sample and was 

inserted into the sample holder. The sample holder was installed on a slide that can adjust its distance between 

the tissue sample and the glass sphere with a precision of 0.5 mm.  
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2.2. Irradiant heat flux of concentrated light spot 

Traditionally, the value of incident irradiant heat flux can be measured by a radiometer. However, as the 

diameter of the light spot decreases, the heat flux of sunlight concentrated by the glass sphere could exceed 500 

kW/m2, which was much higher than the upper limit (usually 100-200 kW/m2) of a conventional radiometer. 

Thus, to quantify the high irradiation of concentrated sunlight spot, an optical simulation performed in TracePro 

[32] was first used to correlate the size of the light spot and theoretical irradiation (𝑞̇𝑐
′′) concentrated by a 150-

mm crown glass sphere.  

In the optical simulation, the overall concentration factor (𝐶) is a ratio of irradiation level after and before 

concentrating which could be used to quantify the concentrated irradiation flux in this study. The overall 

concentration factor considered not only optical concentration, but also the actual energy dissipation, such as 

the light reflected, refracted, and absorbed by the glass sphere in the transmitting process [13].   

Fig. 1b shows the overall concentration factor (𝐶) vs. light spot diameter (D) of a 150-mm glass sphere 

based on an optical simulation performed in TracePro [32]. Note that the peak concentration factor is about 900 

at about D = 2 mm, which is not at the optical back focal length. Due to losses resulting from reflection, 

refraction, and spherical aberration, the concentration factor of the smallest light spot (D = 1.5 mm) is about 

460 at the back focal length. 

With the instant solar irradiation (𝑞̇𝑠
′′) and the overall concentration factor (𝐶) for different light spots 

determined, the actual concentrated solar irradiant heat flux to the fuel sample can be calculated as 

𝑞̇𝑐
′′ = 𝐶𝑞̇𝑠

′′                                                                                 (1) 

For example, if the solar irradiation is 1 kW/m2 [33], the resultant heat flux peaks at around 900 kW/m2, which 

is close to the literature value [13]. In addition, the conventional radiometer was used to measure the 

concentrated solar irradiation of large spots up to 200 kW/m2 and compare with the calculated values by Eq. (1) 

in Fig. A2. Good agreement was found between the radiometer and calculated values, confirming the accuracy 

of the irradiation heat flux based on the optical simulation.  

Table 1. Summary of diameters of the concentrated irradiation spots (𝐷) and concentration factors (𝐶) at different 

distances from the glass sphere. 

Distance from sphere, 𝒙 (mm) 33.0 19.0 13.0 3.0 

Irradiation spot diameter, 𝐷 (mm) 1.5 5.5 9.0 20 

Concentration factor, 𝐶 460 294 134 38 

 

Sunlight through the glass sphere will also form a caustic zone instead of a focal point due to the existence 

of spherical aberration, that is, the blurry appearance of the outer part of the view of a convex lens [15]. As the 

spots become intensively blurry beyond the focus length, their edge could be hard to identify. Therefore, to 

maintain better precision, only light spots within the back focal length with clearly defined boundary were 

adopted in the experiment [34]. In total, four different positions (𝑥) of 3 mm, 13 mm, 19 mm, and 33 mm within 
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the glass sphere’s back focal length were tested, with respect to four heating diameters (𝐷) of 20.0 mm, 9.0 mm, 

5.5 mm, and 1.5 mm, as summarized in Table 1. 

2.3. Experimental procedures 

Before the test, the diameter of the light spot was adjusted by controlling the distance between the glass 

sphere and sample. Afterward, the light spot was shielded by a piece of black cardboard, and the tissue sample 

was inserted into the sample holder. Once the solar irradiation heat flux (𝑞̇𝑠
′′) read by the solar power meter was 

relatively constant, the back cardboard was removed to allow the light spot to irradiate the fuel surface. Then, 

the sample was heated by the light spot for a prescribed duration (𝑡).  

For flaming ignition, the time of ignition can be determined by the appearance of a flame. However, it was 

not possible to instantaneously determine the success of smoldering ignition and the exact ignition time [28]. 

