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ABSTRACT. In this paper, we study the generalized modified Camassa-Holm
(emCH) equation via characteristics. We first change the gmCH equation for
unknowns (u, m) into its Lagrangian dynamics for characteristics X (€, t), where
& € R is the Lagrangian label. When X¢(&,t) > 0, we use the solutions to the
Lagrangian dynamics to recover the classical solutions with m(-,t) € Cg (R)
(k € N, k > 1) to the gmCH equation. The classical solutions (u,m) to the
gmCH equation will blow up if infeer X¢ (-, Tmax) = 0 for some Tmax > 0.
After the blow-up time Tmax, we use a double mollification method to mollify
the Lagrangian dynamics and construct global weak solutions (with m in space-
time Radon measure space) to the gmCH equation by some space-time BV
compactness arguments.

1. Introduction. In this paper, we are going to study the following family of
nonlinear partial differential equations in R:

me + [(u? —uZ)Pml, =0, Mm=u— U, TER, t>0, (1)

x

subject to the initial condition
m(z,0) =mo(z), z€R. (2)

Here p is a positive integer. This equation is known as the generalized modified
Camassa-Holm equation (gmCH). It first appeared in [1], where a family of nonlinear
dispersive wave equations with peakon solutions was introduced in the following
form:

o 0~ W

my + f(ua um)m + (g(ua ur)m)z =0, (3)
7 where f(u,u,) and g(u,u,) are arbitrary non-singular functions of the wave ampli-
s tude and the wave gradient. They called equation (3) as the fg-family equation.
o When f(u,u,) =0 and g(u,u,) = (u? — u2)P, the fg-family equation (3) becomes
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2 FANQIN ZENG AND YU GAO AND XIAOPING XUE

the gmCH equation (1). When p = 1, equation (1) is known as the Fokas-Olver-
Rosenau-Qiao or modified Camassa-Holm (mCH) equation [3, 4, 11, 12]. Since the
fundamental solution of the Helmholtz operator I — 9y, is G(z) = e~ I, function
u can be expressed as a convolution of m with the kernel G:

u(z,t) = (Gxm)(x,t) = /RG(JC —y)m(y,t)dy.

The local well-posedness of the equation (1) in Besov spaces B, , with s >
max{2+ %, 5} was studied in [13], where two blow-up criterions were also provided.
The strong solutions to the gmCH equation (1) will blow up in finite time for
some initial data; see [14]. Hence, it is important to find some proper spaces and
study global weak solutions to the gmCH equation (1), which is also one of our
purposes in this paper. As we know, there are some special weak solutions to the
gmCH equation known as N-peakon (or multi-peakon) solutions in the form (see

[1,8,7,9, 6]):

N N
u(z,t) = ZpiG(x —z;(t), m(x,t) = Zpié(x —x;(1))

for some constants p;, i = 1,2,---, N. Global existence of one peakon (solitary
wave) was obtained in [1, 7, 5]. When N > 1, global N-peakon weak solutions
were also constructed in [5] by a double mollification method. The results on the
stability of peakons can be found in [8, 7, 9].

In this paper, we are going to study both local classical solutions and global
weak solutions to the gmCH equation (1) via characteristics. Let X (£,t) be the
related characteristic flow map for the gmCH equation, the gmCH equation (1) in
Lagrangian coordinate is then given by:

0 X (&,1) = (u —up)P(X(&,1),8), X(£,0) = €R, t>0,
m(-,t) = X (-, t)#mo(-), (4)
u(z,t) = (G*xm)(x,t) = /RG(x — X (0,t))mo(0) do.

For classical solutions (u,m), taking derivative of (4) with respect to & gives

8tX§(§7t) = 2p[(u2 - u2)p_1mum}(X(§7t)ﬂt)Xi(fvt)7

x

which implies

Xe(&,1) = exp { / ol 2P (X6, 5), ) ds} > 0.

