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Abstract

A large class of semilinear parabolic equations satisfy the maximum bound principle (MBP) in the sense
that the time-dependent solution preserves for any time a uniform pointwise bound imposed by its initial
and boundary conditions. The MBP plays a crucial role in understanding the physical meaning and the
wellposedness of the mathematical model. Investigation on numerical algorithms with preservation of the
MBP has attracted increasingly attentions in recent years, especially for the temporal discretizations, since
the violation of MBP may lead to nonphysical solutions or even blow-ups of the algorithms. In this paper,
we study high-order MBP-preserving time integration schemes by means of the integrating factor Runge–
Kutta (IFRK) method. Beginning with the space-discrete system of semilinear parabolic equations, we
present the IFRK method in general form and derive the sufficient conditions for the method to preserve
the MBP. In particular, we show that the classic four-stage, fourth-order IFRK scheme is MBP preserving
for some typical semilinear systems although not strong stability preserving, which can be instantly applied
to the Allen–Cahn type of equations. To our best knowledge, this is the first time to present a fourth-
order linear numerical method preserving the MBP. In addition, convergence of these numerical schemes
are proved theoretically and verified numerically, as well as their efficiency by simulations of 2D and 3D
long-time evolutional behaviors. Numerical experiments are also carried out for a model which is not a
typical gradient flow as the Allen–Cahn type of equations.

Keywords: maximum bound principle, integrating factor Runge–Kutta method, semilinear parabolic
equation, high-order numerical methods, Allen–Cahn equations

1. Introduction

In this paper, we aim to study high-order time discretization methods to preserve the maximum bound
principle (MBP) of a class of semilinear parabolic equations taking the following form

ut = Lu+N [u], (1)

where L and N are linear and nonlinear operators, respectively, and u = u(t,x) is the unknown function
subject to appropriate initial and boundary conditions. The MBP implies the existence of special upper
and lower solutions in the sense that the solution u(t, x) preserves for any time a uniform pointwise bound
imposed by the initial and boundary data. Mathematical models for many practical problems have the form
(1) and their solutions satisfy the MBP. A typical example is the classic Allen–Cahn equation, where the
linear operator L is the standard Laplace operator multiplied by a diffusion coefficient ε2 and the nonlinear
part is given by a cubic polynomial N [u] = u−u3. It is well known [16] that the solution to the Allen–Cahn
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equation is pointwisely bounded by 1 for any time if the initial and boundary conditions are bounded by 1,
which implies the MBP. The Allen–Cahn equation was originally developed in [2] to model the motion of
anti-phase boundaries in crystalline solids, and nowadays, has been widely used as a fundamental model for
phase-field (or diffuse-interface) methods to study the interfacial motions and phase transitions in various
application fields.

The MBP is an important physical feature and is essential for numerical simulations to yield physically
relevant solutions to many mathematical models. Besides the solution to the Allen–Cahn equation, the
density, concentration, or pressure in fluid flows must be nonnegative, and the probability distribution should
also be in the range [0, 1]. Hence, in numerical simulations, it is highly expected that the numerical solutions
preserve the MBP in the discrete sense. The violation of MBP may cause the ill-posedness of the problem and
blow-ups of the numerical algorithms. For instance, when there is a logarithmic term in the equation, e.g.,
the reaction-diffusion equation with the Flory–Huggins potential function and the Peng–Robinson equation
of state [31, 32], a widely used realistic equation of state for hydrocarbon fluid in the petroleum industry,
completely wrong results may be obtained if the MBP fails to be preserved, see Section 4.2 for a numerical
example. On the other hand, in the view of numerical analysis, the MBP suggests a type of strong stability
in the supremum-norm sense and guarantees the spatially uniform pointwise boundedness of the numerical
solution. Such a property facilitates the further numerical analysis of the numerical schemes, e.g., energy
stability for phase-field models, since the locally Lipschitz continuous nonlinear term usually becomes fully
Lipschitz continuous thanks to the uniform pointwise bound. For instance, the Allen–Cahn equation can be
viewed as the L2 gradient flow associating with the energy

E(u) =

∫ (ε2

2
|∇u(x)|2 +

1

4
(u2(x)− 1)2

)
dx, (2)

and the solution satisfies the energy stability in the sense that the energy is non-increasing in time, namely,
E(u(t2)) ≤ E(u(t1)) for any t2 ≥ t1 ≥ 0. There have been a large variety of numerical schemes preserving
such energy stability successfully applied on different types of phase-field models, e.g., [9, 17, 21, 27, 33, 35,
36, 37, 45, 47, 49] and the references therein. It was found that the MBP plays a key role to show such
nonlinear energy stability [10, 24, 34, 42].

