This is the Pre-Published Version.

This version of the article has been accepted for publication, after peer review (when applicable) and is subject to Springer Nature’s AM terms of use
(https://www.springernature.com/gp/open-research/policies/accepted-manuscript-terms), but is not the Version of Record and does not reflect
post-acceptance improvements, or any corrections. The Version of Record is available online at: http://dx.doi.org/10.1007/s00158-021-03058-z.

Isogeometric analysis based design of post-tensioned concrete

beam towards construction-oriented topology optimization

Zixin Zhang'?3, Tejeswar Yarlagadda', Yao Zheng?®, Liming Jiang!>", Asif Usmani'?
! Department of Building Services Engineering, The Hong Kong Polytechnic University, Hung Hom, Hong Kong SAR
2 Research Institute for Sustainable Urban Development, The Hong Kong Polytechnic University, Hung Hom, Hong Kong SAR

3 School of Aeronautics and Astronautics, Zhejiang University, Zhejiang, China

Abstract: Topology optimization as a computational approach is used to find an optimal
structure with specific objectives such as an ultimately lightweight design. The optimization is
normally performed under a series of constraint functions to ensure expected structural
performance for safety and resilience. To promote the use of topology optimization in structural
engineering, it is crucially important to identify and apply suitable constraints for realistic
construction. In this paper, a conceptual attempt aiming for a construction-oriented topology
optimization framework is presented. An isogeometric analysis module using NURBS curves
for geometric description and discretization is employed in stress analyses, which incorporates
the density based SIMP optimization approach to generate the optimized topology. A Drucker-
Prager criterion is adopted to constrain the stresses within the unequal limits of tension and
compression for the use of concrete type material. To prevent slim components of potentially
high complexity in construction, a minimum-width control is applied as an additional
geometric control. In this paper, the conceptual framework is demonstrated using a prestressed
concrete beam, while the optimization is performed to find suitable density distribution of
concrete and a NURBS-described tendon profile after imposing the mapped prestressed action.
The iterative optimization processes are presented and demonstrated to investigate the effect
of tensile-compressive strength ratio and the minimum width, which reflects the construction-
oriented vision pursuing a more regularized topology after applying the constraints in
optimization.

Keywords: Isogeometric analysis, prestressed concrete structure, lightweight design,
NURBS, minimum-width control.

1. Introduction

Topology optimization is a mathematical methodology for optimizing material distribution
in a specific design domain, aiming to find an optimal topology corresponding to specific
objectives and constraints. Since Bendsee and Kikuchi (1988) presented a pioneering work of
topology optimization, various numerical methods have been developed for this purpose,

including density-based methods and evolutionary/genetic algorithms (Deaton and Grandhi



2014; Eschenauer and Olhoff 2001; Rozvany 2009; Sigmund and Maute 2013). As a typical
density-based method, the Solid Isotropic Material with Penalization (SIMP) method is widely
adopted in topology optimization. This approach was initially used in the automotive and
aerospace industry, pursuing ultimately lightweight performance. In the recent decade,
researchers intended to bring this computer-aided technique to the design of building and civil
engineering structures (Beghini et al. 2015; Stromberg et al. 2011; Stromberg et al. 2012) to
achieve the optimum distribution of structural materials in members. To bridge the gap between
topology optimization and the realistic construction practice, it becomes crucially important to
identify and apply practical constraints and performance goals, fulfilling the requirements for
safety, resilience, and manufacturability of structural components.

