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Abstract. In this paper we characterize the regularity structure, as well as show the global-in-time

existence and uniqueness, of (energy) conservative solutions to the Hunter-Saxton equation by using

the method of characteristics. The major difference between the current work and previous results is
that we are able to characterize the singularities of energy measure and their nature in a very precise

manner. In particular, we show that singularities, whose temporal and spatial locations are also

explicitly given in this work, may only appear at at most countably many times, and are completely
determined by the absolutely continuous part of initial energy measure. Our mathematical analysis is

based on using the method of characteristics in a generalized framework that consists of the evolutions

of solution to the Hunter-Saxton equation and the energy measure. This method also provides a clear
description of the semi-group property for the solution and energy measure for all times.
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semi-group property
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1. Introduction

In this paper, we study the regularity structure of (energy) conservative solutions to the Hunter-
Saxton equation on the whole real line R: for x, t ∈ R,

ut + uux =
1

2

∫ x

−∞
u2
y(y, t) dy.(1.1)

Here, ut and ux represent the time and spatial derivative of u, respectively. The equation (1.1) is an
integrable equation that was first proposed by Hunter and Saxton [13] to study a nonlinear instability
in the director field of a nematic liquid crystal. When u is a classical solution to (1.1), differentiating
(1.1) with respect to the spatial variable x yields

(ut + uux)x =
1

2
u2
x,(1.2)

and hence, the following energy conservation law holds:

(u2
x)t + (uu2

x)x = 0.(1.3)
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According to equation (1.3), it is nature to find the global-in-time conservative solution u that satisfies
‖ux(·, t)‖L2 = ‖ūx‖L2 for any t ∈ R, provided that the initial datum u|t=0 = ū satisfies ūx ∈ L2(R).
However, similar to the inviscid Burgers’ equation, using the characteristics method, one can verify
the following fact: if the initial datum ū satisfies infx∈R ūx(x) < 0, then we have ux(·, t) → −∞ as
t → T0 := −2/ infx∈R ūx(x). At the blow-up time, the function u will lose the information of energy
conservation temporarily. This can be seen from the following simple example. Consider the solution
with initial datum (see also in [15, 6])

ū(x) =


0, x ≤ 0,

− x, 0 < x < 1,

− 1, x ≥ 1.

The conservative solution u is explicitly given by

u(x, t) =



0, x ≤ 0,

− 2x

2− t
, 0 < x ≤

(
1− t

2

)2

,

− 1 +
t

2
, x ≥

(
1− t

2

)2

,

ux(x, t) =

−
2

2− t
, 0 < x ≤

(
1− t

2

)2

,

0, otherwise.

We have u(x, 2) ≡ 0 and u2
x(·, t) → δ in the sense of distributions as t → 2, where δ is the Dirac

delta mass at the origin x = 0. Notice that ‖ux(·, t)‖L2 = 1 for any t 6= 2 and ‖ux(·, 2)‖L2 = 0.
Therefore, if we only study the solution u, the energy ‖ux(·, t)‖L2 is not conserved only at t = 2; this
viewpoint, which causes a temporary/momentary disappearance of energy, is very non-physical. It is
worth noting that at the blow-up time t = 2, the energy density is converted into the singular measure
δ, and u2

x(·, 2) ≡ 0 corresponds to the absolutely continuous part of the measure δ with respect to the
Lebesgue measure L. To describe the energy conservation of weak solutions, we use a nonnegative
Radon measure µ(t), which can be seen as the energy measure, to replace u2

x(·, t) in equations (1.1)
and (1.3), and study the Hunter-Saxton equation in the following generalized framework:

Generalized Framework:

ut + uux =
1

2

∫ x

−∞
dµ(t),(1.4)

µt + (uµ)x = 0,(1.5)

dµac(t) = u2
x(·, t) dx.(1.6)

Let us comment on the notations in (1.4)-(1.6) as follows. In (1.6), the measure µac(t) stands for the
absolutely continuous part of the energy measure µ(t) with respect to the Lebesgue measure. In (1.4),
the integral

∫ x
−∞ dµ(t) is not well defined when µ(t) contains pure point measures. However, we are

going to show that there are only at most countably many time t such that the energy measure µ(t)
has pure point measures (see Theorem 2.1 (iii) for details), and hence, the ambiguity of this integral
will not affect the definition of weak (energy conservative) solutions below. Therefore, we will keep this
integral notation in (1.4). Equation (1.5) is viewed in the sense of distributions. We then study the
conservative solutions to the generalized framework (1.4)-(1.6). First of all, let us define the following
space for conservative solutions:

Definition 1.1. Let D be the set of pairs (u, µ) satisfying

(i) u ∈ Cb(R), ux ∈ L2(R);
(ii) µ ∈M+(R);

(iii) dµac = u2
x dx, where µac is the absolutely continuous part of measure µ with respect to the

Lebesgue measure L.

Here, M+(R) stands for the set of finite positive Radon measure endowed with the weak topology.
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Following the physical meaning of the energy measure µ(t), we require µ(t) ∈ M+(R), so that
the total energy is finite; however, technically speaking, our mathematical analysis in this paper
only requires that the positive measure µ(t)((−∞, x]) < ∞ for all x ∈ R. There are several different
definitions for conservative solutions to the Hunter-Saxton equation; see [5, Definition 4.4] for instance.
In this paper, we will use the following definition of conservative solutions to the Hunter-Saxton
equation:

Definition 1.2 (Conservative solutions). Let (ū, µ̄) ∈ D be a given initial datum. The pair (u(t), µ(t))
is said to be a global-in-time conservative solution to the generalized framework (1.4)-(1.6) with the
initial datum (ū, µ̄), if the pair (u(t), µ(t)) satisfies the following:

(i) u ∈ C(R;Cb(R)) ∩ C1/2
loc (R × R), ut ∈ L2

loc(R × R), ux(·, t) ∈ L2(R) for all t ∈ R, and
µ ∈ C(R;M+(R));

(ii) (u(·, 0), µ(0)) = (ū, µ̄), and dµ(t) = u2
x(x, t) dx for a.e. t ∈ R;

(iii) the equation ∫
R

∫
R
uφt − φ

(
uux −

1

2
F

)
dxdt = 0(1.7)

holds for all φ ∈ C∞c (R× R); the function F (x, t) is defined by F (x, t) :=
∫ x
−∞ dµ(t);

(iv) conservation of energy:

(1.8)

∫
R

∫
R

(φt + uφx) dµ(t) dt = 0

for every φ ∈ C∞c (R× R);
(v) equation (1.6) holds for all t ∈ R.

The last condition is equivalent to say that (u(t), µ(t)) ∈ D for all t ∈ R.

It follows from the regularity requirement (i) in Definition 1.2 that the condition (iii) in Definition
1.2 (namely Identity (1.7) holds for all test functions) is equivalent to the following condition:

(iii)’ Equation (1.4) holds in the L2
loc(R× R) sense.

The condition (iii)’ is equivalent to [6, Definition 1.1(ii)], when the flux is given by u2/2.

Remark 1.1 (Energy conservation). Indeed, any weak solution (u, µ) to the Hunter-Saxton equation
under the generalized framework (1.4)-(1.6) in the sense of Definition 1.2 satisfies the energy conser-
vation µ(t)(R) = µ̄(R) for t ∈ R. This is why we call it a conservative solution. To verify this energy
conservation, we now consider any arbitrary time t > 0 (the case for t < 0 will be similar). We choose
non-negative smooth functions χε(s) and gR(x) for ε > 0 and R > 0, where χε(s) = 0 for s ≤ −ε and
s ≥ t + ε. χε(s) = 1 for s ∈ (0, t), χ′ε(s) ≥ 0 for s ∈ (−ε, 0) and χ′ε(s) ≤ 0 for s ∈ (t, t + ε). The
function gR satisfies gR(x) = 1 for |x| ≤ R, gR(x) = 0 for |x| ≥ 2R and |g′R(x)| ≤ 2

R . Finally, let
φ(x, t) = χε(t)gR(x), and substituting this φ into equation (1.8), we obtain∫

R

∫
R
χ′ε(s)gR(x) dµ(s) ds+

∫
R

∫
R
u(x, s)χε(s)g

′
R(x) dµ(s) ds = 0.

Passing to the limit as R→∞, and using u is bounded, we have∫ 0

−ε
χ′ε(s)µ(s)(R) ds+

∫ t+ε

t

χ′ε(s)µ(s)(R) ds = 0.

Since µ ∈ C(R;M+(R)),∣∣∣∣∫ 0

−ε
χ′ε(s)µ(s)(R) ds− µ̄(R)

∣∣∣∣ =

∣∣∣∣∫ 0

−ε
χ′ε(s)µ(s)(R) ds−

∫ 0

−ε
χ′ε(s)µ̄(R) ds

∣∣∣∣
≤
∫ 0

−ε
χ′ε(s) |µ(s)(R)− µ̄(R)|ds→ 0 as ε→ 0+.
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This shows that
∫ 0

−ε χ
′
ε(s)µ(s)(R) ds → µ̄(R) as ε → 0+. On the other hand, one can also verify

that
∫ t+ε
t

χ′ε(s)µ(s)(R) ds → −µ(t)(R) as ε → 0+ in a similar manner, and hence, we finally obtain
µ(t)(R) = µ̄(R).

Remark 1.2. It follows from Remark 1.1 and Equation (1.6) that we also have ux ∈ L∞(R;L2(R)).

Remark 1.3. It follows from µ ∈ C(R;M+(R)) and (ii) in the Definition 1.2 that F (·, t) is well
defined for a.e. t ∈ R, and F ∈ L∞loc(R × R). Moreover, according to Remark 1.2, we also know
F ∈ L∞(R× R).

Under the above definition, we have the following results:

Theorem 1.1. Let (ū, µ̄) ∈ D be given. Then there exists a unique global-in-time conservative solu-
tion (in the sense of Definition 1.2) (u(t), µ(t)) to the generalized framework (1.4)-(1.6) with (ū, µ̄) as
its initial datum. Let µ(t) = µac(t) + µpp(t) + µsc(t), where µac(t), µpp(t), and µsc(t) are the abso-
lutely continuous part, pure point part and singular continuous part of µ respectively. The following
statements also hold:

(i) (Energy conservation) We have µ ∈ C(R;M+(R)) and

µ(t)(R) = µ̄(R), for all t ∈ R.(1.9)

(ii) (Formation of singularity, and its temporal and spatial locations) For any t 6= 0, µpp(t) and
µsc(t) are determined by the absolutely continuous part µ̄ac, namely determined by ūx. More
precisely, for any t 6= 0, we define

AEt =

{
x : ūx(x) = −2

t

}
.(1.10)

If L(AEt ) 6= 0, then µpp(t) + µsc(t) 6= 0 (i.e., µpp(t) + µsc(t) is not a zero measure) and

supp
(
µpp(t) + µsc(t)

)
⊂
{
x+ ū(x)t+

t2

4
µ̄((−∞, x)) : x ∈ AEt

}
.(1.11)

All the intervals with positive length in AEt will generate the pure point part µpp(t), and the
rest of AEt will generate the singular continuous part µsc(t).