Hence X (-,t) : R — R is a homeomorphism for classical solutions, and we have
X(&,t) = +oo as £ — +oo. If we try to solve (4) directly, it is not easy to find
a proper Banach space for X(-,t). For p = 1, the local well-posedness for (4) was
obtained in [6] for compactly supported initial data mg. In this paper, we are going
to take advantage of the far field estimates to transform (4) into another dynamics
and remove the condition for compact support in [6]. Since we are interested in the
solutions (u,m) decaying to zero when spacial variable z goes to infinity, we have
the following a-priori estimate at far fields:

. o . 2 2\p _
52?@0 atX(é.a t) - §Brzlr:1oo(u u‘L) (X(gv t)a t) 0,
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WEAK SOLUTIONS TO GMCH 3

with initial data lime_,45,[X(€,0) — £] = 0, which formally implies
lim [X(£,t) —¢]=0. (5)

£—+oo
Instead of solving (4) directly, we are going to work on the corresponding dynamics
for Y(&,t) = X(&,t) — € in Banach space C§(R) (k > 0, k € N). We obtain
local existence and uniqueness for Y and then use it to recover X and the classical
solution (u,m) to the gmCH equation (1) (see Section 2).

For the global existence of weak solutions, we are going to use a double molli-
fication method proposed in [6] to study the Lagrangian dynamics (4). In [6], the
global weak solutions to the mCH equation were obtained for compactly supported
initial data mg. Here, we will take advantage of (5) and remove the condition for
compact support. See details in Section 3.

The rest of this paper is organized as follows. In Section 2, we are going to
consider the local well-posedness of classical solutions to the gmCH equation with
initial data mo € CE(R) N LY(R)(k > 1, k € N). We will first transform system (4)
into an equation for Y as stated before, and then we will use the Picard theorem
for ODE on a Banach space to get the local existence and uniqueness of Y. At
last, we will recover classical solutions for the gmCH equation (1) by using local
solutions to (4). In Section 3, we are going to study global weak solutions to the
gmCH equation with initial data my € M(R). We will use a double mollification
mehtod to study the Lagrangian dynamics (4) and then derive the global existence
of weak solutions to the gmCH equation.

2. Lagrangian dynamics and local well-posedness. In this section, for initial
data mg € CE¥ N LY(R) (k > 1, k € N), we use the Lagrangian dynamics to prove
local well-posedness for classical solutions to the gmCH equation. Notice that we
have (5) for classical solutions in C*(R). Hence, as stated in the Introduction, we
are going to consider the dynamic for the following function:

Y(§7 t) = X(Ea t) - g

Equation (4) is transformed into:

0 Y (&,t) = F(Y(&t), £€R, t>0,
Y(f’ O) = 07

where the vector field

FY(E1)) = ( [ Grien =Y. +¢ - om0 de)

p

- (/R G'(Y(&1) =Y (0,1) + & — 0)mo(0) d9>2 (7)

We view Lagrangian dynamic (6) as an ODE on Banach space B = C§(R) for
k € N*. Recall the Picard theorem on a Banach space (see e.g. [10, Theorem 3.1]),
and we need to choose a suitable open subset O C B to solve (6). Here, we define

O:={Y eB; Ye+1>0}. 8)

We have the following local existence and uniqueness for (6):
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Theorem 2.1. Let mg € Co(R)NLY(R). Then, there exists a time T > 0 such that
the Lagrangian dynamic (6) has a unique solution Y € C*([0,T); O). Moreover, if
we assume my € C¥(R) N LY (R) for some integer k > 1, then we have:

Y € CY([0,T); Ci (R)).
Proof. Consider the Banach space B := C§(R) with the norm
£l = sup [f(&)| +sup[f' ()], VfeB.
£eR £eR

Let O be defined by (8). Obviously, the set O is an open subset of B.
Step 1. For any Y € O, we prove that F(Y) € B for F given by (7). We first
prove that

Jim F(Y(€)) =0. (9)

Due to Y € O C C}(R), we have
lim [Y(§)+¢ =+0

§—+too

Hence,

lim GY(§)-Y(@)+£—0)=0 forany 6 € R

E—+o0

and

lim G (Y(&)—-Y(0)+&—60)=0 forany 6 € R.

E—too

By the Lebesgue dominated convergence theorem, we know that (9) holds, which
means

F(Y) € Cy(R).
Next, we estimate the derivatives of F(Y). Due to properties of G and the mono-
tonicity of Y(£) + &£, we have

/R G(Y(€) — Y(6) + & — B)mo(0)db

3 oo
=[] G -Y(O)+£—0)mo(0)do + /5 G(Y(§) = Y(0) + & — 0)mo(6) A0

=:H (Y (£)) + H2(Y (€))
and
A G'(Y(§) =Y (0) +&—0)mo(0)do = —H1 (Y (€)) + Ha2(Y ().
Direct calculation shows
F(Y(£)) = 47[H1 (Y (£))]P[H2(Y (£))]". (10)
Since
9eH1 (Y (§)) = %mo(ﬁ) — Hi(Y()(0eY () + 1) (11)
and
O (¥ (€)) = —5mo(€) + Ha(Y (€))(3eY (€) + 1), (12)