For the optimized structure, structural material stresses should be ideally underneath the
elastic limits, and the load-bearing capacity should be largely exploited. The Strut-and-Tie
Modeling (STM) method was used in the topology optimization design for concrete structures
to find an internal truss system representing the load transfer path (Almeida et al. 2013; Kwak
and Noh 2006; Liang et al. 2000). Based on this concept, the density-based method was later
used (Bruggi 2009; Bruggi 2010; Bruggi and Taliercio 2013) to generate the material layout to
represent the STM model. Moreover, the Drucker-Prager stress constraint was later
implemented by (Bruggi and Duysinx 2012) to represent the anisotropic behavior in tension
and compression. The optimal design of reinforced concrete structure was later performed in a
two-phase microstructure comprising steel rebar and concrete using Drucker-Prager stress
constraints (Luo and Kang 2013). (Bogomolny and Amir 2012) considered the nonlinear
elastoplastic behavior, and then developed approaches to consider the damage pf concrete
(Amir 2013; Amir and Sigmund 2013). The simultaneous optimization of the concrete
continuum and reinforcement members were then presented (Amir 2013; Bruggi 2016; Gaynor
et al. 2013), followed by a recently reported experimental evaluation of free-formed plain
concrete (Jewett and Carstensen 2019). When considering different structural materials
separately, a prestressed concrete beam with a steel tendon is a challenging topic. The actual
prestressing effect is achieved using the configurational forces to optimize the single tendon
layout (Eurviriyanukul and Askes 2011). A simultaneous concrete topology and tendon shape
optimization framework was presented by (Amir and Shakour 2018), which was validated
using 3D printing concrete models (Vantyghem et al. 2020).

Unlike the finite element-based method (FEM) widely adopted in analyzing the stress
distribution (Jiang and Usmani 2018a; Jiang and Usmani 2018b), the Isogeometric Analysis
(IGA) (Hughes et al. 2005) is an emerging approach. As pointed out in the milestone work of



Hughes et al.(2005), IGA was an extension of FEM and was inspired by the computer-aided
design (CAD) methodology, featuring an exact geometric description from CAD by adopting
Non-uniform Rational B-Splines (NURBS) as its basis functions. The IGA method enables
identical description of the analysis model to the geometry model during optimization, as they
both use the same NURBS parameters and the adaptive mesh for FEM could be avoided. The
typical advantage of IGA-based structural topology optimization has been discussed by (Gao
et al. 2019). Along with IGA, the aforementioned density-based SIMP method can be
incorporated into the framework, as shown in Figure 1, in which a vision of construction-
oriented topology optimization is proposed corresponding to the above-manifested needs. To
implement topology optimization in a wider scope of realistic construction, the generated
design of optimal topology should also be construction-friendly. Using NURBS based IGA
model, the structural shape can be naturally compatible with the design input, which enables
potential industrialized construction approaches such as factory prefabrication.

Moreover, the structural components of the optimal design should fulfil the safety and
resilience requirements in a performance-based design domain. Ideally, the stresses of
structural components should be maintained underneath specified limits in various loading
scenarios (Jiang et al. 2021). It is also equally important that these components shall be of
limited variation and easy-to-manufacture sections. Thus, geometry control, such as minimum
width and tendon cover (discussed in this paper) and pattern control (future work), should be

considered in the construction-oriented topology optimization framework.

Vision
Optimal Current approach
Topology Smooth-edge geometry
IGA+NURBS ] | Compatible with design
" " ™\
Construction-oriented Construction- ' bensi N
Topology -~ D ensity mesh
AR friendly Component | P ine sli
Optimization ) g reventing slim components
width control L Better manufacturability
Safe & - Drucker-Prager Criterion
Resilient "‘ Stress limits } Unequal fand f,
L Higher strength usage

Figure 1 A vision of construction-oriented topology optimization
In this paper, a prestressed concrete beam with unequal tensile and compressive strengths
and a tendon is used to demonstrate the vision of the construction-oriented topology
optimization. The Drucker-Prager criterion is adopted in the optimization procedure to
constrain the material stress within the realistic concrete strengths of low tensile strength and

relatively high compressive strength. This is implemented with an IGA-SIMP topology



optimization framework, where a NURBS tendon curve representing equivalent prestress load
is achieved using a simplified load mapping process from the tendon to the concrete (Section
3.3). A NURBS-based minimum-width control is applied to ensure manufacturability and
prevent slim components for better resilience performance. The formulation and sensitivity
analysis of the outlined optimization problem is discussed, followed by investigating various
effects to the optimized topology, including the tensile-compressive strength ratio and the
controlled component widths. Along with demonstration cases, the work presented in this paper
seeks to develop a system of numerical approaches to port the topology optimization to the
practical concerns of construction of civil engineering structures, which currently remains a
starting step under the proposed vision and would be continuously developed with further

studies.