(iii) (Countably many singular times) There are at most countably many times t ∈ R, such that
either the pure point part or the singular continuous part of µ(t) is not identically equal to
zero, namely both the sets

Tp := {t : µpp(t) 6= 0} and Ts := {t : µsc(t) 6= 0}(1.12)

are countable.
(iv) (Regularity) For all time t ∈ R, the function u(x, t) is globally absolutely continuous with

respect to the spatial variable x and

dµac(t) = u2
x(x, t) dx.(1.13)

Furthermore,

u ∈ C(R;Cb(R)) ∩ C1/2
loc (R× R), ux ∈ L∞(R;L2(R)), and ut ∈ L2

loc(R× R).(1.14)

(v) (Asymptotic behaviour) If ū(−∞) := limx→−∞ ū(x) exists, then we have

lim
x→−∞

u(x, t) = ū(−∞).(1.15)

On the other hand, if ū(+∞) := limx→+∞ ū(x) exists, then we also have

lim
x→+∞

u(x, t) = ū(+∞) +
1

2
µ̄(R)t.(1.16)
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Let us start with the absolutely continuous initial data (as described below) to illustrate our main
strategies to prove the above results. Consider an initial datum (ū, µ̄) ∈ D. When the initial energy
measure µ̄ is absolutely continuous with respect to Lebesgue measure L (i.e., µ̄� L and dµ̄ = ū2

x dx),
we can apply the usual Lagrangian coordinates (ξ, t) to define the flow map via ∂tX(ξ, t) = u(X(ξ, t), t)
and X(ξ, 0) = ξ, and obtain the following global characteristics (see also (2.26) below):

X(ξ, t) = ξ + ū(ξ)t+
t2

4

∫
(−∞,ξ)

ū2
x(y) dy = ξ + ū(ξ)t+

t2

4
µ̄((−∞, ξ)).(1.17)

Since Xξ(ξ, t) = [1 + t
2 ūx(ξ)]2 ≥ 0, X(·, t) is an increasing function for any fixed t. The solution (u, µ)

can be recovered by u(X(ξ, t), t) = ∂tX(ξ, t) and µ(t) = X(·, t)#(ū2
x dx). Then, we can apply an

elementary result for push-forward measures (see Lemma A.2 for instance) to decompose the measure
µ(t) into its absolutely continuous part, pure point part, and singular continuous part by using the
derivative Xξ(·, t). More precisely, the singular part of µ(t) is determined by {ξ : Xξ(ξ, t) = 0}, or
equivalently {x : ūx(x) = − 2

t }; in particular, the intervals in {x : ūx(x) = − 2
t } generate the pure

point part of µ(t), and the rest points in {x : ūx(x) = − 2
t } corresponds to the singular continuous

part of µ(t). The absolutely continuous part of µ(t) is given by {ξ : Xξ(ξ, t) > 0}.
The Lagrangian coordinates (ξ, t) are applicable to all absolutely continuous initial data (i.e. the

initial energy measure µ̄ is absolutely continuous with respect to Lebesgue measure). For such an
initial datum (ū, µ̄), since there is no point mass at any particular point ξ, the cumulative energy
distribution in (1.17) satisfies

µ̄((−∞, ξ)) = µ̄((−∞, ξ]) =

∫
(−∞,ξ)

ū2
x(y) dy.(1.18)

However, if the initial energy measure µ̄ contains any pure point part, then the above relation is not
true and it is impossible to obtain global flow map X in the Lagrangian coordinates (ξ, t). To overcome
the difficulty brought by the singular parts of µ̄, we will apply another set of variables used in [5, 8, 7].
We “flatten” the singular part of µ̄ with the help of an increasing Lipschitz function x̄ : R→ R defined
by

x̄(α) + µ̄((−∞, x̄(α))) ≤ α ≤ x̄(α) + µ̄((−∞, x̄(α)]), α ∈ R.
Then, the function f(α) := 1 − x̄′(α) ≥ 0 will play the role of the energy density in the α-variable;
see Remark 2.2 (i) for the explanation. We actually have µ̄ = x̄#(f dα) in this case; see Proposition
2.1 for further details. Since x̄ is increasing and f ∈ L1(R), the absolutely continuous part of the
push-forward measure µ̄ = x̄#(f dα) corresponds to BL0 = {α : x̄′(α) > 0}, and the singular part of µ̄
is determined by AL0 = {α : x̄′(α) = 0}; see Lemma A.2 for instance. Moreover, similar to X(ξ, t), we
can also define the global characteristics y(α, t) in the α-variable depending only on the initial datum
with an explicit form (2.12), and y(α, t) is increasing with respect to α at any particular time t ∈ R.
Then, the global conservative solution (u, µ) to the generalized framework (1.4)-(1.6) will be recovered
via u(y(α, t), t) = ∂ty(α, t) and µ(t) = y(·, t)#(f dα). We can also obtain the following important
property (see Proposition 2.2):

yα(α, t) =


x̄′(α)

[
1 +

t

2
ūx(x̄(α))

]2

, α ∈ BL0 ,

t2

4
, α ∈ AL0 .

The singular part of µ(t) comes from the set {α : yα(α, t) = 0} in the α-coordinate, or equivalently,
the set {x : ūx(x) = − 2

t } in the Eulerian coordinates. Since AL0 corresponds to the singular part of the
initial datum µ̄, the above formula implies that it will never create the singular part of µ(t) for any t 6= 0.
All the properties in Theorem 1.1 and the structure of conservative solutions are obtained with the
help of the characteristics y(α, t). In a nutshell, the existence and regularity structure of conservative
solutions can be shown by using the method of characteristics. The uniqueness of conservative solutions
follows from the existence and uniqueness of characteristics for conservative solutions in the sense of
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Definition 1.2 (see Theorem 3.2). We also note that the singular continuous part of µ(t) is inevitable
even ū is a smooth function; see Example A.1 for instance.

For the flow map X(ξ, t), we obviously have the semi-group property X(·, t) = X(·, t− s) ◦X(·, s).
A similar relation between the above two types of characteristics X(ξ, t) and y(α, t) still holds. Indeed,
we have the following theorem:

Theorem 1.2 (Semi-group property). Let (u, µ) be a solution to the generalized framework (1.4)-(1.6)
given by Theorem 1.1 with initial datum (ū, µ̄) ∈ D. Consider a time s ∈ R such that µ(s) is absolutely
continuous with respect to the Lebesgue measure. Set ũ(x) = u(x, s), and X(ξ, t) is defined by (1.17)
with ū replaced by ũ (and µ̄((−∞, x)) is replaced by

∫
(−∞,x)

ũ2
x(x) dx). Let y(α, t) be the characteristics

(in the α-coordinate) corresponding to (ū, µ̄), see (2.12) for its definition. Then, we have

ũ ∈ Cb(R), ũx ∈ L2(R), ‖ũx‖L2 = µ̄(R).

For any t ∈ R, we also have

y(·, t) = X(·, t− s) ◦ y(·, s), µ(t) = X(·, t− s)#(ũ2
x dx),

and

u(x, t) =
∂

∂t
X(ξ, t− s) = ũ(ξ) +

(t− s)
2

∫
(−∞,ξ)

ũ2
x(y) dy for x = X(ξ, t− s).

Global characteristics similar to y(α, t) were also used in [5, 8] to construct the semi-group property
of conservative solutions to the Hunter-Saxton equation, and obtain the Lipschitz metrics for stability.
In [7], similar variables were used to show the uniqueness of conservative solutions to the Camassa-Holm
equation via the characteristics method. There is another different set of variables defined by

k̄(η) = inf{x : µ̄((−∞, x]) ≥ η},
provided that a Radon measure µ̄ ∈M+(R) is given. Global characteristics k(η, t) can also be defined
globally via initial datum (ū, µ̄); see [6, 8] for instance. In [6], Bressan, Zhang and Zheng used this
kind of characteristics to study the following more general model:

ut + g(u)x =
1

2

∫ x

0

g′′(u)u2
x dx.

Here, the flux g is a function with a Lipschitz continuous second-order derivative such that g′′(0) > 0.
When g(u) = u2/2, the above equation becomes the Hunter-Saxton equation. They obtained global
existence and uniqueness of conservative solutions on the half real line by using the above characteristics
for compactly supported initial measure µ̄. This kind of characteristics was also used in [8] to study
the stability of conservative solutions to the Hunter-Saxton equation. With the above map k̄, one
has µ̄ = k̄#L|[0,µ̄(R)]. Comparing with x̄ (which is globally Lipschitz) that we use in this paper, the

function k̄, however, has potential jump discontinuities.
Except for conservative solutions, the Hunter-Saxton equation also has a class of weak solutions

called dissipative solutions which dissipate the energy. Hunter and Zheng [14, 15] established the global
existence of both dissipative and conservative weak solutions to (1.2) with initial data ūx ∈ BV (0,∞).
Then, Zhang and Zheng [19, 20] studied the global existence of dissipative weak solutions to (1.2) with
nonnegative initial data ūx ∈ Lp(R) for any p ≥ 2. Later in [21], they obtained global solutions (in
both the dissipative and conservative cases) to the Hunter-Saxton equation on the half-line with any
initial data ūx ∈ L2(R) by the theory of Young measures. In [4], Bressan and Constantin rewrote
the equation in terms of new variables, and obtained global existence and uniqueness of dissipative
solutions. The uniqueness of dissipative solutions were also studied by the characteristics methods in
[9, 10, 11].

The rest of this paper is organized as follows. In Section 2, we are going to introduce global charac-
teristics and construct global conservative solutions. The structure of these solutions will be studied
in details. In Section 3, we will show that the construction based on the method of characteristics
provides the global solution in the sense of Definition 1.2. The uniqueness of conservative solutions
will be obtained via the characteristics method as well. In Appendix A, we will present some useful
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facts from real analysis, and construct an absolutely continuous initial datum by Cantor fat set; this
initial datum will generate singular continuous part within a finite time.

