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2 Zhihui Liu, Zhonghua Qiao

1 Introduction

There exists a general theory of strong error estimation for numerical approxima-
tions of stochastic partial differential equations (SPDEs) with Lipschitz coefficients;
see, e.g., [5], [17], [20], [21] and references therein. For SPDEs with non-Lipschitz
coefficients driven by multiplicative noises, there are only a few results on strong ap-
proximations. Since these SPDEs cannot be solved explicitly, one might need to de-
velop efficient numerical techniques to study them. Depending on particular physical
models, it may be necessary to design numerical schemes for the underlying SPDEs
with strong convergence rates, i.e., rates in L”(Q) concerning the sample variables
for some p > 1, see, e.g., [1] and references quoted therein.

To deal with the nonlinearity of SPDEs, one usually applies the truncation tech-
nique, which only produces convergence rate in certain sense such as in probabil-
ity or pathwise which is weaker than strong sense, see, e.g., [18] for the stochastic
Allen—Cahn equation and [23] for the stochastic nonlinear Schrodinger equation. A
few recent contributions on strong error estimations for numerical approximations
of particular types of SPDEs with non-Lipschitz coefficients by using the so-called
exponential integrability for both the exact and numerical solutions. However, such
exponential integrability is only shown to hold for several special SPDEs. In fact,
up to our knowledge, only the two-dimensional stochastic Navier—Stokes equation
[9], the one-dimensional stochastic Burgers equation and Cahn—Hilliard—-Cook equa-
tion [15], and the one-dimensional stochastic nonlinear Schrodinger equation [7], [8]
were proved to possess this type of exponential integrability.

1.1 Stochastic Allen—Cahn Equation

Currently, several works are performed to give strong error estimations for semidis-
crete or fully discrete schemes of the stochastic Allen—Cahn equation (or stochastic
Ginzburg-Landau equation) driven by an additive white or colored noises:

du= (Au+u—u)dt+dW(r), u(0) = up. (1.1)

A major feature of the nonlinear drift term in Eq. (1.1) is that the following monotone
(more precisely, one-sided Lipschitz) condition holds:

(=) = (y=y)(x—y) Clx—y)*, xyeR. (1.2)

This type of stochastic equation, arising from phase transition in materials science
by stochastic perturbation such as impurities of the materials, has been extensively
studied in the literature; see, e.g., [2], [3], [26], [27], [35] for one-dimensional equa-
tion with space-time white noise and [4], [6], [19], [34] for d = 1,2, 3-dimensional
equation with colored noises. The main ingredient of these approaches in all of the
aforementioned papers is the full use of the additive nature of the noise in Eq. (1.1).

The case of multiplicative noise is more subtle and challenging. For the d =
1,2, 3-dimensional stochastic Allen—Cahn equation under periodic boundary condi-
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Strong Approximation of Monotone SPDEs Driven by Multiplicative Noise 3

tion driven by a multiplicative K € N -dimensional Wiener process § = (B1,--- , Bk):
K

du= (Au+u—u)dr + ng(u)dﬁk(t), u(0) = uo, (1.3)
k=1

the author in [33] proved that the drift-implicit Euler—Galerkin finite element scheme
(1.9) with F (1) = u*! — (u"*1)3 possesses the strong convergence rate

1_ 1
sup |[u(tm) —up |22 = O(h3 € +127°F),
0<m<M o
and sharpened to h!~€ for d < 2 with an infinitesimal factor €, under certain smooth
and bounded assumptions on (g;) and the assumption that uy € H>. When g = g| €
‘sz (in the case K = 1), this convergence rate was improved to

sup utn) — w22 = O (h+727°), (14)

0<m<M

by [28] for a modified scheme of (1.9) where the nonlinear drift term F' (uZ”l) was re-
placed by %(u;’l’“ +u)(1— (u"*1)2). We also refer to [11] for a theory of strong ap-
proximations of a class of quasilinear, monotone SPDESs driven by finite-dimensional
Wiener processes with certain regularity conditions assumed for the solution.

It is an interesting and difficult problem to generalize the above strong error esti-
mations for numerical approximations of Eq. (1.3) driven by an infinite-dimensional
Wiener process. On the other hand, as is well-known that the finite element method
possesses an optimal convergence rate for deterministic parabolic PDEs with Lips-
chitz coefficients, the following conjecture arises naturally.

Conjecture 1.1 The drift-implicit Euler—Galerkin scheme (1.9) of the stochastic Allen—
Cahn equation driven by a multiplicative infinite-dimensional Q-Wiener process (Eq.
(1.3) with K = o) with mild assumptions on the diffusion coefficients satisfies

1 .
sup u(tm) —up'|l;2 2 = O(h°*+12), provided ug € H® for s=1,2.
0<m<M OFx
The above conjecture imposes the homogeneous Dirichlet boundary condition on
the equation; such question can be readily modified to cover other self-adjoint bound-
ary conditions, such as periodic and homogeneous Neumann boundary conditions.

1.2 Main Motivations

The proposed Conjecture 1.1 is one of our main motivations for this study. In the
finite-dimensional case, provided that the drift function f satisfies one-sided Lips-
chitz continuity and polynomial growth conditions and the diffusion function g sat-
isfies global Lipschitz condition (see Remark 2.4), it was shown in [12] that the
drift-implicit Euler scheme (i.e., the so-called backward Euler scheme) applied to
the stochastic ordinary differential equation (SODE)

du(t) = f(u(r))dr + g (u(z))dB (1), (1.5)
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4 Zhihui Liu, Zhonghua Qiao

is stable and possesses the standard strong order 1/2. A general result for the infinite-
dimensional case under the aforementioned conditions is still unknown and remains
an open problem. This problem forms our second motivation for this study.

Our main purpose in the present paper is giving a general theory of optimal strong
error estimations for numerical approximations of semilinear SPDEs with a mono-
tone drift which grows at most polynomially such that similarity of the one-sided
Lipschitz condition (1.2) holds. We focus on the following second-order parabolic
SPDE:

du(t,x) = (Au(t,x) + £(u(t,x)))dz + g (u(t,x))dW (¢, %), (1.6)

on the physical time-space domain (¢,x) € R, x &, where @ C R? (d = 1,2,3)is a
bounded domain with smooth boundary. Eq. (1.6) is subject to the following initial
value and homogeneous Dirichlet boundary condition:

ut,x) =0, (t,x) eRy xd0; u(0,x)=up(x), x€0. (1.7)

Here the drift function f is only assumed to be of monotone-type with polynomial
growth which includes the case f(x) = x — x> for x € R, g satisfies the usual Lipschitz
condition in infinite-dimensional setting (see Assumptions 2.1-2.2), and {W(z) : ¢t >
0} is an infinite-dimensional Q-Wiener process in a stochastic basis (2, 7 ,F,P).

To study Eq. (1.6)—(1.7), we consider an equivalent infinite-dimensional stochas-
tic evolution equation (SEE)

du(t) = (Au(t) + F (u(r)))dt + G(u(t))dW (t);  u(0) = uo, (1.8)

where A is the Dirichlet Laplacian, F' and G are Nemytskiii operators associated to f
and g, respectively; see Section 2.2 for details. We will use different settings for the
solutions of Eq. (1.8) and show that they are essentially equivalent (see Lemma 2.3).
Our first main purpose is to derive the optimal strong convergence rate of the drift-
implicit Euler—Galerkin finite element scheme (see the scheme (DIEG) in Section

5.1)
U = u + AT TP F (W) + PhG ) (W (tt) — W (t)),  (1.9)

with the initial value u2 = Puy applied to Eq. (1.8).

Besides the optimality of spatial Galerkin approximations, the last motivation is
to construct a temporal higher-order scheme for Eq. (1.8). To construct a higher-order
scheme for an SODE (1.5), a popular and impressively effective numerical scheme is
the Milstein scheme based on It6—Taylor expansion on the diffusion term. Recently,
such infinite-dimensional analog of Milstein scheme had been investigated by [17],
[20] for SPDEs with Lipschitz coefficients which fulfill a certain commutativity type
condition. Our second main purpose is to derive the sharp strong convergence rate
of the Milstein—Galerkin finite element scheme (see the scheme (DIEMG) in Section
5.2)

U = U+ tA U + 2 2y F (U + PyGU) (W (tsr) — W (t))

+2GOGOn | [ W)W m)aw ()], (1.10)

with the initial value u2 = Ppug applied to Eq. (1.8).
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1.3 Main Ideas and Results

The main aim in the present paper is to derive the optimal strong convergence rates
of the Galerkin-based Euler or Milstein schemes (1.9) and (1.10), respectively, and
thus give a positive answer to Conjecture 1.1 for a more general Eq. (1.6)—(1.7) with
merely monotone drift which has polynomial growth and more general initial datum
which belongs to H'*7 for any y € [0, 1]. To answer Conjecture 1.1, there are two
major difficulties. The first one is the sharp trajectory Sobolev as well as Holder
regularity for the solution of Eq. (1.8). Another one is to deal with the non-Lipschitz
drift term as well as the multiplicative noise term.

To overcome the first difficulty, we combine semigroup framework and factor-
ization method with variational framework and monotone condition. Precisely, we
utilize the well-posedness theory for monotone SEEs from [24] to conclude the H'-
well-posedness and moments’ estimation of Eq. (1.8) under Assumptions 2.1-2.2 (see
Theorem 3.1). Such variational method could not handle the H>-well-posedness of
Eq. (1.8) since the second derivative of f has no upper bound under Assumption 2.1;
see Remark 3.1 for more details. To get over this obstacle, we use a bootstrapping
argument and factorization method to lift the H'*?-regularity for any y € [0,1] (see
Proposition 3.1 and Theorem 3.3).

To overcome another difficulty for the drift-implicit Euler—Galerkin finite element
scheme (1.9), we introduce an auxiliary process (4.10) and combine the factorization
method with the theory of error estimation for Euler—Galerkin scheme (see Lemma
4.2). For the Milstein—Galerkin finite element scheme (1.10), we apply the It6—Taylor
expansion to lift the temporal convergence rate between an analogous auxiliary pro-
cess (5.17) and the exact solution of Eq. (1.8) (see Lemma 5.1). By making full
use of the variational method and the one-sided Lipschitz condition (2.3), we re-
duce the convergence rate between the aforementioned two auxiliary processes and
the Galerkin-based fully discrete Euler or Milstein schemes to the convergence rate
between the auxiliary processes and the exact solution of Eq. (1.8).

Our main results are the following strong convergence rates for both the drift-
implicit Euler—Galerkin finite element scheme (1.9) and the Milstein—Galerkin finite
element scheme (1.10) of Eq. (1.8).