2. NURBS based IGA method
2.1 The definition of NURBS

For a given knot vector, a monotonically increasing sequence & = {fl,fz,...,fn +p +1} in

the parameter space defines the basis function, where 7 is the total number of basis functions
and p is the polynomial order. In Cox-de Boor recursive format (Piegl and Tiller 2012), the B-

spline basis function is defined as:

Nio(é)={1’ ife <e<e,

0, otherwise

Ni,p(g):ﬁ]v (§)+%—1_§Ni+l,p—l(é)’ (1)

é’:i+p - éi w §i+p+l - é:i+1
(i =1,2,...,n+p+1)

Therefore, a NURBS curve can be defined as:

SN (E)op
C(§)=H———=> R'()P, (2)
ZNf(f)wj -

where P, represents the coordinates of the i-th control points. @ indicates the weight of P,

associated with the p-th order B-spline basis function N, (5 ) , which is shown in Figure 2.

For simplicity, the NURBS basis function is denoted as Rl- (é: ) in this paper.
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Figure 2 Example of (a) the basis function; (b) a NURBS curve with @=[1,1,1,1]
2.2 IGA-SIMP method
The IGA employs NURBS to describe the geometry and to discretize the model for

structural analyses. The shape function using NURBS is expressed as:

x(£7) =3 SR (£,1)x,, 3)

i=1 j=1

120 . . . .
where Ri, j (5 ; 77) is the NURBS surface basis function and x;; denotes the vector of variables,

such as the coordinates, displacement, or density value of the control point. The governing
equation of isogeometric structural analyses remains the classic form:

Ku=F 4
where K is the global stiffness matrix. u is the global displacement vector and F is the load

vector. K is formulated from the elemental stiffness matrices of IGA:
K=)K, 5)
The element stiffness matrix of planar structure Ke can be expressed as:
K, =[ , B/D,B,dQ, ©
D, =(p! + Prin ) D

where B. is the strain-displacement matrix, D. the elemental elastic matrix, Do the solid elastic

matrix. p is the penalty coefficient to penalize the intermediate density, generally set as 3

(Rozvany 2009), while Q.. is the minimum density value (generally as 0.001) to avoid

numerical instability as p, is close to zero. The density in the element centroid is

approximately set to be the elemental density p., which can be calculated as:

p= 2R, ™)



&°,m. are the parametric coordinates of the e-th element center. For the plane stress problem,
the stress vector of point a is expressed as below:

¢, =p.D,Bu, 8)
where By is the strain-displacement matrix of point a and u. is the displacement of the element
control point. s is generally set as 0.5(Yang et al. 2018) to penalize the intermediate density
value.
3. Modelling post-tensioned concrete beams using IGA

A post-tensioned concrete beam is optimized using the proposed construction-oriented
topology optimization framework as a typical structure comprising separate components of
different materials. Based on the equivalent load method (Moorman 1952), a set of equivalent
loads can replace the prestress effect. A new load transfer formulation of the continuous
equivalent prestress load is developed for the IGA-SIMP framework, enabling the prestressed
concrete beam's optimization procedure.

3.1 IGA for prestressed beam

For the concrete part of a simply supported prestressed concrete beam, it is subjected to
various types of loads, which includes the external loads such as vehicles and structural self-
weight as well as the equivalent loads representing the action of the prestressed tendon. The
displacement caused by the equivalent prestress u, will balance the displacement caused by
external load and self-weight load Wew, Use. Similar to the finite element method, the

equilibrium of the prestressed beam can be formulated as below:

Kll — Fext + st + Fpre + Fpre* (9)

total
where F¢ and F*" represent the external force vector and the self-weight force vector,
respectively. The tendon geometry is described using a NURBS curve with equidistant x
coordinates and the varying y coordinates of control points. A smooth curve across the concrete
beam can be thereafter assigned to the tendon, as shown in Figure 3(a). The prestressed load
due to the tendon comprises two parts: equivalent distributed load along the tendon F*"* and
concentrated anchor load F¢*, as shown in Figure 3(b). It should be noted that the prestress

loss during construction and tendon friction is ignored in this model.