2. Structure of conservative solutions via characteristics

In this section, we will introduce the characteristics to construct global conservative solutions and
study their structure.

2.1. Global characteristics. To illustrate the idea, we first consider a smooth solution u to the
Hunter-Saxton equation (1.1). For any β ∈ R, we define x(β, t) by

x(β, t) +

∫
(−∞,x(β,t))

u2
x(y, t) dy = β, t ∈ R.(2.1)

Differentiating the above identity with respect to t and β respectively, we obtain

(2.2) ∂tx(β, t) =
(uu2

x)(x(β, t), t)

1 + u2
x(x(β, t), t)

, ∂βx(β, t) =
1

1 + u2
x(x(β, t), t)

,

where we used (1.3) for computing ∂tx(β, t). Then, for fixed α ∈ R, we define a function β(t) by
solving the following ordinary differential equation (ODE):

β′(t) = u(x(β(t), t), t), β(0) = α ∈ R.(2.3)

It follows from the chain rule, (2.2) and (2.3) that

d

dt
x(β(t), t) = (∂tx+ ∂βx · β′)(β(t), t) = u(x(β(t), t), t) = β′(t).(2.4)

Differentiating (2.3) with respect to the time t again, we obtain

β′′(t) =∂tu(x(β(t), t), t) + ∂xu(x(β(t), t), t)
d

dt
x(β(t), t) = (ut + uux)(x(β(t), t), t)

=
1

2

∫
(−∞,x(β(t),t))

u2
x(y, t) dy =

1

2
[β(t)− x(β(t), t)],

where the last equality comes from (2.1). Taking one more time derivative and using (2.4), we have

β′′′(t) = 0.(2.5)

Denote x̄(α) = x(α, 0), which is uniquely determined by

x̄(α) +

∫
(−∞,x̄(α))

u2
x(y, 0) dy = α.

Then, we have the following initial data for the ODE (2.5):

β(0) = α, β′(0) = u(x̄(α), 0), β′′(0) =
1

2
(α− x̄(α)) =

1

2

∫
(−∞,x̄(α))

u2
x(y, 0) dy.(2.6)

Therefore, solving (2.5) and (2.6) yields

β(t) = α+ u(x̄(α), 0)t+
t2

4
(α− x̄(α)),(2.7)

and hence, using (2.4), we also have

x(β(t), t) = x̄(α) + u(x̄(α), 0)t+
t2

4
(α− x̄(α)).(2.8)

Therefore, to obtain global formulas for β(t) and x(β(t), t), we only need the information of initial
datum u(x, 0). The above idea can be generalized to non-smooth1 initial data in D as described below.

1Here, a non-smooth pair (ū, µ̄) ∈ D means that the initial data µ̄ is not absolutely continuous with respect to the

Lebesgue measure L.
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Consider an initial datum (ū, µ̄) ∈ D. For any α ∈ R, we can also define the function x̄ via

x̄(α) + µ̄((−∞, x̄(α))) ≤ α ≤ x̄(α) + µ̄((−∞, x̄(α)]).(2.9)

If follows directly from the above definition of x̄ that x̄(α) ≤ α for all α ∈ R. As an analogy to (2.7)
and (2.8), we also have global-in-time β(t) and x(β(t), t) for non-smooth initial datum in D as follows:

β(t) = α+ ū(x̄(α))t+
t2

4
(α− x̄(α)),(2.10)

and

x(β(t), t) = x̄(α) + ū(x̄(α))t+
t2

4
(α− x̄(α)).(2.11)

Hence, we can think of x(β(t), t) as a function of α and t, then we define y(α, t) as follows:

y(α, t) = x̄(α) + ū(x̄(α))t+
t2

4
(α− x̄(α)).(2.12)

Now, let us first show some properties for initial data in D as follows.

Proposition 2.1. Let (ū, µ̄) ∈ D and µ̄ = µ̄ac + µ̄pp + µ̄sc, where µ̄ac, µ̄pp, and µ̄sc are the absolutely
continuous part, pure point part and the singular continuous part of µ̄ respectively. Define a map
x̄ : R→ R by (2.9). Then the following statements hold:

(i) The function x̄ is Lipschitz continuous with Lipschitz constant bounded by 1.
(ii) Definition (2.9) is the same as

x̄(α) = sup {x : x+ µ̄((−∞, x)) ≤ α} ,(2.13)

and

x̄(α) = inf {x : x+ µ̄((−∞, x]) ≥ α} .(2.14)

(iii) For α ∈ R, we define

f(α) = 1− x̄′(α).(2.15)

Then

x̄#(f dα) = µ̄, ‖f‖L1 = µ̄(R).(2.16)

(iv) Let

AL,pp0 = {α : x̄′(α) = 0, z1(x̄(α)) < z2(x̄(α))},
and

AL,sc0 = {α : x̄′(α) = 0, z1(x̄(α)) = z2(x̄(α))}, BL0 = {α : x̄′(α) > 0},

where z1(x) = inf{α : x̄(α) = x} and z2(x) = sup{α : x̄(α) = x}. Then, we have

µ̄pp = x̄#(f |AL,pp
0

dα), µ̄sc = x̄#(f |AL,sc
0

dα), µ̄ac = x̄#(f |BL
0

dα).(2.17)

Moreover,

ū2
x(x̄(α))x̄′(α) = f(α), α ∈ BL0 .(2.18)

Remark 2.1. (i) In this paper, the superscript L on a set AL means that we consider the set in
the Lagrangian coordinates, while the superscript E on a set AE means that we consider the
set in the Eulerian coordinates.

(ii) It is worth noting that AL,pp0 is defined in the point-wise sense, however, AL,sc0 and BL0 are

defined in the a.e. sense. Moreover, when we say some identities hold for α ∈ BL0 or α ∈ AL,sc0

(such as (2.18), (2.21) or (2.22) below), we always mean that the identities hold for a.e. α ∈ BL0
or α ∈ AL,sc0 . Since this will not affect the analysis, we will omit the emphasize of a.e. in this

paper for convenience. Similar treatment also applies to AL,ppt , AL,sct , and BLt , which will be
defined in Theorem 2.1 below.
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Proof. Since x 7→ x + µ̄((−∞, x]) is strictly increasing with possible jumps, x̄ : R → R is a non-
decreasing function.

(i) Let α1, α2 ∈ R and α1 < α2. According to (2.9), we have

0 ≤ x̄(α2)− x̄(α1) ≤α2 − µ̄((−∞, x̄(α2)))− α1 + µ̄((−∞, x̄(α1)])

≤α2 − α1 − µ̄((x̄(α1), x̄(α2))) ≤ α2 − α1.

Hence, x̄ is Lipschitz continuous with Lipschitz constant bounded by 1.
(ii) First, we show that definition (2.9) is equivalent to definition (2.13). Fix α ∈ R. Let x1 and x2

satisfy

x1 + µ̄((−∞, x1)) ≤ α ≤ x1 + µ̄((−∞, x1]),

and

x2 = sup {x|x+ µ̄((−∞, x)) ≤ α} .
Obviously, we have x2 ≥ x1 and x2 + µ̄((−∞, x2)) ≤ α. If x1 < x2, then

α ≤ x1 + µ̄((−∞, x1]) < x2 + µ̄((−∞, x2)),

which gives a contradiction.
Next, we show that definition (2.9) is equivalent to definition (2.14). Fix α ∈ R. Let x1 and x3

satisfy

x1 + µ̄((−∞, x1)) ≤ α ≤ x1 + µ̄((−∞, x1]),

and

x3 = inf {x|x+ µ̄((−∞, x]) ≥ α} .
Obviously, we have x3 ≤ x1 and x3 + µ̄((−∞, x3]) ≥ α. If x3 < x1, then

α ≥ x1 + µ̄((−∞, x1)) > x3 + µ̄((−∞, x3]),

which gives a contradiction.
(iii) It suffices to show

µ̄((a, b)) =

∫
x̄−1((a,b))

f dα,

for any open interval (a, b) ⊂ R. Let

α1 := inf{α : x̄(α) > a}, α2 := sup{α : x̄(α) < b}.

Since x̄ is continuous, we have x̄(α1) = a and x̄(α2) = b. Hence, we have x̄−1((a, b)) = (α1, α2),

a+ µ̄((−∞, a)) ≤ α1 ≤ a+ µ̄((−∞, a]),

and

b+ µ̄((−∞, b)) ≤ α2 ≤ b+ µ̄((−∞, b]).
We claim that

α1 = a+ µ̄((−∞, a]), α2 = b+ µ̄((−∞, b)).(2.19)

We only prove the first one in (2.19) and the other one can be obtained similarly. If

a+ µ̄((−∞, a)) ≤ α1 < a+ µ̄((−∞, a]) =: α̃1,

then

x̄(α) = a, α ∈ [α1, α̃1],

and

x̄(α) > a, α > α̃1.

This implies a contradiction:

inf{α : x̄(α) > a} = α̃1 > α1.
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Hence, the claim (2.19) holds. We have∫
x̄−1(a,b)

f dα =

∫ α2

α1

[1− x̄′(α)] dα =α2 − α1 − x̄(α2) + x̄(α1)

=µ̄((−∞, b))− µ̄((−∞, a]) = µ̄((a, b)).

Next, we prove ‖f‖L1 = µ̄(R). By definition (2.9) of x̄(α), we have

µ̄((−∞, x̄(α))) ≤ α− x̄(α) ≤ µ̄((−∞, x̄(α)]), α ∈ R.
It is easy to see that x̄(α)→ ±∞ as α→ ±∞. Therefore,

lim
α→−∞

[α− x̄(α)] = 0, lim
α→+∞

[α− x̄(α)] = µ̄(R).(2.20)

This implies ‖f‖L1 = µ̄(R).
(iv) Relations (2.17) directly follow from Lemma A.2. Furthermore, since x̄#(f |BL

0
dα) = µ̄ac, we

actually have, for any test function ϕ ∈ Cb(R),∫
R
ϕ(x) dµ̄ac =

∫
R
ϕ(x̄(α))f |BL

0
(α) dα.

On the other hand, since (ū, µ̄) ∈ D, we have dµ̄ac = ū2
x dx, and hence,∫

R
ϕ(x) dµ̄ac =

∫
R
ϕ(x)ū2

x(x) dx =

∫
R
ϕ(x̄(α))ū2

x(x̄(α))x̄′(α) dα.

Combining the above two identities, we obtain (2.18). �

From Proposition 2.1, we have

(2.21) f(α) =

{
ū2
x(x̄(α))x̄′(α), α ∈ BL0 ,

1, α ∈ AL0 = AL,pp0 ∪AL,sc0 .

