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REGULARITY STRUCTURE OF CONSERVATIVE SOLUTIONS TO THE
HUNTER-SAXTON EQUATION

YU GAO, HAO LIU, AND TAK KWONG WONG

ABSTRACT. In this paper we characterize the regularity structure, as well as show the global-in-time
existence and uniqueness, of (energy) conservative solutions to the Hunter-Saxton equation by using
the method of characteristics. The major difference between the current work and previous results is
that we are able to characterize the singularities of energy measure and their nature in a very precise
manner. In particular, we show that singularities, whose temporal and spatial locations are also
explicitly given in this work, may only appear at at most countably many times, and are completely
determined by the absolutely continuous part of initial energy measure. Our mathematical analysis is
based on using the method of characteristics in a generalized framework that consists of the evolutions
of solution to the Hunter-Saxton equation and the energy measure. This method also provides a clear
description of the semi-group property for the solution and energy measure for all times.

Keywrods: formulation of singularity, well-posedness, integrable system, decomposition of energy measure,
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1. INTRODUCTION

In this paper, we study the regularity structure of (energy) conservative solutions to the Hunter-
Saxton equation on the whole real line R: for =, t € R,

1 xT
(1.1) Up + Uy = 5/ ui(y,t) dy.

Here, u; and u, represent the time and spatial derivative of u, respectively. The equation (1.1) is an
integrable equation that was first proposed by Hunter and Saxton [13] to study a nonlinear instability
in the director field of a nematic liquid crystal. When u is a classical solution to (1.1), differentiating
(1.1) with respect to the spatial variable z yields

1
(1.2) (us + uty)y = 51@,
and hence, the following energy conservation law holds:
(1.3) (u?); + (uu?), = 0.

1
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According to equation (1.3), it is nature to find the global-in-time conservative solution u that satisfies
llue (-, t)||L2 = ||te||z2 for any t € R, provided that the initial datum u|;,—q = @ satisfies u, € L?(R).
However, similar to the inviscid Burgers’ equation, using the characteristics method, one can verify
the following fact: if the initial datum @ satisfies inf,eg @, (2) < 0, then we have u,(-,t) — —oo as
t — Ty := —2/inf e U, (x). At the blow-up time, the function v will lose the information of energy
conservation temporarily. This can be seen from the following simple example. Consider the solution
with initial datum (see also in [15, 6])

0, =<0,
a(r) =< —z, O0<z<l,
-1, x>1.

The conservative solution w« is explicitly given by

0, <0,
2 2
2x t 2 t
——, O<z<(1-2) , —— O<z<(1-2) ,
u(z,t) = 2—1t v ( 2) uz(z,t) = 2—t v ( 2)
¢ £\ 2 0, otherwise.
14, z>(1-2
+2’ l‘_( 2)’

We have u(x,2) = 0 and u2(-,t) — & in the sense of distributions as ¢ — 2, where § is the Dirac
delta mass at the origin # = 0. Notice that ||uy(-,t)||rz = 1 for any ¢ # 2 and ||uy(-,2)||z2 = 0.
Therefore, if we only study the solution u, the energy ||u,(-,t)| L2 is not conserved only at t = 2; this
viewpoint, which causes a temporary /momentary disappearance of energy, is very non-physical. It is
worth noting that at the blow-up time ¢t = 2, the energy density is converted into the singular measure
§, and u2(-,2) = 0 corresponds to the absolutely continuous part of the measure § with respect to the
Lebesgue measure £. To describe the energy conservation of weak solutions, we use a nonnegative
Radon measure j(t), which can be seen as the energy measure, to replace u2(-,t) in equations (1.1)
and (1.3), and study the Hunter-Saxton equation in the following generalized framework:

Generalized Framework:

(1.4) "y, — %/:v du(t),
(15) o+ () = 0,
(1'6) dﬂac<t) = ui("t) dz.

Let us comment on the notations in (1.4)-(1.6) as follows. In (1.6), the measure p,.(t) stands for the
absolutely continuous part of the energy measure p(t) with respect to the Lebesgue measure. In (1.4),
the integral [“_ du(t) is not well defined when p(t) contains pure point measures. However, we are
going to show that there are only at most countably many time ¢ such that the energy measure p(t)
has pure point measures (see Theorem 2.1 (iii) for details), and hence, the ambiguity of this integral
will not affect the definition of weak (energy conservative) solutions below. Therefore, we will keep this
integral notation in (1.4). Equation (1.5) is viewed in the sense of distributions. We then study the
conservative solutions to the generalized framework (1.4)-(1.6). First of all, let us define the following
space for conservative solutions:

Definition 1.1. Let D be the set of pairs (u, p) satisfying
(i) u € Cp(R), u, € L3(R);
(1) p € My (R);
(iii) dpge = u2 dx, where pqae is the absolutely continuous part of measure pu with respect to the
Lebesgue measure L.

Here, M (R) stands for the set of finite positive Radon measure endowed with the weak topology.
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Following the physical meaning of the energy measure p(t), we require u(t) € My (R), so that
the total energy is finite; however, technically speaking, our mathematical analysis in this paper
only requires that the positive measure u(t)((—o0,z]) < oo for all x € R. There are several different
definitions for conservative solutions to the Hunter-Saxton equation; see [5, Definition 4.4] for instance.
In this paper, we will use the following definition of conservative solutions to the Hunter-Saxton
equation:

Definition 1.2 (Conservative solutions). Let (4, i) € D be a given initial datum. The pair (u(t), u(t))
is said to be a global-in-time conservative solution to the generalized framework (1.4)-(1.6) with the
ingtial datum (4, i), if the pair (u(t), u(t)) satisfies the following:

(i) u € C(R;Co(R)) N C2(R x R), uy € L (R X R), uy(-,t) € L*R) for all t € R, and
1€ C(Ry M (R));

(ii) (u(-,0),u(0)) = (4, i), and du(t) = u2(z,t)dx for a.e. t € R;
(#ii) the equation

(1.7) /R/Ru@—qb(uum—;F) dzdt =0

holds for all ¢ € C°(R x R); the function F(z,t) is defined by F(x,t) := [*_ du(t);
(iv) conservation of energy:

(1.8) / / (61 + ue) du(t) dt =

for every ¢ € CX(R x R);
(v) equation (1.6) holds for all t € R.

The last condition is equivalent to say that (u(t), u(t)) € D for all t € R.

It follows from the regularity requirement (i) in Definition 1.2 that the condition (iii) in Definition
1.2 (namely Identity (1.7) holds for all test functions) is equivalent to the following condition:

(iii)’ Equation (1.4) holds in the L? (R x R) sense.
The condition (iii)’ is equivalent to [6, Definition 1.1(ii)], when the flux is given by u?/2.

Remark 1.1 (Energy conservation). Indeed, any weak solution (u, 1) to the Hunter-Saxton equation
under the generalized framework (1.4)-(1.6) in the sense of Definition 1.2 satisfies the energy conser-
vation u(t)(R) = a(R) for ¢ € R. This is why we call it a conservative solution. To verify this energy
conservation, we now consider any arbitrary time ¢ > 0 (the case for ¢ < 0 will be similar). We choose
non-negative smooth functions x.(s) and gr(z) for e > 0 and R > 0, where x.(s) = 0 for s < —e and
s>t+e xes)=1fors e (0,t), xi(s) > 0 for s € (—¢,0) and x.(s) < 0 for s € (¢t,t +¢€). The
function gr satisfies gr(z) = 1 for |z| < R, gr(z) = 0 for |z| > 2R and |gi(z)| < 2. Finally, let
o(z,t) = xe(t)gr(x), and substituting this ¢ into equation (1.8), we obtain

//xe §)9r(x) dp(s ds+// (@, 5)xe(5)ghn () dp(s) ds =

Passing to the limit as R — oo, and using u is bounded, we have

0 t+e
| e ®as+ [ outs®) s =o.

—€

Since p € C(R; M4 (R)),

[ xomemas—am| =| [ eme@a- [ s as

—€ —€

0
< [ ) In(e)®) — a®)|ds > 0 as € - 0",

—€
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This shows that j;OE X.(s)u(s)(R)ds — f(R) as ¢ — 0F. On the other hand, one can also verify
that f;Jre XL(s)u(s)(R)ds — —pu(t)(R) as € — 0T in a similar manner, and hence, we finally obtain
p(t)(R) = f(R).

Remark 1.2. It follows from Remark 1.1 and Equation (1.6) that we also have u, € L>(R; L?(R)).
Remark 1.3. It follows from p € C(R; M4 (R)) and (ii) in the Definition 1.2 that F(-,t) is well

defined for a.e. t € R, and F' € LY (R x R). Moreover, according to Remark 1.2, we also know
F e L*(R x R).