Theorem 1.1 Let y€[0,1), ug € H'"Y, and Assumptions 2.1-2.2 hold. Let u and uy!
be the solutions of Eq. (1.8) and (1.9), respectively. Then

sup [lu(tn) — 'l ;22 = O(h17 4 72). (1.11)

meZy

Assume furthermore that ug € H> and Assumption 2.3 holds, then (1.11) is valid with
Yy=1

Theorem 1.2 Let y € [0,1), up € H'Y, and Assumptions 2.1-2.2 and 5.1-5.2 hold.
Let u and U} be the solutions of Eq. (1.8) and (1.10), respectively. Then

L+
sup [[u(tn) —Up'll 3,2 = O(h7+7720). (1.12)

meZy
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6 Zhihui Liu, Zhonghua Qiao

Assume furthermore that uy € H 2 and Assumption 2.3 holds, then (1.12) is valid with
y=1

We note that similar convergence results in Theorems 1.1-1.2 hold true where &
is replaced by N4 for spectral Galerkin-based fully discrete Euler and Milstein
schemes (see Theorems 4.1 and 5.1). The obtained spatial convergence rate in Theo-
rems 1.1-1.2 for finite element method is optimal, since it exactly coincides with the
optimal exponent of Sobolev regularity of the solution in Theorem 3.1, Proposition
3.1, and Theorem 3.3. The rate for the fully discrete scheme (1.9) is also sharp which
removes the infinitesimal factor appearing in (1.4), agreeing with the standard theory
of strong error estimation for the drift-implicit Euler scheme in the globally Lipschitz
case; see [21] for y € [0, 1). In fact, in the simplest case of the stochastic heat equation
(1.6) where f =0 and g =1d, [30, Theorem 1] gave a lower error bound 6(11/2) for
temporal numerical approximation once one only uses a total of [t~!] evaluations of
one-dimensional components for the driving Q-Wiener process W.

Associated with the aforementioned problems, the temporal approximation result
can be considered as a generalization of the finite-dimensional case in [12] to the
infinite-dimensional case without adding any smooth or bounded assumptions on the
coefficients of Eq. (1.6) (see Remark 2.4). The spatial approximation result can be
seen as an improvement of the convergence rates in [28] and [33]; see Remark 2.2.
Theorem 1.1 gives more than expected in Conjecture 1.1; indeed, it shows that the
drift-implicit Euler—Galerkin finite element scheme (1.9) applied to the general SPDE
(1.8) which includes the stochastic Allen—Cahn equation possesses the sharp strong
convergence rate under general regularity assumptions on the initial datum. Finally,
the convergence rate for the Milsten—Galerkin finite element scheme (1.10) in The-
orem 1.2 can be seen as a generalization of [17] and [20] for SPDEs with Lipschitz
coefficients to SPDEs with non-Lipschitz but monotone coefficients.

The rest of the paper is organized as follows. We list some preliminaries including
frequently used notations, assumptions, stochastic tools, and formulations for solu-
tions of Eq. (1.8) in the next section. In Section 3, we proposed a detailed well-
posedness and regularity analysis for Eq. (1.8). Rigorous strong error estimations
for the aforementioned two fully discrete schemes (1.9) and (1.10) are performed in
Sections 4-5, respectively. The proofs of Theorems 1.1-1.2 and similar strong error
estimations for spectral Galerkin-based fully discrete Euler and Milstein schemes are
given in these two sections.

2 Preliminaries

In this section, we first define functional spaces, norms, and notations that will be used
throughout the paper. Then we give the main assumptions and different formulations
of solutions for Eq. (1.8).



O©CoO~NOOOITA~AWNPE

143

144

145

146

147

148

149

150

151

152

153
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2.1 Notations

Let T € R’ = (0,00) be a fixed terminal time. For an integer M € N} = {1,2,--- }, we
denote by Zy :={0,1,--- ,M} and Z}, = {1,--- ,M}. Let (,.%,P) be a probability
space with a normal filtration F := (%)ze[O,T} which forms a stochastic basis.

Throughout, we use the notations (L := L4(0;R),]| - l[19) for g € [2,e0] and
(HS =H*(O;R),||-||us) for s € N, to denote the usual Lebesgue and Sobolev spaces,
respectively; when ¢ = 2, L2 is denoted by H. We will use Id to denote the identity
operator on various finite-dimensional or infinite-dimensional Hilbert spaces such as
REX*K for some K € N + and H if there is no confusion. For convenience, sometimes
we use the temporal, sample path, and spatial mixed norm || - [|;» ¢ in different
orders, such as '

Xlgugee = ( (/OT (/01 X (1., a))\"dx)édt)g}?(dw))%

for X € L5, L/ LY, with the usual modification for r = o or g = oo. For an integer s € N,
(€51l - [l#3) is used to denote the Banach space of bounded functions together with
its derivatives up to order s.

Denote by A : Dom(A) C H — H the Dirichlet Laplacian on H. Let {(Ax, ex) } 7,
be an eigensystem of —A with {A;};?_, being an increasing order. Let N € N and
Vn := Span{ej,---,enx}. Then A is the infinitesimal generator of an analytic Cp-
semigroup S(-) = ¢* on H, and thus one can define the fractional powers (—A)°
for 8 € R of the self-adjoint and positive operator —A. Let H® be the domain of
(—A)?/% equipped with the norm || - ||g (related inner product is denoted by (-,-)g):

0 .
lullo :=||(—A)2ul|, ueHE. (2.1)

In particular, one has H” = H, H! =V := H}(0;R) and H?> = V N H?. The inner
products (and related norms) of H and V are denoted by || - || (and (-,-)) and || - ||
(and (-,-)1), respectively. Let V* = H~!. Then V* is the dual space of V (with respect
to (-,-)); the dualization between V and V* is denoted by _;(-,-);. We will need the
following ultracontractive and smoothing properties of the analytic 6p-semigroup S
forany 7 € (0,T], u > 0and p € [0,1] (see, e.g., [32, Theorem 6.13 in Chapter 2]):

I(=AMS @) 2y < CeH, [(=A)P(S() —1dm) || () < CrP, 2.2

where (£ (H;HO), || - || ,g(H;He)) denotes the space of bounded linear operators from
H to H® for 8 ¢ R and .Z(H) := Z(H;H). Here and what follows we use C, Cy, Cs,
-+, to denote generic constants independent of various discrete parameters that may
be different in each appearance. For simplicity, we use the notation a ~,, b fora,b € R
if there exists two constants C; = C;(p) and C; = C(p) such that C1b < a < Cyb.
Let U be another separable Hilbert space and Q € Z(U) be a self-adjoint and
nonnegative definite operator on U. Denote by Uy := Q% Uand (£ :=HS(Uy;H®),||-
I ng) the space of Hilbert—-Schmidt operators from Uy to H® for @ € R . The spaces
U, Uy, and .,2”26 are equipped with Borel o-algebras #(U), #(Up), and 93(.,2”29),
respectively. Let W := {W(¢) : ¢ € [0,T]} be a U-valued Q-Wiener process in the
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stochastic basis (2,.7,F,P), i.e., there exists an orthonormal basis {g}7>  of U

which forms the eigenvectors of Q subject to the eigenvalues {le}:‘:l and a sequence
of mutually independent Brownian motions {f};>_; such that (see [25, Proposition
2.1.10])

Wi = Y QtaB)= ¥ \AaBir). rel0.T).

keNL keNL

2.2 Main Assumptions

Our main conditions on the coefficients of Eq. (1.6)—(1.7) or the equivalent Eq. (1.8)
are the following two assumptions.

Assumption 2.1 f: R — R is differentiable and there exist constants Ly € R, L’f €
R, and g > 2 such that '

(f()=fO))(x—y) <Lg(x—y)*, xy€R, (2.3)

@I <Lp(1+x7%), xeR. 2.4)
Throughout, we assume that

q6[27°°)7 d:172; q€[234}7 d:37 (25)

and thus the following frequently used Sobolev embedding holds (see Remark 3.4 for
the source of this technique restriction):

H 2V g=1,273. (2.6)
From the one-sided Lipschitz condition (2.3) and the differentiability of f, we get
f)x=(f(x) = fO)(x—0)+ f(0O)x < C(1+x*), x€R, (2.7)

and
f')<Ls, xeR. (2.8)

By mean value theorem and the growth condition (2.4), it is clear that f grows as
most polynomially of order (¢ — 1), i.e.,

)] <C(1+x"), xeR. 2.9)

Example 2.1 A concrete example such that Assumption 2.1 holds is the odd poly-
nomials with negative leading coefficients. More precisely, let ¢ — 1 € N be an odd
number and

q—2
f)=—a1x""+ Y @, a1 R}, ax €R, kE€Zy 2, xER,  (2.10)
k=0

then one can easily check that the conditions (2.3)-(2.4) hold true.
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Denote by ¢’ the conjugation of ¢ (i.e., 1/ +1/g=1), F: Ll — L7 the Nemyt-
skii operator associated with f, i.e.,

Fu)(x) = f(u(x)), u€eL{,xeo,

and (,-) g the dual between L¢ and L2 Then it follows from Assumption 2.1 that

x

F has a continuous extension from Lzl to L1, (2.11)
o (F(u) —=F(v),u—v)q SLf||u—vHi2, u,ve Ll and (2.12)
o (F(w),uyg <C1+ lel7), e L. (2.13)

Remark 2.1 Compared with the assumption on f in the case of space-time white
noise where instead of (2.3) the authors in [26] and [27] assumed that

(f@x) = fO))(x—y) <Lglx—yf —clx—yl9, xy€eR, (2.14)

for some Ly € R and c € RY, Assumption 2.1 weakens this monotone-type condition
due to the smoothness of the noise.

Denote by G: H — 320 the Nemytskii operator associated with g:
Gu)v(x) :=gu(x))v(x), uecH,vely, xe0.

Assumption 2.2 The operator G : H — 92”20 is Lipschitz continuous, i.e., there exists
a constant L, € R, such that

||G(u)—G(v)ngo < Lgllu—v|, wu,veH. (2.15)
Moreover, G(H!) C £ and

IG@)Il g < Le(1+2ll1), z€Hy. (2.16)

To derive the H2-well-posedness and moments’ estimation of Eq. (1.8) in Section
3.2, we need the following growth condition of G in H!*? for some positive 6.