This means we use the increasing function x̄(α) to transform the singular part of µ̄ to some constant
part of f(α). For example, if mδx is a pure point part of µ̄, we have z1(x) < z2(x) and x̄(α) = x for
α ∈ [z1(x), z2(x)]. Moreover, we also have f(α) = 1 for α ∈ [z1(x), z2(x)] and

m = µ̄({x}) =

∫
x̄−1({x})

f(α) dα =

∫
[z1(x),z2(x)]

dα = z2(x)− z1(x).

Hence, the function x̄ makes the singular part of µ̄ supported at one point x with mass m uniformly
distributed on the interval [z1(x), z2(x)] with length m.

We have the following important results about global characteristics y(α, t):

Proposition 2.2. Let (ū, µ̄) ∈ D. Let x̄ : R → R be defined by (2.9) and y(α, t) be defined by (2.12)
for α, t ∈ R. Then, for any t ∈ R, y(·, t) is increasing and we have

(2.22) yα(α, t) =


x̄′(α)

[
1 +

t

2
ūx(x̄(α))

]2

, α ∈ BL0 ,

t2

4
, α ∈ AL0 .

Here, the sets AL0 and BL0 are the same as in (2.21).

Proof. Differentiating (2.12) with respect to α yields

yα(α, t) = x̄′(α) + ūx(x̄(α))x̄′(α)t+
t2

4
f(α).

Due to (2.21) and x̄′(α) = 0 for α ∈ AL0 , we have (2.22). �

Let us end this subsection with some remarks about the flow map, provided that the initial data µ̄
is absolutely continuous with respect to the Lebesgue measure.

Remark 2.2. Consider some initial datum (ū, µ̄) ∈ D such that dµ̄ = ū2
x dx.
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(i) The cumulative energy distribution is defined by

F̄ (x) = µ̄((−∞, x)) = µ̄((−∞, x]) =

∫
(−∞,x)

ū2
x(y) dy.(2.23)

Obviously,

F̄ (−∞) = 0 and F̄ (+∞) = ‖ūx‖2L2 .(2.24)

In the α-variable, the function f given by (2.15) plays the role of the energy density in the
α-variable, and the cumulative energy distribution is given by∫

(−∞,α)

f(α) dα = α− x̄(α) = F̄ (x̄(α)).

(ii) Since µ̄ is absolutely continuous, there is no need to use the variable α to define the cu-
mulative energy distribution F̄ . Indeed, we could also use the usual flow map to define the
characteristics, which is defined by

(2.25)


∂

∂t
X(ξ, t) = u(X(ξ, t), t), ξ ∈ R, t > 0,

X(ξ, 0) = ξ.

Taking time derivative again and using the energy conservation condition, we could formally
derive the following global trajectories by similar method to (2.7) or (2.8):

X(ξ, t) = ξ + ū(ξ)t+
t2

4
F̄ (ξ).(2.26)

We will discuss about the relation between y(α, t) (given by (2.12)) and X(ξ, t) in the next
subsection.

2.2. Structure of solutions. In this subsection and in particularly, Theorem 2.1, we will first define
u and µ via (2.27) and (2.28) for a given initial datum (ū, µ̄) as well as study their properties; we state
and prove our main results for the structure of (u, µ) using the variable α, which covers Theorem 1.1
and Theorem 1.2, except that, we will postpone to show that they are a global-in-time conservative
solution to the generalized framework (1.4)-(1.6) in the sense of Definition 1.2 with initial datum (ū, µ̄)
in Section 3, see Theorem 3.1 .

Theorem 2.1. Let (ū, µ̄) ∈ D, x̄(α), and f(α) be the same as in Proposition 2.1. Let y(α, t) be defined
by (2.12), and z1(x, t) = inf{α : y(α, t) = x}, z2(x, t) = sup{α : y(α, t) = x} be two pseudo-inverses
of y(·, t) for a fixed t ∈ R. For any fixed t ∈ R, let

AL,ppt = {α : yα(α, t) = 0, z1(y(α, t), t) < z2(y(α, t), t)},

AL,sct = {α : yα(α, t) = 0, z1(y(α, t), t) = z2(y(α, t), t)}, and BLt = {α : yα(α, t) > 0}.

For any t ∈ R, define

u(x, t) =
∂

∂t
y(α, t) = ū(x̄(α)) +

t

2
(α− x̄(α)) for x = y(α, t),(2.27)

and

(2.28) µ(t) = y(·, t)#(f dα).

Let µ(t) = µac(t) +µpp(t) +µsc(t), where µac(t), µpp(t), and µsc(t) are the absolutely continuous part,
pure point part and the singular continuous part of µ(t) respectively. Then we have

• Properties of µ(t):
(i) Energy conservation: we have µ ∈ C(R;M+(R)) and

µ(t)(R) = µ̄(R), t ∈ R.(2.29)
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(ii) For the structure of µ(t), we have

µpp(t) = y(·, t)#(f |AL,pp
t

dα), µsc(t) = y(·, t)#(f |AL,sc
t

dα), µac(t) = y(·, t)#(f |BL
t

dα).(2.30)

Moreover, for any t 6= 0, we have

AL,ppt ∪AL,sct =

{
α ∈ BL0 : ūx(x̄(α)) = −2

t

}
:= ALt ,(2.31)

where BL0 was defined in Proposition 2.1 (iv). This implies that for any t 6= 0, µpp(t) and
µsc(t) are determined by the absolutely continuous part of µ̄ac, i.e., ūx. Moreover,

supp
(
µpp(t) + µsc(t)

)
⊂
{
x+ ū(x)t+

t2

4
µ̄((−∞, x)) : x ∈ AEt

}
,

where AEt is defined by (1.10).
(iii) There are at most countably many time t ∈ R such that either the pure point part or the

singular continuous part of µ(t) is not zero; in other words, both the sets

Tp := {t : µpp(t) 6= 0} and Ts := {t : µsc(t) 6= 0}(2.32)

are countable.

• Properties of u(x, t):
(iv) For all time t ∈ R, the function u(·, t) is globally absolutely continuous and

dµac(t) = u2
x(x, t) dx.(2.33)

Moreover,

u ∈ C(R;Cb(R)) ∩ C1/2
loc (R× R), ux ∈ L∞(R;L2(R)), ut ∈ L2

loc(R× R).(2.34)

(v) If ū(−∞) := limx→−∞ ū(x) exists, then we have

lim
x→−∞

u(x, t) = ū(−∞).(2.35)

On the other hand, if ū(+∞) := limx→+∞ ū(x) exists, then we also have

lim
x→+∞

u(x, t) = ū(+∞) +
1

2
µ̄(R)t.(2.36)

• Relations with the absolutely continuous part:
(vi) Consider a time s ∈ R such that µ(s) is absolutely continuous with respect to the Lebesgue

measure. Let ũ(x) = u(x, s), and X(ξ, t) and F̃ be defined by (2.26) and (2.23) corresponding
to ũ. Then, we have

ũ ∈ Cb(R), ũx ∈ L2(R), ‖ũx‖2L2 = µ̄(R).(2.37)

For any t ∈ R, we also have

y(·, t) = X(·, t− s) ◦ y(·, s),(2.38)

µ(t) = X(·, t− s)#(ũ2
x dx),(2.39)

and

u(x, t) =
∂

∂t
X(ξ, t− s) = ũ(ξ) +

(t− s)
2

F̃ (ξ), for x = X(ξ, t− s).(2.40)

Proof. (i) For the continuity of measure µ(t), we take any bounded continuous function φ(x) and using
Lebesgue dominated convergence theorem to obtain

lim
s→t

∫
R
φ(x) dµ(s) = lim

s→t

∫
R
φ(y(α, s))f(α) dα =

∫
R
φ(y(α, t))f(α) dα =

∫
R
φ(x) dµ(t).

The conservation of total variation of µ(t) (i.e. (2.29)) follows directly from (2.16).
(ii) From Lemma A.2, we have decomposition (2.30).
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From (2.22), we know that the singular part of µ(t) comes from the set (2.31). Hence, all the singular
parts of µ(t) for t 6= 0 are determined by the function ūx, or equivalently, the absolutely continuous
part of µ̄. More precisely, the singular parts come from AEt defined by (1.10), and

supp
(
µpp(t) + µsc(t)

)
⊂ y(ALt , t) =

{
x+ ū(x)t+

t2

4
µ̄((−∞, x)) : x ∈ AEt

}
.

(iii) SinceAL,ppt consists of closed intervals with positive length, we can always pick a rational number

from each interval. Due to ūx(x̄(α)) = − 2
t for all α ∈ AL,ppt , for different t ∈ Tp, the chosen rational

numbers are different because the closed intervals at different times are different. Therefore, using
the chosen rational numbers as indices of these intervals, we know that there are at most countable
numbers in Tp.

Let t ∈ Ts. Since µsc(t) 6= 0, it follows from (2.30) that L(AL,sct ) > 0. Furthermore, for t1, t2 ∈ Ts
with t1 6= t2, we have AL,sct1 ∩AL,sct2 = ∅, since ūx(x̄(α)) = − 2

t for all α ∈ AL,sct . We obtain the desired
result by applying Lemma A.1 (i).

(iv) • Proof of the local absolutely continuity of u(·, t) for t ∈ R.
We first prove that u(·, t) is locally absolutely continuous. Consider m non-overlapping intervals

{(xk, yk)}mk=1 contained in (−R,R) for some R > 0. Let xk = y(αk, t) and yk = y(βk, t). Using (2.27)
and the fundamental theorem of calculus, we have

m∑
k=1

|u(yk, t)− u(xk, t)| =
m∑
k=1

∣∣∣∣ū(x̄(βk)) +
t

2
(βk − x̄(βk))− ū(x̄(αk))− t

2
(αk − x̄(αk))

∣∣∣∣
=

m∑
k=1

∣∣∣∣∣
∫

[αk,βk]

ūx(x̄(α))x̄′(α) +
t

2
f(α) dα

∣∣∣∣∣ .
Notice that on ALt given by (2.31), equality (2.18) holds and we have

ūx(x̄(α))x̄′(α) +
t

2
f(α) = ūx(x̄(α))x̄′(α)

[
1 +

t

2
ūx(x̄(α))

]
= 0.(2.41)

Define DL = ∪mk=1[αk, βk] \ALt . Then, we have
m∑
k=1

|u(yk, t)− u(xk, t)| ≤
∫
DL

∣∣∣∣ūx(x̄(α))x̄′(α) +
t

2
f(α)

∣∣∣∣dα.(2.42)

Next, we will prove that for any η > 0, there exists δ > 0 such that if
∑m
k=1(yk − xk) < δ, then

L(DL) < η.