Recently, MBP-preserving numerical schemes have attracted increasingly attentions for semilinear parabolic
equations in the form of (1). In [40], it was shown for the Allen–Cahn equation in one-dimensional case
that the MBP was preserved by the central difference semi-discrete scheme and its fully discrete approxi-
mations with forward and backward Euler time-stepping methods. Later, the discrete MBPs, as well as the
energy stability, of the first- and second-order stabilized semi-implicit (SSI) schemes with central difference
method were proved for the Allen–Cahn equation in [23, 34, 42], and those of the SSI schemes with finite
element discretization in space were obtained for the surface Allen–Cahn equation in [46]. The discrete
MBPs were also obtained for the Allen–Cahn equation in [15] by first-order exponential time differencing
(ETD) scheme in space-continuous setting, in [25] by second-order nonlinear implicit-explicit schemes with
spatial central difference method, and in [48] by showing the uniform Lp boundedness and passing the limit
as p goes to infinity. In addition, MBP-preserving numerical schemes have been studied for the nonlocal
Allen–Cahn equation by using first- and second-order ETD schemes [10] combined with a quadrature-based
difference method [13], for the space-fractional Allen–Cahn equation by using the Crank–Nicolson scheme
[24] with central difference approximation [44], for the time-fractional Allen–Cahn equation by using the
convex splitting methods [14], and for the complex-valued Ginzburg–Landau model of superconductivity [8]
by considering the finite volume method [5, 18] and finite element method with the mass-lumping technique
[6] in space with backward Euler time integration. In [43], Tang and Yang proposed so-called one-step
monotone schemes to check whether or not a scheme is MBP-preserving, in which the regular third-order
explicit strong stability-preserving (SSP) method [20] is shown to be MBP-preserving for the Allen–Cahn
equation with a CFL condition as τ = O(h2). An abstract framework on the MBP for equations like (1)
was established in the recent work [11], where sufficient conditions for linear and nonlinear operators were
given such that the equation satisfies the MBP and the corresponding first- and second-order ETD schemes
preserve the MBP. Some details on the framework will be given in Section 2.
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In this paper, we investigate high-order MBP-preserving time integration schemes. The integrating
factor Runge–Kutta (IFRK) method is used for the time integration, which has been widely studied for stiff
ordinary differential equations (ODEs) recently [1, 28, 41]. The IFRK method can be viewed as an extension
of the conventional Runge–Kutta (RK) method, particularly designed for the case that the problem contains
linear part with strong stiffness. The key idea is to use the exponential integrating factor to eliminate the
stiff linear term and apply the conventional RK method to the resulted system. To study the stability of
the IFRK method, the concept of strong stability-preserving was proposed in [38] to construct efficient time
discretization for hyperbolic conservation laws and then further explored in [19] for high-order schemes. The
SSP property means that the norm of the numerical solution diminishes. More precisely, for an ODE system
taking the form

du

dt
= Lu+N(u) (3)

with the matrix L and the mapping N satisfying

‖eωL‖ ≤ 1, ∀ω > 0 (4)

and, for some ω0 > 0,
‖u+ ωN(u)‖ ≤ ‖u‖, ∀ω ∈ (0, ω0], (5)

the IFRK method for (3) is called SSP if its solution satisfies ‖un+1‖ ≤ ‖un‖. A review of the SSP-RK time
discretization method was presented in [20] for ODE systems like (3) with L = 0, which were often derived
from spatial discretization of hyperbolic conservation law equations, and a recent work [26] generalized these
results to the general case of the SSP-IFRK method for (3). The general form of the SSP-RK method for
(3) with L = 0 is given by

u(i) =

i−1∑
j=0

[
αiju

(j) + τβijN(u(j))
]
, 1 ≤ i ≤ s, (6)

with u(0) = un, un+1 = u(s),

where αij are nonnegative. Here, (6) is actually a convex combination of some forward Euler sub-steps with

the step sizes τ
βij
αij

and the nonnegativity of βij is crucial to guarantee (5). It is concluded in [19, 20] that,

under the constraint of the nonnegativity of βij , there is no SSP-RK method with order higher than four
and the number of stage for fourth-order SSP-RK methods cannot be lower than five.

The main contribution of this work includes three aspects. First, we formulate the general results for
the IFRK method preserving the MBP for equations like (1) under the abstract framework established in
the recent work [11]. For simplicity, we restrict our discussion in the space-discrete version to avoid the
abstract and tedious definitions of continuous function spaces and domains of operators. Second, we give the
error estimates of the numerical solution to the MBP-preserving IFRK method by utilizing the uniform L∞

boundedness guaranteed by the MBP. Third, we present three-stage, third-order and four-stage, fourth-order
MBP-preserving IFRK schemes. To the best of our knowledge, this is the first time to present a fourth-order
numerical scheme being able to preserve the MBP, and this fills the gap of the lack of MBP-preserving
numerical schemes with order higher than three. The requirements on the time step size for preserving the
MBP have the same magnitudes as the first-order IF scheme, and are contributed only from the nonlinear
term without the CFL restriction. Numerical experiments also show the high efficiency of the four-stage,
fourth-order IFRK scheme.

The rest of this paper is organized as follows. In Section 2, we briefly restate the sufficient conditions
determined in [11] for the linear and nonlinear operators such that equation (1) satisfies the MBP. We also
give the space-discrete equation of (1) and the corresponding conditions of the linear and nonlinear parts
in the discrete setting. Then, in Section 3, we present the IFRK method in the general form and prove
the preservation of the MBP and the error estimates of the method under some certain requirement on the
time step size. In particular, we present a four-stage, fourth-order IFRK scheme which is MBP preserving
and give some simple examples of the space-discrete system. In Section 4, some numerical experiments are
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carried out for the reaction-diffusion equation with a logarithmic nonlinear term or a monotonic source term,
including the tests of convergence rate, MBP, and efficiency for 2D and 3D long-time simulations. Finally,
some concluding remarks are given in Section 5.

2. Maximum bound principle for semilinear parabolic equations

An abstract framework on the maximum bound principle for a class of semilinear parabolic equations
(1) was established in [11], where sufficient conditions for the linear and nonlinear operators were given such
that equation (1) satisfies the MBP. For the completeness of the current paper, we present some main results
in [11]. Denote by Ω the spatial domain as usual.

A crucial condition on the linear operator L is the dissipativity in the sense that if a function w reaches
its maximum on Ω at a point x0 ∈ Ω, then it must hold Lw(x0) ≤ 0. By defining the function space X
appropriately, this condition implies that L is the generator of a contraction semigroup on X. Such L can
be the standard Laplace operator, nonlocal diffusion operator [7], fractional Laplace operator [29] and so
on. The nonlinear operator N is assumed to act as a composite function, i.e., N [w](x) = f(w(x)) for any
function w and x ∈ Ω, where f is a given one-variable continuously differentiable function satisfying

f(ρ) ≤ 0 ≤ f(−ρ), for some constant ρ > 0. (7)

The essential is the change of the sign of f on both sides of zero. Under these assumptions, equation (1)
satisfies the MBP, that is, if the absolute values of initial and boundary conditions are bounded by ρ, then
the absolute value of the solution is also bounded by ρ pointwisely for all time.