Assumption 2.3 There exist constants 6 € (0,1) and p > 1 such that G(H!*9)
92”21+9 and

IG@) g0 <C+ 2T 1g).  z€ HTE. 2.17)

Remark 2.2 Under Majee—Prohl’s condition on g of Eq. (1.3) with K = 1 that g €
%bz (R;R) in [28, Assumption A.1], Assumption 2.2 holds true. In fact, in this case we
have U = R and Q = Id and thus

1G() = G(V)l| g = llg() =) < Cllu—vl, wyvelLi,

1G]z < \/IIg(Z)II2 +llg' @)Vl <1+ Jlzlh),  z € Hy,

Sor some constant C depending only on || g|\<gb1 but independent of || g||(phz
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Remark 2.3 In the additive noise case G =1d the conditions (2.15)-(2.16) are equiv-
alent to the assumption ||(—A)1/2Q1/2||HS<H;H) < oo which was imposed in [34, Sec-
tion 2.1]; a multiplicative example fulfilling Assumption 2.2 is given in Example 5.1.

Remark 2.4 Provided that f : R* — R and g : R* — R™K are €' functions such
that the following conditions hold for some constants Ly € R, Lg,L} eRy,leNand
for any x,y € R" (see [12, Assumptions 3.1 and 4.1]):

(fx) =) (x—y) < Lglx—yP, (2.18)
llg(x) — 8| s(rrmry < Lelx —l, (2.19)
IF(0)] < oo, |F(x) = FO)* < L1+ [+ [y[")x =P, (2.20)

the authors in [12, Theorem 5.3] proved that the backward Euler scheme
m+1 _ m m—+1 m . 0 __
u" " =u" T f (") g ) (B(tmi1) = Btw)), mEZm-1; u =ug,

for the r-dimensional SODE (1.5) driven by a K-dimensional Wiener process B is
convergent with mean-square order 1/2.

The first two conditions (2.18) and (2.19) are exactly (2.3) and (2.15), respec-
tively, in the finite-dimensional case U = RX, Q =1d, and H =R". It is clear that once
the last condition (2.20) is valid, our condition (2.4) holds true withq=2+1/2 > 2.

2.3 Formulations of Solutions

Before formulating the solutions of Eq. (1.8) in variational and semigroup frame-
works, we need to introduce several types of Burkholder—-Davis—Gundy inequalities,
which are frequently used in the regularity analysis and strong error estimations to
control the appearing stochastic integrals in both continuous and discrete settings.

We begin with a Burkholder-Davis—Gundy inequality for Hilbert space valued
continuous martingales; see, [29, Theorem 1.1].

Lemma 2.1 Ler (H, || - ;) be a real separable Hilbert space. Then for any p > 0
and any H-valued continuous F-martingale {N(t) : t € [0,T]} with N(0) =0,

[ swp ING)IE] ~, E[)7]. (221)

If we take H = H and N(-) := [, ®(r)dW(r) with an F-adapted process @ €
LE12.#) in Lemma 2.1, then we get (N)7 = fOT |D(r) ||§fodr and the following type
2

of Burkholder—Davis—Gundy inequality for stochastic integral:

E[ sup] H/Orqb(r)dW(r)Hp} :,,EK/OT H¢>(r)||=2(fzodr)%} (2.22)

t€(0,T

We also need the following Burkholder—Davis-Gundy inequality for a sequence
of H-valued discrete martingales, see [16, Lemma 4.1] for the scalar case.
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Strong Approximation of Monotone SPDEs Driven by Multiplicative Noise 11

Lemma 2.2 Let p > 2 and {Zm}mezM be a sequence of H-valued random variables
with bounded p-moments such that E[Z,, 11|20, ,Zm] =0, m € Zy—1. Then there
exists a constant C = C(p) such that

m 2.1

(]E{Hii)zi pD% SC(;)(E[HZII”DF)?. (2.23)

Next, we recall the following definitions of the variational and mild solutions of
Eq. (1.8). The relation of these two types of solutions to general semilinear SPDEs
is given in [25, Appendix G]. We mainly focus on a solution which is an H'-valued,
F-adapted process.

Definition 2.1 Let u = {u(t): t € [0,T]} be an H'-valued, F-adapted process.

(1) uis called a variational solution of Eq. (1.8) if
u(t) =up+ /I(Au(r) +F(u(r))dr+/[ G(u(r)dw(r), t€10,T]. (2.24)
0 0
Eq. (2.24) takes values in H~" and explained by
1 t
(ule),v) = (wo,) + [ (Aur) + P(r)vdr+ [ (.Glu(r)aw (7).
0 0

foranyt €[0,T] andv € H'.
(2) uis called a mild solution of Eq. (1.8) if

u(t) =St)uo+S*F(u)(t)+SoG(u)(r), t€][0,T], (2.25)

where SxF (u)(-) := [4S(-—r)F (u(r))drand SoG(u)(-) := [, S(- —r)G(u(r))dW (r)
denote the deterministic and stochastic convolutions, respectively.

For these two types of formulations, the uniqueness of solutions are both understood
in the sense of stochastic equivalence.

All of the appeared equations in this paper are valid in almost surely (a.s.) sense
and we omit the a.s. in these equations for simplicity.

The main ingredient to derive the Sobolev and Holder regularity for the solution
u of Eq. (1.8) in the next section (see Section 3.2 for details) is identifying the vari-
ational and mild solutions and combining them with a bootstrap approach. We have
the following equivalence between the variational and mild solutions of Eq. (1.8).

Lemma 2.3 Let p > q, ug is Fo-measurable such that uy € LP(Q;H 1), and Assump-
tions 2.1-2.2 hold. Then a variational solution {u(t) : t €[0,T]} in LP(2;€([0,T];H"))
of Eq. (1.8) is also its mild solution in the sense of Definition 2.1.

Proof By [25, Remark G.0.6], the variational solution u is also a weak solution of
Eq. (1.8) in the sense that

(), v) = (uo,v) + /0 "), AT dr + /0 P (u(r)) v+ /0 Glu(r))dW (1), v),
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12 Zhihui Liu, Zhonghua Qiao

for any v € H? and ¢ € [0,T]. On the other hand, by the embedding (2.6), Young
inequality, and the Burkholder—-Davis—Gundy inequality (2.22) we get

B [+ [ IRl [ 1660 < (14 a0,

which is finite by the assumption u € LP(Q;%€ ([0, T]; H')) with p > g. We conclude
by [25, Proposition G.0.5(i)] that this weak solution is also a mild solution.

3 Well-posedness and Regularity

Our main aim in this part is to derive the global well-posedness and sharp trajectory
Sobolev and Holder regularity results for Eq. (1.8) under Assumptions 2.1-2.3.

3.1 H'-well-posedness and Moments® Estimation

In this part, we will show the well-posedness and moments’ estimation of Eq. (1.8) in
V, following a known result that Eq. (1.8) whose coefficients satisfy certain monotone
and Lyapunov conditions has a unique variational solution {u(t) : ¢ € [0,T]} in the
sense of Definition 2.1 which is essentially bounded a.s. in V.

To apply the variational method, let us introduce the Gelfand triple H! =V <
H = L)% sV =H1 By the classical stochastic variational theory, see, e.g., [24],
one can prove that the equation

du(r) = A(u(r))dr +B(u(t))dW(r), t€0,T]; u(0)=up, 3.1

whose coefficients satisfy certain monotone and Lyapunov conditions is well-posedness
in V. The following result shows that the conditions given in [24, Theorem 1.1] hold
for Eq. (1.8) under Assumptions 2.1-2.2. We also show that the solution of Eq. (1.8)
is indeed continuous a.s. and satisfies the moments’ estimation (3.2) in V.

Theorem 3.1 Let p > g, ug is Fo-measurable such that ug € LP(Q;H"), and As-
sumptions 2.1-2.2 hold. Then Eq. (1.8) exists a unique variational solution {u(t) :
t€[0,T]} in LP(2;%([0,T];H")) such that

B[ sup Iu(o)If] +E| [ It Par] < (14 & jlf])- - 62

Proof We first verify the following conditions for Eq. (3.1) with A(u) = Au+ F(u)
and B(u) = G(u) for all u,v,z € H' and uy € Vy:

R34 — _1(A(u+Av),z); is continuous; (3.3)

(A () —AW),u—v)1+[Bu) = B()|%p < Cllu—vI*; G4
(A(un),un)1 < C(L+ Junl|7): (3.5)

|A@[ <CO+ulf™: 36
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[B(u)l 2y < C(1+ull1)-

3.7

The first statement (3.3) follows from (2.11) and the embedding (2.6); (3.4) and (3.7)
follow from the monotonicity (2.12) and the Lipschitz continuity (2.15). Indeed,

~1{(Au+F(u) = (Av+ F(v),u—v)1 +G(u) —G(V)lliﬁ; <Ly + L) [lu—vI.

Similarly, (3.5) follows from (2.13) and (2.8):

(Auy + F (uy),un)y < C(1+ [luy||T) — [ Aun]*.

(3.8)

To show (3.6) with p > g, we use the dual argument and the embedding (2.6) to get

1F@) s = sup ~EM ey Mg

/!
vert IV ver! e vy

<+ [ullfy") <+ lulf ™),

(3.9)

and thus ||[Au+F (u)|| -1 < ||Au||=1 + ||F (u)||-1 < C(1+ Hu||’1171) forany u € H'. Ap-
plying [24, Theorem 1.1] and the assumption that uy € LP(Q;H"), we conclude that
Eq. (1.8) exists a unique variational solution # which belongs to L” (Q;L>(0,T;H"))

such that E[ i [|u(r)||7>]|Au(r)||2de] < o.

It remains to show that the solution u is indeed continuous in H' a.s. such that
(3.2) holds. To lighten the notations, here and after we omit the temporal variable
when an integral appears. Applying Itd formula (see, e.g., [25, Theorem 4.2.5]) to the

functional F : H — R defined by F(v) := %||v||” with v = Vu leads to

PO = ol =25 [l ¥ 6@t aiar
p p 1 2 0 1 . ’ 1

eNg
+ [l Glaaw (),
[l (A F G+ 516G ) o
By Assumptions 2.1-2.2, we have
(Au+ ).y < CO+ [ul]) — JAul, e .

and

(3.10)

—4 1 ) .
a7 Y, (. G)Q2gu) + lull{ NG|y < CO+ull]), ueH!,

keNy

from which we obtain

t
-2
I+ [l lAu]ar

t t
< ol + [ €O+ ullPar +p [l Glaaw ().

@3.11)
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14 Zhihui Liu, Zhonghua Qiao

Since [ ||ul|¥ “2(u,G(u)dW (r)), is a real-valued continuous martingale, by the
Burkholder-Davis—Gundy inequality (2.21), Young and Hdélder inequalities, and the
condition (2.16), we get an estimation of the stochastic integral in (3.11):

B sup | [ ullf . Glaaw ()|

teOT]
<cu[( [ i ewi,e)’]
< ;:E[,:[%Pﬂ IIu(t)Hﬂ +c/OT (1 +E[||u(t)||’l’Ddt. (3.12)

Now taking L}, L>-norm on both sides of (3.11), we obtain

B[ sup [OIf] +7B] NGl IRY

<&[Julf] + [ c(1+E[luf])a

from which we get (3.2) by Gronwall inequality. It is clear from Eq. (3.10) that u is
indeed continuous in V a.s. by the absolute continuity of Lebesgue and Itd integrals
under the estimation (3.2).