Y2 ” Y4

F pre* F pre*

V3

Figure 3 Tendon of the prestressed beam: (a) Tendon curve using NURBS(b) load due to prestressed

tendon

3.2 Equivalent prestressed load along the tendon

The equivalent distributive prestressed load is calculated according to the curvature of the
tendon, irrespective of the shape of the member and support condition. The distributed load

along the tendon is expressed as:

Q(f)ZCI(f)n(f) (10)

where ¢ (§ ) = I((g5 )-T " describes the curvature-based load distribution along the tendon, and

n(§) is the corresponding normal direction. 7. indicates the prestressed force and &(&) is the
curvature. According to the principle of virtual work, the distributed load could be equivalented

as a load vector on control points:

:J' q(f)-u(f)ds (11)

where F" and u’” are the load vector and the displacement vector at the tendon control point,

respectively. The equivalent load using Gaussian integration is expressed as follows:

NZEW
ten __ ten
F —Zﬁwiq,»Ri
e 1=

where N, tGe; is the number of tendon elemental gaussian points. J;" is the tendon elemental

(12)

ten
J 1

ten
J 2

Jacobian matrix from the parametric space to the physical space, while J t;" is the parent space

of the gaussian point to the parametric space. w; represents the weight value of i-th gaussian
point in e-th tendon element.

It should be noted that the initial number of control points of tendon shape is limited,
which would lead to an inaccurate estimation of the equivalent prestressed in the mapping
process, as shown in Figure 4. By introducing the h-refinement (Piegl and Tiller 2012), more
knots and control points can be automatically added into the curve to improve the accuracy

with consistent geometry at the model formulation stage. In order to insert the new knot



3 e[fk,fkﬂ]into the knot vector, the new n+1 control point vector {PpPza"':Pn +1} is

expressed using the following equation:

I_)i =aP, +(1_az‘)PH

1, i<k-p,

E_& (13)
@ =155 k_pri<i<k,

é:Hp_éi

0, izk+1.

The refined set of control points set can be thereafter attained, as shown in Figure 5. To
simplify the expression of h-refinement sensitivity analysis in Section 5.1, the relationship
between the coordinates of refined and original control points in Eq. (13) could be explicitly

rewritten as follows:

N,

initial
l)ireﬁne — z W;)rje:’/inel);nilial (14)

=

refine . : , . : ,
where '7;;  indicates the weight value from j-th original control point to i-th refined control

point. These added control points can thereafter refine the sensitivity description of tendon

shape variables during optimization, as shown in Eq. (31).
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Figure 5 the h-refinement of tendon control point



For the axial load at both ends of the prestressed tendon, it is also applied along the

tangential direction at the end of the tendon curve, as shown below:
ten* _ *

F=1,,n (15)
where n” indicates the tangential direction of the tendon curve end; T is the prestressed load
value.

3.3 Load mapping scheme from tendon to concrete

The load mapping scheme of the prestressed concrete beam optimization can take
advantage of using IGA. To address the prestress load on the concrete section, a mapping
scheme is applied to transform physical coordinates to parametrical coordinates of the concrete
domain. Traditionally in FEA, the process is achieved by calculating inverse Jacobian matrix
for each finite element. While in IGA framework, an direct and explicit relationship (Costa et
al. 2019) between physical coordinates and parametrical coordinates can be applied. The
differences of these two approaches are illustrated in Figure 6. The transformation from the

physical coordinate of tendon control points to the concrete domain can be expressed as follows:

P’ P’
F’(m — ;’ f’on N (16)
g2 e 2L
where P',P’ are physical coordinates of the i-th tendon control point, and &™,7”" are the

corresponding parametrical location in the concrete domain. The load mapping operation based
on this geometric transformation is illustrated in Figure 7. According to the principle of virtual

work, the equivalent prestressed load can be written as follows:

N, N,

con con

F;)re — Z Etechozn » (§j’77j) — ZEtenRicon (])
i=1 <§’ g ) i1 (17)

n

Fjpre* — ZFiten* Ricon ( j)

i=1

where R(C;” nm)(fj,nj) (alternatively denoted as Rl-con ( J ) for simplicity) represents the