Thus, the tissue sample was first heated for a prescribed duration, and then it was left in the controlled 

environment without wind for another 5 min for further observation. Successful smoldering ignition was then 

identified if the smoldering spot was self-sustaining. A self-sustained smoldering is defined as the smoldering 

front successfully propagating outwards from the heating region within 5 min, eventually burning out the sample. 

If smoldering ignition was not observed, the heating duration was increased until smoldering ignition was 

successful. Then, more than 100 tests were conducted using the same heating diameter under a range of 

concentrated irradiations. Afterward, the diameter of the heating spot was varied by moving the sample within 

the focal length to investigate its effect on smoldering ignition.  

In total, more than 600 tests were conducted outdoors on typical summer sunny days with a clear blue sky. 

Depending on the weather and solar zenith angle, the instant solar radiation ranged from 0.2 kW/m2 (at nightfall) 

to 1.6 kWm2 (at noon). During the test, the ambient temperature was 29 ± 2 °C, the relative humidity was 82 ± 

10 %, the wind speed was 5.5 ± 0.9 m/s, and the ambient pressure was 101 kPa. 

3. Results and discussion 

3.1. Smoldering spotting ignition phenomena 

Fig. 2a shows an example of a successful smoldering ignition process by a concentrated irradiation spot 

with a diameter of 1.5 mm and a resultant irradiation heat flux of 560 kW/m2. Once the irradiation spot was 

applied on the sample surface, some smoke was released, likely a combination of condensed water vapor and 

pyrolysis gases [28]. Continuing the heating, the surface layer within the light spot turned black (or charred) 

and cracked, allowing the light beam to heat the lower layers directly. After heating for about 8 s, the sample 

detached from the apparatus but remained in the controlled environment (without wind) for another 5 min. As 

a result, the black spot expanded outwards evenly, expanding at a stable rate, and eventually burned out the 

sample. Fig. 2b shows an example of a failed smoldering ignition process by the concentrated irradiation spot 

with a diameter of 1.5 mm and a resultant radiant heat flux of 300 kW/m2. Initially, smoke and a charring 

tendency were also observed. However, after heating for 8 s, no smoldering propagation phenomenon was 

observed, indicating a failed ignition. More videos can be found in the Supplementary Materials (Videos S1-2).   
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Fig. 2. Smoldering ignition of dried tissue samples by concentrated irradiation spot with a diameter of 1.5 mm for 8 

s, (a) successful ignition under irradiation of 560 kW/m2, and (b) failed ignition under irradiation of 300 kW/m2. 

3.2. Irradiation duration for ignition and critical irradiation 

The experimental outcomes under different diameters of concentrated irradiation spots (𝐷) and the resultant 

irradiant heat fluxes (𝑞̇𝑐
′′) are summarized in Fig. 3, where the solid and hollow markers represent failed and 

successful ignition, respectively. Note that the instant solar radiation (𝑞̇𝑠
′′) changed from time to time, so there 

was a large scattering in the irradiation value. Given the diameter of the concentrated irradiation spot, the 

required heating duration for the smoldering ignition (𝑡𝑖𝑔) decreases as the external irradiation increases. This 

trend is similar to the piloted flaming ignition theory, where the flaming ignition time is mainly the required 

heating time for pyrolysis [25,28].  

In general, the required duration for smoldering ignition (𝑡𝑖𝑔) is the time to heat the fuel surface to a critical 

smoldering temperature (𝑇𝑠𝑚) which is the threshold temperature of char oxidation [28]. For a typical 1-D 

thermally-thin material (i.e., small Biot number 𝐵𝑖 < 0.1), if heat transfer inside the fuel is neglected, the 

ignition time can be approximated as 

𝑡𝑖𝑔 ≈
𝜌𝑐𝑝𝛿(𝑇𝑠𝑚 − 𝑇0)

𝑞̇𝑐
′′ − 𝑞̇𝑐𝑟𝑡

′′                                                                 (2) 

where 𝜌 , 𝑐𝑝 , and 𝛿  are the density, specific heat, and thickness of fuel, respectively; 𝑇0  is the initial fuel 

temperature; and 𝑞̇𝑐𝑟𝑡
′′  is the critical heat flux for smoldering ignition.  
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Fig. 3. The experimental outcomes under different diameters of irradiation spots (𝐷) and the resultant irradiant 

heat fluxes (𝑞̇𝑐
′′), where the solid and hollow markers represent failed and successful ignition, respectively.  