Under the above definition, we have the following results:

Theorem 1.1. Let (u,fn) € D be given. Then there exists a unique global-in-time conservative solu-
tion (in the sense of Definition 1.2) (u(t), u(t)) to the generalized framework (1.4)-(1.6) with (4, ) as
its initial datum. Let p(t) = prac(t) + pipp(t) + psc(t), where pac(t), ppp(t), and ws.(t) are the abso-
lutely continuous part, pure point part and singular continuous part of u respectively. The following
statements also hold:

(i) (Energy conservation) We have p € C(R; M4 (R)) and
(1.9) u(t)(R) = g(R), forall teR.

(i1) (Formation of singularity, and its temporal and spatial locations) For any t # 0, upp(t) and
Wse(t) are determined by the absolutely continuous part fia., namely determined by u,. More
precisely, for any t # 0, we define

(1.10) AF = {x L (2) = —2}.

4
If L(AE) # 0, then ppp(t) + psc(t) # 0 (i.e., ppp(t) + pse(t) is not a zero measure) and
2
(111) supb (s (0) + ) © {2+ 0o+ (-o0.) s 0 < AF .

All the intervals with positive length in AF will generate the pure point part Upp(t), and the
rest of AP will generate the singular continuous part ps.(t).

(iii) (Countably many singular times) There are at most countably many times t € R, such that
either the pure point part or the singular continuous part of p(t) is not identically equal to
zero, namely both the sets

(1.12) Tp:={t: ppp(t) #0} and T, :={t: ps(t)#0}

are countable.
(i) (Regularity) For all time t € R, the function u(xz,t) is globally absolutely continuous with
respect to the spatial variable x and

(1.13) dptae(t) = u2(z,t) da.
Furthermore,

(1.14) u e C(R;Cy(R)) NCY2(R x R), up € L(R; LA(R)), and u; € L7,.(R x R).

(v) (Asymptotic behaviour) If t(—o0) := lim,_, o @(z) exists, then we have

(1.15) lim u(z,t) = a(—o0).
T—r—00
On the other hand, if t(+00) := lim,_, 1o @(z) exists, then we also have

(1.16) lim w(z,t) = a(+o0) + %ﬂ(R)t.

Tr—+o00
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Let us start with the absolutely continuous initial data (as described below) to illustrate our main
strategies to prove the above results. Consider an initial datum (@, i) € D. When the initial energy
measure /i is absolutely continuous with respect to Lebesgue measure £ (i.e., i < £ and dji = @2 dx),
we can apply the usual Lagrangian coordinates (&, t) to define the flow map via 0; X (€,t) = w(X (&,1),t)
and X (£,0) = ¢, and obtain the following global characteristics (see also (2.26) below):

2 2
(117 X =cru@rey [ =g a9 Ta-eo.0)
—oo,

Since X¢(&,t) = [1+ 51, (€)]* > 0, X(-,t) is an increasing function for any fixed ¢. The solution (u, 1)
can be recovered by u(X(£,t),t) = 0;X(&,t) and pu(t) = X(-,t)#(u2 dz). Then, we can apply an
elementary result for push-forward measures (see Lemma A.2 for instance) to decompose the measure
w(t) into its absolutely continuous part, pure point part, and singular continuous part by using the
derivative X¢(-,t). More precisely, the singular part of p(t) is determined by {{ : X¢(&,t) = 0}, or
equivalently {x : @,(z) = —%}; in particular, the intervals in {z : 4,(x) = —%} generate the pure
point part of u(t), and the rest points in {z : U,(z) = —2} corresponds to the singular continuous
part of u(t). The absolutely continuous part of p(t) is given by {1 X¢(&,t) > 0}.

The Lagrangian coordinates (£,t) are applicable to all absolutely continuous initial data (i.e. the
initial energy measure fi is absolutely continuous with respect to Lebesgue measure). For such an
initial datum (@, &), since there is no point mass at any particular point &, the cumulative energy

distribution in (1.17) satisfies

(1.18) (=00, €)) = il(—00, €]) = /( )
However, if the initial energy measure i contains any pure point part, then the above relation is not
true and it is impossible to obtain global flow map X in the Lagrangian coordinates (§,t). To overcome
the difficulty brought by the singular parts of i, we will apply another set of variables used in [5, 8, 7].
We “flatten” the singular part of i with the help of an increasing Lipschitz function Z : R — R defined
by

Z(a) + (=00, Z(a))) < o < F(a) + f((—00, Z(a)]), a€R.
Then, the function f(«) := 1 — Z'(a) > 0 will play the role of the energy density in the a-variable;
see Remark 2.2 (i) for the explanation. We actually have i = Z#(f da) in this case; see Proposition
2.1 for further details. Since Z is increasing and f € L!'(R), the absolutely continuous part of the
push-forward measure ji = Z#(f da) corresponds to Bf = {a: #’'(a)) > 0}, and the singular part of ji
is determined by A} = {a : z’'(a) = 0}; see Lemma A.2 for instance. Moreover, similar to X (£,t), we
can also define the global characteristics y(«,t) in the a-variable depending only on the initial datum
with an explicit form (2.12), and y(«,t) is increasing with respect to « at any particular time t € R.
Then, the global conservative solution (u, 1) to the generalized framework (1.4)-(1.6) will be recovered
via u(y(o,t),t) = dwy(a,t) and u(t) = y(-,t)#(f da). We can also obtain the following important
property (see Proposition 2.2):

2
4
7 (a) {1 + 21237(5(04))] , ac€Bt,
Yal(a,t) = .2
The singular part of u(t) comes from the set {a : yq(,t) = 0} in the a-coordinate, or equivalently,
the set {z : uy(z) = —%} in the Eulerian coordinates. Since A} corresponds to the singular part of the

initial datum fi, the above formula implies that it will never create the singular part of p(¢) for any ¢ # 0.
All the properties in Theorem 1.1 and the structure of conservative solutions are obtained with the
help of the characteristics y(a,t). In a nutshell, the existence and regularity structure of conservative
solutions can be shown by using the method of characteristics. The uniqueness of conservative solutions
follows from the existence and uniqueness of characteristics for conservative solutions in the sense of
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Definition 1.2 (see Theorem 3.2). We also note that the singular continuous part of u(t) is inevitable
even @ is a smooth function; see Example A.1 for instance.

For the flow map X (,t), we obviously have the semi-group property X (-,t) = X(-,t — s) o X (-, 5).
A similar relation between the above two types of characteristics X (£,¢) and y(«, t) still holds. Indeed,
we have the following theorem:

Theorem 1.2 (Semi-group property). Let (u, i) be a solution to the generalized framework (1.4)-(1.6)
given by Theorem 1.1 with initial datum (@, i) € D. Consider a time s € R such that u(s) is absolutely
continuous with respect to the Lebesque measure. Set u(x) = u(x, s), and X (&,t) is defined by (1.17)
with 4 replaced by @ (and f((—o0, x)) is replaced by f(—oc,z) @2 (z)dz). Lety(a,t) be the characteristics
(in the a-coordinate) corresponding to (u, i), see (2.12) for its definition. Then, we have

i € Cy(R), @y € L*(R), |is]lz2 = @(R).
For any t € R, we also have

y(~,t) = X('vt - S) © y(" S)a M(t) = X('7t - S)#(ﬂi dx)7
and

(t—s)

u(m,t):QX(@t—s):ﬂ(ﬁ)—i- 5

2 [ e for e =Xt

Global characteristics similar to y(«, t) were also used in [5, 8] to construct the semi-group property
of conservative solutions to the Hunter-Saxton equation, and obtain the Lipschitz metrics for stability.
In [7], similar variables were used to show the uniqueness of conservative solutions to the Camassa-Holm
equation via the characteristics method. There is another different set of variables defined by

k(n) = inf{z : f((—o0,2]) > n},
provided that a Radon measure i € M (R) is given. Global characteristics k(n,t) can also be defined
globally via initial datum (@, i); see [6, 8] for instance. In [6], Bressan, Zhang and Zheng used this
kind of characteristics to study the following more general model:

1 x
w+ gl =5 [ 9wl da.
0

Here, the flux g is a function with a Lipschitz continuous second-order derivative such that g”(0) > 0.
When g(u) = u?/2, the above equation becomes the Hunter-Saxton equation. They obtained global
existence and uniqueness of conservative solutions on the half real line by using the above characteristics
for compactly supported initial measure fi. This kind of characteristics was also used in [8] to study
the stability of conservative solutions to the Hunter-Saxton equation. With the above map k, one
has i = k#L|jo z(r))- Comparing with Z (which is globally Lipschitz) that we use in this paper, the
function k, however, has potential jump discontinuities.

Except for conservative solutions, the Hunter-Saxton equation also has a class of weak solutions
called dissipative solutions which dissipate the energy. Hunter and Zheng [14, 15] established the global
existence of both dissipative and conservative weak solutions to (1.2) with initial data @, € BV(0, c0).
Then, Zhang and Zheng [19, 20] studied the global existence of dissipative weak solutions to (1.2) with
nonnegative initial data @, € LP(R) for any p > 2. Later in [21], they obtained global solutions (in
both the dissipative and conservative cases) to the Hunter-Saxton equation on the half-line with any
initial data @, € L*(R) by the theory of Young measures. In [4], Bressan and Constantin rewrote
the equation in terms of new variables, and obtained global existence and uniqueness of dissipative
solutions. The uniqueness of dissipative solutions were also studied by the characteristics methods in
[9, 10, 11].