Applying some type of spatial discretization to (1), one can obtain the space-discrete problem given by
the ordinary differential equation (ODE) system

du

dt
= Lu+ f(u). (8)

Here, u(t) = (u1(t), u2(t), . . . , um(t))T ∈ Rm denotes the space-discrete solution, L is an m-by-m symmetric
matrix derived from the spatial discretization of the linear operator L, and the vector f(u) with the j-th
component f(uj) corresponds to the nonlinear term N [u]. We denote by ‖ ·‖∞ the vector or matrix∞-norm
as usual. The framework developed in [11] also consists of the space-discrete problem (8). Therefore, we
require that the matrix L is the generator of a contraction semigroup on Rm, or equivalently,

‖eωL‖∞ ≤ 1, ∀ω > 0, (9)

which is identical to (4). For the nonlinear function f , due to the assumption (7), i.e., the change of the sign
of f on both sides of zero, the following condition holds:

∃ω+
0 > 0 such that |ξ + ωf(ξ)| ≤ ρ, ∀ ξ ∈ [−ρ, ρ], ∀ω ∈ (0, ω+

0 ], (10)

which is weaker than (5). Sometimes, we also need to further assume:

∃ω−0 > 0 such that |ξ − ωf(ξ)| ≤ ρ, ∀ ξ ∈ [−ρ, ρ], ∀ω ∈ (0, ω−0 ]. (11)

Remark 2.1. The above two conditions (10) and (11) are very crucial to remove the nonnegativity re-
quirement of the coefficients βij as we mentioned in the standard SSP-RK schemes (6). This allows us to
show that the three-stage, third-order and four-stage, fourth-order IFRKs are actually MBP-preserving for
the model equation (8) satisfying (7), which will be demonstrated in the following section.

3. Integrating factor Runge–Kutta method

In this section, we will present a family of IFRK schemes for time-stepping of the space-discrete system
(8). The method is based on the Runge–Kutta time discretizations combined with the exponential integrating
factor. We will show the MBP-preserving property under the conditions (9)–(11) and the error estimates of
the numerical solutions.
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3.1. MBP-preserving IFRK method in general form

We have claimed that L in (8) is an m-by-m matrix corresponding to the spatial discretization of the
linear operator L. Premultiplying the system (8) by e−tL, we have

d(e−tLu)

dt
= e−tLf(u).

Defining a transformation of variables by w = e−tLu, we obtain a new ODE system

dw

dt
= e−tLf(etLw) =: G(t, w). (12)

The general explicit s-stage Runge–Kutta method for (12) is given by [38]

w(0) = wn, (13a)

w(i) = w(0) + τ

i−1∑
j=0

dijG(tn + cjτ, w
(j)), 1 ≤ i ≤ s, (13b)

wn+1 = w(s), (13c)

where c0 = 0, ci =
i−1∑
j=0

dij for 1 ≤ i ≤ s, and cs = 1 for consistency. For αij ≥ 0 to be determined such that

i−1∑
j=0

αij = 1, we rewrite (13b) as

w(i) =

i−1∑
j=0

[αijw
(j) + τβijG(t(j)n , w(j))], 1 ≤ i ≤ s, (14)

where βij = dij−
i−1∑

k=j+1

αikdkj and t
(j)
n = tn+cjτ . If we require that βij = 0 when its corresponding αij = 0,

then (14) is a convex combination of a group of forward Euler substeps

w(j) + τ
βij
αij

G(t(j)n , w(j)).

Define un = etnLwn and u(i) = et
(i)
n Lw(i), 0 ≤ i ≤ s, then (14) becomes

u(i) =

i−1∑
j=0

e(ci−cj)τL[αiju
(j) + τβijf(u(j))], 1 ≤ i ≤ s,

which can be viewed as a convex combination of the exponential forward Euler substeps

e(ci−cj)τL
[
u(j) + τ

βij
αij

f(u(j))
]
.

Now, we obtain the following s-stage IFRK method for (8):

u(0) = un, (15a)

u(i) =

i−1∑
j=0

e(ci−cj)τL[αiju
(j) + τβijf(u(j))], 1 ≤ i ≤ s, (15b)

un+1 = u(s). (15c)

The main result on the MBP-preserving property of (15) is as follows.
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Theorem 3.1. Given a linear operator L satisfying (9), a function f satisfying (10) and (11), and the
abscissas {cj} satisfying

c0 ≤ c1 ≤ · · · ≤ cs, (16)

if ‖un‖∞ ≤ ρ, then un+1 obtained from (15) satisfies ‖un+1‖∞ ≤ ρ, provided that the time step size satisfies

τ ≤ Cω+
0 , with C = min

i,j

αij
βij

(17)

when βij are all nonnegative, or satisfies

τ ≤ Cmin{ω+
0 , ω

−
0 }, with C = min

i,j

αij
|βij |

(18)

whenever there is a negative βij.

Proof. For each stage of (15), suppose ‖u(j)‖∞ ≤ ρ for all j ≤ i− 1. Then, we have

‖u(i)‖∞ ≤
i−1∑
j=0

‖e(ci−cj)τL[αiju
(j) + τβijf(u(j))]‖∞

≤
i−1∑
j=0

αij‖e(ci−cj)τL‖∞
∥∥∥u(j) + τ

βij
αij

f(u(j))
∥∥∥
∞

≤
i−1∑
j=0

αij · ρ

= ρ,

since ci − cj ≥ 0, and τ max
i,j

βij
αij
≤ ω+

0 or τ max
i,j

|βij |
αij
≤ min{ω+

0 , ω
−
0 }. By induction, we obtain ‖u(i)‖∞ ≤ ρ

for each i, and thus ‖un+1‖ ≤ ρ.