Remark 3.1 Unlike (3.8) in Theorem 3.1, the following uniform coercive condition
does not hold in the H>-setting:

(PNF(uy),un) < C(1+ ||uyl3), uy € H?,

since the second derivative of f has no upper bound under Assumption 2.1. Thus
one could not use the arguments in Theorem 3.1 to get the H>-well-posedness of Eq.
(1.8). We refer to [31, Theorem 2] for an H*>(0")-well-posedness result for a similar
equation as Eq. (1.8) driven by an affine noise for any compact domain 0' C 0 and
analogous results in weighted Sobolev spaces on the whole spatial domain O using
results from [22] along with several L?-estimates.

3.2 Sobolev and Holder Regularity

In the present part, we will derive the Sobolev and Holder regularity for the solution
u of Eq. (1.8). The first type of regularity is an estimation of « under the L L;°H'*7-
norm for general y € [0, 1]. Another type of regularity is a temporal Holder regularity
of u under the Lﬁ,Lﬁ-norm. These two types of regularity are both useful, in the rest
Sections 4-5, to derive the optimal strong convergence rate of fully discrete numerical
approximations for Eq. (1.8).

The main ingredients are Lemma 2.3, the identification of the variational and mild
solutions to Eq. (1.8), in combination with the factorization method. We first derive a
sharp Holder regularity of u# under the Lﬁ,L%-norm.
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Theorem 3.2 Let p > g, up € Lp(q")(Q;Hl), and Assumptions 2.1-2.2 hold. There
exists a constant C such that

lJu(t) —u(s)ll 1z 12

X —1
<1+l )- (3.13)

sup 1) .-
wq )H]

oscisr  (1=9)1/?
Proof By the mild formulation (2.25) and Minkovskii inequality, we get
|lu(2) — u(s) ||L1(;L% <I+I1+111,
where
I=[(S(—=s) =Id)u(s)ll 52,
1
/ (= nFw(r)ar|, .
[ st=n6yaw)

11:‘

111 = ‘

L3
The smoothing property (2.2) and the estimation (3.2) yield that

1

L<[S(t =) =1d[| g a1 lu() o < Ce=9)2 U+ Jluoll ). G-14)

For the second term /1, by Minkovskii inequality, the ultracontractive and smooth-
ing properties (2.2), the embedding (2.6), and the estimation (3.2), we have

t
HSKHM%#WgwMHMHW%@w

—1
< ClIF @)zt =) <CU+ ol Va=s) (G15)

For the last term /11, by the Burkholder—Davis—Gundy inequality (2.22), the condi-
tions (2.15)-(2.16), the smoothing property (2.2), and the estimation (3.2), we get

) 1
Ins(luwwwméwmﬂﬂﬂwﬁ%ﬂOQ

1

1
<G 1, 200 — ) <C(1H ol )1 —5)F. (3.16)
Combining the above estimations (3.14)-(3.16), we conclude (3.13).

Remark 3.2 One can use the factorization method as in Proposition 3.1 and then
apply Lemma 3.1 to derive u € LZ,‘K‘SIL)% for a 8' > 0. However, our main interest
here is to derive the sharp Holder exponent § of u such that u € ‘K‘SLZ,L%. In this
case, the derived temporal strong convergence rate of numerical approximations for
Eq. (1.8) is optimal (and without any infinitesimal factor).
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16 Zhihui Liu, Zhonghua Qiao

Next, we study the Sobolev regularity for the solution u of Eq. (1.8). Note that it
seems impossible to use Theorem 3.1 by variational approach to derive the H2-well-
posedness of Eq. (1.8); see Remark 3.1. For simplicity, in the rest we always assume
that the initial datum g is a nonrandom function; a similar argument can handle the
case of random initial data which possess finite, sufficiently large algebraic order

moments.

The main tool is the following factorization formulas for deterministic and stochas-

tic convolutions:

S F(u)(1) = @/ﬂtg— NES (1 — ) Fo(r)dr,
SoG(u)(f) = @/ﬂt@— NES(t = 1) Ga(r)dr,

where o € (0,1) and
Falt): = /0 (= )OS — P (u(r))dr,
Galt) : = /0 "= )OS (= PG u(r)aW (1),

fort € [0,T], see, e.g., [13], [14], and references cited therein.

(3.17)

(3.18)

To this purpose, we need the following characterization, see, e.g., [ 14, Proposition

4.1], about the convolution operator R, defined by

RoF(t) := /Ot(tf N IS(t—r)F(r)dr, t€]0,T).

(3.19)

Lemma3.l Letp>1,1/p<a<1landp,0,6 > 0. Then Ry defined by (3.19) is a
bounded linear operator from LP(0,T;HP) to €% '/P=(0=P)/2([0,T]; H®) for 6 > p

and > (6 —p)/2+1/p.

Using Lemma 3.1 and a bootstrapping argument, we have the following H'!*7-

regularity of the solution to Eq. (1.8) for any y € (0,1).

Proposition 3.1 Let y € (0,1) and ug € H'*7. Under Assumptions 2.1-2.2, the solu-

tion u of Eq. (1.8) belongs to LP(Q;% ([0, T]; H'*")) for any p > 1 such that

P < p(g—1)
o g | <1 +t”),

(3.20)

Proof Let p>2and o € (1/p,1/2). For any v € [0, 1), Minkovskii and Young in-

equalities yield that

I+y

154 F@lgimnrer < | [ 1645 56— F Gt Jar

<Cll 5 | Fu

)”HLZ,L;"

LoLy

1y
SCT 2 |[F(u)l g peor2-
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Then we get by the growth condition (2.4), the embedding (2.6), and the estimation
(3.2) that

185 F W)l oy < COF 0 Y <€l uld™). @21
™t L

—1) ;00 1 =
z)(q )LtHl

For the stochastic convolution, we use the factorization formula (3.18). By the
growth condition (2.16), we have

T t 4
_ 2
1Galfy i <C[ [ ([ =r22ar) ar] (14l o ) < €1+ 0ll).

Thus Lemma 3.1 with p =1 and 6 = 1+ yfor y € [0,1 —2/p) yields that So G(u) €
LP(2;%([0,T];H'*7)) and

IS0 G(u)ll 1 1=pier < CllGallygrm < C(1+ luollr). (3.22)
Combining the estimations (3.21)-(3.22) with the standard estimation for S(-)u that
ISCuollz i < Clluoll1+y, (3.23)

we conclude (3.20) for y € [0,1 —2/p). Taking p large enough, we prove the result
for general y € [0,1).

Corollary 3.1 Let ug € H' NLY. Under Assumptions 2.1-2.2, the solution u of Eq.
(1.8) belongs to LP(2;%([0,T]; H")) NLP(Q;€ ([0, T];LY)) for any p > 1 such that

E[ sup [u()[lf| +E| sup u)lif; ] <1+ luol{V + luollf; ). 324)
t€[0,7] t€[0,T]

Proof The proof of Proposition 3.1 and the embedding H'*# < L for any B
(1/2,1] imply that

1S5 F ()| 2 o= + 1S Glu)[| 1 oo =
SIS F ()l poppes + 1S 0 Gw)ll g peopien

sc(i+ Hu”i;@la—l)Lle) +C(1+ ||’4||L‘Z,L7°H1) <Cc(1+ ||u0||?71),

Similarly to (3.23), we have [|S(-)uo|| 2 ;=1 < Clluol|zz. Thus we get
lull g o pee S NSCIuollp popee + 1S5 F ()l 2 oo + 1S © Gl 8 10
<C(1+uoll{™" + [luoll=)- (3.25)
Combining the estimation (3.25) with the estimation (3.2), we derive (3.24).

Our next step is to show the H2-regularity for the solution of Eq. (1.8). To this
end, we need the following result.

Lemma 3.2 Ler B € [0,1/2) and (2.4) hold. For any u € HP N\ L, there exists a
constant C such that

IF@ls < C(1+ ulldz" + ullf ™). (3.26)
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Proof We assume that § € (0,1/2), while the inequality (3.26) for § = 0 is trivial.
Recall that for B € (0,1/2) the space HP coincides with the Sobolev—Slobodeckij
space Wh2 whose norm is defined by

2 2 |“(x)*“(Y)|2 B2
u = |lu +/ / ————dxdy, wue “.
e e A Ay S

Then by mean value theorem, the growth condition (2.4), the embedding (2.6), and
Young inequality, we get

" u(x))—flu 2
P < c(iFip+ [ ST )

<1 ) +o(+etie ™) [ O

- 2(g—1
SC(1+||u||L¢ D flul ).

This completes the proof of (3.26).

Theorem 3.3 Let uy € H? and Assumptions 2.1-2.3 hold. Then the solution u of Eq.
(1.8) is in LP(2;%([0,T); H?)) for any p > 1 such that

_ _1)2
B[ sup [u)[8] < (14 uolP " + w5 ).  327)
t€(0,7]

Proof By Young inequality, the factorization formula (3.17), and Lemma 3.2, we get
forp>1,1/p<a<1,and f € (0,1/2) that

VFellug s < [l % 1F @)l

<Ccr'Y(1+ Hu||q !

-
, SCTF @)l o

Since ug € H?, Proposition 3.1 yields that u € L (Q;%6 ([0, T); H'*7) for any p > 2
and y € [0,1) such that (3.20) holds. In particular, we take y € (1/2,1) such that
H'tY < L. Consequently,

Dpere +u ”qu Vi=ps’"

_1)\2
[Fallp, o <C(1+IIMHL,, <C(1+[luo S ).

l>L"“HHV)

As a result of Lemma 3.1 with p = =5/p (take p > 10) and ¢« =1 —1/p, we
obtain S* F (u) € L?(2;%([0,T]; H*)) such that

—1)2
1S+ F )| g 52 < ClFallyp o < C(1+ ¥, (3.28)

For the stochastic convolution S ¢ G(u), the condition (2.17) and the estimation
(3.20) yield that

1) —1
1Gally o < C(L+ ulfyp o) <€+ ol ) < €1+ uoll57Y),
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with a € (1/p,1/2). Taking for example p >4/0 >4 and o« = 1/2 —1/p such that
o< (1/p,1/2)and 2 —2/p+ 1+ 6 > 2, we obtain by Lemma 3.1 that SoG(u) €
LP(2;%(]0,T];H?)) such that

150Gl 12 < ClGallg e < C(1+ uoll57).
The above inequality, in combination with (3.28) and (3.23) with Y= 1, shows (3.27).