This will prove the absolute continuity of u(·, t) due to the absolute continuity of the Lebesgue integral
on the right hand side of (2.42). For this purpose, we define

DE = ∪mk=1(xk, yk) \ y(ALt , t).

Then z1(x, t) = z2(x, t) on DE . Moreover, z1x(·, t) exists on DE and

0 < z1x(x, t) = 1/yα(α, t) <∞, x ∈ DE , x = y(α, t).

Let

g(x) =

{
z1x(x, t), x ∈ R\y(ALt , t)

0, x ∈ y(ALt , t).

Then, obviously g ∈ L1
loc(R), since

∫
(a,b)

g(x) dx ≤
∫

(a,b)
z1x(x, t) dx ≤ z1(b, t) − z1(a, t) < ∞ for any

b > a. We have the following relation:

L(DL) = L(z1(DE , t)) ≤
∫
DE

z1x(x, t) dx =
m∑
k=1

∫
[xk,yk]

g(x) dx,

where we used [1, Eq. (4.41)] for the inequality. Since g ∈ L1(K) for any compact set K ⊂ R, if∑m
k=1(yk − xk) is sufficiently small (depending on the compact set K containing ∪mk=1[xk, yk]), then
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the measure L(DL) will be smaller than η. This shows that u(·, t) is locally absolutely continuous.
Moreover, since ux(·, t) ∈ L2(R) (which will be shown below), we can apply Lemma A.3 (with p =2)
to conclude that u(·, t) is globally absolutely continuous.
• Proof of (2.33).
Since u(·, t) is absolutely continuous, differentiating u(y(α, t), t) = ū(x̄(α))+ t

2 (α−x̄(α)) with respect
to α, and then taking a square, we obtain from (2.21) that

u2
x(y(α, t), t)y2

α(α, t) = [ūx(x̄(α))x̄′(α)]2
[
1 +

t

2
ūx(x̄(α))

]2

for α ∈ BL0 .

Due to (2.22) and (2.21), we have

u2
x(y(α, t), t)yα(α, t) = ū2

x(x̄(α))x̄′(α) = f(α), α ∈ BLt ∩BL0 .

On the other hand, since x̄′(α) = 0 on AL0 , we have

ux(y(α, t), t)yα(α, t) = ūx(x̄(α))x̄′(α) +
t

2
(1− x̄′(α)) =

t

2
for α ∈ AL0 .

Using (2.22) again, we conclude that ux(y(α, t), t) = 2
t on AL0 ⊂ BLt . Hence, on AL0 ,

u2
x(y(α, t), t)yα(α, t) =

4

t2
t2

4
= 1 = f(α).

In summary, we have

u2
x(y(α, t), t)yα(α, t) = f(α), α ∈ BLt .(2.43)

Since µac(t) = y(·, t)#(f |BL
t

dα) and L(R \ y(BLt , t)) = 0 (see Lemma A.2), relation (2.33) holds.

• Proof of (2.34).
From the above proof, we have u ∈ C(R;Cb(R)) and ux ∈ L∞(R;L2(R)). From the definition of u,

we also have ut ∈ L2
loc(R×R). To prove (2.34), it suffice to show u ∈ C1/2

loc (R×R). Since we have, for
any x 6= y and t 6= s,

|u(x, t)− u(y, s)|
(|x− y|2 + |t− s|2)

1
4

≤ C |u(x, t)− u(y, s)|
|x− y| 12 + |t− s| 12

≤ C |u(x, t)− u(y, t)|
|x− y| 12

+ C
|u(y, t)− u(y, s)|

|t− s| 12

for some constant C > 0, it is enough to show that u is locally Hölder continuous with order 1
2 in spatial

and temporal variable respectively. Since u(·, t) ∈ H1
loc(R) for all time t ∈ R, we have u(·, t) ∈ C1/2

loc (R).
To show the local temporal Hölder continuity, we choose an α such that y(α, t) = x for a given x ∈ R.
Then using the spatial Hölder continuity and the definition of u, we have

|u(x, t)− u(x, s)| ≤ |u(y(α, t), t)− u(y(α, s), s)|+ |u(y(α, s), s)− u(y(α, t), s)|

≤ |α− x̄(α)|
2

|t− s|+ C|y(α, s)− y(α, t)| 12 ≤ C|t− s| 12 .

(v) This follows from (2.20) and definition (2.27).
(vi) Notice that (2.37) follows directly from (i) and (iv).
For this particular s, µ(s) = y(·, s)#(f dα) is absolutely continuous, we have yα(α, s) > 0 for a.e.

α ∈ R. Due to (2.22), this is equivalent to ūx(x) 6= − 2
s for a.e. x ∈ R. From the definitions, we have

y(α, s) = x̄(α) + ū(x̄(α))s+
s2

4
(α− x̄(α)), α ∈ R,(2.44)

and

ũ(x) = u(x, s) = ū(x̄(α)) +
s

2
(α− x̄(α)) for x = y(α, s).(2.45)



CONSERVATIVE SOLNS TO HUNTER-SAXTON EQT 15

By (ii) and (iii), we have ũ2
x dx = y(·, s)#(f dα). Hence,

F̃ (y(α, s)) =

∫
(−∞,y(α,s))

ũ2
x(x) dx =

∫
(−∞,α)

f(α) dα = α− x̄(α).(2.46)

By (2.26), we have

X(ξ, t− s) = ξ + ũ(ξ)(t− s) +
(t− s)2

4
F̃ (ξ), ξ ∈ R.

Hence, combining (2.44), (2.45), and (2.46) yields (2.38): for any α, t ∈ R,

X(y(α, s), t− s) = y(α, s) + ũ(y(α, s))(t− s) +
(t− s)2

4
F̃ (y(α, s))

= x̄(α) + ū(x̄(α))s+
s2

4
(α− x̄(α)) +

[
ū(x̄(α)) +

s

2
(α− x̄(α))

]
(t− s)

+
(t− s)2

4
(α− x̄(α))

= x̄(α) + ū(x̄(α))t+
t2

4
(α− x̄(α)) = y(α, t).

For (2.39), we have

µ(t) = y(·, t)#(f dα) = [X(·, t−s)◦y(·, s)]#(f dα) = X(·, t−s)#[y(·, s)#(f dα)] = X(·, t−s)#(ũ2
x dα).

Next, we show (2.40). For x = X(ξ, t− s), consider α satisfying ξ = y(α, s) and then

x = X(y(α, s), t− s) = y(α, t).

We have

ũ(ξ) +
(t− s)

2
F̃ (ξ) = ū(x̄(α)) +

s

2
(α− x̄(α)) +

(t− s)
2

(α− x̄(α))

= ū(x̄(α)) +
t

2
(α− x̄(α)) = u(x, t).

�

Let us end this section by some remarks.

Remark 2.3. (i) (Relation with regular initial data) For a non-smooth initial datum (ū, µ̄) ∈ D,
let (u, µ) be a solution to the generalized framework (1.4)-(1.6) defined by (2.27) and (2.28).
Then (u, µ) can also be constructed by a regular function ũ(x) as given in Theorem 2.1 (vi).
More precisely, such a regular function ũ(x) := u(x, s) is obtained by evaluating u at a time
s such that µ is absolutely continuous. This time s always exists due to Theorem 2.1 (iii).
Start from ũ and we can use the traditional flow map X(ξ, t) in the Lagrangian coordinates
to construct solution (v, ν). Then (u, µ) will be recovered by some time shifting of (v, ν).

(ii) (Separation of singular part and absolutely continuous part of µ(t)) In Proposition 2.1 (iv), we

used x̄(α) to identify the singular parts (corresponding to AL0 = AL,pp0 ∪AL,sc0 ) and absolutely
continuous part of µ̄ (corresponding to BL0 ). Since the singular part of µ̄ comes from AL0 ,
we can conclude from Theorem 2.1 (ii) (or (2.31)) that this singular part will never create
singular parts of µ(t) again for any other t, and all the singular parts of µ(t) (t 6= 0) are
generated by the absolutely continuous part of µ̄, i.e. ūx. We can also see this from the fact

that yα(α, t) = t2

4 > 0 for α ∈ AL0 (see (2.22)).
(iii) (Calculation of mass for singular part of µ(t)) Due to f(α) = 1 − x̄′(α), we deduce from

(2.18) that x̄′(α) = t2

t2+4 and f(α) = 4
t2+4 on ALt . We consider a point x0 ∈ y(AL,ppt , t) and

α1 := z1(x0, t) < z2(x0, t) =: α2. Then, ūx(x) = − 2
t for all x ∈ [x1, x2] := [x̄(α1), x̄(α2)]. The

mass concentrated at x is calculated by

µ(t)({x0}) =

∫
[α1,α2]

f(α) dα =
4

t2 + 4
(α2 − α1) =

4

t2
(x2 − x1).
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For the singular continuous part, define AE,sct = x̄(AL,sct ) and then ūx(x) = − 2
t for x ∈ AE,sct .

We have

µsc(t)(R) =
4

t2
L(AE,sct ).

See Example A.1 for a detailed calculation.
(iv) (Luzin N property) The absolutely continuous result stated in Theorem 2.1 (iv) is more

straightforward when t /∈ Ts∪Tp. This is because y(·, t) is strictly increasing when t /∈ Ts∪Tp,
and there exists a unique absolutely continuous inverse of y(·, t) by (ii) in Lemma A.1. Using
this inverse, we can directly prove that u(·, t) is absolutely continuous on any bounded interval.
Moreover, we have∫

R
u2
x(x, t) dx = µac(t)(R) = µ(t)(R) = µ̄(R), for all t /∈ Ts ∪ Tp.

However, for t ∈ Ts ∪ Tp, the inverse of y(·, t) does not satisfy the Luzin N property on the set

AL,ppt ∪AL,sct (see Example A.1 for instance) and it is not absolutely continuous. In this case,
the function u(·, t) is still absolutely continuous, and we have∫

R
u2
x(x, t) dx = µac(t)(R) < µ(t)(R) = µ̄(R), for all t ∈ Ts ∪ Tp.

The above analysis also shows that usually ux /∈ C(R;L2(R)).

3. Existence and uniqueness of conservative solutions

In this section, we are going to show that (u, µ) defined by (2.27)-(2.28) is a conservative solution to
the system (1.4)-(1.6). We will also show the uniqueness of conservative solutions via characteristics
method.