Remark 3.1. Condition (16) implies the property of non-decreasing abscissas, which is crucial for the
preservation of the MBP for the IFRK method (15).

3.2. Error estimate

To carry out convergence analysis for the IFRK method (15), we transform the variable w in (13) back
to u to get

u(0) = un, (19a)

u(i) = eciτLun + τ

i−1∑
j=0

dije
(ci−cj)τLf(u(j)), 1 ≤ i ≤ s− 1, (19b)

un+1 = eτLun + τ

s−1∑
i=0

dsie
(1−ci)τLf(u(i)). (19c)

For simplicity, we do not introduce the general order conditions for arbitrary-order RK methods (see, e.g.,
[22]). Instead, we suppose directly that the RK method (13) is p-th order, where 1 ≤ p ≤ s. Then, we have
the following error estimate for (19).

Theorem 3.2. Given T > 0, suppose that the exact solution, denoted by ue(t), of (8) is sufficiently smooth
on [0, T ] and f is p-times continuously differentiable on [−ρ, ρ]. Under the conditions of Theorem 3.1, if
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the time step size τ satisfies (18), then the numerical solution un generated by the IFRK method (19) with
u0 = ue(0) and ‖ue(0)‖∞ ≤ ρ satisfies the error estimate:

‖ue(tn)− un‖∞ ≤ C(eF1stn − 1)τp, tn ≤ T,

where F1 = max
|ξ|≤ρ

|f ′(ξ)| and the constant C > 0 is independent of τ .

Proof. Following [12, 50], let us introduce the reference functions v(i) satisfying

v(0) = ue(tn), (20a)

v(i) = eciτLue(tn) + τ

i−1∑
j=0

dije
(ci−cj)τLf(v(j)), 1 ≤ i ≤ s− 1, (20b)

ue(tn+1) = eτLue(tn) + τ

s−1∑
i=0

dsie
(1−ci)τLf(v(i)) + τRn, (20c)

where the truncation error Rn satisfies

max
0≤n≤[T/τ ]

‖Rn‖∞ ≤ C̃τp, (21)

where the constant C̃ > 0 depends on the Cp+1[0, T ]-norm of ue, the Cp[−ρ, ρ]-norm of f , ‖L‖∞, T , p, and
s, but is independent of τ . Note that ‖ue(t)‖∞ ≤ ρ for any t ∈ [0, T ] due to the MBP of (8). According to
(20a) and (20b), we know from the proof of Theorem 3.1 that ‖v(i)‖∞ ≤ ρ for each i = 1, 2, . . . , s − 1. Let
en = ue(tn)− un and e(i) = v(i) − u(i) for i = 0, 1, . . . , s− 1.

For each i = 1, 2, . . . , s− 1, the difference between (20b) and (19b) gives

e(i) = eciτLen + τ

i−1∑
j=0

dije
(ci−cj)τL[f(v(j))− f(u(j))].

Using (9) and noting dij ≤ ci ≤ 1, we obtain

‖e(i)‖∞ ≤ ‖en‖∞ + τ

i−1∑
j=0

‖f(v(j))− f(u(j))‖∞ ≤ ‖en‖∞ + F1τ

i−1∑
j=0

‖e(j)‖∞.

By induction, assuming ‖e(j)‖∞ ≤ (1 + F1τ)j‖en‖∞ for j = 0, 1, . . . , i− 1, we obtain

‖e(i)‖∞ ≤ ‖en‖∞ + F1τ

i−1∑
j=0

(1 + F1τ)j‖en‖∞ = (1 + F1τ)i‖en‖∞. (22)

Therefore, the inequality (22) holds for any i = 0, 1, 2, . . . , s− 1.
Similarly, the difference between (20c) and (19c) leads to

en+1 = eτLen + τ

s−1∑
i=0

dsie
(1−ci)τL[f(v(i))− f(u(i))] + τRn,

and then, using (22) and (21), it yields

‖en+1‖∞ ≤ ‖en‖∞ + F1τ

s−1∑
i=0

‖e(i)‖∞ + τ‖Rn‖∞
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≤ ‖en‖∞ + F1τ

s−1∑
i=0

(1 + F1τ)i‖en‖∞ + C̃τp+1

= (1 + F1τ)s‖en‖∞ + C̃τp+1.

By recursion, we obtain

‖en‖∞ ≤ (1 + F1τ)ns‖e0‖∞ + C̃τp+1
n−1∑
k=0

(1 + F1τ)ks.

Noting that e0 = 0 and denoting C = C̃(F1s)
−1, we have

‖en‖∞ ≤ Cτp[(1 + F1τ)ns − 1] ≤ C(eF1stn − 1)τp,

which completes the proof.

In addition to the MBP property, a special L∞ stability, there is another type of stability for the semilinear
parabolic equation

ut = Lu+ f(u), (23)

a special case of (1), where L is a dissipative operator and f is a one-variable function as we assumed in
Section 2. By defining a functional E as

E(u) = −1

2
(u,Lu)L2 +

∫
Ω

F (u(x)) dx,

where F is a one-variable function satisfying F ′ = −f , one can verify that (23) is exactly the L2 gradient
flow with respect to E, and thus, the solution to (23) satisfies

d

dt
E(u(t)) ≤ 0, t > 0.

This property is usually called energy stability or energy dissipation, and E is called the energy functional
corresponding to (23). For the space-discrete problem (8), the energy stability is still valid with respect
to the space-discrete enengy functional denoted by Eh. There are some difficulties in proving the discrete
energy dissipation of the IFRK schemes (15), but we can give the uniform bound of the discrete energy by
applying the result of the error estimates. By carrying out the similar analysis as [10, 11], when τ is small
enough, we can obtain

Eh(un) ≤ Eh(u0) + C, ∀n,

where the constant C > 0 is independent of τ . Nevertheless, the discrete energy dissipation can still be
observed in the numerical simulations shown in Section 4.