The rest of this paper is organized as follows. In Section 2, we are going to introduce global charac-
teristics and construct global conservative solutions. The structure of these solutions will be studied
in details. In Section 3, we will show that the construction based on the method of characteristics
provides the global solution in the sense of Definition 1.2. The uniqueness of conservative solutions
will be obtained via the characteristics method as well. In Appendix A, we will present some useful
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facts from real analysis, and construct an absolutely continuous initial datum by Cantor fat set; this
initial datum will generate singular continuous part within a finite time.

2. STRUCTURE OF CONSERVATIVE SOLUTIONS VIA CHARACTERISTICS

In this section, we will introduce the characteristics to construct global conservative solutions and
study their structure.

2.1. Global characteristics. To illustrate the idea, we first consider a smooth solution u to the
Hunter-Saxton equation (1.1). For any § € R, we define z(3,t) by

(2.1) m(ﬁ,t)+/ uz(y,t)dy =, t e R.
(—o0,z(B,t))
Differentiating the above identity with respect to ¢ and [ respectively, we obtain
wu)(x(B,t),t 1
(2.2) ox(B,t) = M Opz(B,t) =

14w (z(B,t),t) T 1t w2(@(B,0),1)

where we used (1.3) for computing 0;z(8,t). Then, for fixed & € R, we define a function §(t) by
solving the following ordinary differential equation (ODE):

(2.3) B'(t) = u(z(B(t),1),t), B(0)=a€R.
It follows from the chain rule, (2.2) and (2.3) that

(2'4) %x(ﬁ(t)7 t) = (atx + 8/3:5 : ﬁ/)(ﬁ(t)7 t) = u(x(ﬂ(t)v t)’ t) = 5,(t>'
Differentiating (2.3) with respect to the time ¢ again, we obtain
Bll(t) :8tu(1'(ﬂ(t), t)7 t) + azu(x(ﬁ(t)a t)a t)%.’ﬂ(ﬂ(t), t) - (ut + uur)(x(ﬁ(t)a t)a t)

1 ) 1
=3 ) d =3 - 9 9
: /<_w,x(g<t>,t))“z(y 1) dy = 5B(0) — #(B(0) 1)

where the last equality comes from (2.1). Taking one more time derivative and using (2.4), we have
(2.5) B (t) = 0.
Denote Z(a) = z(a, 0), which is uniquely determined by
s+ [ pod=a
(—00,2(a))

Then, we have the following initial data for the ODE (2.5):

26 B0 =a B0 =uE@.0, FO)=ge-H@) = [ we0d

Therefore, solving (2.5) and (2.6) yields

2
27) B(t) = a+ u(z(0), 0)t + (o~ 2(a),
and hence, using (2.4), we also have
(2.8) #(B(0),1) = 7(0) + u(@(@), 0)t + 7 (o — (a))

Therefore, to obtain global formulas for 3(t) and x(8(t),t), we only need the information of initial
datum u(z,0). The above idea can be generalized to non-smooth' initial data in D as described below.

1Here, a non-smooth pair (@, i) € D means that the initial data i is not absolutely continuous with respect to the
Lebesgue measure L.
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Consider an initial datum (u, i) € D. For any a € R, we can also define the function Z via
(2.9) 2(@) + (=00, 2(a))) < a < x(a) + p((—o0, T(a)]).

If follows directly from the above definition of Z that Z(a) < « for all « € R. As an analogy to (2.7)
and (2.8), we also have global-in-time 8(t) and x(5(t),t) for non-smooth initial datum in D as follows:

2
(2.10) B(t) = o+ a(z(a))t + 7 (o — 2(a),
and
(2.11) #(B(0),1) = 7(0) + B(E(@))t + (o — 7(a).

Hence, we can think of x(/5(t),t) as a function of o and ¢, then we define y(«a,t) as follows:

t2
(2.12) yla,t) = () + u(z(a))t + Z(oz — Z(a)).
Now, let us first show some properties for initial data in D as follows.

Proposition 2.1. Let (4, 1) € D and i = fige + fipp + fisc, Where fige, fpp, and fise are the absolutely
continuous part, pure point part and the singular continuous part of f respectively. Define a map
Z:R— R by (2.9). Then the following statements hold:

(i) The function T is Lipschitz continuous with Lipschitz constant bounded by 1.
(ii) Definition (2.9) is the same as

(2.13) Z(a) =sup{z: x4+ a((—o0,2)) < a},
and
(2.14) Z(a) =inf{z: x+ a((—o0,z]) > a}.
(i1i) For o € R, we define
(2.15) fla)=1-7'(a).
Then
(2.16) #(fda) =, [fl = A(R).
(iv) Let

AgP? ={a: @' () =0, 21(2(a)) < 22(z(a))},
and
A7*e ={a: #(a) =0, 21(x(a)) = 2(2(a))}, Bf ={a: #(a) >0},

where z1(z) = inf{a: T(a) =a} and 25(z) = sup{a: T(a) =z}. Then, we have

(2.17) fiop = T yron d0). fise = TH(f] gpoe da).  fiae = 24 (f] 5y do).
Moreover,
(2.18) a2 (z(a))@ (@) = f(a), «ac€ BE.
Remark 2.1. (i) In this paper, the superscript L on a set A” means that we consider the set in

the Lagrangian coordinates, while the superscript E on a set A¥ means that we consider the
set in the Eulerian coordinates.

(ii) It is worth noting that Ag PP is defined in the point-wise sense, however, Ag *¢ and BE are
defined in the a.e. sense. Moreover, when we say some identities hold for a € B or a € Aé 8e
(such as (2.18), (2.21) or (2.22) below), we always mean that the identities hold for a.e. o € B
or o € AOL’SC. Since this will not affect the analysis, we will omit the emphasize of a.e. in this
paper for convenience. Similar treatment also applies to AP, AX*¢ and BL, which will be
defined in Theorem 2.1 below.
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Proof. Since © — x + f((—o0,x]) is strictly increasing with possible jumps, z : R — R is a non-
decreasing function.
(i) Let ag, 2 € R and a3 < . According to (2.9), we have
0 < Z(a2) — (1) <ap — fi((—00, Z(az))) — a1 + fi((—o0, Z(a1)])
Sap — a1 — [((F(on), Z(a2))) < az —oq.

Hence, Z is Lipschitz continuous with Lipschitz constant bounded by 1.
(ii) First, we show that definition (2.9) is equivalent to definition (2.13). Fix a € R. Let 27 and x2
satisfy

z1 + p((—00,21)) < o < 1 + f((—00, 21)),
and
zy = sup {z|z + a((—o0,z)) < a}.
Obviously, we have o > x1 and 3 + i((—00,z2)) < a. If z1 < z9, then
o < 1+ p((—00, z1]) < 22 + A((—00, 22)),

which gives a contradiction.
Next, we show that definition (2.9) is equivalent to definition (2.14). Fix a € R. Let x; and z3

satisfy

x1 + (=00, 71)) < a < @1 + f((—o0, 71]),
and

x3 = inf {z|z + G((—o0,z]) > a}.

Obviously, we have z3 < z1 and x5 + a((—o00,x3]) > a. If 25 < z1, then

a >z + [i((—00,21)) > w3 + f((—00, x3)),

which gives a contradiction.
(iii) Tt suffices to show

plab)= [ fda,
z=1((a,b))
for any open interval (a,b) C R. Let
ap :=inf{a: Z(a) >a}, oo :=sup{a: ZF(a)<b}.

Since 7 is continuous, we have Z(a1) = a and Z(az) = b. Hence, we have Z7!((a,b)) = (a1, az),

a+ ﬂ((_ooa a)) Sap<a+ ﬂ((—OO7 a'Dv
and

b+ a((=00,b)) < ag < b+ a((—o0,b]).
We claim that
(2.19) o1 = a+ fi((—o0,a]), a2 =b+ i((—00,b)).
We only prove the first one in (2.19) and the other one can be obtained similarly. If

a+ fi((=00,0)) < a1 < a+ fi((—00, a]) = @1,
then
T(a) =a, «a€lag,da],
and
Z(a) >a, a>a.
This implies a contradiction:
inf{a: Z(a) >a} =da1 > a1.
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Hence, the claim (2.19) holds. We have
Qg
/ fda= / 1 —7'(a)]da =as — a3 — Z(a2) + Z(1)
z=1(a,b) e

=p((=00,b)) — (=00, a]) = i((a,b)).
Next, we prove ||f]|z1 = ii(R). By definition (2.9) of Z(«), we have
(=00, () < a —Z(a) < (o0, Z(a)]), a€eR.
It is easy to see that Z(a) — £o0 as @ — £oo. Therefore,
(2.20) lim [0 —Z(a)] =0, lim [o—Z(a)] = aR).

a——00 a—+00
This implies || f]|z: = A(R).
(iv) Relations (2.17) directly follow from Lemma A.2. Furthermore, since Z#(f|pz da) = fiac, we
actually have, for any test function ¢ € Cy(R),

/R@(gf)dﬁacZ/Rw(f(a))ﬂBoL(a)da.