 

Fig. 4. The relationship between 𝑡−1 and 𝑞̇𝑐
′′ under different spot diameters and the critical irradiation levels, where 

the fitting curves of ignition boundaries were obtained from the logistic regression model. 
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Fig. 4 further verifies the relationships between 𝑡−1 and 𝑞̇𝑐
′′ with different diameters of the concentrated 

irradiation spots, where the linear correlations of the ignition boundaries (i.e., 𝑡𝑖𝑔) were obtained from the 

logistic regression model [35]. The performances of this statistical model were speculated and could be found 

in the Appendix. Based on Eq. (2), the critical heat flux for smoldering ignition (𝑞̇𝑐𝑟𝑡
′′ ) can be estimated by a 

linear extrapolation of ignition boundary towards the x-axis (i.e., 𝑡𝑖𝑔 → ∞), as indicated in Fig. 4. Interestingly, 

as the diameter of concentrated irradiation spot decreases from 20 mm to 1.5 mm, the critical heat flux increases 

dramatically from 18 kW/m2 to 205 kW/m2 (see the summary in Table 2). 

Fig. 5a further plots the critical irradiation heat fluxes for smoldering ignition vs. the spot diameters. For a 

larger irradiation spot, the critical irradiation of ignition is low. Due to losses resulting from reflection, refraction, 

and spherical aberration, it is extremely difficult to find the exact position of low irradiation level within the 

focus length, which could also result in a large uncertainty. Therefore, the cone calorimeter was applied here to 

provide a reference value with a larger heating spot (i.e., D=60 mm). Clearly, as the diameter of the irradiation 

spot increases, the critical heat flux for smoldering ignition decreases, and eventually, it approaches a near-

minimum value obtained from the cone calorimeter (about 11 kW/m2).  

 

Fig. 5. The relationship between diameters of irradiation spots (D) and (a-b) critical ignition heat fluxes (𝑞̇𝑐𝑟𝑡
′′ ); and 

(c-d) smoldering ignition energy (𝐸𝑖𝑔,𝑚𝑖𝑛
′′ ), where the laser ignition data of PMMA and red oak sheet are from 

Kashiwagi [7], and data of the pine needle bed are from Grishin et al. [12]. 
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As a reference, critical heat fluxes for flaming auto-ignition of the 12-mm thick PMMA sheet and the 17-

mm thick red oak wood by a 25-mm laser spot [7] and a loose pine needle bed (~20 kg/m3) by a light beam [12] 

are also plotted in Fig. 5a. In general, the critical irradiation heat flux only slightly varies with the thickness of 

the fuel sample when irradiant heating and environmental cooling (including some radiation obsorption by 

pyrolysis gases [7]) reach a balance, thus ensuring an acceptable comparison. As expected, under the same 

irradiation-spot size (25 mm), a much large irradiation heat flux is needed to achieve a flame auto-ignition [7]. 

For very porous pine needles, the smoldering ignition was first achieved and then transitioned to a flame [12]. 

More importantly, the absorption of irradiation by a porous fuel was a volumetric process, which is more 

effective than the surface absorption by a more compact tissue in this work, so its critical irradiation heat flux 

for smoldering ignition was smaller. 

For the current experiments, an empirical correlation between the critical heat flux (𝑞̇𝑐𝑟𝑡
′′ ) for smoldering 

ignition and the diameter of concentrated irradiation spot (𝐷) can be formulated as 

𝑞̇𝑐𝑟𝑡
′′ = 11 +

300

𝐷
                                                                (3) 

where units of [kW/m2] for 𝑞̇𝑐𝑟𝑡
′′  and [mm] for 𝐷  are used. Excellent linearity is found using logarithmic 

coordinates in Fig. 5b, with an 𝑅2 coefficient of 0.97, indicating a strong power-law correlation. 

Table 2. Summary of critical heat flux (𝑞̇𝑐𝑟𝑡
′′ ) and minimum ignition energy (𝐸𝑖𝑔,𝑚𝑖𝑛

′′ ) for smoldering spotting 

ignition with different light spot diameters. 