)
take derivative of F\(Y'(£)) with respect to & and we obtain
0P (Y (€)) = p2*P~'mo (&) [HL (Y ()]P~ [Ha (Y ()]~ [Ha(Y (€)) — Hi(Y(€))]-
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WEAK SOLUTIONS TO GMCH 5

It is easy to compute that

1 1
[H1(Y)(©)] < 5lmollzr,  [H2(Y)(E)] = Fllmoll s (14)
Then by (13) and mg € Co(R), we obtain
Jim 0P (€) =0,

Hence F(Y) € C3(R).
Step 2. We proof that functional F' is Lipschitz continuous in O. For any given
Y1,Ys € O and € € R, we have

[F(Y1(8)) — F(Ya(6))]
= 47 [[H1 (Y1 (&))" [H2(Y1(€))]P — [H1(Ya())]P[Ha(Y2(€)))"]
< A H (Y1 ()P [Hz(Y1(§))]P — [Ha(Y2(8)))"|

+ 47 |[Ha (Y2 ()P | [[H1 (Y1 (§))]” — [Ha (Y2(8)))"|

< 47|[Hy (Y1 (€))P |1 H2(Y1(€)) — Ha(Y1(€))]] Y _[H2(Y1(€))]*[Ha (Y1 ()P~

+4P|[Ha (Y2(€))IP || H1 (Y1(€)) — Hi(Ya(€))l| Y [HL (Y1(€))]*[HL (Ya(€))]P ™"

< pllmolZi[1Y1 — Y2 5.
Similarly, we also have
|0 F(Y1(£)) — 0eF(Y2(£)| < 2p(2p — 1)|[mollsup | mol[ 27 Y1 = Ya |-
Combining the above two inequalities gives

IE(Y1) = F(Y2)lls < (plmollz: + 2p(2p — Dllmollsup) [lmol| 727 1Y1 — Yal|.
Hence, functional F' is Lipschitz continuous in O.

Step 3. Due to Yy = 0 € O, by Picard Theorem [10, Theorem 3.1], there
exists a time 7" such that Lagrangian dynamic (6) has a unique local solution YV €
c'([0,T);0).

Step 4. (Regularity) When my € C§(R) for some integer k > 1, we solve
Lagrangian dynamic (6) in Banach space B := C4™!(R) with norm

k41

— o | £
I fll5 : ;;EU €. vfeB

and open subset
@::{YGB; Ye+1>0 for feR}.

For any Y € CAT(R), recalling equalities (11), (12), (13) and the estimates (14),
we can show that
a’l"
Jim o e (Y(§)=0, 1<r<k+1,
and hence F(Y) € C¥*1(R). On the other hand, as in the proof in Step 2, we can

prove that functional F is Lipschitz continuous in @. Therefore, by Picard theorem
we can obtain Y € C*([0,T); C¥*(R)) for some T > 0. O
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6 FANQIN ZENG AND YU GAO AND XIAOPING XUE

Next, we recover the local solutions to the gmCH equation (1) in Eulerian coor-
dinate by the solutions to the Lagrangian dynamic (6) given by Theorem 2.1. We
have the following local well-posedness theorem for the gmCH equation(1):

Theorem 2.2. Let mg € C¥(R)NLY(R) be an initial datum for the gmCH equation
(1) for some integer k > 1. Then, there is a unique classical solution (u,m) to
gmCH equation (1) and we have

ue CH([0,T); Gy T*(R)), m e C*([0,T); G5 (R) N L*(R)), (15)

u(-,t) = G xm(-,t) € WHP(R) for any t€[0,T), p> 1. (16)

Proof. For my € CE(R) N LY (R), let Y € C([0,T); C¥**(R)) be a solution to
Lagrangian dynamic (6) given by Theorem 2.1. Set X (&,t) := Y (£,t) 4+ & for £ € R,
so it satisfies the following equations:

DX (E1) = ( | (e = X@.)ma(0) de)Q

_ (/R G'(X(&,t) — X(8,1))mo(6) d&)zr, (17)

and
0:X(&,t) >0, forall { e Rand t € [0,T).
Define (u,m) by

u(z,t) ::/RG(x—X(H,t))mO((‘)) do, m(z,t) ::/R(s(x—X(G,t))mg(G)dG. (18)

Similarly to [6, Theorem 2.6], we can proof (15) and check that (u,m) defined by
(18) is a unique classical solution to (1).