On the other hand, since (u, 1) € D, we have djiq. = 4> dx, and hence,

[ o) = [ pla)iie)de = [ o)) (@) do.
Combining the above two identities, we obtain (2.18). O
From Proposition 2.1, we have
uy(#(@)7' (o), € By,
f(Oé) = L L.,pp L,sc
1, acAy=A""UA,"".

This means we use the increasing function Z(a) to transform the singular part of fi to some constant
part of f(«). For example, if md, is a pure point part of i, we have z1(z) < 2z3(x) and Z(a) = z for
a € [z1(x), z2(x)]. Moreover, we also have f(a) =1 for a € [z1(x), z2(x)] and

m=pu({x}) = a)da = da = z5(x) — z1(x).
pieh /1({:8}) fla) /[21(48),22(%)] ) 1)

x

(2.21)

Hence, the function  makes the singular part of i supported at one point z with mass m uniformly
distributed on the interval [z1(z), zo(x)] with length m.
We have the following important results about global characteristics y(a, t):

Proposition 2.2. Let (4,fi) € D. Let Z : R — R be defined by (2.9) and y(a,t) be defined by (2.12)
for a, t € R. Then, for anyt € R, y(-,t) is increasing and we have

7' (a) [1 + ;ux(x(a))r, a € By,

(2.22) valot) =4
t
Z, (RS Aé

Here, the sets AL and BE are the same as in (2.21).

Proof. Differentiating (2.12) with respect to « yields

2
Yala,t) = ' (a) + ty (Z(2)) ' ()t + tzf(a).
Due to (2.21) and #'(a) = 0 for a € A¥, we have (2.22). O

Let us end this subsection with some remarks about the flow map, provided that the initial data [
is absolutely continuous with respect to the Lebesgue measure.

Remark 2.2. Consider some initial datum (i, i) € D such that djz = 2 dx.
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(i) The cumulative energy distribution is defined by
(2.23) F(z) = fi((—00,2)) = fi(—00,2]) = /( )ﬁfc(y) dy.
Obviously,

(2.24) F(—00) =0 and F(+00) = ||ts3.

In the a-variable, the function f given by (2.15) plays the role of the energy density in the
a-variable, and the cumulative energy distribution is given by

/(_ f(@)da=a (@) = F(e)

(ii) Since p is absolutely continuous, there is no need to use the variable a to define the cu-
mulative energy distribution F. Indeed, we could also use the usual flow map to define the
characteristics, which is defined by

O X6 =u(X(e.1), €R, >0

(2.25)
X(£0)=¢
Taking time derivative again and using the energy conservation condition, we could formally
derive the following global trajectories by similar method to (2.7) or (2.8):
_ £
(2.26) X(€1) =€+ () + T FE)
We will discuss about the relation between y(a,t) (given by (2.12)) and X (&,¢) in the next
subsection.

2.2. Structure of solutions. In this subsection and in particularly, Theorem 2.1, we will first define
wand p via (2.27) and (2.28) for a given initial datum (@, 1) as well as study their properties; we state
and prove our main results for the structure of (u, ) using the variable a, which covers Theorem 1.1
and Theorem 1.2, except that, we will postpone to show that they are a global-in-time conservative
solution to the generalized framework (1.4)-(1.6) in the sense of Definition 1.2 with initial datum (@, )
in Section 3, see Theorem 3.1 .

Theorem 2.1. Let (4, 1) € D, T(«), and f(«) be the same as in Proposition 2.1. Let y(a,t) be defined
by (2.12), and z(z,t) = inf{a: y(a,t) =z}, 2o(x,t) =sup{a: y(a,t) = x} be two pseudo-inverses
of y(+,t) for a fixzed t € R. For any fixzed t € R, let

AP ={a: yala,t) =0, 21(y(a,t),t) < z2(y(a, 1), 1)},

AtL’sc ={a: yala,t) =0, z1(y(a,t),t) = 22(y(a, 1), 1)}, and BtL ={a: ya(a,t) > 0}.
For any t € R, define

(2.27) u(z,t) = %y(a,t) =u(z(a) + %(a —Z(a)) for x=y(a,t),
and
(2.28) pu(t) = y(-, )#(f da).

Let j1(t) = pac(t) + pipp(t) + psc(t), where pac(t), ppp(t), and ps(t) are the absolutely continuous part,
pure point part and the singular continuous part of u(t) respectively. Then we have
e Properties of u(t):
(i) Energy conservation: we have p € C(R; M (R)) and

(2.29) u(t)(R) = a(R), teR.
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(ii) For the structure of u(t), we have
(2.30)  ppp(t) =y, )#(flprre da),  prse(t) = y( OF#(f| groe da), pac(t) = y(, O #(f|pp da).
Moreover, for any t # 0, we have
2

(2.31) ARy Alse = {a € Bl : u,(z(a)) = t} = AL,

where B{ was defined in Proposition 2.1 (iv). This implies that for any t # 0, p,p(t) and
tsc(t) are determined by the absolutely continuous part of e, i.e., Uy. Moreover,

_ -
supp(,upp(t) + usc(t)) C {:E +a(x)t + Zu((—oo,x)) D x € Af},

where AF is defined by (1.10).
(iii) There are at most countably many time t € R such that either the pure point part or the
singular continuous part of u(t) is not zero; in other words, both the sets

(2.32) Tp:={t: pupp(t) 0} and Ts:={t: ps(t) # 0}

are countable.

e Properties of u(z,t):
(iv) For all time t € R, the function u(-,t) is globally absolutely continuous and

(2.33) dptae(t) = u2(z,t) dx.

Moreover,
(2.34) ue C(R; Co(R)) NC2(R x R), uy € L®(R; LA(R)), ue € L2, (R x R).

(v) If u(—00) := lim,_, o u(x) exists, then we have
(2.35) lim wu(z,t) = u(—00).
Tr—r—00
On the other hand, if t(+00) := lim,_, 1 oo @(z) exists, then we also have
1

(2.36) xgr}rloou(x t) = tu(+o0) + u(R)

e Relations with the absolutely continuous part:
(vi) Consider a time s € R such that u(s) is absolutely continuous with respect to the Lebesgue
measure. Let @(z) = u(z,s), and X (&,t) and F be defined by (2.26) and (2.23) corresponding
to . Then, we have

(2.37) i€ Cy(R), dy € LA(R), |ix]?: = a(R).
For any t € R, we also have
(2.38) y(, 1) = X(t =s)oy(-s),
(2.39) p(t) = X (-t — s)#(ag dz),
and
(2.40) u(z,t) = %X(g,t —5) =€) + (t ; S>F(§), forz =X (&t —s).

Proof. (i) For the continuity of measure p(t), we take any bounded continuous function ¢(z) and using
Lebesgue dominated convergence theorem to obtain

lim / (@) an(s) = limy [ o(y(0,9)f(0) da = / oy 1)) () da = / o) dp(t)

s—t R

The conservation of total variation of u(t) (i.e. (2.29)) follows directly from (2.16).
(ii) From Lemma A.2; we have decomposition (2.30).
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From (2.22), we know that the singular part of () comes from the set (2.31). Hence, all the singular
parts of u(t) for t # 0 are determined by the function 4., or equivalently, the absolutely continuous
part of ji. More precisely, the singular parts come from AP defined by (1.10), and

sup (1) + pec(8)) € 9(AF,1) = {+ @t + S il(—o02)) @ € AF).

4
(iii) Since AtL PP consists of closed intervals with positive length, we can always pick a rational number
from each interval. Due to @, (Z(a)) = —2 for all a € APPP for different ¢ € T}, the chosen rational

numbers are different because the closed intervals at different times are different. Therefore, using
the chosen rational numbers as indices of these intervals, we know that there are at most countable
numbers in T),.

Let ¢t € Ty. Since puse(t) # 0, it follows from (2.30) that £(AF*¢) > 0. Furthermore, for t;,ty € Ty
with ¢; # t2, we have AtLl’SC N AtLZ’SC = 0, since @, (Z(er)) = —2 for all a € AF*°. We obtain the desired
result by applying Lemma A.1 (i).

(iv) e Proof of the local absolutely continuity of u(-,t) for ¢ € R.