Irradiation spot diameter, 𝑫 (mm) 1.5 5.5 9.0 20 60* 

Critical irradiation for ignition, 𝑞̇𝑐,𝑐𝑟𝑡
′′  (kW/m2) 205 82 52 17.5 11.5 

Minimum ignition energy, 𝐸𝑖𝑔,𝑚𝑖𝑛
′′  (MJ/m2) 2.0 0.56 0.28 0.084 0.031 

*The whole 60 mm × 60 mm sample was tested under the irradiation of the cone calorimeter. 

3.3. Ignition energy  

The smoldering ignition energy per unit area (𝐸𝑖𝑔
′′ ) for the thin tissue sample provided by the concentrated 

irradiation can be approximately calculated as 

𝐸𝑖𝑔
′′ = 𝑞̇𝑐

′′𝑡𝑖𝑔 ≈ 𝜌𝑐𝑝𝛿(𝑇𝑠𝑚 − 𝑇0)
𝑞̇𝑐

′′

𝑞̇𝑐
′′ − 𝑞̇𝑐𝑟𝑡

′′                                   (4) 

where the minimum heating duration for ignition (𝑡𝑖𝑔) could be obtained from Fig. 4. The smoldering ignition 

energy for different diameters of the irradiation spot is shown in Fig. 6. As the irradiation level (𝑞̇𝑐
′′) increases, 

the ignition time decreases, and the ignition energy gradually decreases, eventually approaching a minimum 

value [28], as shown in Fig. 6. Then, the minimum ignition energy per unit area of smoldering (𝐸𝑖𝑔,𝑚𝑖𝑛
′′ ) can be 

defined. Eq. (4) suggests that 𝐸𝑖𝑔,𝑚𝑖𝑛
′′  should be a material constant of 𝜌𝑐𝑝𝛿(𝑇𝑠𝑚 − 𝑇0) at 𝑞̇𝑐

′′ ≫ 𝑞̇𝑐𝑟𝑡
′′ , which 

disagrees with the different trendlines in Fig. 6.  
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Fig. 5c-d further compares the values of 𝐸𝑖𝑔,𝑚𝑖𝑛
′′  for different spot diameters (also see Table 2). As the 

diameter of the irradiation spot increases from 1.5 mm to 20 mm, the 𝐸𝑖𝑔,𝑚𝑖𝑛
′′  decreases from 2.0 MJ/m2 to 0.084 

MJ/m2. An empirical correlation between minimum ignition energy flux (𝐸𝑖𝑔,𝑚𝑖𝑛
′′ ) and spot diameter (𝐷) can be 

found as 

𝐸𝑖𝑔,𝑚𝑖𝑛
′′ = 0.03 +

2.9

𝐷
                                                                     (5) 

where units of [MJ/m2] for 𝐸𝑖𝑔,𝑚𝑖𝑛
′′  and [mm] for 𝐷 are used. An excellent degree of fit (𝑅2 coefficient of 0.99) 

can be seen using logarithmic coordinates in Fig. 5d. In other words, both the critical irradiation heat flux and 

the minimum ignition energy per unit area change with the diameter of irradiation spot, indicating that the 

conventional 1-D heat transfer analysis becomes invalid for an irradiation spot smaller than 20 mm, even if the 

fuel is physically thin (but it is no longer thermally thin). 

 

Fig. 6.  The relationship between ignition energy (𝐸𝑖𝑔
′′ ) and the irradiation heat flux (𝑞̇𝑐

′′) with different spot 

diameters (𝐷), where the minimum ignition energy (𝐸𝑖𝑔,𝑚𝑖𝑛
′′ ) could be represented as the dashed trendline. 

3.4. Theoretical analysis 

To scientifically understand the effect of the small irradiation spot on the critical heat flux of smoldering 

ignition, a characteristic smoldering ignition temperature (𝑇𝑠𝑚) is needed. Such a temperature should be high 

enough to initiate a robust char oxidation, which ranges from 230 ℃  to 400 ℃, depending on the type and 

chemistry of fuel [28,36,37]. Then, a simplified 2-D heat transfer analysis based on thermal equilibrium (i.e., 

the thermally-thin assumption) is proposed for a sample heated by a small irradiation spot, as shown in Fig. 7. 