3.3. Various MBP-preserving IFRK schemes

We have shown the MBP-preserving property for the IFRK method in the general form. Now, we present
some concrete and practical MBP-preserving IFRK schemes under the general results established above. We
use the vector c = [c0, c1, . . . , cs]

T to denote the sequence of abscissas.

Scheme 1 (IF1). The first-order integrating factor (IF1) scheme for solving (8) reads [26]

un+1 = eτL[un + τf(un)]. (24)

Here, c = [0, 1]T , βij > 0, and C = 1. Thus, the condition (17) becomes

τ ≤ ω+
0 . (25)
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Scheme 2 (IFRK2). A second-order integrating factor Runge–Kutta (IFRK2) scheme for solving (8) reads
[26]

u(1) = eτL[un + τf(un)]

= eτLun + τeτLf(un), (26a)

un+1 =
1

2
eτLun +

1

2
[u(1) + τf(u(1))]

= eτLun + τ
(1

2
eτLf(un) +

1

2
f(u(1))

)
. (26b)

Here, c = [0, 1, 1]T , βij ≥ 0, and C = 1. Thus, the condition (17) is the same as (25).

Scheme 3 (IFRK3). A third-order integrating factor Runge–Kutta (IFRK3) scheme for solving (8) reads
[26]

u(1) =
1

2
e

2τ
3 Lun +

1

2
e

2τ
3 L
[
un +

4τ

3
f(un)

]
= e

2τ
3 Lun +

2τ

3
e

2τ
3 Lf(un), (27a)

u(2) =
2

3
e

2τ
3 Lun +

1

3

[
u(1) +

4τ

3
f(u(1))

]
= e

2τ
3 Lun +

2τ

3

(1

3
e

2τ
3 Lf(un) +

2

3
f(u(1))

)
, (27b)

un+1 =
59

128
eτLun +

15

128
eτL
[
un +

4τ

3
f(un)

]
+

27

64
e
τ
3L
[
u(2) +

4τ

3
f(u(2))

]
= eτLun + τ

( 4

16
eτLf(un) +

3

16
e
τ
3Lf(u(1)) +

9

16
e
τ
3Lf(u(2))

)
. (27c)

Here, c = [0, 2
3 ,

2
3 , 1]T , βij ≥ 0 ,and C =

3

4
. Thus, the condition (17) leads to

τ ≤ 3

4
ω+

0 . (28)

Remark 3.2. Applying the third-order Shu–Osher method [38] to (12) gives

u(1) = eτL[un + τf(un)]

= eτLun + τeτLf(un), (29a)

u(2) =
3

4
e
τ
2Lun +

1

4
e−

τ
2L[u(1) + τf(u(1))]

= e
τ
2Lun +

τ

2

(1

2
e
τ
2Lf(un) +

1

2
e−

τ
2Lf(u(1))

)
, (29b)

un+1 =
1

3
eτLun +

2

3
e
τ
2L[u(2) + τf(u(2))]

= eτLun + τ
(1

6
eτLf(un) +

2

3
e
τ
2Lf(u(2)) +

1

6
f(u(1))

)
, (29c)

which gives c = [0, 1, 1
2 , 1]T , βij ≥ 0, and C = 1. There is a matrix exponential with a negative coefficient due

to the existence of decreasing abscissas, so this scheme may not preserve the MBP. We will show in Section
4 that the scheme (29) does not preserve the MBP even though a small time step size is used. This suggests
the necessity of the property of non-decreasing abscissas.

Apart from the three-stage IFRK3 scheme (27), one can give more MBP-preserving third-order IFRK
schemes by combining the exponential integrating factor approach with the RK method with non-decreasing
abscissas, e.g., eSSPRK+(4,3) in [26].
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Scheme 4 (IFRK4). Applying the classic fourth-order Runge–Kutta method to (12) gives the fourth-order
integrating factor Runge–Kutta (IFRK4) scheme:

u(1) = e
τ
2L
[
un +

τ

2
f(un)

]
= e

τ
2Lun +

τ

2
e
τ
2Lf(un), (30a)

u(2) =
1

2
e
τ
2L
[
un − τ

2
f(un)

]
+

1

2
[u(1) + τf(u(1))]

= e
τ
2Lun +

τ

2
f(u(1)), (30b)

u(3) =
1

9
eτL[un − τf(un)] +

2

9
e
τ
2L
[
u(1) − 3τ

2
f(u(1))

]
+

2

3
e
τ
2L
[
u(2) +

3τ

2
f(u(2))

]
= eτLun + τe

τ
2Lf(u(2)), (30c)

un+1 =
1

3
e
τ
2L
[
u(1) +

τ

2
f(u(1))

]
+

1

3
e
τ
2Lu(2) +

1

3

[
u(3) +

τ

2
f(u(3))

]
= eτLun + τ

(1

6
eτLf(un) +

1

3
e
τ
2Lf(u(1)) +

1

3
e
τ
2Lf(u(2)) +

1

6
f(u(3))

)
. (30d)

Here, c = [0, 1
2 ,

1
2 , 1, 1]T , C =

2

3
, and βij are not all nonnegative. Thus, the condition (18) yields

τ ≤ 2

3
min{ω+

0 , ω
−
0 }. (31)

As illustrated in [19], the constraint of the nonnegativity of βij leads to the nonexistence of four-stage,
fourth-order SSP-IFRK schemes. In our work, however, the conditions (10) and (11) relax the requirement
of the nonnegative βij . Therefore, the IFRK4 scheme (30) is adequate to preserve the MBP without any
needs of extra computations for the modification of f as done in [38]. More MBP-preserving fourth-order
IFRK schemes with larger numbers of stage can be obtained by using, for example, eSSPRK+(5,4) and
eSSPRK+(10,4) presented in [26].