Next, we only need to prove (16). Because m(-,t) € Co(R) N LY(R), we know
m(-,t) € LP(R) for any t € [0,T) and p > 1. Due to Young’s inequality, we have
u(,t) = Gxm(-,t) € LP(R) and uy(-,t) = Gy *m(-,t) € LP(R) for any ¢t € [0,T)
and p > 1. Hence, (16) holds.

O

Remark 1. Due to the continuation of an autonomous ODE on a Banach space (see
[10, Theorem 3.3]), we can extend our local solutions to the Lagrangian dynamic
(6) or the gmCH equation (1) to some time Tiax. If Tiax is finite, then we have
inf({,t)eRx[&Tmax) 0:Y (€,t) + 1 = 0, which means inf(&t)eRx[O,T,,,ax) 0:X (&) = 0.
This finite Tiax corresponds to the blow-up time for the classical solutions (see [6,
Theorem 1.1] for the case of p = 1).

For some initial data mo € H*(R) with s > %, the classical solutions will blow
up in finite time; see [14, Theorem 3.3]. Hence, the nature questions are in which
space we can extend and how to extend the solutions globally after Ty,.x. In the
next section, we are going to solve the above questions.



10
11

12

WEAK SOLUTIONS TO GMCH 7

3. Global weak solutions via mollified characteristics. In this section, we are
going to obtain global weak solutions to the gmCH equation (1). Assume initial
data mg belongs to the Radon measure space M(R). The main ideas come from [6],
where the global weak solutions to the mCH equation were obtained for mgy with
compact support. Here, we take advantage of the far field estimate (5) and obtain
global weak solutions to the gmCH equation (1) without compact support for the
initial datum my.
The gmCH equation (1) is rewritten as
(1 — Opa)u + [(u2 — ui)p(u — um)]w
. k(P 2(p—k)+1, 2k 2(p — k) 2(p—k)—1, 2k+2
(19)
( 2(p—k) 2k+1]
2 o0y R P
k=0
=: (1 — Opz)us + A(u, ug )z + Blu, tg)e — C(t, Uy ) g = 0,
where
P
A, ug) = Z _ k(p> 2(p7k)+1uik7
k=0
Zp: 2(p — k) 2(p—k)—1, 2k+2 20
B(u,uy) := —u U ,
= 2k+1 ¥ (20)

P
( W 2(P—F) 2k +1
Clu,uy) = 22144-1 L T

For any ¢ € C2°(R x [0, 0)), we denote the functional
Lu, 6) = /000 /Wu(z,t)[d)t(z,t)7¢tmz(z,t)] da dt
+ [T [Aw ue) + B woc (e, azat+ [7 [ 0 ua)bea(s s (21)

Now the definition of weak solutions to the gmCH equation (1)-(2) is given as
follows:

Definition 3.1. For mg € M(R), a function
u € C([0, +00); HY(R)) N L>(0, +-00; W (R)) N WH°(0, +-00; L (R))
is said to be a global weak solution to the gmCH equation (1)-(2) if

L(u, ) + /R 6(z, 0)mo(dz) = 0 (22)

holds for all ¢ € C°(R x [0, 00)).
Next, we describe the double mollification method for (4). Let {pc}e>o0 be a

family of standard even mollifiers. We define G¢(x) := (p. * G)(z). Obviously, both
G and G¢ € C§°(R) are global Lipschitz. For any measurable function X : R — R,

we define
([ oo xomotan)’ - ([ cxte - xiomuan)

P
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8 FANQIN ZENG AND YU GAO AND XIAOPING XUE

Take mollification one more time and we set
U (@; X) = (pe * Ue) (a5 X).
Then the regularized Lagrangian dynamic is given by
{@X(&t) = U (X(&,1); X (-, 1)),

X(6,0) =€ €R. (23)

Notice that with one time mollification, vector field U, is already global Lipschitz
and we can construct global approximated solutions with vector field U.. However,
the solutions corresponding to the vector field U, do not satisfy weak consistency
(one can check this by following Step 3 in the proof of Theorem 3.3). This is the
reason that we choose double mollification.

As we will use some space-time BV compactness arguments to develop our results,
we recall the concept of space BV (R9).