3.1. Existence. We have the following existence theorem:

Theorem 3.1 (Existence). Let (ū, µ̄) ∈ D be an initial datum. Let u be defined by (2.27) and µ
be defined by (2.28). Then, (u(t), µ(t)) is a global-in-time conservative solution to the generalized
framework (1.4)-(1.6) in the sense of Definition 1.2 with initial datum (ū, µ̄). Moreover, the function
u and energy measure µ satisfy all the properties in Theorem 2.1.

Proof. It follows from Theorem 2.1, Equation (2.27) and (2.28) that (u(t), µ(t)) satisfy properties (i),
(ii) and (v) of Definition 1.2. We are going to use the change of variables y(α, t) to prove (iii) and
(iv) (i.e., (1.7) and (1.8)) of Definition 1.2. Since ut has enough regularity and y(α, t) is an absolutely
continuous function of α, we have, for φ ∈ C∞c (R× R),∫

R

∫
R
uφt dxdt = −

∫
R

∫
R
utφ dx dt = −

∫
R

∫
R
ut(y(α, t), t)φ(y(α, t), t)yα(α, t) dα dt

=−
∫
R

∫
R

d

dt
u(y(α, t), t)φ(y(α, t), t)yα(α, t) dα dt+

∫
R

∫
R
(uux)(y(α, t), t)φ(y(α, t), t)yα(α, t) dα dt

=−
∫
R

∫
R

d

dt
u(y(α, t), t)φ(y(α, t), t)yα(α, t) dα dt+

∫
R

∫
R
(uux)(x, t)φ(x, t) dxdt.

Comparing with equation (1.7), we are left to show

(3.1)

∫
R

∫
R

d

dt
u(y(α, t), t)φ(y(α, t), t)yα(α, t) dα dt =

1

2

∫
R

∫
R
φ(x, t)F (x, t) dxdt

=
1

2

∫
R

∫
R
φ(y(α, t), t)F (y(α, t), t)yα(α, t) dα dt.
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Notice that from the definition of u (see (2.27)), we have d
dtu(y(α, t), t) = 1

2 (α − x̄(α)) and the
integral on the left hand side of (3.1) becomes∫

R

∫
R

d

dt
u(y(α, t), t)φ(y(α, t), t)yα(α, t) dα dt =

∫
R

∫
R

1

2
(α− x̄(α))φ(y(α, t), t)yα(α, t) dα dt.

On the other hand, for all but countably many time t, µ(t) is absolutely continuous. For these time t,
the absolutely continuity of µ(t) and (2.28) imply

F (y(α, t), t) =

∫
(−∞,y(α,t))

dµ(t) =

∫
(−∞,α)

f(α) dα = α− x̄(α).

This proves (3.1), and hence, equation (1.7) follows.
Next, we prove (1.8). Using the definition (2.28) of µ(t) again, we obtain, for φ ∈ C∞c (R× R),

(3.2)

∫
R

∫
R

(φt + uφx) dµ(t) dt =

∫
R

∫
R

[
φt(y(α, t), t) + u(y(α, t), t)φx(y(α, t), t)

]
f(α) dα dt

=

∫
R

∫
R

d

dt
φ(y(α, t), t)f(α) dα dt

=

∫
R

d

dt

(∫
R
φ(y(α, t), t)f(α) dα

)
dt = 0.

�

Remark 3.1. It is obvious to see that (1.8) still holds for all bounded smooth φ(x, t) with bounded
derivatives supported on (−∞,∞)× (−M,M) for any M > 0 from the proof of (3.2). This property
will be used in the proof of Lemma 3.1.

3.2. Uniqueness. We will show the uniqueness of conservative solutions via the characteristics method.
We use the methods in [2, 7, 3] with some improvements.

Lemma 3.1. Let (v, ν) be a conservative solution to the generalized framework (1.4)-(1.6) in the sense
of Definition 1.2. Consider the time t and τ such that ν is absolutely continuous. Then, for any fixed
y ∈ R and ε0 > 0,∫

(−∞,y+a−(t−τ))

v2
x(x, t) dx ≤

∫
(−∞,y)

v2
x(x, τ) dx ≤

∫
(−∞,y+a+(t−τ))

v2
x(x, t) dx,(3.3)

provided that t−τ > 0 is small enough (depending on v, y and ε0), where a± := v(y, τ)±ε0. Moreover,
for any T > 0 and any −T ≤ τ < t ≤ T ,∫

(−∞,y−CT (t−τ))

v2
x(x, t) dx ≤

∫
(−∞,y)

v2
x(x, τ) dx ≤

∫
(−∞,y+CT (t−τ))

v2
x(x, t) dx,(3.4)

for all CT satisfying ‖v‖Cb(R×[−T,T ]) ≤ CT .

Proof. We are going to construct some test functions and use (1.8) to prove this lemma.
For any fixed ε > 0 sufficiently small, consider the following two non-negative smooth functions:

(3.5) θε(x) =

{
1, x ≤ y,
0, x ≥ y + ε,

and χε(s) = 1 for s ∈ [τ, t] and suppχε ⊂ (τ − ε, t+ ε). Assume that

θ′ε ≤ 0, χ′ε(s) > 0 for s ∈ (τ − ε, τ), χ′ε(s) < 0 for s ∈ (t, t+ ε).

Let φ±ε (x, s) = θε(x− a±(s− τ))χε(s) ∈ C∞b (R× [0,∞)). Then,

(φ±εt + vφ±εx)(x, s) = χ′ε(s)θε(x− a±(s− τ)) + (v − a±)χε(s)θ
′
ε(x− a±(s− τ)).
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Since the conservative solution v satisfies (1.8) and φ±ε is supported on (−∞,∞) × [τ − ε, t + ε], we
can take φ±ε as a test function in (1.8) (cf. Remark 3.1), and obtain

(3.6) 0 =

(∫ τ

τ−ε
+

∫ t+ε

t

)∫ y+a±(s−τ)+ε

−∞
χ′ε(s)θε(x− a±(s− τ))v2

x(x, s) dxds

+

∫ t+ε

τ−ε

∫ y+a±(s−τ)+ε

y+a±(s−τ)

(v(x, s)− a±)χε(s)θ
′
ε(x− a±(s− τ))v2

x(x, s) dxds.

Consider the case for a+. When t − τ and ε are sufficiently small, by the continuity of v, we have
|v(x, s) − v(y, τ)| < ε0 for s ∈ (τ − ε, t + ε) and x ∈ (y + a+(s − τ), y + a+(s − τ) + ε), which implies
v(x, s)− a+ = v(x, s)− v(y, τ)− ε0 ≤ 0. Hence, the second term in (3.6) is positive due to θ′ε ≤ 0 and
χε ≥ 0. Therefore,(∫ τ

τ−ε
+

∫ t+ε

t

)∫ y+a+(s−τ)+ε

−∞
χ′ε(s)θε(x− a+(s− τ))v2

x(x, s) dxds ≤ 0.(3.7)

By the definition of θε and χε, we have∫ τ

τ−ε

∫ y+a+(s−τ)+ε

−∞
χ′ε(s)θε(x− a+(s− τ))v2

x(x, s) dx ds ≥
∫ τ

τ−ε
χ′ε(s)

∫ y+a+(s−τ)

−∞
v2
x(x, s) dxds

≥ inf
s∈[τ−ε,τ ]0

∫ y+a+(s−τ)

−∞
v2
x(x, s) dx,

and similarly,∫ t+ε

t

∫ y+a+(s−τ)+ε

−∞
χ′ε(s)θε(x− a+(s− τ))v2

x(x, s) dx ds ≥ − sup
s∈[t,t+ε]0

∫ y+a+(s−τ)+ε

−∞
v2
x(x, s) dx.

Here, we use [τ − ε, τ ]0 and [t, t+ ε]0 to stand for those times in [τ − ε, τ ] and [t, t+ ε] such that ν is
absolutely continuous. As a measure, ν is continuous in time, so using [12, Theorem 1.40], we have

lim
ε→0+

∫ τ

τ−ε

∫ y+a+(s−τ)+ε

−∞
χ′ε(s)θε(x− a+(s− τ))v2

x(x, s) dxds ≥
∫ y

−∞
v2
x(x, τ) dx,

and

lim
ε→0+

∫ t+ε

t

∫ y+a+(s−τ)+ε

−∞
χ′ε(s)θε(x− a+(s− τ))v2

x(x, s) dxds ≥ −
∫ y+a+(t−τ)

−∞
v2
x(x, t) dx.

Passing to the limit as ε → 0+ in (3.7) and using the above two inequalities, we obtain the second
inequality in (3.3).

Consider the case for a−. When t − τ and ε are sufficiently small, by the continuity of v, we have
|v(x, s)− v(y, τ)| < ε0 for s ∈ (τ − ε, t + ε) and x ∈ (y + a−(s− τ), y + a−(s− τ) + ε), which implies
v(x, s)− a− = v(x, s)− v(y, τ) + ε0 ≥ 0. Hence, the second term in (3.6) is negative due to θ′ε ≤ 0 and
χε ≥ 0. Therefore,(∫ τ

τ−ε
+

∫ t+ε

t

)∫ y+a−(s−τ)+ε

−∞
χ′ε(s)θε(x− a−(s− τ))v2

x(x, s) dxds ≥ 0.(3.8)

Similarly to the case for a+, passing to the limit as ε → 0+ in (3.8), we obtain the first inequality in
(3.3).

One can show (3.4) by applying a similar argument as in the above proof of (3.3) by using a− = −CT
and a+ = CT instead. It is worth noting that −CT ≤ v ≤ CT , so the proof will not need the smallness
condition for t− τ because we do not need to apply the continuity of v as in the above proof of (3.3).

�

Next, we apply the above lemma to prove the following uniqueness theorem.
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Theorem 3.2 (Uniqueness of characteristics and conservative solutions). Let (v, ν) be a conservative
solution to the generalized framework (1.4)-(1.6) in the sense of Definition 1.2 with initial datum
(ū, µ̄) ∈ D. Then, there exists a unique characteristic y1(α, t) satisfying

∂

∂t
y1(α, t) = v(y1(α, t), t), y1(α, 0) = x̄(α),(3.9)

and

(3.10) ν(t)((−∞, y1(α, t))) ≤ α− x̄(α) ≤ ν(t)((−∞, y1(α, t)]),

for any α ∈ R and a.e t ∈ R, where x̄(α) is defined by (2.9). The uniqueness of characteristics and
conservative solutions follows, i.e., (v, ν) = (u, µ), where (u, µ) is defined by (2.27) and (2.28).