Since ω+
0 and ω−0 are completely determined by f via (10) and (11), from the inequalities (25), (28), and

(31), we find that the constraints on the time step sizes depend only on f but not on the size of L. This
means that the choice of the time step sizes is independent of the spatial mesh size. Moreover, we point out
that these constraints are all sufficient but not necessary conditions for the MBP-preserving property.

3.4. Examples of the matrix L and the function f

A large number of examples of linear and nonlinear operators in (1) have been shown to satisfy the
assumptions made in [11], including the space-continuous and space-discrete cases, and thus, we can check
the matrix L in (8) in the same way. Here, we present a more direct criterion for L from the point of view
of matrices.

Lemma 3.3 ([3, 39]). For any matrix A = (aij) ∈ Rm×m and any constant s ≥ 0, we have

‖esA‖∞ ≤ esµ∞(A),

where µ∞(A) is the logarithmic norm of A with respect to the ∞-norm, i.e.,

µ∞(A) = max
1≤i≤m

(
aii +

m∑
j=1
j 6=i

|aij |
)
.

Remark 3.3. If A is diagonally dominant with all diagonal entries negative, then we have ‖esA‖∞ ≤ 1 for
any s ≥ 0 since µ∞(A) ≤ 0. See the following example.
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Example 3.1. If L is given by the second-order central difference discretization of ∆, i.e.,

L =
1

h2


−2 1 c
1 −2 1

. . .
. . .

. . .

1 −2 1
c 1 −2

 with c = 0 or c = 1,

then µ∞(L) = 0 and µ∞(−L) = 4/h2. According to Lemma 3.3, we have

‖eτL‖∞ ≤ 1, ‖e−τL‖∞ ≤ e
4τ
h2 .

Denoting by I the identity matrix with the same size as L and letting

L(2) = I ⊗ L+ L⊗ I, (32)

we have µ∞(L(2)) = 0 and µ∞(−L(2)) = 8/h2, and thus,

‖eτL
(2)

‖∞ ≤ 1, ‖e−τL
(2)

‖∞ ≤ e
8τ
h2 . (33)

The three-dimensional case
L(3) = I ⊗ I ⊗ L+ I ⊗ L⊗ I + L⊗ I ⊗ I (34)

is quite similar.

To guarantee (10) and (11) for the nonlinear function f , we actually have the following result. The proof
is straightforward, so we omit it.

Proposition 3.4. If there exists ρ > 0 such that f(±ρ) = 0 and f is continuously differentiable and
nonconstant on [−ρ, ρ], then (10) and (11) hold respectively for

ω+
0 = − 1

min
|ξ|≤ρ

f ′(ξ)
and ω−0 =

1

max
|ξ|≤ρ

f ′(ξ)
.

Example 3.2. The Allen–Cahn equation has the nonlinear term f(u) = u − u3, which satisfies (10) and
(11) with ρ = 1, ω+

0 = 1
2 , and ω−0 = 1.

Example 3.3. Given the Flory–Huggins potential function

F (u) =
θ

2
[(1 + u) ln(1 + u) + (1− u) ln(1− u)]− θc

2
u2, (35)

where θ and θc are two positive constants satisfying θ < θc. We set f(u) = −F ′(u), namely,

f(u) =
θ

2
ln

1− u
1 + u

+ θcu. (36)

Denote by γ the positive root of f(γ) = 0. Noting that

max
|ξ|≤γ

f ′(ξ) = θc − θ > 0, min
|ξ|≤γ

f ′(ξ) = θc −
θ

1− γ2
< 0,

we know f satisfies (10) and (11) with ρ = γ, ω+
0 = 1−γ2

θ−θc(1−γ2) , and ω−0 = 1
θc−θ .
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Example 3.4. Consider f(u) = a−eu, where a > 0 is a constant. Different from two examples given above,
f(u) is strictly monotonic in u with ln a the unique zero point. We can choose ρ ≥ | ln a| if a 6= 1, or any
ρ > 0 if a = 1, to satisfy (7). For either case, some detailed calculations suggest that

ω+
0 = min

{1

a
,

2ρ

eρ − a

}
(37)

satisfies (10). However, there is no ω−0 > 0 such that (11) holds, which means that the IFRK4 scheme (30)
cannot be applied to this case since it consists of several negative βij .

The model (1) with f(u) = a− eu is not a typical gradient flow as the well-known Allen–Cahn equation,
and it is easy to verify that the steady state solution is the constant function u ≡ ln a. When a 6= 1, equation
(1) with f(u) = a − eu satisfies the MBP with the bounding constant ρ ≥ | ln a|. When a = 1, a stronger
stability is satisfied, i.e., the absolute value of the solution must reach its maximum at the initial time or
on the boundary, which is obvious if we set ρ to be the maximum of the absolute value of the initial and
boundary values. In particular, if we enforce the periodic, homogeneous Dirichlet, or homogeneous Neumann
boundary condition, then the supremum norm of the solution is monotonically nonincreasing in time.

4. Numerical experiments

Let us consider the reaction-diffusion equation

ut = ε2∆u+ f(u), (x, y) ∈ Ω = (0, 1)d, t ∈ (0, T ], (38)

with d = 2 or 3, subject to the periodic boundary condition. In the first three subsections, we use f(u) given
by (36) with θ = 0.8 and θc = 1.6. The positive root γ of f(γ) = 0 is approximately γ ≈ 0.9575. The energy
functional corresponding to (38) is given by

E(u) =

∫
(0,1)d

(ε2

2
|∇u(x)|2 + F (u(x))

)
dx, (39)

where F (u) is the Flory–Huggins potential (35). In the last subsection, we will adopt the monotonic source
term f(u) discussed in Example 3.4 and the related parameters will be given later.