We first prove that u(-,t) is locally absolutely continuous. Consider m non-overlapping intervals
{(zk,yx)}7r, contained in (—R, R) for some R > 0. Let 3, = y(ax,t) and yx = y(Bk,t). Using (2.27)
and the fundamental theorem of calculus, we have

> (e, t) — o 0] = 3 [ata(G0)) + (5 - 2(5h) ~ a(atan)) ~ f(en — a(a)
k=1 k=1
S t
= U (Z(a))Z () + = f(a) da| .
S| [, @+ 5@
Notice that on AL given by (2.31), equality (2.18) holds and we have
(2.41) g (Z())T' (o) + %f(a) = U, (Z(a))Z' () [1 + ;ux(x(a))} =0.
Define DF = U [a, Bi] \ AF. Then, we have
(2.42) > lutorst) s, ] < [ [mtatans @+ @) da.

Next, we will prove that for any > 0, there exists § > 0 such that if >;" | (yx — xx) < 6, then
L(D*) <.

This will prove the absolute continuity of u(-, t) due to the absolute continuity of the Lebesgue integral
on the right hand side of (2.42). For this purpose, we define

D = Uiy (e, yn) \ y(A7 1),
Then 2 (z,t) = z3(z,t) on DE. Moreover, 2, (-, t) exists on DF and
0 < z12(x,t) = 1/ya(a,t) < oo, x€DF x=y(a,t).
Let

0, = € y(AL 1)
Then, obviously g € L}, .(R), since f(a p 9(x)dz < f(a p Aa(@,t) dz < 21(b,1) — 21(a,t) < oo for any
b > a. We have the following relation:

L(D*) = L(z1(DF 1)) < / ; 21z (z, t) do = Z/ g(z)dz,

D k=1 " [®k,yx]

o(2) = {zlw(x,t), T e R\y(AtL,t)

where we used [1, Eq. (4.41)] for the inequality. Since g € L'(K) for any compact set K C R, if
>t (yr, — @) is sufficiently small (depending on the compact set K containing U, [z, yx]), then
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the measure £(D%) will be smaller than 7. This shows that u(-,t) is locally absolutely continuous.
Moreover, since u,(+,t) € L?(R) (which will be shown below), we can apply Lemma A.3 (with p =2)
to conclude that u(-,t) is globally absolutely continuous.

e Proof of (2.33).

Since u(-, t) is absolutely continuous, differentiating u(y(a,t),t) = u(z(a))+
to «, and then taking a square, we obtain from (2.21) that

(a—Z(«)) with respect

oo+

2(5(0.0). 0520 0) = [ (a(0)a' (@) |1+ fns(a@)] for a € B

Due to (2.22) and (2.21), we have
ui(y(a7t)7t)ya(a7t) = Q(f(a))jl(a) = f(OZ), o€ BtL n BOL.

ﬂCL‘
On the other hand, since Z'(a) = 0 on A}, we have
t t
e (y(0, £), )y (0, 1) = T (#(0))7 (@) + 5 (1 = 7 (a)) = 5 for a € Ag.

Using (2.22) again, we conclude that u,(y(a,t),t) = 2 on A C BF. Hence, on Af,

2
ui(y(a7t),t)ya(a7t) = %tz =1= f(a)

In summary, we have
(2.43) u?(y(o,t), t)yala,t) = f(a), a € BE.

Since pac(t) = y(-,t)#(f|pr do) and L(R\ y(BE,t)) = 0 (see Lemma A.2), relation (2.33) holds.
e Proof of (2.34).
From the above proof, we have u € C(R; C,(R)) and u, € L®(R; L?(R)). From the definition of u,

we also have u; € L? (R x R). To prove (2.34), it suffice to show u € 01/2(R x R). Since we have, for

loc loc

any x # y and t # s,
|U($,t) — u(y,s)| _ < C |u(ac,t2 B u(yas)ll
(2 =y +1e—s)T = yl5 +10 s
[z —yl2 |t — 5|2

for some constant C' > 0, it is enough to show that u is locally Hélder continuous with order % in spatial
and temporal variable respectively. Since u(-,t) € H} (R) for all time ¢ € R, we have u(-,t) € c? (R).

loc loc
To show the local temporal Holder continuity, we choose an « such that y(«,t) = z for a given z € R.

Then using the spatial Holder continuity and the definition of u, we have

|’U/(J)7 t) - U(I, S)' < |’U/(y(047 t)7 t) - u(y(a, 8)7 8)| + |’U/(y(047 5)7 S) - u(y(a? t)7 S)'
<=2yt oo ) — e <o - o
(v) This follows from (2.20) and definition (2.27).
(vi) Notice that (2.37) follows directly from (i) and (iv).
For this particular s, u(s) = y(-, s)#(f da) is absolutely continuous, we have y,(a, s) > 0 for a.e.
o € R. Due to (2.22), this is equivalent to i (z) # —2 for a.e. x € R. From the definitions, we have

2

(2.44) yla, 8) = Z(a) + u(z(a))s + SZ(a —Z(a)), a €R,
and
(2.45) u(z) = u(z, s) = u(z(a)) + %(oz —Z(a)) for z=y(a,s).
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By (ii) and (iii), we have @2 dz = y(-, s)#(f da). Hence,
(2.46) F(y(a,s)) = / @2 (r)doe = / fla)da = a— z(a).
(—o0,y(as)) (—o0,@)

By (2.26), we have

. (t—s)? ~
X(t—s) =&+ u@)(t—s)+ 4 F(§), R

Hence, combining (2.44), (2.45), and (2.46) yields (2.38): for any «, ¢t € R,

X(y(or 51,1 ) = y(o5) + iyl )t~ 5) + 2 F(ya, )
= 2(a) + a(@(a))s + - = a(a) + [a(@(@) + 3 (a = #(a))] (t - )
. _48)2@ ~ #(a))
= #(0) + B(a(@))t + (o — 7(a)) = y(a )

For (2.39), we have

u(t) = y( DS da) = [X (- t—5)oy(-, s)#(f da) = X (- t—s)£[y(-, ) #(f da)] = X (-, t—s)#(i2 da).
Next, we show (2.40). For x = X (&,t — s), consider « satisfying ¢ = y(a, s) and then

x=X(yla,s),t —s) =y(a,t).

We have
i(©) + SV () = (@) + S0 - 2(0) + LD (0 - 2(a))
= u(z(a)) + %(a — () = u(x,t)
O
Let us end this section by some remarks.
Remark 2.3. (i) (Relation with regular initial data) For a non-smooth initial datum (@, @) € D,

let (u, ) be a solution to the generalized framework (1.4)-(1.6) defined by (2.27) and (2.28).
Then (u, ) can also be constructed by a regular function @(z) as given in Theorem 2.1 (vi).
More precisely, such a regular function 4(z) := u(x, s) is obtained by evaluating u at a time
s such that p is absolutely continuous. This time s always exists due to Theorem 2.1 (iii).
Start from @ and we can use the traditional flow map X (¢,t) in the Lagrangian coordinates
to construct solution (v,v). Then (u, 1) will be recovered by some time shifting of (v, v).

(ii) (Separation of singular part and absolutely continuous part of x(¢)) In Proposition 2.1 (iv), we
used Z(a) to identify the singular parts (corresponding to AL = AXPP U AL*¢) and absolutely
continuous part of /i (corresponding to BY). Since the singular part of fi comes from A},
we can conclude from Theorem 2.1 (ii) (or (2.31)) that this singular part will never create
singular parts of p(t) again for any other ¢, and all the singular parts of u(t) (¢ # 0) are
generated by the absolutely continuous part of f, i.e. u,. We can also see this from the fact
that yo(a,t) = % > 0 for a € Al (see (2.22)).

(iii) (Calculation of mass for singular part of u(¢)) Due to f(a) = 1 — Z'(«), we deduce from
(2.18) that z'(«) = % and f(e) = w3 on AF. We consider a point zq € y(AFPP 1) and
o = 21(20,t) < 22(wo,t) =t avg. Then, Uiy (x) = —2 for all @ € [x1,22] := [Z(o), Z(a2)]. The
mass concentrated at x is calculated by

u()({z0}) = / f(a)da

[a1,00]

2 (g — x1).

—Eya 2=
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For the singular continuous part, define A% = Z(AF*°) and then u,(z) = —2forx € APse,
We have

tse(t)(R) = %E(Af@c).

See Example A.1 for a detailed calculation.

(iv) (Luzin N property) The absolutely continuous result stated in Theorem 2.1 (iv) is more
straightforward when ¢ ¢ T, UT,. This is because y(-,t) is strictly increasing when ¢t ¢ Ts UT,,
and there exists a unique absolutely continuous inverse of y(-,¢) by (ii) in Lemma A.1. Using
this inverse, we can directly prove that u(-,t) is absolutely continuous on any bounded interval.
Moreover, we have

/R W(2,) da = jrac(t)(R) = p(t)(R) = B(R), for all t ¢ T, UT,,

However, for t € T, UT),, the inverse of y(-,t) does not satisfy the Luzin N property on the set
APPPJ AF#C (see Example A.1 for instance) and it is not absolutely continuous. In this case,
the function wu(-,t) is still absolutely continuous, and we have

[ 0 = nac®) < ()R

The above analysis also shows that usually u, ¢ C(R; L?(R)).

a(R), forallteT,UT,.