Because the diameter of the spot is very small, the conductive cooling outwards from the heating spot perimeter 

has to be considered.  
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Therefore, the critical irradiation heat flux for smoldering ignition (𝑞̇𝑐𝑟𝑡
′′ ) should be determined via a balance 

between the incident radiation, environmental heat losses from the top and back sides (𝑞̇∞
′′ ) and the radial 

conductive heat loss to the virgin fuel (𝑞̇𝑐𝑜𝑛𝑑
′′ ) [28,38] at the smoldering temperature (𝑇𝑠𝑚) as 

𝑞̇𝑐𝑟𝑡
′′ (

𝜋𝐷2

4
) = 𝑞̇∞

′′ (
𝜋𝐷2

4
) × 2 + 𝑞̇𝑐𝑜𝑛𝑑

′′ (𝜋𝐷𝛿)                          (6) 

which can be further expressed and simplified as 

𝑞̇𝑐𝑟𝑡
′′ = 2𝑞̇∞

′′ +
4𝛿𝑞̇𝑐𝑜𝑛𝑑

′′

𝐷
            (small spot)                             (7) 

Therefore, as the diameter of the irradiation spot increases, the critical heat flux for smoldering ignition 

decreases, agreeing with the trend in Fig. 5a. Based on the fitting correlation of 𝑞̇𝑐𝑟𝑡
′′ = 11 + 300/𝐷 in Eq. (3), 

the average conductive heat flux (𝑞̇𝑐𝑜𝑛𝑑
′′ ) is found to be 37.5 kW/m2 approximately, which is much larger than 

the environmental heat loss (𝑞̇∞
′′ ) of 5.5 kW/m2. Thus, for a small irradiation spot, the internal conductive heat 

transfer in the solid phase is the dominant heat loss. Note that when the spot diameter is smaller than the paper 

thickness or the characteristic diffusion length, 𝑞̇𝑐𝑜𝑛𝑑
′′  will also increase due to the curvature effect.  

 

Fig. 7 Schematic diagram of smoldering ignition by concentration irradiation spot, where the critical heat flux for 

ignition should balance environmental heat loss (𝑞̇∞
′′ ) and internal conductive heat loss from the perimeter (𝑞̇𝑐𝑜𝑛𝑑

′′ ). 

As the diameter of the irradiation spot (𝐷) increases, the effect of conduction in Eq. (7) gradually approaches 

zero. Thus, for a larger irradiation spot (𝐷 > 17 mm), heat transfer can be approximated as a conventional 1-D 

process. The critical heat flux for smoldering ignition then approaches 11 kW/m2, which approximately equals 

the environmental heat losses from the top and back surfaces, 

𝑞̇𝑐𝑟𝑡
′′ = 2𝑞̇∞

′′ = 2[𝜀𝜎(𝑇𝑠𝑚
4 − 𝑇∞

4 ) + ℎ(𝑇𝑠𝑚 − 𝑇∞)]     (large spot)    (8) 

where 𝜀 = 0.9 is the emissivity of the tissue paper, 𝜎 = 5.67 × 10−8 Jm−2s−1K−4 is the Stefan-Boltzmann 

constant, 𝑇∞  is the ambient temperature. As a simplification, heat transfer coefficient of ℎ = 1.52(𝑇𝑠𝑚 −

𝑇∞)1/3 for a hot horizontal flat plate is used, considering the large temperature gradient above the hot spot [39]. 

Therefore, the smoldering ignition temperature can be calculated as 𝑇𝑠𝑚 ≈ 251 ℃, agreeing with thermal 

analysis data in the literature [28,36] and Appendix (Fig. A1).  
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As the irradiation level ( 𝑞̇𝑐
′′ ) increases above 1,000 kW/m2, the ignition energy flux for smoldering 

eventually approaches a minimum value (𝐸𝑖𝑔,𝑚𝑖𝑛
′′  in Fig. 6), which is not a constant but increases as the diameter 

of irradiation spot decreases (Fig. 5c-d). This primarily occurs because, for a small irradiation spot, the minimum 

ignition energy needs to not only to heat the fuel up to its ignition temperature (𝑇𝑠𝑚), but also to overcome the 

large radial conductive heat loss to the surrounding fuel. Thus, the energy balance for the minimum ignition 

energy can be expressed as 

𝐸𝑖𝑔,𝑚𝑖𝑛
 = 𝜌𝑐𝑝 𝛿𝑇(𝑇𝑠𝑚 − 𝑇0) (

𝜋𝐷2

4
) + 𝑞̇𝑐𝑜𝑛𝑑

′′ 𝑡𝑚𝑖𝑛(𝜋𝐷𝛿𝑇)                           (9) 

where 𝛿𝑇 is the thermal penetrated depth. Then, the required minimum ignition energy per unit area becomes 