Remark 3.3 One could not expect that u € €([0,T];LP(Q;H?>*€)) provided uy €
H*"¢ for some € € R’ under Assumption 2.2. This is due to the restriction of the
regularity for the stochastic convolution. For the additive noise case, the equivalent
assumption ||(—A)'/2Q!/2 I as(a,1) < o in Remark 2.3 is not sufficient to ensure that

2

]E{H/OrS(t—r)dW(r)H

In fact, one can find a counterexample that Q = (—A)~% for some a € R. Then

} <oo, 1€(0,7T].
2+¢

lngfa(l _ e—Z/lkt)

2 i Aere o —2A
= - - krd =
2+£] / Z k ¢ " Z 2 ’

0 reNy keN,

E[H./OtS(t—r)dW(r)

which is convergent fort € (0,T] if and only if Y yen, 7Lk] T oo e, 00> 1+ E+ %.
However, the assumption ||(7A)1/2Q1/2||HS(H)H> < oo is equivalent to the conver-
gence of the previous series with € = 0. We also refer to [22, Examples 1.1 and 1.2]
for an interesting counterexample.

Finally, we give another sharp Holder regularity under H#-norm with 8 € [0, 1]
for the solution of Eq. (1.8) with H'!*7-valued initial datum for some 7y € [0, 1]. It is
also frequently used in the derivation of the strong convergence rates of numerical
approximations in Sections 4-5.

Corollary 3.2 Let y € [0,1], ug € H'*7, and Assumptions 2.1-2.2 hold. Assume that
Assumption 2.3 holds if Y= 1. Then for any p > 1 and B € [0,1], there exists a
constant C such that

Jua(®) = () e _ {C(1+||M0||§1171,)§7 veo,1);

— _ _1)\2
0ss<r<T | — 5| “HEN C(1+ [uol2™" +|[uo|), y=1.
(3.29)

Proof Without loss of generality, let 0 <5 <t < T. We use similar idea from Theorem
3.2 to show (3.29):

u(t) = u(s)llp g < I+ 1L+ 11,
where
Iy = [|(S(t) = 1d)u(s)l 12 18

/: S(t — F)F (u(r))dr

IIlz‘

LLEB’
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11, = ‘

[E@—aawamwu>

The smoothing property (2.2) and the estimations (3.20) and (3.27) imply that

LhHB

1+y—B
L <|1S(t =) =1d|| gggpg1-yem) () 1 1oy < C6 =) "7 Nutll o pp g1
1+y-B

Cle—s)" T (1+|uol{7}):, veo,1);
= Ly=p plg—1) (-1
Clt—s)" 7 (T+[luolly™ "+ uoly” ), v=1

(3.30)

For the second term /I, by the ultracontractive property (2.2), the embedding
(2.6), and the estimation (3.2) we have

B
2 .

1 <Pz | [ =) 5ar] <01+ Juol{ -9 33D

For the last term [II;, by the Burkholder-Davis—Gundy inequality (2.22), the con-
ditions (2.15), (2.16), and (2.17), the smoothing property (2.2), and the estimations
(3.2) and (3.20), we get

1 1
11 < ||G(u)ll gy o3 (t = 5)2 < C(1+|uol1) (£ — )2 (3.32)
Combining the above estimations (3.30)-(3.32), we conclude (3.29).

Remark 3.4 The technical requirement that ¢ < 4 when d =3 in (2.5) comes from

the embedding H' — L2 1o control ||[F ()] by ||u||1, which was used in Lemma
2.3, (3.15) in Theorem 3.2, (3.21) in Proposition 3.1, and (3.31) in Corollary 3.2.

4 Euler—Galerkin Scheme

Our main aim in this section is to give a Galerkin-based fully discrete scheme and
derive its optimal strong convergence rate. The proof of Theorem 1.1 is given at the
end of Section 4.2.

4.1 Drift-implicit Euler—Galerkin Finite Element Scheme

Let h € (0,1), .7, be a regular family of partitions of &’ with maximal length A, and
Vj, C V be the space of continuous functions on &’ which are piecewise linear over .7},
and vanish on the boundary d&. Let Ay, : V,, — Vj, and &, : V* — V, be the discrete
Laplacian and generalized orthogonal projection operator, respectively, defined by
<Ahuh,vh> = —<Vuh,Vvh>, up, vy € Vi, “.1)
(Ppu,vi) = _1{u,vp)1, u€V* v, €V “4.2)

Taking u € H and v, = Z,u in (4.2) and using Cauchy—Schwarz inequality implies
the following H-contraction property of &:

| Znul| < lull,  weH. 4.3)



O©CoO~NOOOITA~AWNPE

281

282

283

284

285

286

287

288

289

Strong Approximation of Monotone SPDEs Driven by Multiplicative Noise 21

The finite element approximation for Eq. (1.8) is to find an [F-adapted V),-valued
process {up(t) : t € [0,T]} such that the following variational equality holds for any
t €[0,T] and vy, € Vj;:

anle)on) + [ (Vi) Ton)ar (44)

_ (uh(O),vh>—|—/()I<F(uh(r)),vh>dr+'/0t<vh7G(uh(r))dW(r)>.

To complement (4.4), we set the initial datum to be uj,(0) = Zjup. Then the finite
element approximation (4.4) is equivalent to

dup,(t) = (Apup(t) + PpF (up(t)))dt + PG (uy (¢))dW (¢), 1 €[0,T];

4.5
up (0) = <@huo. ( )

Let M € N and {(ty,tm+1] : m € Zp—1} be an equal length subdivision of (0,7
with temporal step-size T = t,,,4-1 — t,, for each m € Zy;_. The drift-implicit Euler
(DIE) scheme of the finite element approximation (4.5), that we call the DIE Galerkin
(DIEG) scheme, is to find a Vj,-valued discrete process {u} : m € Zy } such that

Uy ™ = )+ A T () + PG ()8, W, u) = Pyuo,  (DIEG)

where 8,W = W (ty11) — W (ty), m € Zy—;. This DIEG scheme had been widely
studied; see, e.g., [10], [33], and [34].
It is clear that the DIEG scheme (DIEG) is equivalent to the scheme

Ut = Sp ) + TS e PhF (U ) + S e ZuG )8 W, mE Ly,  (4.6)

with initial datum u, Pyug, where S, := (Id — tA;)~! is a space-time approx-
imation of the continuous semigroup § in one step. Iterating (4.6) for m-times, we
obtain

=Syt +rng1j‘ LPyF (ul! JFZS'"+1 LPYG(ul)) W, me Ly 1.
4.7)

Throughout we take 7 € (0,1) when Ly <0 and 7 < 1/(4Ly) when Ly € RY.
Under Assumptions 2.1-2.2, it is not difficult to show that the DIEG scheme (DIEG)
is solvable and stable.

4.2 Strong Convergence Rate of DIEG Scheme

In this part, we give the optimal strong convergence rate of the DIEG scheme (DIEG).

Denote by Ej, () = S(¢) —S;l'f;rl Py fort € (ty,tmy1] withm € Zpy_. The follow-
ing estimations of Ej, ; play a pivotal role in the error estimation of the DIEG scheme
(DIEG); see, e.g., [21, Lemmas 4.3(i) and 4.4(ii)].

Lemma 4.1 Lett € (0,7).
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1. ForO<v<u<2andxecH",

I3
2

1En<(1)x]| < C(h* + 7

2. For0<u<1andxcH",

To estimate the solution u of Eq. (1.8) and u}}

"‘1’"

for m € Zy_ 1, where the terms u'" "

-[ l
([ 1EnetrnlPar)* < cintts+
0

=Sy ttu +12S’”+1 LD (u(tiyr)) +Zsm+1 LP,G(u(ty)) W,

_H—Vv
)z |lx]lv

i=0

1+p
2

) el -

(4.8)

4.9)

, we introduce the auxiliary process

(4.10)

Uand ! ,, in the discrete deterministic and stochastic

convolutions of (4.7) are replaced by u(#;41) and u(z;), respectively. We start with the
following uniform boundedness of #" in Lj, L H):

sup E| a7 <c(1+]

meZy

ol

(qfl))’

@.11)

provided uy € H! and Assumptions 2.1-2.2 hold, which can be shown in view of the
boundedness (3.2) and the well-known uniform boundedness

sup |8 Zpxl| < Cl|x]],

meZy

XEH.

4.12)

Next, we show the strong error estimation between the exact solution u of Eq.
(1.8) and the auxiliary process {u}' } ez, defined by (4.10).

Lemma 4.2 Let y € [0,1), ug € H'*7, and Assumptions 2.1-2.2 hold. Then for any
p > 1, there exist a constant C such that

sup [|u(t) — @|l,p 2 < C(A1T +72).

meZy

4.13)

Assume furthermore that ug € H*> and Assumption 2.3 holds, then (4.13) is valid with

Yy=1

Proof Let m € Zy;—. Subtracting the auxiliary process if,:’“ defined by (4.10) from
the mild formulation (2.25) witht =1t,,,1, i.e.,

u(thrl)

we get

where

m+1 __
JiT =

= S(tm+1)uo +/0tm+l S(tm1 — r)F (u)d(r)

3
P = ()~ T e < Y

| En,z (tm+1)uo HLg’,L}a

i=1

n /0 " S tsr — PG )W (1),

(4.14)
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Tm+1
gyt = H/ " S(tyir —r)F dr—rZSmH P (u(tig))
0

b
Lo

lm [
JrH = H / " S(tms1 — P)Gu)dW (r) — ZS;??*’%G(M(U))&W
0 ; ’

i=0 LyL2

In the sequel, we treat the above three terms one by one.
The estimation (4.8) with g = v = 1 + y yields that

gt <c(h1+7+r Nuollisys  yE0,1]. (4.15)

To deal with the second term, we decompose it into the following two terms:

B <8 [ Sl I Pt e

PL2
Mmoot 2 1
HX ) Bt =0 F e, = s
=01 LoLy i=1

Similarly to (3.9), we have by the embedding (2.6) that

1(=A) "5 (F(u) = F)|| = sup =-F ) =F ()2

e llzll1
Izl 2(4-1)
<C(l+ uq72 +vq72 u—vl|l-su L
<C(1+] HL,%('FI) | IIL§<[,71>)H | zelg R
-2 -2
<C(A+[ull "+ IIT ) lu— . (4.16)

By Minkovskii inequality, the uniform boundedness (2.2), the above dual estimation
(4.16) and the Holder estimate (3.13), we get