In all experiments, we always adopt the five-point central difference matrix (32) or (34) to approximate
the Laplace operator on the spatial uniform mesh with the size h given later. Since the approximating
matrix is circulant, the product of the matrix exponential and a vector can be calculated via the fast Fourier
transform. We mainly consider the 2D case and one 3D experiment will be conducted to compare the
practical efficiency of the IFRK schemes.

4.1. Convergence tests

First, we test the convergence rates of the IFRK schemes (24), (26), (27), and (30). The initial data is
set to be

u0(x, y) = 0.1(sin 3πx sin 2πy + sin 5πx sin 5πy).

We use the spatial mesh size h = 1/2048. For the cases ε = 0.1 and ε = 0.01, we calculate the numerical
solutions at T = 2 with the time step sizes τ = 2−k, k = 1, 2, . . . , 12 and regard the solution obtained by
IFRK4 with τ = 0.1 × 2−12 as the benchmark to compute the supremum-norm errors. Figure 1 shows the
results of the convergence tests and the expected convergence rates are obvious. Moreover, we see that the
accuracy of the IFRK4 scheme outperforms the lower-order schemes. For instance, the IFRK4 scheme with
τ = 0.08, around the upper bound determined by (31), yields the numerical errors around 10−7 (Figure 1-
(d)), while τ = 0.001 is needed for the IFRK2 scheme reaching the same magnitude of the numerical errors
(Figure 1-(b)). In other words, given a requirement of accuracy, the IFRK4 scheme allows much larger time
step sizes than the lower-order schemes, and thus, is less time-consuming and more efficient, which will be
verified further in Section 4.3.
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Figure 1: Convergence rates of the IFRK schemes.

4.2. Tests for MBP preservation

To test the MBP-preserving property of the IFRK schemes, we simulate the process of the coarsening
dynamics by setting ε = 0.1 and the spatial mesh size h = 1/512, where the initial datum is given by random
numbers on each mesh point ranging from −0.8 to 0.8.

We first use the IFRK schemes (24), (26), (27), and (30) with the uniform time step size τ = 0.08,
close to the upper bound of the time step sizes determined by (31) for the IFRK4 scheme. Figure 2 plots
the evolutions of the supremum norms of the numerical solutions. The red dash horizonal line shows the
theoretical upper bound γ of the numerical solutions and the black solid curve gives a benchmark obtained by
the IFRK4 scheme with τ = 0.001. It can be observed that the supremum norms of the numerical solutions
are always bounded by the theoretical value, and more precisely, the values of vertical coordinate of every
curve do not exceed γ, which suggests the preservation of the MBP. In addition, the curves corresponding to
the IF1 and IFRK2 schemes produce obvious deviations from the benchmark due to the low accuracy, while
there is little difference between the curves for the IFRK3 and IFRK4 schemes and that for the benchmark.
This shows the convergence of the four IFRK schemes and the benefit of high-order accurate schemes.

As we mentioned in Remark 3.2, the third-order IF Shu–Osher scheme (29) may not preserve the MBP
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Figure 2: Evolutions of the supremum norms of the solutions of IFRK schemes.

due to the existence of the negative coefficient in the matrix exponential. Here, we simulate the coarsening
dynamics described above using the scheme (29) with a small time step size τ = 0.005 to explore the behavior
of the numerical solution. The left graph in Figure 3 shows the evolution of the supremum norm till t = 5.
We can see that the supremum norm of the numerical solution (the solid line) exceeds the theoretical upper
bound (the dash line) around t = 4.8 and even evolves larger than 1 after t = 4.9. Note that there is a
logarithmic term in the nonlinear part and it will be evaluated by complex numbers if u ranges out of the
interval (−1, 1). The right graph in Figure 3 shows that the energy (39) decreases along the time until a
wrong sharp corner arises around t = 4.9. We see that the simulation gives a completely wrong result even
though a small time step size is adopted for the scheme (29), which suggests the necessity of the property
of non-decreasing abscissas. Actually, we also repeat the experiment by a smaller time step size 0.004 and
obtain the correct result similar to that shown in Figure 2. Thus we guess that the scheme (29) with the time
step size τ ≤ 0.004 could give the correct numerical solutions. Moreover, according to the second inequality
of (33), we further guess the scheme (29) may preserve the MBP when τ ≤ Ch2 for some constant C, though
we do not have the theoretical proof.
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Figure 3: Evolutions of the supremum norm (left) and the energy (right) of the solution of the third-order IF Shu–Osher scheme
(29).
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4.3. Efficiency comparison for long-time 2D and 3D simulations

In this part, we aim to show the high efficiency of the IFRK4 scheme by simulating 2D and 3D coarsening
dynamics in comparison with the lower-order schemes.

One may conclude from Figure 1-(b) and (d) that the numerical error of the IFRK2 scheme with the
time step size 0.001 has the same magnitude as the error of the IFRK4 scheme with the time step size about
0.08. Thus, we first conduct the simulation of the 2D coarsening dynamics with ε = 0.01 by adopting the
IFRK2 scheme (26) with τ = 0.001 and the IFRK4 scheme (30) with τ = 0.08 to compare the efficiencies
of these two schemes with the accuracy at the same level. The terminal time of the simulation is set to be
T = 610.

The computations are carried out in MATLAB on a laptop with a four-core Intel 2.70 GHz Processor
and 8 GB Memory. The CPU time for the computation by the IFRK2 scheme is about 5.87 hours and that
for the IFRK4 scheme is around 13.96 minutes, approximately 3.96% of the former. This implies the higher
efficiency of the IFRK4 scheme than that of the IFRK2 one. The numerical results of the IFRK4 scheme are
shown in the following pictures (the results by the IFRK2 scheme are almost identical). Figure 4 shows the
configurations of the solution at t = 4, 6, 10, 30, 100, and 300. The simulated dynamics begins with a random
state and towards the homogeneous steady state of constant −γ, which is reached after about t = 600 in
our simulation. The evolutions of the supremum norm and the energy are plotted in Figure 5. We observe
that the energy decreases monotonically and the MBP is perfectly preserved so that the solution is always
located in the interval [−γ, γ].