Proof. We will separate the proof into three steps.
Step 1. We use a similar definition for x1(β, t) to that of x̄(α): for any β ∈ R and t ∈ R,

x1(β, t) + ν(t)((−∞, x1(β, t))) ≤ β ≤ x1(β, t) + ν(t)((−∞, x1(β, t)]),(3.11)

which is actually the inverse function of the sum of identity and cumulative energy distribution:
x + ν(t)((−∞, x]). For a.e. t ∈ R, we have dν(t) = v2

x(x, t) dx, so at these times, Definition (3.11) is
equivalent to

x1(β, t) +

∫
(−∞,x1(β,t))

v2
x(y, t) dy = β,(3.12)

which implies

|x1β(β, t)| = 1

1 + v2
x(x1(β, t), t)

≤ 1, ∀β ∈ R, a.e. t ∈ R(3.13)

and

|∂βv(x1(β, t), t)| =
∣∣∣∣ vx(x1(β, t), t)

1 + v2
x(x1(β, t), t)

∣∣∣∣ ≤ 1

2
, ∀β ∈ R, a.e. t ∈ R.(3.14)

Next, we prove t 7→ x1(β, t) is Lipschitz. First, consider τ, t ∈ [−T, T ] and τ < t such that ν is
absolutely continuous at τ, t. Let y = x1(β, τ). It follows from the first inequality of (3.4) that

y − CT (t− τ) +

∫
(−∞,y−CT (t−τ))

v2
x(x, t) dx ≤ x1(β, τ) +

∫
(−∞,x1(β,τ))

v2
x(x, τ) dx = β

= x1(β, t) +

∫
(−∞,x1(β,t))

v2
x(x, t) dx,

which implies y − CT (t− τ) ≤ x1(β, t), i.e. x1(β, τ)− x1(β, t) ≤ CT (t− τ). Similarly, it follows from
the second inequality of (3.4) that

y + CT (t− τ) +

∫
(−∞,y+CT (t−τ))

v2
x(x, t) dx ≥ x1(β, τ) +

∫
(−∞,x1(β,τ))

v2
x(x, τ) dx = β

= x1(β, t) +

∫
(−∞,x1(β,t))

v2
x(x, t) dx,

which implies y +CT (t− τ) ≥ x1(β, t), i.e. x1(β, t)− x1(β, τ) ≤ CT (t− τ). Combining the above two
results yields

|x1(β, t)− x1(β, τ)| ≤ CT |t− τ |,
for any t, τ such that ν is absolutely continuous. With the above results, when ν is not absolutely
continuous at t and/or τ , we only need to show the continuity of map t 7→ x1(β, t). Actually, it follows
from Definition (3.11) that

x1(β, t) + ν(t)((−∞, x1(β, t))) ≤ β ≤ x1(β, s) + ν(s)((−∞, x1(β, s)]),(3.15)

which implies

x1(β, s)− x1(β, t) ≥ ν(t)((−∞, x1(β, t)))− ν(s)((−∞, x1(β, s)])
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for any s, t ∈ R. Fix a t ∈ R. We prove the continuity of x1(β, ·) at t by a contradiction argu-
ment. Seeking for a contradiction, we assume that there exists a sequence sk → t as k → ∞ but
limk→∞ x1(β, sk) = A < x1(β, t). Due to Remark 1.1, we have

0 > lim
k→∞

x1(β, sk)− x1(β, t) ≥ ν(t)((−∞, x1(β, t)))− lim sup
k→∞

ν(sk)((−∞, x1(β, sk)])

=ν(t)((−∞, x1(β, t)))− lim sup
k→∞

[ν(sk)(R)− ν(sk)((x1(β, sk),+∞))]

=ν(t)((−∞, x1(β, t)))− µ̄(R) + lim inf
k→∞

ν(sk)((x1(β, sk),+∞)).

For k big enough, we have x1(β, sk) < x1(β,t)+A
2 < x1(β, t), and combining [12, Theorem 1.40] yields

a contradiction:

0 >ν(t)((−∞, x1(β, t)))− µ̄(R) + lim inf
k→∞

ν(sk)

((
x1(β, t) +A

2
,+∞

))
≥ν(t)((−∞, x1(β, t)))− µ̄(R) + ν(t)

((
x1(β, t) +A

2
,+∞

))
≥ 0,

which is a contradiction. On the other hand, if there is a sequence s̃k → t as k →∞ but limk→∞ x1(β, s̃k) =
B > x1(β, t), we can also obtain a contradiction by a similar argument. Combining the above argu-
ments, we know x1(β, t) is continuous with respect to time t.

Step 2. In this step, we are going to prove (3.9) and (3.10).
Consider the integral equation:

(3.16) β1(t) = α+

∫ t

0

v(x1(β1(s), s), s) ds.

For t ∈ R, due to (3.14) and Banach fixed point theorem, there always exists a unique global solution
β1(t) to (3.16). Define

y1(α, t) = x1(β1(t), t), α ∈ R, t ∈ R.(3.17)

Then, combining (2.9) and (3.11) yields the initial datum: y1(α, 0) = x̄(α). From (3.11), (3.16), and
(3.17), the following relation holds: for a.e. t ∈ R,

y1(α, t) + ν(t)((−∞, y1(α, t))) ≤ α+

∫ t

0

v(y1(α, s), s) ds ≤ y1(α, t) + ν(t)((−∞, y1(α, t)]).(3.18)

Fix α ∈ R. From Step 1, we know that y1(α, t) is differentiable for a.e. t > 0. In the following, we
only consider those t ∈ R such that y1(α, ·) is differentiable and ν(t) is absolutely continuous with
dν(t) = v2

x(x, t) dx. We will prove (3.9) by a contradiction argument. Seeking for a contradiction,
we assume that there exists a τ ∈ R such that dν(τ) = v2

x(x, τ) dx and y1(α, τ) is differentiable but
∂ty1(α, τ) 6= v(y1(α, τ), τ). Then, there exists some ε0 > 0 such that either one of the following two
cases holds:

Case 1:

∂ty1(α, τ) ≤ v(y1(α, τ), τ)− 2ε0.(3.19)

Case 2:

∂ty1(α, τ) ≥ v(y1(α, τ), τ) + 2ε0.(3.20)

Next, we derive a contradiction from Case 1. Let y = y1(α, τ) and a− = v(y, τ) − ε0. Then, the first
inequality in (3.3) holds for t− τ > 0 small enough. Due to (3.19), we have

y1(α, t) < y1(α, τ) + [v(y1(α, τ), τ)− ε0](t− τ) = y + a−(t− τ)
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for t− τ small enough. Combining the first inequality in (3.3) yields

(3.21)

β1(t) = x1(β1(t), t) +

∫
(−∞,x1(β1(t),t))

v2
x(x, t) dx = y1(α, t) +

∫
(−∞,y1(α,t))

v2
x(x, t) dx

< y + a−(t− τ) +

∫
(−∞,y+a−(t−τ))

v2
x(x, t) dx

≤ y1(α, τ) + [v(y1(α, τ), τ)− ε0](t− τ) +

∫
(−∞,y1(α,τ))

v2
x(x, τ) dx

= β1(τ) + [v(y1(α, τ), τ)− ε0](t− τ).

Therefore,

ε0 < v(y1(α, τ), τ)− β1(t)− β1(τ)

t− τ
= v(x1(β1(τ), τ), τ)− β1(t)− β1(τ)

t− τ
.

Passing to the limit as t → τ in the above inequality, and using (3.16), we obtain ε0 ≤ 0, which is a
contradiction.

For Case 2, we can use the second inequality in (3.3) to derive a contradiction in a similar manner.

From (3.9), we have y1(α, t) = x̄(α) +
∫ t

0
v(y1(α, s), s) ds, and hence, (3.10) follows directly from

(3.18).
Step 3. Uniqueness. Notice that v satisfies the Hunter-Saxton equation (1.1) in L2

loc(R× R), and
hence, v satisfies (1.1) classically almost everywhere in R×R. Since we have already proved that there
exists a characteristics function y1(α, t) satisfying (3.9) and (3.10), we also have

∂2

∂t2
y1(α, t) =

d

dt
v(y1(α, t), t) = (vt + vvx)(y1(α, t), t) =

1

2

∫
(−∞,y1(α,t))

v2
x(x, t) dx =

1

2
(α− x̄(α)) .

Since
∂

∂t
y1(α, 0) = ū(x̄(α)),

we have

y1(α, t) = x̄(α) + ū(x̄(α))t+
t2

4
(α− x̄(α)) = y(α, t),

where y(α, t) is defined by (2.12). By Definition (2.27) of u, we have

v(y(α, t), t) =
∂

∂t
y(α, t) = ū(x̄(α)) +

t

2
(α− x̄(α)) = u(y(α, t), t).(3.22)

�
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Appendix A. Some useful facts from real analysis

In this appendix, we state and prove three useful lemmas from real analysis. All of them are
fundamental and somewhat classical. For readers’ convenience, we also provide their proofs here.

Lemma A.1. The following two statements holds:

(i) The real line R cannot be written as the union of uncountably many disjoint subsets with
positive measures.

(ii) Let X : R → R be an absolutely continuous function satisfying Xξ(ξ) > 0 for a.e. ξ ∈ R.
Then, there exists a unique absolutely continuous inverse of X.
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Proof. (i) We prove this by a contradiction argument. Let Λ be an uncountable index set and {Aα}α∈Λ

be a family of uncountable disjoint subsets of R with L(Aα) > 0 such that

R = ∪α∈ΛAα.

Because L(Aα) > 0, there must be some integer n such that L(Aα ∩ [n, n + 1]) > 0. Since Λ is an
uncountable set, there must be some integer n0 such that

Λ0 = {α ∈ Λ : L(Aα ∩ [n0, n0 + 1]) > 0}
is an uncountable set. Then there exists a positive integer m > 0 such that the set

Λm =

{
α ∈ Λ : L(Aα ∩ [n0, n0 + 1]) >

1

m

}
is uncountable. Since the sets L(Aα ∩ [n0, n0 + 1]) for α ∈ Λm are disjoint with each other, this
contradicts with L([n0, n0 + 1]) = 1.

(ii) We prove this on arbitrary interval [a, b]. Clearly X is continuous and strictly increasing on
[a, b] and hence, it has a continuous and strictly increasing inverse Z. Let

A = {ξ ∈ [a, b] : 0 < Xξ(ξ) <∞}, B = [0, 1] \A,
and

C = X(A), D = X(B).