3. EXISTENCE AND UNIQUENESS OF CONSERVATIVE SOLUTIONS

In this section, we are going to show that (u, 1) defined by (2.27)-(2.28) is a conservative solution to
the system (1.4)-(1.6). We will also show the uniqueness of conservative solutions via characteristics
method.

3.1. Existence. We have the following existence theorem:

Theorem 3.1 (Existence). Let (4,i) € D be an initial datum. Let u be defined by (2.27) and p
be defined by (2.28). Then, (u(t),n(t)) is a global-in-time conservative solution to the generalized
framework (1.4)-(1.6) in the sense of Definition 1.2 with initial datum (@, ). Moreover, the function
u and energy measure | satisfy all the properties in Theorem 2.1.

Proof. It follows from Theorem 2.1, Equation (2.27) and (2.28) that (u(t), pu(t)) satisfy properties (i),
(ii) and (v) of Definition 1.2. We are going to use the change of variables y(a,t) to prove (iii) and
(iv) (i-e., (1.7) and (1.8)) of Definition 1.2. Since u; has enough regularity and y(«,t) is an absolutely
continuous function of «, we have, for ¢ € C*(R x R),

/R/Ru@dxdtz—/R/Rut(ﬁdxdt: —/R/Rut(y(oz,t),t)qb(y(a,t),t)ya(a,t)dadt
d
:_/R/Rgu(y(a,t),t)qﬁ(y(a,t),t)ya(a,t) dadt+/]R/R(uux)(y(a,t),t)¢(y(a7t),t)ya(a7t)dadt
d

—— [ [ Setotet). 00000 ta(0nt) dadt+ | [ ) (o, 1ot da

Comparing with equation (1.7), we are left to show

/R/7u(y(a7t)7t)¢(y(aﬂt)7t)ya(aﬂt)dadt

1

§/R/R¢(5€,t)F(w,t) dax dt

1

5/R‘/R¢(y(a7t)7t)F(y(a7t)7t)ya(Oé,t) da dt.
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Notice that from the definition of u (see (2.27)), we have Su(y(a,t),t) =
integral on the left hand side of (3.1) becomes

[ [ et 0000, 0mafot)dadt = [ [ Sa = a(@)otu(ont). (o) dat

1(a — z(a)) and the

On the other hand, for all but countably many time ¢, p(t) is absolutely continuous. For these time ¢,
the absolutely continuity of p(t) and (2.28) imply

F(y(a,t),t):/( ( t))du(t):/( f(@)dn=a i)

This proves (3.1), and hence, equation (1.7) follows.
Next, we prove (1.8). Using the definition (2.28) of u(t) again, we obtain, for ¢ € C°(R x R),

[ [oruonaueyat= [ [ [ontulan.t) +uslant). 06, (v(a,1).0)] @) dad
R JR RJR
(3.2) :/R/R%qb(y(a,t),t)f(a)dadt

:/R% </R S(y(a, 1), ) () da> dt = 0.

Remark 3.1. It is obvious to see that (1.8) still holds for all bounded smooth ¢(z,t) with bounded
derivatives supported on (—oo,00) x (=M, M) for any M > 0 from the proof of (3.2). This property
will be used in the proof of Lemma 3.1.

O

3.2. Uniqueness. We will show the uniqueness of conservative solutions via the characteristics method.
We use the methods in [2, 7, 3] with some improvements.

Lemma 3.1. Let (v,v) be a conservative solution to the generalized framework (1.4)-(1.6) in the sense
of Definition 1.2. Consider the time t and T such that v is absolutely continuous. Then, for any fized
y € R and ¢y > 0,

(3.3) / v2(x,t)da < / V2 (x, 1) dr < / v (z,t) de,
(=o0,yta—(t—7)) (—o0,y) (—o0,ytay (t—7))

provided that t —T > 0 is small enough (depending on v, y and €g), where ax+ := v(y,T)+teg. Moreover,
foranyT >0 and any —T <7<t <T,

(3.4) / v (2, t) dr < / vZ (2, 7)dz < / v2(z,t) dx,
(=00,y—=Cr(t—7)) (=00,9) (—o0,y+Cr (t—7))

for all Cr satisfying ||vl|lc,®x[-1.1)) < Cr-

Proof. We are going to construct some test functions and use (1.8) to prove this lemma.
For any fixed € > 0 sufficiently small, consider the following two non-negative smooth functions:

0 1, z<y,

and x.(s) =1 for s € [1,t] and supp xc C (T —€,t + €). Assume that
0. <0, x.(s)>0 for s€(r—¢€7), X.(s)<0 for s€ (tt+e).
Let ¢ (x,8) = 0. (x — ax(s — 7))Xe(s) € C°(R x [0,00)). Then,

(01 +v05) (@, 8) = Xe(5)0e(2 — ax(s — 7)) + (v — ax)xe(s)be(z — ax(s — 7).
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Since the conservative solution v satisfies (1.8) and ¢ is supported on (—o0,00) x [T — €,t + €], we
can take ¢F as a test function in (1.8) (cf. Remark 3.1), and obtain

(3.6) 0= ( / - He) | (0w = as (s — 1)z, 5) duds

t+e yt+at(s— T)+E
/ / (v(z,8) — ax)xe(s)0.(x — ax(s — 7))v2(z, s) dz ds.
y+at(s—T)

Consider the case for a;.. When ¢t — 7 and € are sufficiently small, by the continuity of v, we have
|v(x,s) —v(y, T)| < e for s € (1 —¢,t+€) and x € (y +a4(s —7),y + ay(s — 7) + €), which implies
v(z,8) —ag =v(z,s) —v(y,7) — o < 0. Hence, the second term in (3.6) is positive due to 6, < 0 and
Xe > 0. Therefore,

(3.7) (/TT_E +/tt+€) /_ZM(S_THE XL(8)0c(x — ay (s — 7))v2(x,s) deds < 0.

By the definition of 6. and x., we have

T y+aq(s—7)+e T y+aq(s—7)
/ / X.(8)0c(x — ay (s — 7))v2(x,s)deds 2/ XL (s) / v2(z,8) drds

T — 00

yHas (s—7)
> inf / v2(z, 8) du,

se[r—e,7]0 ) _

and similarly,

t+e y+ay(s—7)+e ytay(s—7)+e
/ / X.(8)0c(z — ay (s — 7))v2(z,s)deds > —  sup / v (z, s) d.
t —00

s€[t,t+€]0 J -0

Here, we use [T — ¢, 7]° and [t,t + €] to stand for those times in [T — ¢, 7] and [t, + €] such that v is
absolutely continuous. As a measure, v is continuous in time, so using [12, Theorem 1.40], we have

T ytay (s—7)+e y
lir(r)1+ / / XL(8)0c(x — ay (s — 7))v2(x,s)dzds > / v (x,7)dz,
e T—eJ—00 0o

and
y+aq (t—7)

t+e +ai(s—7

lim / XL (8)0c(x — ay (s — 7))v2(x,s)dzds > —/ v (z,t) da.
e—=0t Jy —0 —00

Passing to the limit as € — 0% in (3.7) and using the above two inequalities, we obtain the second

inequality in (3.3).

Consider the case for a_. When ¢ — 7 and € are sufficiently small, by the continuity of v, we have
|v(x,s) —v(y,T)| < e for s € (r—et+€) and z € (y+a_(s—7),y+a_(s —7)+ ¢€), which implies
v(x,8) —a_ =v(z,s) —v(y,7)+eo > 0. Hence, the second term in (3.6) is negative due to 6. < 0 and
Xe > 0. Therefore,

(3.8) (/TT_6 + /tt+6) /_ZG(S_T)+€ X.(8)0c(x — a_(s — 7))v(x,s)deds > 0.

Similarly to the case for a,, passing to the limit as ¢ — 07 in (3.8), we obtain the first inequality in
(3.3).

One can show (3.4) by applying a similar argument as in the above proof of (3.3) by using a_ = —Crp
and a4 = Cp instead. It is worth noting that —Cp < v < Cp, so the proof will not need the smallness

condition for ¢ — 7 because we do not need to apply the continuity of v as in the above proof of (3.3).
O

Next, we apply the above lemma to prove the following uniqueness theorem.
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Theorem 3.2 (Uniqueness of characteristics and conservative solutions). Let (v,v) be a conservative
solution to the generalized framework (1.4)-(1.6) in the sense of Definition 1.2 with initial datum
(a,n) € D. Then, there exists a unique characteristic yi(a,t) satisfying

(39) Sunat) = (e 0).0), vi(a,0) = 7o),
and
(3.10) /()00 y1( 1)) < @~ 3(a) < H(O)((~o0, 1 (o, D),

for any o € R and a.e t € R, where () is defined by (2.9). The uniqueness of characteristics and
conservative solutions follows, i.e., (v,v) = (u, u), where (u, ) is defined by (2.27) and (2.28).