𝐸𝑖𝑔,𝑚𝑖𝑛
′′ = 𝜌𝑐𝑝𝛿(𝑇𝑠𝑚 − 𝑇0) +

4𝛿𝑞̇𝑐𝑜𝑛𝑑
′′ 𝑡𝑚𝑖𝑛

𝐷
                                                  (10) 

Therefore, as the diameter of the irradiation spot increases, the minimum ignition energy per unit area for 

smoldering ignition decreases, agreeing with the fitting correlation of 𝐸𝑖𝑔,𝑚𝑖𝑛
′′ = 0.03 + 2.9/𝐷 in Eq. (5). Based 

on this experimental fitting correlation and 𝑞̇𝑐𝑜𝑛𝑑
′′ ≈ 37.5 kW/m2 estimated from Eq. (7), the thermal penetration 

depth could be estimated as 𝛿𝑇 = 0.8 mm and the minimum heating time for smoldering ignition as 𝑡𝑚𝑖𝑛 =

0.024 s, which is a theoretical limit.  

The thermal penetration time (𝑡𝑇) may also be estimated by heat conduction or thermal diffusion and the 

oxygen diffusion time (𝑡𝑂2
), which can be estimated as  

𝑡𝑇 =
𝛿2

𝛼𝑝
≈

𝛿2

𝐷𝑂2

≈ 1 s                                                                                (11) 

where 𝛼𝑝 ≈ 𝐷𝑂2
≈ 5 × 10−7 m2/s [40] because of the comparable thermal and gas diffusion processes into the 

paper. The calculated 𝑡𝑇 is much larger than the 𝑡𝑚𝑖𝑛 = 0.024 s estimated from the experimental data. Thus, 

under an extremely large irradiation heat flux (𝑞̇𝑐
′′ > 1,000 kW/m2), the limiting time scale may no longer be 

controlled by the thermal diffusion in the solid fuel, where the diffusion of oxygen is also not fast enough to 

maintain any smoldering. As observed in the preliminary experiment with a single-layer tissue (0.01 mm), when 

the irradiation is extremely high, the irradiation spot will break the tissue instantaneously, leaving a hole without 

any form of ignition. Within such a short period, the super-heated tissue and the formed char are likely to be 

evaporated within a few milliseconds, so that this process is controlled by gasification chemistry and the 

thermomechanical resilience of the material, rather than the heat transfer process. Future numerical simulations 

are needed to reveal more insights on the minimum ignition energy for different fuels and other underlying 

physical processes.  

4. Conclusions  

In this work, we investigated the smoldering ignition of multi-layered thin tissue paper by small irradiation 

spots. Irradiant spots were experimentally generated via concentrating sunlight by a transparent glass sphere 
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with a diameter of 150 mm and a focal length of 108 mm. To quantify the concentrated radiant heat flux, optical 

simulations using TracePro were conducted to model the diameter of the irradiation spot and the resulting 

radiation distribution.  

We found that as the solar irradiation increases or the diameter of the irradiation spot decreases, the resultant 

irradiance increases. Given a fixed-size irradiation spot, the smoldering ignition time decreases as the 

concentrated irradiation increases, following the classical piloted ignition theory. However, the measured 

minimum spot irradiation for smoldering ignition is not constant but remains much higher than the 11 kW/m2 

measured from cone-calorimeter tests. As the diameter of irradiation spots decreases from 20.0 mm to 1.5 mm, 

the minimum irradiation necessary for smoldering ignition increases from 17.5 kW/m2 to 205 kW/m2, and the 

ignition energy increases from 0.084 MJ/m2 to 2.0 MJ/m2.  