Figure 4: The snapshots of the evolution at t = 4, 6, 10, 30, 100, 300, respectively (left to right and top to bottom), for the 2D
coarsening dynamics.

Next, we simulate the 3D coarsening dynamics in the cube Ω = (0, 1)3 with ε = 0.01 and the random
initial value ranging from −0.8 to 0.8 on the 128× 128× 128 uniform spatial mesh. Again, we compare the
elapsed times of the simulations using the IFRK4 scheme (30) with τ = 0.08 and the IFRK2 scheme (26)
with τ = 0.001. The terminal time is set to be T = 410.

The computations are carried out in MATLAB on a desktop computer with an Intel 3.60 GHz Processor
and 32 GB Memory. The CPU time for running the IFRK2 scheme is around 20.36 hours while that for the
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Figure 5: Evolutions of the supremum norm (left) and the energy (right) for the 2D coarsening dynamics.

IFRK4 scheme is about 39.85 minutes. This again implies the high efficiency of the IFRK4 scheme, which is
more obvious than the 2D case. Figure 6 shows the evolution of the zero-isosurface of the numerical solution
given by the IFRK4 scheme. Similar to the 2D case, the simulated dynamics begins with a random state
and reaches the steady state of constant γ around t = 407. Figure 7 plots the evolutions of the supremum
norm and the energy, where the MBP is preserved and the energy decreases in time.

4.4. Simulation of the problem with a monotonic source

We close this section by considering the 2D problem (38) with f(u) = a− eu discussed in Example 3.4,
which is not a typical gradient flow, thus we do not expect to see the phase separation as above. Setting
ε = 0.01 and the spatial mesh size h = 1/512, we adopt the IFRK3 scheme (27) with suitable time step sizes
to conduct the following experiments.

First, we consider the case a 6= 1. In particular, we set a = 4, then the bounding constant is ln 4 ≈ 1.3863.
We set the time step size τ = 0.01 satisfying (28) with (37), and the initial datum is given by random numbers
ranging from −0.8 to 0.8 on each mesh point. Figure 8 shows the results of the simulation. We observe
that the solution begins with reducing the noise in the initial state rapidly, and then evolves gradually to be
flatter and closer to the steady state u ≡ ln 4, reached around t = 4. The supremum norm of the solution is
always smaller than the bounding constant, which means that the MBP is preserved as expected.

Then, by setting a = 0.4 with the bounding constant | ln 0.4| ≈ 0.91629, we carry out the simulation
using the same initial state and time step size as above. We can see from Figure 9 that the solution has
a similar behavior as the previous case while it evolves to be smaller and smaller and reaches the negative
constant u ≡ ln 0.4 around t = 30. Again, the MBP is preserved prefectly.

Next, we consider the case a = 1, where the supremum norm of the solution to (38) is nonincreasing
towards zero. To verify this numerically, we use the random numbers between −σ and σ as the initial
value, where σ = 9, 0.1, 0.001, 0.00001, respectively. To meet the requirement (28), we use τ = 0.001 for
the case σ = 9 and τ = 0.01 for others. Figure 10 plots the evolutions of the supremum norms using the
semi-logarithm coordinates. Obviously, each curve decreases monotonically in time until the steady state
u ≡ 0 is reached, which agrees with the discussion in Example 3.4; in other words, the MBP is preserved.
(Actually, the computed values of the steady state are around 10−16 due to the machine error, so we drop
off the part with values smaller than 10−15 in the graph.) In addition, we find that the decreasing rate of
the supremum norm is exponential, which is consistent with the result in [4], where the long-time behavior
of the solution was studied for (38) but with different type of boundary conditions.
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Figure 6: The snapshots of the evolution at t = 2, 10, 40, 100, 240, 370, respectively (left to right and top to bottom), for the 3D
coarsening dynamics.
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Figure 7: Evolutions of the supremum norm (left) and the energy (right) for the 3D coarsening dynamics.

5. Concluding remarks

In this work, we study the fully-discrete MBP-preserving IFRK method for a class of semilinear parabolic
equations taking the form (1). We show that the IFRK method in general form preserves the MBP under
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certain conditions, present several practical and specific IFRK schemes up to fourth order, and give the
convergence analysis of the method. As shown in Theorem 3.1, the constraints on the time step size do not
depend on the linear part, which is a significant advantage in comparison with the standard explicit SSP-RK
methods where a CFL restriction is often needed. The four-stage IFRK4 scheme (30) provides a high-order
MBP-preserving numerical scheme for the first time and its high efficiency was verified by the numerical
simulation of 2D and 3D long-time evolutions.

There are some related problems worthy to explore further as continuation of this paper. On one hand,
the IF1, IFRK2, and IFRK3 schemes presented in Section 3.3 actually come from the SSP-RK schemes in
[20] for the system (8) with L = 0, while the IFRK4 scheme comes from the classic fourth-order RK method
with the inevitable negative βij . Thanks to the conditions (10) and (11) for the nonlinear function, the
nonnegativity constraint of βij is not necessary in our framework. Therefore, one of our future works is to
explore whether it is possible to find a fifth-order (or even higher-order) MBP-preserving IFRK scheme by
using similar routine as finding SSP schemes without the requirement of the nonnegativity of βij . On the
other hand, the preservation of the MBP requires a constraint on the time step size due to the conditions
(10) and (11). Thus, it is also expected to answer whether one can use the stabilizing technique, by adding
a stabilization term as done in [10, 34], to remove the requirement on the time step size. In addition, the
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Figure 10: Evolution of supremum norm for the case f(u) = 1− eu.

generalization to vector- and matrix-valued MBPs, including the complex Ginzburg–Landau model [8] and
orthogonal matrix-valued equations [30] as the examples, can also be considered as done in [11].
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