Proof. We will separate the proof into three steps.
Step 1. We use a similar definition for x1(8,t) to that of Z(«): for any § € R and ¢ € R,

(3.11) 21(B,1) + v() (=00, 21(8,1))) < B < 21(B, 1) + v(t) (=00, 21(B, 1)),

which is actually the inverse function of the sum of identity and cumulative energy distribution:
z + v(t)((—o0,x]). For a.e. t € R, we have dv(t) = v2(x,t)dx, so at these times, Definition (3.11) is
equivalent to

1+ 02(z1(B,t),1)| = 27
Next, we prove t — z1(0,t) is Lipschitz. First, consider 7,t € [-T,T] and 7 < ¢ such that v is
absolutely continuous at 7,¢. Let y = x1(8, 7). It follows from the first inequality of (3.4) that

(3.12) w0+ [ v2(y,t)dy = B,
(—o0,z1(B,t))
which implies
1
1 t)| = <1 R, ae. teR
(3 3) ‘xlﬁ(ﬂa )| 1+U%(l’1(6,t),t> = 4 VBG , A.€ €
and
3.14 Opo(zy (B.0).1)| = | —x@ B |1 g pie reR.
B

y—CT(t—T)+/ vi(x,t)dxﬁxl(ﬁm)—k/ vi(z,7)dr = f
(—o0,y—Cr(t—T)) (—o0,z1(B,7))
=x1(8,t) + / vi(x,t) dz,
(—o0,z1(Bst))

which implies y — Cp(t — 7) < 21(B, t), i.e. 1(8,7) — x1(8,t) < Cp(t — 7). Similarly, it follows from
the second inequality of (3.4) that

y+CT(t—T)+/ ’l)i(m,t)dl‘Zl‘l(ﬂ,T)+/ vi(x,T)dx:,B
(—o0,y+Cr (t—T)) (—o0,z1(8,7))
=z1(83,1) —|—/ v2(2,t) du,
(—o0,z1(B,t))

which implies y + Cr(t — 7) > x1(8,1), i.e. 1(8,t) —21(8,7) < Cp(t — 7). Combining the above two
results yields

|z1(8,t) — z1(8,7)| < Crlt — 7],
for any t, 7 such that v is absolutely continuous. With the above results, when v is not absolutely

continuous at ¢ and/or 7, we only need to show the continuity of map ¢ — x1(5,t). Actually, it follows
from Definition (3.11) that

(3.15) z1(B8,1) + v(t)((—o0,21(B,1))) < B < x1(B,5) + v(s)((—00, 21(B, 5)]),
which implies

z1(B,8) — 21(B, 1) = v(t)((—00, 21(B,1))) — v(s)((—o0, 21(B, 5)])
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for any s, t € R. Fix at € R. We prove the continuity of z1(8,-) at ¢ by a contradiction argu-
ment. Seeking for a contradiction, we assume that there exists a sequence s — t as k — oo but
limg 00 21(8, 8k) = A < 21(5,t). Due to Remark 1.1, we have

0> kh—>Holo x1(8, sk) — x1(B,t) > v(t)((—o0, 21(5,1))) — limsup v(s)((—o0, 21 (8, sk)])

k—o0

=v(t)((=o00, 21(8,1))) — limsuplv(si) (R) — v(sk)((21(8; 1), +00))]

k—o0

—u(0)((~00,#1(8,1))) — A(R) + lim inf (54 (21 (8, 51), +00))

z1(B,t)+A
2

For k big enough, we have z1(5, si) < < z1(B,t), and combining [12, Theorem 1.40] yields

a contradiction:

0 >v()((=00,21(8,1))) — A(R) + lim inf v(sy) ((W +oo>)

— 00

2(0(-oe,1(5,0) ~ () + v(t) (2252 o) ) 20
which is a contradiction. On the other hand, if there is a sequence §; — t as k — oo but limg_, 0 z1(8, 5;) =
B > x1(B,t), we can also obtain a contradiction by a similar argument. Combining the above argu-
ments, we know x1(3,t) is continuous with respect to time ¢.
Step 2. In this step, we are going to prove (3.9) and (3.10).
Consider the integral equation:

(3.16) Bit) = a + /O (@ (Ba(s), 5), ) ds.

For t € R, due to (3.14) and Banach fixed point theorem, there always exists a unique global solution
B1(t) to (3.16). Define

(3.17) yi(o,t) =z1(B1(t),1), aeR, teR.

Then, combining (2.9) and (3.11) yields the initial datum: y;(a,0) = Z(«). From (3.11), (3.16), and
(3.17), the following relation holds: for a.e. t € R,

3-18)  yi(a,t) +v(t)((—00,y1( 1)) < @ +/O v(yr(a;8),8) ds < ya(a, t) + v(t) (=00, y1 (e, 1)]).

Fix a € R. From Step 1, we know that y;(a,t) is differentiable for a.e. ¢ > 0. In the following, we
only consider those ¢t € R such that y;(c,-) is differentiable and v(t) is absolutely continuous with
dv(t) = v2(x,t)dz. We will prove (3.9) by a contradiction argument. Seeking for a contradiction,
we assume that there exists a 7 € R such that dv(r) = v2(z,7)dz and y;(,7) is differentiable but
O (a, 7) # v(y1(a, 7), 7). Then, there exists some ¢y > 0 such that either one of the following two

cases holds:

Case 1:
(3.19) Ory1 (o, 7) < v(y1(a, 1), 7) — 2€p.
Case 2:
(3.20) Oy (a, 7) > v(y1(a, 7),7) + 2€p.
Next, we derive a contradiction from Case 1. Let y = y1(«,7) and a— = v(y,7) — €. Then, the first

inequality in (3.3) holds for ¢ — 7 > 0 small enough. Due to (3.19), we have

yi(ent) <yu(e,7) + [v(y(e,7),7) —€ol(t —7) =y +a_(t —7)
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for t — 7 small enough. Combining the first inequality in (3.3) yields

51(0) = =1 (Br(e).0) + | et de = prlat) + [ o2 (2, 1) da
(=o0,z1(B1(t),1)) ( 1 (ast))

<y+a,(t—7)+/ v (x,t) da
(3.21) (—coyta_ (t—7))
< wla.) + ol lar)r) -~ alt -1+ [ V(@) da
(—00,y1 (e, 7))
= B1(7) + [v(yr(e, 7), 7) — €] (t — 7).
Therefore,

t) — b7 t) — b7
il 1761( ) _ o(w1 (B (7), 7),7) — B z)tffﬂ )
Passing to the limit as ¢ — 7 in the above inequality, and using (3.16), we obtain ¢y < 0, which is a
contradiction.

For Case 2, we can use the second inequality in (3. 3) to derive a contradiction in a similar manner.

From (3.9), we have y;(a,t) = Z(a) + fo (y1(a, $), ) ds, and hence, (3.10) follows directly from
(3.18).

Step 3. Uniqueness. Notice that v satisfies the Hunter-Saxton equation (1.1) in L? (R x R), and
hence, v satisfies (1.1) classically almost everywhere in R x R. Since we have already proved that there
exists a characteristics function y («, t) satisfying (3.9) and (3.10), we also have

€0 < U(yl(a,T)’T) -

02 d 1 ) 1 _
G (20 = ()0 = @t w00 =5 [ = g (o).
Since

& 1(0,0) = 7(2(0),

we have )

1(0,t) = 2(0) + a(@(@))t + o — 3(a)) = ylas ),
where y(a,t) is defined by (2.12). By Definition (2.27) of u, we have
(3.22) v(y(a,t),t) = %y(ai) = u(z(o)) + %(Of = Z(a)) = u(y(e, t), 1)
O
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APPENDIX A. SOME USEFUL FACTS FROM REAL ANALYSIS

In this appendix, we state and prove three useful lemmas from real analysis. All of them are
fundamental and somewhat classical. For readers’ convenience, we also provide their proofs here.

Lemma A.1. The following two statements holds:
(i) The real line R cannot be written as the union of uncountably many disjoint subsets with
positive measures.
(i) Let X : R — R be an absolutely continuous function satisfying X¢(§) > 0 for a.e. & € R.
Then, there exists a unique absolutely continuous inverse of X.
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Proof. (i) We prove this by a contradiction argument. Let A be an uncountable index set and {Aq }aea
be a family of uncountable disjoint subsets of R with £(A,) > 0 such that
R = UaEAAa-
Because L(A,) > 0, there must be some integer n such that £(A, N [n,n + 1]) > 0. Since A is an
uncountable set, there must be some integer ng such that
Ag={aeA: L(A,N[ng,no + 1]) > 0}

is an uncountable set. Then there exists a positive integer m > 0 such that the set
1
Ay = {a eAN: L(ALN[ng,no +1]) > m}

is uncountable. Since the sets L£(A, N [ng,no + 1]) for a € A, are disjoint with each other, this
contradicts with £([ng,no +1]) = 1.