Definition 3.2. (i) For dimension d > 1 and an open set @ C RY a function
f € L'(2) belongs to BV (Q) if

Tot.Var{f} :=sup {/ f(@)V-p(x)dz: ¢ € CHURY), o]~ < 1} < 0.
Q

(ii) (Equivalent definition for one dimension case) A function f belongs to BV (R)
if for any {z;} C R, x; < 41, the following statement holds:

Tot.Var{f}:= ?ug {Z |f(zi) — f(x11)|} < 00.

Next, we use (23) to obtain global weak solutions to the gmCH equation (1).
The main theorem is as follows:

Theorem 3.3. Let the initial data mo € M(R) satisfy
M = Imo|(R) < +o0. (24)

Then there exists a global weak solution (u,m) to the gmCH equation (1)-(2). Fur-
thermore, for any T > 0, we have

we BV(Rx[0,T)), m=(1—0u)uc MRx[0,T)).

Proof. Step 1. Regularized Lagrangian dynamics and approximated so-
lutions. Instead of studying (23) directly, we will use the equation for Y'(£,¢) =
X(&,t) —&. Let

FY(E,1)) = US(X(E1); X (1)) (25)
From (23), we have the following equation for Y :

{c’)tY(é“,t) =F(Y(&t), €€R, t>0,

Y (£,0) = 0. (26)

Consider equation (26) on Banach space C} (R). Direct checking shows that the map
Fe: C}(R) — CL(R) is globally Lipschitz continuous. Using the Picard theorem
again, we obtain a unique global solution Y¢ € C1([0,+00); CL(R)) to equation
(26) for € > 0. The solution to (23) is recovered by X¢(&,t) = Y(,t) + &, and
X € CL([0, +00); C(R)).
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We define the approximated solutions by the global characteristics:
(1) = / G (2 — X*(0,£))mo (d6) (27)
and ’
m(z,t) == (1 — Oz )u(z,t), me(-t) := X(-,t)#mo(-). (28)

Since m, is the push forward of mg by the flow map X¢(-,¢), function m, is a weak
solution of

my + [US(X)m], =0, (29)

and the following relation between u¢ and m. holds:

ut(z,t) = /RGG(;E —y)m(dy, t).

Moreover, we have the relation between m,. and m*:
m () = (1 — Bu) /R G (2 — y)m(dy,t) = /R pole —yymo(dy,t). (30)

Step 2. Compactness argument. In this step, we prove that for any 7" > 0
there exist subsequences of u¢ and u¢ (still denoted as u¢ and uf), and functions
u, u; € BV(R x [0,T)) such that

(i) convergence:

ut = u, uf, = u, in L (Rx[0,+00)) as e—0 (31)
and
uf >y in L(R x [0,400)) as € — 0; (32)
(ii) boundedness:
1 1
lullzee < SMy, - el < 5 M (33)
and
1
luellpee < 5 M (34)
(iii) time Lipschitz:
1
[ futent) = e, s)lde < v e s (35)
R 2p

and
MPE— g (36)

/ |um(x,t) - um(xgs)l dx <
R

for any ¢, s € [0, 4+00);
(iv) space of u:

u € C([0,+o0); H'(R)) N L (0, +-00; WH>(R)) N WH>°(0, +00; L°(R)).  (37)
In fact, we have Tot.Var.{G°} =1, Tot.Var.{G%} =2 and

2r — 1

1
1612 < 3,

From the definition of u¢ (27), we have

1
Gl < 5 G0 <1, lIGellre < 1.

1 1
lulpe < §M1 and |ug|pe < §M1 for any € > 0. (38)
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By [2, Lemma 2.3], we have the time Lipschitz estimate for u¢:
/R |u(z,t) — u(z, s)|dz < /R/R |G (x — X(0,t)) — G (x — X(0, s))|mo(dl) dz
< -/RTot.Var.{GEHXE(Q,t) — X0, s)|mo(d8)
< [0 el = sho() < o2 e o

Similarly, we have

1
/R |ug (x,t) — ul(x, s)|dx < T MP g — g,

By using [2, Theorem 2.4], we have (31), (33), (35) and (36). Due to [2, Theorem
2.6], we know that both u and u, are space-time BV functions. Since the definition
of u¢, for any x € R and ¢t > 0, we have

(1) = ] [ it X<(0.)0X (0. mo(a0)

€ € € 1
< [ G 10 (XY mmo(a8) < e .