[lu(t) —u(s)ll 20,2
Jm+1<C( q-2 )|: Lwij|
21 — +Hu||L°°L p(g— Z)H] ()Sig?g]" |t—s|1/2

ol ,
X {;)/l [S(tmr1 = )| sy (tir _r)er]

1

C(1+ luo| {0 V)23,

Applying Minkovskii inequality and using (4.8) with 4 = 1 4+ y with y € [0,1) and
v = 0, the embedding (2.6) and the estimations (3.2), we derive

s < / B e(0)F (ultms1-1)) | 3o
1+ Moortivl 14
_C(th‘*‘TTy)HF ||L"°LpL2 Z// zydc
j=0
1ty _
<C(h+1 ) (1 +luoll{"), yeo,1). 4.17)
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Combining the above two estimations implies that
I < (R 4 20) (1 uo|7 + uo )V, ye(o,1).  418)

The last term Jg"“ can be decomposed as

LI’ L2

ZJerl )

Applying both the discrete and continuous Burkholder-Davis—Gundy inequalities
(2.23) and (2.22), respectively, and using the uniform stability property (4.12), the
conditions (2.15)~(2.16), and the estimations (3.2), (3.13), and (4.8) with (u,v) =
(I4+7,1)forye[0,1), we get

5 < Hi}f’“szﬁli%[e(@—cxua»ndvv(r)

+ H /Orm+1 Ep o (tmy1 — r)G(u)dW

Jm+l <C Z/t ||Shm;r] 1@ [ ( ) G(u<tl))]||ig)gé)dr)j

1

m+1 2 2
([ WEnelins NG Lo0r)

w6y g o ,
[0<s<;<T T/;[LZ} (;}/JH (r—ti)dr> :

1

1 tn+1 5
+c(h1+7+r%7)(1+||u||LwLpH1)(/ Crtar)’
1 (0} 0

— 1
<C(1+ |uoll* ") (W7 +22), yelo,1). (4.19)
Putting the estimations (4.15), (4.18), and (4.19) together results in
-1 —1)(g—2 1
7" < (1 uol{ "+ ol 1) (BT 4 22), ye 0,1,
This inequality in combination with estimation on J° that
J° = l|uo — Pruoll gz < Ch M luol|149, ¥ € [0,1],

205 completes the proof of (4.13) with y € [0,1).

To show (4.13) for y = 1, we just need to give refined estimations for the J;"ZH
and J35™! provided uy € H? and (2.17) holds. Applying Minkovskii inequality and
using (4.8) with g =2 and v = B € (0,1), the embedding H? < HB N L, and the
estimations (3.2), (3.24), and (3.26), we derive

oty
B +||u||L°°LpL°° {Z/
Jj=0"1j

<c(h+1)(1+ ||u0||§q71>2). (4.20)

Jml < C(h2+r)(1 =
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On the other hand, (4.8) with u =2 and v = 1 + 6, the condition (2.17) and the
estimation (3.20) imply that

T 1
e SC(h2+r)HG(u)”L§°Lg)HI+9(/0 67(179)(10)2
<C(1+ luolls ) (W + 7). 4.21)

Remark 4.1 Assumption 2.3 is not needed in the additive noise case G(u) =G € £}
foranyu € H when y= 1. In fact, the Burkholder—Davis—Gundy inequality (2.22) and
the estimation (4.9) with L = 1 show the following sharp estimation:

Im1 T 3
| [ Enetonss = naw )], <c([ 1Ene(rIpar)* < €0+ 2G4y

Combining Lemma 4.2 with a variational approach under the monotone Assump-
tion (2.1), we can prove Theorem 1.1 on the strong convergence rate between the
solution u of Eq. (1.8) and the numerical solution ' of the DIEG scheme (DIEG),
which gives a positive answer to Conjecture 1.1.

Proof of Theorem 1.1 Let m € Zy;_;. By Minkovskii inequality, we get

llu(tms1) — “hH ||LPL2 < [Jultms1) — ”h+ HLPLZ + ||Am+1 B "‘h+1 ”LPL2
In terms of (4.13), it suffices to prove that
1
sup @' — 32 <C(R7+12), ye[01]. (4.22)

meZy

Define &' := @' —u/"*!. Then&]"*! € V), with vanishing initial datum &) = 0.
In terms of Eq (4.6) and (4. 10) it is not dlfﬁcult to show that

W = W+ A TP F (U + 2,G (Ul 5 W,
17;11+1 = l"h =+ TAthJrl + T@hF(u(th)) + th(u(l‘m))(SmW.

Consequently,
gt =&y = Ay + T Py (F (u(tsr)) — F (1))
+ Pn(G(ultm)) — G(uy)) SuW.
Multiplying e} &1 on both sides of the above equation, we obtain
(et —ep.er o vey
= T(F (u(tws1)) = F (@), &) + o{F (@) — F (™), )
[ @ Glutin) - G () @23

By the dual estimation (4.16), the one-sided Lipschitz condition (2.12), Cauchy—
Schwarz inequality and the embedding (2.6), the right-hand side term of the above
equation can be controlled by

_1
Tl|(=A) "2 (F (ultms1)) = F @y ™) | < (VeI + Lyl
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[ @ (Glultn) — G AW ()

tm

T 12 12
< EIIVEZH 1>+ Lyl ™|

-2 -2
+Clfu(tmer) = P (U i) IS+ )

[ @ (Glultn)) — G AW (). (4.24)

m
The elementary identity (a —b)a = (a* —b?)+ 1(a—b)? for a,b € R yields that

<~m+l ~m ~m+1> —

1
2 1 2
€ — e (112 = e 1) + S llei ' =il (4.25)

NI —

To deal with the stochastic term in (4.23), we use the martingale property of the
stochastic integral, Cauchy—Schwarz inequality, and It6 isometry to deduce that

e[ [ (@, (Glultn) = Gl (1)
=B [ @ = (Gt - Gl)aw ()|
< SB[l —apIP] + ZE Juo) - @] e+ ZE[j] 7. @26)
Now taking expectation in (4.23), we use (4.24)-(4.26) to get
S (B[] E[iepie])
@ ] (B Juttmer) - 1] )
(14 (B [l 129)) +E 1 207)) )

+ L2Ellu(tn) — || e+ LZE 7]

SLfE|:

Then by the estimations (3.2), (4.11), and (4.13), we obtain
(172Lf‘L')IE[HEZ’+1||2}§C’L’(h1+7+r%)2+(l+2L§’L’)E[||Ehm||2] 4.27)
Summing over m =0,1,---,[ — 1 with 1 <[ < M, we obtain
L -1
(1-2L)E[[812] < C(n+7+23)? +2(L,+ 1) Y B[P,
m=0

a0 from which we conclude (4.22) by the classical discrete Gronwall inequality and thus
sr  completes the proof.
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Remark 4.2 Our analysis can be extended to a slight general nonlinear drift F =
F(u;Vu) = F(u) +CVu, where F is the Nemytskii operator associated with f that
satisfies Assumption (2.1) and C is a constant. Indeed, for the estimate of u(t,,) — u}'
in Lemma 4.2, the corresponding term J;"“ involving F (u) has the same estimate
as (4.18); for the estimate of E’Z’H in the proof of Theorem 1.1, one only needs
to estimate the term CT(V(u(tyy1) — iy ), er™y + Ct(Vert! ety added in the
right-hand side of (4.23). It can be bounded by C||u(ty+1) — > +Clje) 12 +

%HVE’;;H 2, that appeared also in (4.24), so the proof of Theorem 1.1 suffices.

4.3 Drift-implicit Euler—Spectral Galerkin Scheme

The parallel result, Theorem 1.1, for DIEG scheme (DIEG) in Section 4.1 is also
valid for the spectral Galerkin-based Euler scheme of Eq. (1.8).

Let us first recall and introduce more related notations in Section 3.1. Given an
N € N, Vy is the linear space spanned by the first N eigenvectors of Dirichlet Lapla-
cian. Let #y : H — Vy be the orthogonal projection operator in H and Ay be the
Laplacian restricted in Vy.

The spectral Galerkin approximation for Eq. (1.8) is to find a sequence of F-
adapted Vy-valued processes {uy(z) : ¢t € [0,T]} such that

dun (1) = (Anu (£) + PyF (uy(t)))dt + PyGuy()dW (1), 1€[0,T], (4.28)

with initial datum uy (0) = Pyup. By the arguments in the proof of Theorem 1.1, one
can show the similar solvability and convergence results for the DIE spectral Galerkin
(DIESG) scheme
up ™ = Ul TANUR T TPNF (up ) + PG (U)W, uly = Pug.
(DIESG)

Theorem 4.1 Lety< [0,1), ug € H'*Y, and Assumptions 2.1-2.2 hold. For any p > 1,
there exist a constant C such that

1
sup [lu(tn) — w2 12 < CN™ 4" 423). (4.29)

meZy

Assume furthermore that ug € H?> and Assumption 2.3 holds, then (4.29) is valid with
Yy=1

5 Milstein—Galerkin Scheme
Our main aim in this last section is to construct a temporal higher-order Galerkin-

based fully discrete Milstein scheme for Eq. (1.8) based on It6—Taylor expansion on
the diffusion term. We will give the proof of Theorem 1.2 at the end of Section 5.2.
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The Milstein scheme of the finite element approximation (4.5) is to find a Vj,-
valued discrete process {U}" : m € Zy} such that

U;ln-&-l =U"+ TAhU;;rH_l + T(@hF(U[:H_I) + 2,G(U;") oW

oo 7 we - wepawe], O

with initial datum U}? = Ppup. This scheme is derived by adding the last term in
(DIEMG) to the DIEG scheme (DIEG) and followed from an It6 formula to G(u).
We call (DIEMG) the DIE Milstein Galerkin (DIEMG) scheme. This type of DIEMG
scheme had been studied and reviewed in e.g. [17], [20], and references therein.

It is clear that the DIEMG scheme (DIEG) is equivalent to the following compact
scheme form € Zy;_1:

U;anrl _ Sh,‘L'U}in + TSh,‘cth(U]:nJr]) —|—Sh11=@hG(U1’1n)6mW

+8,: 2,DG(U;"G(UY") [/{tmﬂ (W(r)—W(ty))dW (r)|, 5.1

m

with initial datum U;? = Phup, where S, ; is given in the previous section. Iterating
(5.1) for m-times, we obtain

Uyt =Sy ttu +TZS;;';1 iy F (U Zs’"“ L2,G(U}) W
i=0

+ Zsm—H t@hDG(U;;)G(U;;) { i (W(r)—W())dw(r)|. 5.2)

f

It should be noted that in the case of additive noise, the last term of the DIEMG
scheme (DIEMG) vanishes and thus it reduces to the DIEG scheme (DIEG) (with
G(u) = G for any u € H). In the following, we first show the DIEMG scheme (DIEMG)
or equivalently, DIEG scheme (DIEG) applied to Eq. (1.8) with additive noise pos-
sesses a temporal higher-order of convergence. Then we pass to the general multi-
plicative noise which satisfies the additional Assumption 5.2.