NURBS basis function, which maps the parametric location of the tendon control point

(fim , 77;0") to the concrete control point (f 511 )
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Figure 6 The relationship of physical coordinates and parametrical coordinates in FEA and IGA.
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Figure 7 The inverse mapping process of an equivalent load from the tendon to the concrete domain

4. Optimization Problem formulation

4.1 Formulation of IGA-SIMP optimization with stress constraints
As previously explained, stress constraints are implemented in the IGA-SIMP
optimization framework. For structural materials like concrete, the Drucker-Prager stress
criterion is more suitable to exploit the unequal material strengths in tension and compression
than the Von-Mises criterion of identical stress limits (Liu et al. 2018). The Drucker-Prager

criterion is usually written as below:

F(o)=al (6)+J,(6)-H (18)



where 1;,J, indicate the first and second invariant of the stress tensor, respectively. @ and H

are variables and can be calculated with compressive strength O, and tensile strength 0;:

— 0.~06,
N (0.+0,)
20,0,

\B(0.+0,)

Along with the Drucker-Prager criterion, the IGA-SIMP topology optimization can be

(19)

formulated as:
NE

min V= (pe+pmin)1/e

[p,y] e=l1

s.t. Ku,,, =F"+F" +F" +F"

al,(6)+4J,(6)~H <0 (20)

0<p, <1, e=L..,N

t<y,<h-t, i=1..,N

> = Vinitial

The optimization is herein performed regarding the concrete topology and tendon shape.

[P,Y] as the design variables of the optimization model represents the density of concrete (p)

at control points and the y coordinate of the tendon curve. N, Ninisias are the number of concrete
element and initial tendon control points, respectively. /4 is the total beam height, and ¢ is the

interval of the unreachable region of the tendon, as illustrated in Figure 8.
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Figure 8 Designable region for tendon curve
4.2 Refinement of stress constraint

For stress constraint problem, the following numerical issues have to be carefully resolved:
(1) the stress singularity problem; (2) the unaffordable computational cost of numerous local
stress constraints; and (3) the optimization stabilization. Various approaches are used to
alleviate the above technical barriers, which have been briefly explained in this section.

For issue (1): when the density of the element tends to be zero, it will result in extremely
large stress and violate the yield criterion. Consequently, the yield constraints in the low-

density region will prevent materials from being completely removed, leading to numerical



difficulty obtaining the actual optimal material distribution. This phenomenon is usually
termed as stress singularity, which is alleviated using an epsilon-relaxation method (Cheng and

Guo 1997) in this paper:
1
quje(Ge,pe):h—(all (0.)+:(a,))/ H <1

&
h=1+=—¢ (e=12,..N,
p. ( )

21

where /4. is the relaxation coefficient representing the relaxation degree of the corresponding
constraint and ¢ is a prescribed small positive real number. A greater value means a higher
relaxation degree.

For issue (2): The computational cost of implementing stress constraints for the elements
of the model is a technical challenge during the optimization process. This issue is addressed
by wrapping the local constraints as a single global constraint using the Kreisselmeier-
Steinhauser (K-S) and p-norm stress measure (Duysinx and Sigmund 1998; Verbart et al. 2017,
Yang and Chen 1996) to reduce the computational complexity. The major difference between
these two global constraint functions is that P-norm requires non-negative local function value,
while K-S has no such requirements (Yang et al. 2018). Due to the negative values of the
Drucker-Prager criterion, the K-S function is chosen as the aggregation function:

1 .
GKS (p7Y)=;aneXp(T7¢F,e (Geﬂpe))gl (22)

where @, (Ge,pe) is the relaxation function in Eq. (21), and >0 is the aggregation

parameter, which is used to penalize the violation of the local constraints. By increasing the
value of the aggregation parameter 7, the approximation error could be reduced. However, the
larger 7 also leads to higher nonlinearity, which means more difficulty of convergence.

For issue (3), the STM-based stress correction scheme (Yang et al. 2018) is used to correct
the global stress measures and to stabilize the optimization process with the oscillation control,

as shown in Eq.(23).