Hence, u§ is uniformly bounded in L*°(R X [0, +00)). Consequently, we can find a
subsequence of u§ (still denoted as u§) and v € L=(R x [0, +00)) such that

uf > v in L°(R x [0, +00)) as € — 0.

It is obvious that v is the weak derivative of w with respect to the time variable .
Therefore

u € WH>(0, +00; L (R)).

Moreover, due to (35) we obtain
() = u(, )[7 = / u(z, t) — u(z, s)|* dz
R
1
< Ml/ lu(z,t) — u(z, s)|dz < 2—pM12p+2|t — 3.
R

Similarly,

(- 8) = ua (-, 8)l|72 < g MEPF2)t — o],

21

These two inequalities imply

JuCes8) = ey )lI3gs < 2( N ) =, 9) 32 + a5 8) = o, 9)l13: )
3

<
= 9p-1

M2t — ).

Therefore, we have (37).
Step 3. Weak consistency. In this step, we are going to show that for any
¢ € O (R x [0,00)),

‘ﬁ(ue,qS)Jr/qu(x,())mo(dx) < Ce. (39)
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for some constant C' depending on ¢, but independent of €. Here L is defined by
(21) and u© is defined by (27). For simplicity of notations, we denote

:/OOO/Rf(x,t)g(x,t)dxdt.

Since m, is a weak solution to (29), there holds

(er be) + (Ut 6s) = / o, 0)mo(dz). (40)

On the other hand, we also have

/ / [Pt — Prau] dzdt+/ / o)+ B(uf,ug)| ¢, dedt
/ / U, Ul ) g da dt

= (¢, (1 = Oao)u) + {[(u)? = (05u) P (1 = Opa)u, b0)
= (m*, ¢¢) + (Uem®, ¢y). (41)
Combining (40) and (41) yields

C(u,6) + / 6(x, 0)mo(d)

Since ¢ € C°(R x [0,00)), there exists Ty such that ¢(x,t) = 0 for ¢ > T}, and
x € R. The first term in (42) can be estimated as

/Ooo (/R@(x,t)mé(x,t) dx—4¢t(x,t)mﬁ(dx,t)> dt‘
=[] [ 0= an 0 ta a1 )
:/OT“b (/R/]R|¢t(m,t)—gbt(Xe(G,t),t)‘pE(x—Xe(H,t))mo(dG)dx> dt

< M| || Lo Tipe.

= [(m® —me, &) + (Uem® — Ume, ¢r)|. (42)

(M —me, ¢r)| =

For the second term of (42), we can obtain that
[(Uem® — Ume, 62|

- /OO//Ue(z’t)qsm(z’t)pe(x*X6(9,t))mo(d9)do:dt
0 RJR
_/0 /RUE(Xe(Qvt)at)d)w(XE(@,t),t)mo(da)dt’

Ty
:/ //Ue(x,t)qﬁz(x,t)pe(x—X6(9,t))mo(d0)dxdt (43)
0 R JR

Te
f/ //Ue(z,t)pe(xfXG(G,t))qﬁx(XE(H,t),t)mo(dH)dxdt
o JrJR

1
< My ||Uel| Lo | @aa | Lo Tpe < 2,,M12p+1||¢m||LooT¢6-
Hence, inequality (39) holds.
Step 4. Global weak solution. In this step, we prove that the limit function

u obtained in Step 2 is a global weak solution to the gmCH equation (1)-(2).
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For any ¢ € C°(R x [0,00)), we have

/:(uiqs):/ / [ — Praz) dxdt—ir/ / u,ul) + Bu, ul)| b, do dt

—l—/ / C(uf,uy) gy de dt
o Jr
= Ii+ 15+ I5. (44)
By the properties of u¢ and u in Step 2, for any integer k,l > 0 it holds that
(u)*(us)t — vl in L} (R x [0,400)) as € — 0. (45)

This implies the following results for the terms in (44) as € — 0:

I3 :/ /u6 — Otaz) dxdt%/ / — Gtge) dx dt,
o JRr

I5 —>/ /[A(u,ux)—i—B(u,uw)](m dedt, I —>/ /C’(u, Ug ) Dro dx dt.
o JRr o Jr

Combining the above estimates and (39), we finally obtain

Llu ) + / o, 0)mo(dz) =

Hence, the limiting function u satisfies (22), and u is a weak solution to the gmCH
equation as defined by Definition 3.1. O
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