5.1 Additive Noise

In the additive noise case, for simplicity, G is a time independent constant operator,
the conditions (2.15)-(2.16) are equivalent to the assumption G € .,2”21 which was
imposed in [34] as [[(—A)"/?Q"/?||ys(.p) < oo with G = 1d. We can show more
temporal convergence order for the fully discrete scheme (DIEG), provided that the
following growth condition for the second-order derivative of f holds.

Assumption 5.1 f: R — R is second time differentiable and there exist constants
Li e RY and g >3 with g € [3,00) ford = 1,2 and g € [3,5] for d = 3 such that

@) <Li(1+1x73), xeR. (5.3)
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The condition (5.3) is consistent with (2.4). In fact, for an odd (¢ — 1)-order poly-
nomial (2.10) with g satisfying (2.5), the conditions (2.4) and (5.3) are valid with
g=gqwheng>3andg=3whenqg<3(.e.,qg=2).

Corollary 5.1 Let y < [0,1], up € H'YY, G e %), and Assumptions 2.1 and 5.1 hold.
Let u and u}] be the solutions of Eq. (1.8) and (DIEG) with G(u) = G for any u € H,
respectively. Then there exists a constant C such that

l+y

Sup.[(tm) = | 3.2 < C(H 7477, 5.4)

meZy

Proof Lety€[0,1) and y =1 when (2.17) holds. According to the proof in Theorem
1.1, it suffices to show the following refined estimation for any p > 2 between the
exact solution u and the auxliary process u}' defined by (4.10):

I+y

sup [|u(tn) =@y |22 <C(H'T+777). (5.5
meZy *

By means of the proof in Lemma 4.2, we only need to give the following two refined
estimations for J5;"! and J3""! under the additional condition (5.3):

Mo ety 1+y
=X [ St = @) - Pl , , <ce5 60
In+1 1+y
e H/O Enlins = n)GW () |, , <c(ntrad). (5.7)

The last estimation (5.7) can be handled by the Burkholder-Davis—Gundy in-
equality (2.22) and (4.9) with u = 7:

Tm+1 1 1
Bt <o [ 1006l d0) <G gy (1474757,
0
To show the first estimation (5.6), note that
lit1
(i) =Stz =) + [ 811~ 0)F (u(0))do
r
Tit1
+ [ St~ 0)GaW (0),  re fntin).
-

Then using the Taylor formula leads to the splitting of Jg"]H into

LoLy

< io /[ " St — F)DF(u(r))(S(ti1 — ) — 1d)u(r)dr
+| fo /t " S{tms1 — P)DF(u(r)) [ / " Sl — 0)F (u(0))do dr
+ H i)./l;tiﬂ S(tmy1 — r)DF(u(r))[/

Lh12

lit1

S(tisr — o)GdW(a)} dr

Jr Lol
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_|_

i/tiﬂ S(tm1 —r)Rr (u(r), u(tiv1))dr
=0t

4
. m+1
e E{lei )
where Ry denotes the remainder term
Rr(u(r),u(tiv1))

= /0‘ D?F (u(r) + A(u(tipr) —u(r))) (u(tivr) — u(r),u(tivr) —u(r)) (1—2A)dA
= /Olf//(u(r) +A«(M(ti+1) —M(}"))) (u(ti+1) —u(r))2(1 —)u)d),

‘We shall estimate J;"Jl, i=1,2,3,4, successively.
Since for § € (3/2,2), H® < %, it follows by the dual argument that
lell-s < Clixlly, xe Ly (5.8)

This inequality, in conjunction with Minkovskii and Cauchy—Schwarz inequalities,
the condition (2.4), the embedding (2.6), and the estimations (2.2), (3.2), (3.20), and
(3.27), yields that

_— Mmoot 5
S = Z/t [(=A)2S(tms1 = )| 2 ||IDF (u(r)) (S (i1 — r) = 1d)u(r) || -5 dr
Mo ety 5
< CZ/ (tmr1 — 1) Z{|DF (u(r))(S(tix1 — r) = 1d)u(r)|| 1p 11 dr
i=0"1
Mmooty S
SCZ/I (tm1 = 1) "2 | () 2o 2 | (S it = 7) = 1d)u(r) [ 29 2 dr
i=07/ti ' o

vy Imt1 5
< T gl ([ Har)
-2

L[ ol T+ o),
< x (U lluo 172 (1 + o4},
-2 —1 —1)2
(1+ o[ (4 o5 + o | 5), y=1.

(5.9)
Similar argument implies that
1 Mmool fligl T .
It <Y [ [ =) U @) g | £ (0] 3y 0
=01 § '
y Im+1 )
< €T W) 2Ol s ([ o)
<1+ uollf ) (1+ luollf ™) (5.10)

To estimate the third term J;"fgl, we apply stochastic Fubini theorem and the
discrete and continuous Burkholder—Davis—Gundy inequalities (2.23) and (2.22), re-
spectively, to derive

LoL3

_— Mot it
=L L[ He (@150 = DDF ()81 - 0)Garaw (o)
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(B

i=0"1i

| [ T Sltms1 — F)DF(u(r))S(ti11 — 6)Gdr

2 2
dG) .
); 30

u
042

1

Then by Cauchy—Schwarz inequality, the condition (2.4), and the estimation (3.2),

we obtain

lit1 flit1 5
i <cfz Z/ / 1S (tms1 — F)DF (u(r))S(tis fG)GHIZ‘pggdrdoy
1 t; @

m

SCT% {Z (/t,-+1 ||f/(u(r))”iln’)1.‘171d”) (/tim HS(O')G“?%IdG)F

i=0 "Vl

-2
< Cf @ o y2py-1 Gl g < C+ [luoll™7) -

1

1

5.11)

Finally, in terms of the estimations (2.2) and (5.8) and Minkovskii and Holder in-
equalities, we estimate the last term Jg”lﬁl similarly to J5}1

]by

lit1 5
7 <cZ / (i1 = 1) 2 R (u(r) (01 | gy

Mol s 1
<cy (tmﬂ_r)*zx/ " (u(r) + 2
=071t
\|u(tivr) —u ||L3pLz —A)dAd

7

(u(tiv1) —u(r))

)|l LY

It follows from the condition (5.3), the embeddings (2.6) and H'/? < L3, the mo-
ments’ estimation (3.2), and the Holder estimation (3.29) that

Tmt1 S
Jml < ors ”)“(H a3 . )(/ 2dr
214 H ||LooL p(q— 3)13(61—3) 0

[u(2) =

2
( )”LZ,”HI/Z

<[, o [ — 5| (/2FDAT }

0<s<t<T

< crlzton

{(1+||uo||“‘f “)(1+||uo||1+y)
- (1+ [l |77 (14 o124 + o |

)

,])2),

y€[0,1);

y=1.
(5.12)

Collecting the above four estimations (5.9)-(5.12) together, we obtain (5.6) and com-

plete the proof.

5.2 Strong Convergence Rate of DIEMG Scheme

Next, we consider the DIEMG scheme (DIEMG) for Eq. (1.8) with general multi-
plicative noise under an infinite-dimensional analog of the commutativity type condi-
tion in the SODE setting. Such commutativity condition was first introduced in [17,
Assumption 3] where the authors observed in [17, Section 4] that a certain class of
semilinear SPDEs with multiplicative trace class noise naturally fulfills such commu-
tativity condition. The following assumption holds true automatically in the case of

the additive noise case G(u)

=Ge A foranyu € H.
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Assumption 5.2 G: H — .,2”20 be a twice continuously Fréchet differentiable map-
ping such that for every z € H', DG(z) € £ (H; ZY) and D*G(z) € £**(HP, £Y)
for some B € [0, l#’] Moreover, there exists a constant L;, € Ry such that

IDG ()| 2 (12.20) + HDQG(Z)HzM(m%;f;) <L, z€H' (5.13)
||DG<M)G<M)—DG(V)G(V)||HS<UO;$20)SL;||M—V‘|, u,veH. (5.14)

Example 5.1 Assume that g : R — R a twice continuously differentiable function
such that

g’ (x)g(x) — &' (v)g)ll

supg’(x)| +sup|g”(x)[ + sup < o, (5.15)
xeR xeR x,yER x#y |)C 7)"
gk € WY for each k € N, such that
Y A2lgkl3 - < oo, (5.16)

keN4

and that either g(0) = 0 or gi vanishes on the boundary 0O, then Assumptions 2.2
and 5.2 hold true. In fact, for any u,v € L*> and z € H', we have

16) =60z = (X 22w —g(r)el?)’

keNL

1

2

<suplg/)|( Y ALlgellE ) lu—vll
xeR keN,

and

I6@)I% <€ ¥, A2 (lle@grl> + 118/ () Vage +8(2)sk )
k€N+

<c(1+suplg/F) ¥ ALlelZ (14112,
xeR keN, x

which show Assumption 2.2. On the other hand, for any z € H',

IDG(2) || g12,29) + ID* G2 oz gzn, 20
( X 2) ( 2>

2

1
(Zeen. 22g @ venl?)” (ren, 221" vl )
+ sup

vl uverP lullgllvilp

= sup

veL?

Q12 VAo 1 , ol 1y

<c( X AQlaliE )" [suplg/ () +suplg”(x)|- sup .
e ) LR ven s s TVlglalg

Due to the assumptions (5.15)-(5.16) and the embedding HP < L with B =1/2
when d = 1,2 and 8 = 3/4 when d =3, we have

IDG 12.0) + ||DZG(Z)H382<HB;$§)
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1
2
<csup (Y ALlgllE: ) [suple' ()] +suplg” (x)]
vEL? “keNy ’ x€R x€R

Moreover, for any u,v € L)ZC,

IDG(u)G(u) = DG(v)G(v) ||HS(U0;$20)

=( L ¥ 2221066 g)s —~DG)GMgg?)

keNj leNy
< (X 22Ul ) g gl — ¢ gl < (X, ALllglie ) =il
k€N+ k€N+

The above two estimations show Assumption 5.2 with 'y € [0,1] and B € [0,1] when
d=1,2andyc[1/2,1) and B € [0,(1+7)/2] when d = 3.