~

Gys =G (23)

cp is the correction parameter, as:



maX(@F’e )” - 1
o, =] (Oe) (4
! max((pF e)
q,—————=+(1-q,)cp, ,, n>1
G), ()P

where the control factor (0 < g, <1)is to alleviate the discontinue change of ¢p, and to avoid

iterative oscillation leading to unstable convergence.
4.3 Geometry control of the optimum model

Aiming for construction-oriented topology optimization, the design variables, including
the minimum width (length scale) control and the tendon-concrete filter, are necessary to be
included in order to prevent segments of low manufacturability, as illustrated in Figure 9. For
instance, very slim components are challenging to manufacture and of little resilience during
life-time service. This optimal design effect is avoided by a desirable width control method to
set up a minimum width. A NURBS-based minimum length scale control approach (Costa et
al. 2019) is adopted in this paper and further developed to co-work with the IGA-SIMP
optimization framework. Besides the geometric mesh, an independent density mesh is used to
control the minimum length (width) scale. The density filter can be thereafter similarly

formulated as Eq. (7) and can be written as below:

p= YR (o), 25)

JEN;
where Rj‘.ie" (i ) is the NURBS rational basis function of density variables.
Moreover, a tendon-concrete filter is used to ensure the minimum cover of the tendon by

the concrete. The filter proposed by (Amir and Shakour 2018) can be expressed as follows:

,1[&]"’
p.=p.+(1-p,)e 2\ o (26)
where P, means the e-th elemental density and @,; indicates the shortest distance between

the center of e-th element and the tendon control points. S, is the function width, while

M, is the sharpness of the Super-Gaussian function.
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Finally, the erode-dilate function (Lazarov et al. 2016) is applied to obtain the clear 0-1

solution. the formulation of erode-dilate method is as follows:

~ero tanh(ﬂHSnem)_'_tanh (ﬁHS (ﬁe _nem ))

e " Tanh (Bn,,) + tanh (B (1-71,,)) (27)

[)d,»l _ tanh (ﬂHSUdil ) + tanh (:HHS (ﬁe —Na ))
‘ tanh (ﬁHSUdil ) + tanh (ﬂHS (1 —a ))

As the sharpness value frs increases, the 0-1 solution is better, but it reduces the stability of

the optimization iteration. 7., and 7 are the projection threshold for eroded and dilated design
(Lazarov et al. 2016), respectively. It should be noted that too high or too low projection
thresholds can produce Zig-Zag boundaries since the NURBS-based length scale method

reduces the topological design space. As shown in Figure 10, a zoomed 3 x3 nodes region using

different projection schemes is presented. The boundary of density distribution is not sharp
enough if no Heaviside is adopted (Figure 10(a)), whereas the Heaviside method of a zero
projection leads to a Zig-Zag boundary. When the projection threshold is defined as a variable
similar to the erode-dilate method (Lazarov et al. 2016), a relatively smooth boundary can be

obtained.
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Figure 10 Comparison of projection schemes with different project threshold, (#ero, 774i1)): (a) no Heaviside; (b)
projection threshold is 0; (c) variable projection threshold e.g.: (0.4, 0.6).

5. Sensitivity analysis

5.1 Volume sensitivity



The material distribution of concrete is described with the topological variables of
concrete and shape variables of the tendon. The volume objective and the stress constraint are
coupled during the topology optimization, which eventually produces the design variables

x=[p,y]. For the derivation of volume objective function Eq. (20), the partial derivative for the

design variable X; can be given using a direct form:

OV _59h.y (28)
ox, “<ox, °
The explicit gradient of the term % is calculated from the partial derivatives of the
x[
topological variables p;:
op, _ op, 0p, 0p, (29)

apj alée ape ap}

In Eq. (29), the derivatives of variables can be explicitly computed as follows: (i)% is
Pe

derived from the Heaviside function in Eq. (27); (ii) gﬁ is a differential form of the tendon-
Pe

concrete filter in Eq. (26); (iii)% is derived from Eq. (25), where the derivatives of the