(ii) We prove this on arbitrary interval [a,b]. Clearly X is continuous and strictly increasing on
[a,b] and hence, it has a continuous and strictly increasing inverse Z. Let

A={{€a,b]: 0<Xe(§) <0}, B=[0,1]\ A4,
and
C=X(A), D=X(B).

We have £(B) =0 and CUD = [X(a), X (b)]. Since X is absolutely continuous, it satisfies Luzin N
property and L(X(B)) = L(D) = 0.

We know that Z has a finite positive derivative at each point of C. Let E C C satisfying L(F) = 0.
Then

E=U2,E,,

where E, ={x € E: 0 < Zy(x) <n}. Then, we have L(E,) = 0 and

L(Z(E) <Y L(Z(By)) <Y nL(E,) =0,

where we have used L(E,,) < nL(E,); see [16, Lemma 6.3]. Hence, the inverse Z on [X(a), X (b)] is
a continuous function of bounded variation satisfying the Luzin N property, which means that Z is
absolutely continuous.

O

We have the following lemma for push-forward measures:

Lemma A.2. Let X : R = R be a continuous increasing surjective function. Define two pseudo-
inverse functions of X by

Zy(z) =inf{¢: X(§) ==}, Zo(x) =sup{¢: X(§) =z}
Define
AP ={g: Xe(§) =0, Z1(X(§)) < Z2(X(§))}, A ={¢: Xe(§) =0, Z1(X(E)) = Z2(X(§))},

and
B={¢: X¢(§) >0}
Here, APP is defined in point-wise sense, and A% and B are defined in a.e. sense.
Let 0 < g € LY(R) . Consider the measure

= X(g dg).
Let g1 =g -1p, 92 =9 - lave and g3 = g- 1 asc, here 1 gop, 14sc and 1p are characteristic functions on
APP - A%¢ and B respectively. Then the following statements hold:

(i) L(X(APP U A%¢)) =0, where L is the Lebesgue measure.
(i) The absolutely continuous part of u is given by X#(g1 d€).
(iii) The set X (APP) is a countable set, and the pure point part of u is given by X#(g2 d€).
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(iv) The singular continuous part of u is given by X#(gs d€).

Proof. (i) Tt follows from the change of variable formula (see [17, Theorem 4] for instance) that

(A1) [ i @de = [ Lamoae(©Xe(©)d = 0.
(ii) We prove that X#(g; d§) < L. Let E C R satisfy L(E) = 0. Then
X B = [ gl 9(€) de.
X-1(E) BNX-1(E)

Hence, we only need to show £(B N X"YE)) = L(Z:(X(B)N E)) = 0. This means Z; has Luzin N
property on X (B). Set B = X(B). Since

BNE=U2,(B,NE), whereB, = {x €B: 0< Zi,(x) < n},

and
L(Z,(B,NE)) <nL(B,NE)=0,

we have

LBAE) <Y LB E) =0
n=1

Hence, X#(g1d€) < L. Due to (i), we have p — X#(g91d¢) L L, and hence, X#(g; df) is the
absolutely continuous part of u.
(iii) Suppose APP £ (). Let z, y € X (APP) and x # y. By the definition of X (APP), we have

Zi(z) < Za(z),  Zi(y) < Z2(y).

For each z € X(APP), we choose a rational number in [Z;(z), Z2(z)] to stand for it. Due to the

increasing nature of X, we have [Z1(z), Z2(x)] N [Z1(y), Z2(y)] = 0, which implies different points in

X (APP) correspond to different rational numbers. Therefore, the set X (APP) is at most countable.
For ¢ € APP, denote = X (£). Then, we have z1(z) < z2(x) and

M) = Xgaglen = [ g@ac= [ g@aczo

Therefore, there is a pure point measure of p at = if the above value is strictly positive. Moreover,
there is no other pure point parts as for £ € A**U B, Z1(X(£)) = Z2(X(€)) and the above value must
be 0.

(iv) Tt is direct to see from the definition that p = X#(g1 d§) + X# (g2 d€) + X#(g3dE). We have
proven in (i) and (ii) that X#(g; d€) is the the absolutely continuous part of g and X#/(ge d€) is the
pure point part of u, hence, by Lebesgue decomposition theorem, the remaining part X #/(gs d€) is the
singular continuous part of pu. O

The next lemma shows that a locally absolutely continuous (i.e., absolutely continuous on any closed
and bounded interval of R) function has to be globally absolutely continuous if its derivative is in LP(R)
for some p € [1, 00].

Lemma A.3. Let 1 < p < oco. Then any locally absolutely continuous function u on R with its
derivative u, € LP(R) is globally absolutely continuous.

Proof. If p = 1, it follows from the absolute continuity of Lebesgue integral that u must be globally
absolutely continuous. If p = oo, then v is globally Lipschitz continuous, and hence, globally absolutely
continuous.

Let 1 < p < oo. For any € > 0, we are going to find some § > 0, such that for any disjoint open
intervals {(a;,b;)}¥_; with Zle |b; — a;| < 0, we have Zle |u(b;) — u(a;)| < e. For this purpose, we
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define E,, := {z : n < |uy(z)] < n+ 1} for all integer n > 0. Let ng be a large enough integer such
that nf =" > 2|ju,|7,. Then

> lubi) = u(a;) = / ug(z) do
i=1 i=1

Jf’i /

<Z/ |ug (2)] da
It W+Z/ (@)l

i=1 al,b) = K 1(a“b)
<nod + Z / |ux(1‘)|d1‘.
n=no Uk 1(a1 7,
Moreover,
n:zno /(Ui’cl(ai’bi))m nzno Z np—1

L P €
< el <5

Now we choose § < ﬁ, combining the above two inequalities we have

k
;m(bi) —u(@)| < 545 =
g

In the following example, we are going to use a fat Cantor set to create an initial datum (ﬂ i) such
that the singular continuous part of the corresponding energy measure p(t) is nonzero at t = 2.

Example A.1 (Fat Cantor set for A;"*).

e Fat Cantor set: The fat Cantor set that we use is defined as follows: we consider the set [0,1],
in the first step, we remove the middle open interval with length i (i.e. [8, 8]) from [0,1]. At n-th step,
we remove the open sub-intervals of length - aw from the middle of each of the 2"~ L remaining intervals.
Continuing this procedure, the fat Cantor set E is defined as the points that are never removed. We
have the followz'ng well-known results: (i) set E is closed; (ii) set E is nowhere dense in [0,1]; (i)
L(E)=1; and (iv) all the endpoints of the removed intervals are dense in set E.

e A function vanishing exactly on E: From Now, we use the above fat Cantor set to define a
continuous function h. We choose a sequence of smooth non-negative function h,(x) such that each
hn () is positive inside each open interval removed at the n-th step and h,(x) = 0 outside the intervals
removed at the n-th step. We also assume that sup,co 1) hn(x) = 1. Then we define

=
8
|
=
3
—~
8
~

2
n
n=1

As the uniform limit of a sequence of continuous functions, the function h is continuous. Smce hp’s
are supported in disjoint sets and 0 < h,, <1 for all positive integer n, we also have 0 < h < ” . Since
h = 0 on the endpoints of all the removed intervals, combing the property (iv) above yields h( )=20
for all x € E. Moreover, h(z) > 0 for xz € [0,1]\E.

e Initial datum (@, n): Finally, our target initial datum in this example is defined by

o (2) hi(z)—1, z €0,1],
Uz (x) =
0, otherwise,

and

u(x) = / Uy (n)dn, dig=udz.
(~00,)
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Hence, the function i € Cp(R) and u, € L*(R). Since ji is absolutely continuous, we know that Z(c)
(defined by (2.9)) is strictly increasing and L(R\ B§) = 0 for B{ given in Proposition 2.1 (iv). From
(2.22), we have the derivative of characteristic y(a,t) at t = 2:

Yolo,2) = Z'(a) [1 + 1,(2(a)))* = Z'(a)h(Z(), o€ Bf and z(a) € [0,1].

and

Yo, 2) = ' (a) [1 + 4. (Z()))” = Z' () >0, a € BY and z(a) ¢ [0,1].
It follows from Remark 2.5 (iii) that T' (o) = % and f(a) = 2= on AP s0 AL = (o yo(e,2) =
0} = 27 1(E) has a positive measure. Hence, the inverse of y(-,2) does not have Luzin N property since
L(y(AL*¢2)) = 0 and L(AY*) = £(z72(E)) = 2L(E) =1 > 0. Moreover,

hee@®) = [ fla)da = 5L E) = L(B) = 5.

L,sc
A2

In the above construction, Uy () is continuous, and 1 + Uy (z) vanishes on E. We remark that one
can have a smooth function @ such that 1+ @, (x) vanishes exactly at the closed set E by Whitney’s
theorem [18, Theorem I]. Obviously, the construction above for time t = 2 can be adapted to any time

t#0.
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