We introduce a version U’"+l of the auxiliary process u A"’“ given by (4.10) in
consistent with the DIEMG scheme (4.6), which is defined as

Uyt = SZlJrrluh-f-TZSmH LPWF (u(tivr)) ZSmH PG (ultr) 5W

#3513 DG ule) Gl ”“(W(r)—waz-))dW(r)} G.17)

t

for m € Zy;— 1, where the terms U, ;;H and U,’; in the discrete deterministic and stochas-
tic convolutions of (5.2) are replaced by u(#;11) and u(t;), respectively. The bounded-
ness (3.2) and (4.12) imply the solvability and uniform boundedness of U;":

sup E|[0717] < (14wl "), (5.18)

meZy

provided ug € H' and Assumptions 2.1-2.2 and 5.2 hold. We begin with the strong
error estimation between u and {U;"} ¢z, -

Lemma 5.1 Let y € [0,1), up € H'*Y, and Assumptions 2.1-2.2 and 5.1-5.2 hold.
Then for any p > 1, there exists a constant C such that

~ 1
sup [Ju(tn) = Ol 2 < C(H™HY 427", (5.19)

meZy

Assume furthermore that ug € H*> and Assumption 2.3 holds, then (5.19) is valid with
vy=1.

Proof Form € Zy_y, define J"*' := ||u(tyys1) — ﬁh'”“ llz2,12- By the proofs of Lemma
4.2 and Corollary 5.1, we have

2
yin+1 m+1 | pm+1
VR D
i=1



O©CoO~NOOOITA~AWNPE

34 Zhihui Liu, Zhonghua Qiao

where J{"H, i=1,2, are defined from (4.14) and satisfy the estimate

Ity

J L < o ), (5.20)

by (4.15), (4.17), (4.20), and (5.6), and the last term is defined as

~ tn+1 1 .
Tl o H /0 " St — )G(r)AW (r) = Y Sy PG i) EW
i=0
ol fitl
-~y s %DG(M(;,-))G(M(;,-))[ | (W(r)—W(t,-))dW(r)} b
i=0 i wtx
Thus to prove (5.19), it suffices to show that
< e(n 4T, (5.21)

The term J;’"H can be decomposed as

~ Mot
m<| Y [ e
i=0%

LolL3

Tt 1 ~
| [T Bnsltni =nG@Naw )|, L= T+,

LoL?
where
H'"(r) = it 3]G (u(r)) — Glu(ti)) — DG (u(t)) G u(ti)) (W (r) = W (11))].
By (4.19) and (4.21), the second term J:TzH has the estimation
mt () {8 i HZEH;% ’;i[ﬁ’l)’ (5.22)
It remains to show a similar estimation for j;"l“. It is clear that
H"™ (r) = Sp i 2uDG (1)) [u(r) — u(ti) — Gu(t) (W (r) — W (1;))]
+S}Zjl*i@h/0.] DZG(u(t,-) +A(u(r)— u(t,)))
(u(r) —u(ty),u(r) —u(t;)) (1 =A)dA, r€ [t tiq1).

As a consequence of the discrete and continuous Burkholder—-Davis—Gundy inequal-
ities (2.23) and (2.22), respectively, we have

2
It <Y I, (5.23)
i=1
where
~ Mmoo et . T 2
Bit=% /, Sps ' PDG()) [u(r) —u(n) ~ [ Gu)aw ()|, dr
=0t i (08D
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1
syt ’,@h/o DG (u(ty) + Au(r) — u(t;)))

i+1
gm+1 .
J312 = /
t

» 0dr.
0%

(u(r) —u(t;),u(r) — u(ti)) (1-2)

We begin with the first term Jg”lTl By the boundedness (2.2), the condition (5.13),
the mild formulation (2.25), and Holder inequality, we have

tl
it <CZ/, ) —u(ts) — Gu(s) (W (r) W (1) |2 2dr
tit1
SCZ t H(S(r—t,)—Id)u(ti)||igL%dr
=074 h
Mol r 2
C S(r—t)F
+ ;0 /t [ str—npwss], .
Mol r 2
sy [ [ s0-9-16wnaws)), o
=0/t Ji; A2
o ety r 2
sy [ [16) - cuaw )|, dn
=01 i oly

The conditions (2.9) and (2.15), the embedding (2.6), and the estimations (2.2), (3.2),
(3.13), (3.20), and (3.27) imply that

1 1
J§"1+ <Ct +y||“||L°°L”H1+7+CT (1—|-||u||q A I)Hl)

2 u(t) —u(s)|75
+Crz(1+ | s 1) +Ct* sup ——————o&
|| HLr Ly, 0<s<t<T (t—s)

—1\2

<ot {(1+Iluoll‘{ ), el

< / o .
(14 o5 ol )% =1

Next, we estimate the second term Jé”fzrl by the boundedness (4.12), (5.13) with § €
[0, lﬂ’) Cauchy—Schwarz inequality, and the Holder estimation (3.13):

i+1 4
JIL < C sup |D*G(z ||§f®2(Hﬁ;$20> [Zo/t ||u(r)7u(ti)||LépHﬁdr}
= i

z€H!
4
Ju(t) = ()l

lit1
<C su [ / — P
>~ 0§S<¥)ST ‘[ — S|2<1+7_B)/\2 ;) A (r l) r
< CPT PR (1 uo|[{1)* < CTHY (4 fluo [£71)*. (5.25)
Collecting the estimations (5.24)-(5.25), we derive
Jml < o't (5.26)

s0  The above estimation (5.26), in combination with (5.22), shows (5.21) and thus com-
0 pletes the proof.
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Remark 5.1 Under the conditions of Lemma 5.1 with vy € [0,1] and B € [0,1], the
proof of Lemma 5.1 yields that, for any p > 1, there exists a constant C such that

sup [[u(tm) = Uyl p 12 < C(W"HY 4 ¢ 2 N1+7-B)y),

meZy

361 Now we can prove Theorem 1.2 by combining Lemma 5.1 with a variational
32 approach as in the proof of Theorem 1.1.

Proof (Proof of Theorem 1.2) Let m € Zy;—1. In terms of Minkovskii inequality and
the estimation (5.19), it suffices to prove that

sup [0~ Up'llp e < C(H7+22), ye(o1). (5.27)

meZy

Define ¢ A’"H Uerl Uerl Then A;,"H € Vj, with vanishing initial datum &) =
0. In terms of Eq (DIEMG) and (5.17), it is clear that

ﬁ;ﬂ+l = ﬁ}r[n + TAhﬁ/TJrl + TghF(u(thrl)) + ﬁhG(u(tm))(smW
+ PG (1)) Glultn)) | [ W) =W ()W ()],
Ut = Ut AU+ e 2, F (U + 2,60 8 W

+ 2DGUG| [ W) =W ()]

Tm+1

Consequently,
eyt =g = tAne) ! + TP (F (ultmir)) — F(U)
tm

+ P(Gultn)) — GUM)W + [ 2H™ aw (r),

Im

where
H () [ [ DG(ultn)Glult)) ~ DGURIGUR) | W (s), € lim,tms1):

Multiplying EZ’“ on both sides of the above equation as in (4.23), we obtain

(et —ar.er )+ ver PP = o(F (ultn)) — FU), )

(G~ GOPEW.E )+ [ aw .. 529

Similarly to (4.25), we have

e[ —arap] =5 (B[l 7] = [iepi?]) + sE e - ae]
(5.29)

By analogous arguments in the proof of Theorem 1.1, we have

T<F(M(lm+l)) (Um+l) g;anrl) < T“Vw+l||2+LfT||%+l||2
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+Ctlfueltmet) — O P (1 + uCtms )12+ 101972, (5.30)
and
((G(u(tm)) — G(UM) 8uW, &)
1 ~m ~m rrm ~m
< ZE[HehH =& 2] + 212 u(t) — T |P) e+ 2L2E [P 2. (5.31)

To deal with the last stochastic term in (5.28), we use the martingale property of
the stochastic integral, Cauchy—Schwarz inequality, and It6 isometry as in (5.24):

thrlE Hm+1 2 d
17 g

Im

Im1 1
B[ [ mrtaw),g] < JE[lert - g+
tm
By It6 isometry, the condition (5.14), and Cauchy—Schwarz inequality, we get
I
[ e[ R far

_ thEH /lr: [DG(U}T)G(U}:")—DG(u(l‘m))G(u(tm))}dW(S)H

Im

2

d
zzo] "

= S CE[IDGWUIGUR) ~ DG(u(in) Glu(tn))
(L,)?

= 0 u(tn) — U'|12] < LEFE llu(tn) — T 2] + LETE 2717

12
HS(Up:2Y)

and thus

It 1
IE|:/ + <Hm+ldW(r),gzn+l>:|
t"‘l
1 ~
< ZE[l ! =& P +LEE () — Ty I + LECE [ 12]. 532
Now taking expectation in (5.28), we use (5.29)-(5.32) and Holder inequality to get
1
> (]I 1R] -Efie?])
L ~
< LE[ Iy o+ (B [lluttms) = T 1] ) o+ L2EE () - O3
1 1
2(¢-2)1\ 2 ~i112(-2)7) 2
x (14 (B[t )19 )* + B[ 1792]) )
+2L§E[||u(;m) - 17,;"||2} T+ (2L§T+L’82‘L'2>E [||27;||2] .
Then by the estimations (3.2), (5.18), and (5.19), we obtain
I+y

(1 —2LfT)E[||E;':+1||2] <cr(r+r ) 4+ (1 +CT)JE[||2;"||2]

33 We conclude (5.27) by the same arguments as in the proof of Theorem 1.1.
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5.3 Milstein—Spectral Galerkin Scheme

Similarly to Section 4.3, the parallel result in Theorem 1.2 for DIEMG scheme (DIEMG)
is also valid for the spectral Galerkin-based Milstein scheme of Eq. (1.8).

The DIE Milstein spectral Galerkin (DIEMSG) scheme of Eq. (1.8) is to find a
Vy-valued discrete process {U}! : N € Ny ;m € Zy} such that

Up*! = U+ 2ANUR + 220 F (U + PN GUR) 8. W

- (DIEMSG)
+ DGURGUR] [ W) = Wie)aw ()],

with initial datum U 1(\), = Pnup. By the arguments in the proof of Theorem 1.2, one
can show the following strong convergence results for this scheme with sharp rates.

Theorem 5.1 Let y € [0,1), up € H'"Y, and Assumptions 2.1-2.2 and 5.1-5.2 hold.
There exist a constant C such that

m iy 1y
sup [Ju(tn) — URlllp 0 <CIN™ 7 +7°20), (5.33)

meZy

Assume furthermore that ug € H*> and Assumption 2.3 holds, then (5.33) is valid with
y=1
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