We have L(B) = 0 and C ∪D = [X(a), X(b)]. Since X is absolutely continuous, it satisfies Luzin N
property and L(X(B)) = L(D) = 0.

We know that Z has a finite positive derivative at each point of C. Let E ⊂ C satisfying L(E) = 0.
Then

E = ∪∞n=1En,

where En = {x ∈ E : 0 < Zx(x) ≤ n}. Then, we have L(En) = 0 and

L(Z(E)) ≤
∞∑
n=1

L(Z(En)) ≤
∞∑
n=1

nL(En) = 0,

where we have used L(En) ≤ nL(En); see [16, Lemma 6.3]. Hence, the inverse Z on [X(a), X(b)] is
a continuous function of bounded variation satisfying the Luzin N property, which means that Z is
absolutely continuous.

�

We have the following lemma for push-forward measures:

Lemma A.2. Let X : R → R be a continuous increasing surjective function. Define two pseudo-
inverse functions of X by

Z1(x) = inf{ξ : X(ξ) = x}, Z2(x) = sup{ξ : X(ξ) = x}.
Define

App = {ξ : Xξ(ξ) = 0, Z1(X(ξ)) < Z2(X(ξ))}, Asc = {ξ : Xξ(ξ) = 0, Z1(X(ξ)) = Z2(X(ξ))},
and

B = {ξ : Xξ(ξ) > 0}.
Here, App is defined in point-wise sense, and Asc and B are defined in a.e. sense.

Let 0 ≤ g ∈ L1(R) . Consider the measure

µ = X#(g dξ).

Let g1 = g · 1B, g2 = g · 1App and g3 = g · 1Asc , here 1App , 1Asc and 1B are characteristic functions on
App, Asc and B respectively. Then the following statements hold:

(i) L(X(App ∪Asc)) = 0, where L is the Lebesgue measure.
(ii) The absolutely continuous part of µ is given by X#(g1 dξ).

(iii) The set X(App) is a countable set, and the pure point part of µ is given by X#(g2 dξ).
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(iv) The singular continuous part of µ is given by X#(g3 dξ).

Proof. (i) It follows from the change of variable formula (see [17, Theorem 4] for instance) that

(A.1)

∫
R

1X(App∪Asc)(x) dx =

∫
R

1App∪Asc(ξ)Xξ(ξ) dξ = 0.

(ii) We prove that X#(g1 dξ)� L. Let E ⊂ R satisfy L(E) = 0. Then

[X#(g1 dξ)](E) =

∫
X−1(E)

g1(ξ) dξ =

∫
B∩X−1(E)

g(ξ) dξ.

Hence, we only need to show L(B ∩X−1(E)) = L(Z1(X(B) ∩ E)) = 0. This means Z1 has Luzin N

property on X(B). Set B̃ = X(B). Since

B̃ ∩ E = ∪∞n=1(B̃n ∩ E), where B̃n :=
{
x ∈ B̃ : 0 < Z1x(x) ≤ n

}
,

and

L(Z1(B̃n ∩ E)) ≤ nL(B̃n ∩ E) = 0,

we have

L(Z1(B̃ ∩ E)) ≤
∞∑
n=1

L(Z1(B̃n ∩ E)) = 0.

Hence, X#(g1 dξ) � L. Due to (i), we have µ − X#(g1 dξ) ⊥ L, and hence, X#(g1 dξ) is the
absolutely continuous part of µ.

(iii) Suppose App 6= ∅. Let x, y ∈ X(App) and x 6= y. By the definition of X(App), we have

Z1(x) < Z2(x), Z1(y) < Z2(y).

For each x ∈ X(App), we choose a rational number in [Z1(x), Z2(x)] to stand for it. Due to the
increasing nature of X, we have [Z1(x), Z2(x)] ∩ [Z1(y), Z2(y)] = ∅, which implies different points in
X(App) correspond to different rational numbers. Therefore, the set X(App) is at most countable.

For ξ ∈ App, denote x = X(ξ). Then, we have z1(x) < z2(x) and

µ({x}) = [X#(g dξ)]({x}) =

∫
X−1({x})

g(ξ) dξ =

∫
[z1(x),z2(x)]

g(ξ) dξ ≥ 0.

Therefore, there is a pure point measure of µ at x if the above value is strictly positive. Moreover,
there is no other pure point parts as for ξ ∈ Asc ∪B, Z1(X(ξ)) = Z2(X(ξ)) and the above value must
be 0.

(iv) It is direct to see from the definition that µ = X#(g1 dξ) +X#(g2 dξ) +X#(g3 dξ). We have
proven in (i) and (ii) that X#(g1 dξ) is the the absolutely continuous part of µ and X#(g2 dξ) is the
pure point part of µ, hence, by Lebesgue decomposition theorem, the remaining part X#(g3 dξ) is the
singular continuous part of µ. �

The next lemma shows that a locally absolutely continuous (i.e., absolutely continuous on any closed
and bounded interval of R) function has to be globally absolutely continuous if its derivative is in Lp(R)
for some p ∈ [1,∞].

Lemma A.3. Let 1 ≤ p ≤ ∞. Then any locally absolutely continuous function u on R with its
derivative ux ∈ Lp(R) is globally absolutely continuous.

Proof. If p = 1, it follows from the absolute continuity of Lebesgue integral that u must be globally
absolutely continuous. If p =∞, then u is globally Lipschitz continuous, and hence, globally absolutely
continuous.

Let 1 < p < ∞. For any ε > 0, we are going to find some δ > 0, such that for any disjoint open

intervals {(ai, bi)}ki=1 with
∑k
i=1 |bi − ai| < δ, we have

∑k
i=1 |u(bi)− u(ai)| < ε. For this purpose, we
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define En := {x : n ≤ |ux(x)| < n + 1} for all integer n ≥ 0. Let n0 be a large enough integer such

that np−1
0 ≥ 2

ε ‖ux‖
p
Lp . Then

k∑
i=1

|u(bi)− u(ai)| =
k∑
i=1

∣∣∣∣∣
∫ bi

ai

ux(x) dx

∣∣∣∣∣ ≤
k∑
i=1

∫ bi

ai

|ux(x)|dx

=

n0−1∑
n=0

∫
(∪k

i=1(ai,bi))∩En

|ux(x)|dx+

∞∑
n=n0

∫
(∪k

i=1(ai,bi))∩En

|ux(x)|dx

≤ n0δ +

∞∑
n=n0

∫
(∪k

i=1(ai,bi))∩En

|ux(x)|dx.

Moreover,
∞∑

n=n0

∫
(∪k

i=1(ai,bi))∩En

|ux(x)|dx ≤
∞∑

n=n0

∫
En

|ux(x)|dx ≤
∞∑

n=n0

1

np−1

∫
En

|ux(x)|p dx

≤ 1

np−1
0

‖ux‖pLp ≤
ε

2
.

Now we choose δ < ε
2n0

, combining the above two inequalities we have

k∑
i=1

|u(bi)− u(ai)| <
ε

2
+
ε

2
= ε.

�

In the following example, we are going to use a fat Cantor set to create an initial datum (ū, µ̄) such
that the singular continuous part of the corresponding energy measure µ(t) is nonzero at t = 2.

Example A.1 (Fat Cantor set for AL,sct ).
• Fat Cantor set: The fat Cantor set that we use is defined as follows: we consider the set [0, 1],

in the first step, we remove the middle open interval with length 1
4 (i.e. [ 3

8 ,
5
8 ]) from [0, 1]. At n-th step,

we remove the open sub-intervals of length 1
4n from the middle of each of the 2n−1 remaining intervals.

Continuing this procedure, the fat Cantor set E is defined as the points that are never removed. We
have the following well-known results: (i) set E is closed; (ii) set E is nowhere dense in [0, 1]; (iii)
L(E) = 1

2 ; and (iv) all the endpoints of the removed intervals are dense in set E.
• A function vanishing exactly on E: From Now, we use the above fat Cantor set to define a

continuous function h. We choose a sequence of smooth non-negative function hn(x) such that each
hn(x) is positive inside each open interval removed at the n-th step and hn(x) = 0 outside the intervals
removed at the n-th step. We also assume that supx∈[0,1] hn(x) = 1. Then we define

h(x) =

∞∑
n=1

hn(x)

n2
.

As the uniform limit of a sequence of continuous functions, the function h is continuous. Since hn’s

are supported in disjoint sets and 0 ≤ hn ≤ 1 for all positive integer n, we also have 0 ≤ h ≤ π2

6 . Since
h = 0 on the endpoints of all the removed intervals, combing the property (iv) above yields h(x) = 0
for all x ∈ E. Moreover, h(x) > 0 for x ∈ [0, 1]\E.
• Initial datum (ū, µ̄): Finally, our target initial datum in this example is defined by

ūx(x) =

{
h

1
2 (x)− 1, x ∈ [0, 1],

0, otherwise,

and

ū(x) =

∫
(−∞,x)

ūx(η) dη, dµ̄ = ū2
x dx.
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Hence, the function ū ∈ Cb(R) and ūx ∈ L2(R). Since µ̄ is absolutely continuous, we know that x̄(α)
(defined by (2.9)) is strictly increasing and L(R \BL0 ) = 0 for BL0 given in Proposition 2.1 (iv). From
(2.22), we have the derivative of characteristic y(α, t) at t = 2:

yα(α, 2) = x̄′(α) [1 + ūx(x̄(α))]
2

= x̄′(α)h(x̄(α)), α ∈ BL0 and x̄(α) ∈ [0, 1].

and

yα(α, 2) = x̄′(α) [1 + ūx(x̄(α))]
2

= x̄′(α) > 0, α ∈ BL0 and x̄(α) /∈ [0, 1].

It follows from Remark 2.3 (iii) that x̄′(α) = t2

t2+4 and f(α) = 4
t2+4 on AL,sct , so AL,sc2 = {α : yα(α, 2) =

0} = x̄−1(E) has a positive measure. Hence, the inverse of y(·, 2) does not have Luzin N property since

L(y(AL,sc2 , 2)) = 0 and L(AL,sc2 ) = L(x̄−1(E)) = 2L(E) = 1 > 0. Moreover,

µsc(2)(R) =

∫
AL,sc

2

f(α) dα =
1

2
L(x̄−1(E)) = L(E) =

1

2
.

In the above construction, ūx(x) is continuous, and 1 + ūx(x) vanishes on E. We remark that one
can have a smooth function ū such that 1 + ūx(x) vanishes exactly at the closed set E by Whitney’s
theorem [18, Theorem I]. Obviously, the construction above for time t = 2 can be adapted to any time
t 6= 0.
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