A simplified heat transfer analysis was proposed, which explains the critical smoldering ignition heat flux 

and the minimum ignition energy for tiny irradiation spots by including two-dimensional cooling effects. Future 

numerical simulations are needed to further reveal the underlying physical and chemical process of smoldering 

spot ignition for other fuels.  
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Appendix  

For the thermogravimetric analysis (TGA) test, the tissue paper was first pulverized into powders. Test was 

conducted with a PerkinElmer STA 6000 Simultaneous Thermal Analyzer. The initial mass was about 3 mg, 

and samples were heated at the constant rates of 10 K/min. Two oxygen concentrations were selected, 0% 

(nitrogen) and 21% (air),  with a flow rate of 50 mL/min. Experiments were repeated twice for each case, and 

good repeatability is shown. Fig. A1 shows the (a) mass fraction and (b) normalized mass loss rate curves of 

this tissue paper. As indicated by the fast decrease of remaining mass fraction or the increase of mass loss rate, 

the thermal and oxidative decomposition of cotton starts at about 250 ℃. 
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Fig. A1. TGA results of the tissue paper at a heating rate of 10 K/min.  

Fig. A2 shows the simulated concentration factor (𝐶) at different axial distances from the crown glass sphere. 

To verify the simulated results, the conventional radiometer was used to measure the concentrated irradiation 

heat fluxes of large spots up to 200 kW/m2 and the converted concentration factors calculated by Eq. (1) are 

also compared in Fig. A2. Clearly, a good agreement verifies the accuracy of the irradiation heat flux from the 

optical simulation. 

 

Fig. A2. Comparison of concentration factor (𝐶) from the optical simulation and the converted values from the 

radiometer measurement (up to 200 kW/m2). 

The experimental data were analyzed with a machine learning method based on logistic regression and 

decision boundary to find the critical ignition heat flux for spotting smoldering ignition under different heating 

diameter. The possibility of ignition, ℎ𝜃(𝑥), could be represented by a sigmoid function: 

ℎ𝜃(𝑥) =
1

1 + 𝑒−𝜃𝑇
𝑥

                                                                           (𝐴1) 
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where θ stands for the estimated parameter vector and X is the vector of variables considered. In the case of 

binary classification, when ℎ𝜃(𝑥) ≥ 0.5  , it is considered a successful ignition and vice versa when ℎ𝜃(𝑥) <

0.5. Thus, the ideal decision boundary could be identified as ℎ𝜃(𝑥) = 0.5, and 𝜃𝑇𝑥 = 0. 

The loss function and the sample loss sum could be written as: 

𝑐𝑜𝑠𝑡(ℎ𝜃(𝑥), 𝑦) = −𝑦𝑙𝑜𝑔(ℎ𝜃(𝑥)) − (1 − 𝑦) log(1 − ℎ𝜃(𝑥))                               (𝐴2) 

𝐽(𝜃) =
1

𝑚
∑ 𝑐𝑜𝑠𝑡(ℎ𝜃(𝑥), 𝑦)

𝑚

𝑖=1

                                                       (𝐴3) 

To find the best fitting θ for the linear boundary, simple gradient descent method is applied. By adjusting the 

learning factor and step length in Matlab, we could generate the slope for each experiment case from 1.5 mm to 

20.0 mm. To evaluate the performance of this classification model, AUC - ROC curve is further applied, which 

measures how much the model is capable of distinguishing between classes based on TPR (True Positive Rate) 

and FPR (False Positive Rate) [35]. ROC (Receiver Operating Characteristics) is a probability curve and AUC 

(Area Under the Curve) represents the degree or measure of separability. If a model has an AUC between 0.8 

and 1, it is recognized as a high performance model with excellent or outstanding discrimination [35].  

TPR and FPR could be calculated as: 

𝑇𝑃𝑅 =
𝑇𝑃

𝑇𝑃 + 𝐹𝑁
, 𝐹𝑃𝑅 =

𝑇𝑁

𝑇𝑁 + 𝐹𝑃
                                                 (𝐴4) 

where TP, TN, FP, FN stand for True Positive, True Negative, False Positive and False Negative. As shown in 

Fig. A3, the simulated optimal threshold and AUC of each set is shaded with corresponding color for easier 

identification, with an average value of 0.86, proved to be a reliable method.   

 

Fig. A3. (a) The simulated threshold and area under curve (AUC) for different experiment case, represented by 

receiver operating characteristic curves (ROC); and (b) the model performance based on AUC value comparison 

[33]. When AUC value is between 0.8 and 1, the model is considered to have outstanding or excellent 

discrimination.  
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