NURBS filter from density design variables to elemental density. Particularly the partial

derivative of p, with respect to the shape variable ); is given as below:

aﬁe — a153 aﬁe adei (30)
ayi aﬁe adei ayl
where % is derived from the Heaviside function in Eq. (27) and %dﬂ' is based on the
ei y[

Euclidean distance. According to the h-refinement operation in Eq. (14), the distance is

computed from the element center to the refined tendon control points and then being projected

to shape variables };, as shown in the following form:

od . od ay;eﬁne

el __ el

€19

refine

dy, Y ay,



Where the first component ¢ is derived from the formula of distance, it should be noted

that the derivatives of the non-closest control points are zero. Regarding the second component,

ay;eﬁne
Oy

is given by Eq. (14).

i
5.2 Stress constraint sensitivity
For the stress constraint function, the adjoint method is used for sensitivity analysis, which

is expressed as follows:

~ . R
¢(p5 y) - GKS + }\’ (Kutotal _Fext _st _Fpre _Fpre) (32)
where 2. is the adjoint vector. The partial derivative of Eq. (32) to a certain variable X; is
given by:
09 _ 3Gy [ 001 00 2p.  00r. 06 du,  20r. Oh. Op,
ox, 0@, \ 0e Op, 0x, 0o Ou,, OX Oh, Op, Ox, (33)
F F,
+)\‘T a_Kut l +K autofa/ _ anw _ 0 pre 0 pre
. ox, Ox, Ox,  Ox
To eliminate the implicit term % , by collecting all the related terms in Eq. (33), the
xi
following adjoint equation is to be solved:
0G.. 00,, 0o
ks OO, +M'K=0 (34)
a(DF,e 66 autotal
aGKS . . . . a (DF e
Where P is calculated by the K-S aggregation function in Eq. (23), and p < can be
¢)F,e (¢
obtained from Eq. (21), which is related to the stress relaxation procedure. The last term 269
u

e

is derived from Eq. (8), for measuring the elemental stresses. Then, by solving the Eq. (34), the
adjoint vector A is obtained. After plugging it into Eq. (33), the expression of Eq. (33) can be

rewritten as:

3¢ _0G,s | 09:. 0o, p, +6¢>F,e oh, op,
ox, 0¢.,\ 0o 0p, 0x, Oh, Op, Ox,
(35)

*

+;\'T a_Ku anw _aFP”C’ _aFP"e
X.




The unknown derivatives in Eq. 35 can be explicitly obtained as follows: (i) Zce is obtained
Pe

from the stress expression in Eq. (8); (ii) OPre and She are calculated from the stress
Oh, L.

relaxation function in Eq. (21); (iii)Z_K is based on the interpolation rule of the stiffness
X

i

OF

matrix in  Eq. (5); (iv)For 8);W , the self-weight load 1is expressed as
=22 wR"p.gld|
o= Lol 36)
- 5Fm F,.
(v) The derivatives of the prestress force vectors ox ) ox are only related to shape

variables (i.e., geometry of the tendon). The derivatives of distributive prestress load can be

given as below:

w. a& Rten Jten Jten +
aFpre s ! ay ! ’ con ten | yten ten 8an
5 " ZZ Sy R + ZquR I3 o (37)
i ¢ J= en en ¢ J i
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(i) From Eq. (10), —: N, +q,— and ——=—-"1,, can be calculated. For the
&, ; W W
OK; on;
derivatives of curvature 5_ and normal direction a—, please refer to the detailed
i Vi

explanation in Appendix 8.1 and 8.2;

ol

(i1) is also available in the process of derivation of the normal direction in Appendix

i

8.2, as described in Eq. (49);
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(ii1) For the last term ( )= k ( ) 2 , : ( ) is the first-order

o onT oy o

con

derivatives of NURBS surface in Eq. (17), while is from the physical and

J
refine
oy,

a refine

parametrical coordinates relation in Eq. (16) and is available in Eq. (31).

*

a Fpre
dy

The partial derivate of the concentrated prestressed load is given as:

aF* * . con
pre — aFlen RCOH +F aR

ayi ayi ten ayl
aRcon aF;:n ( é:)

(38)

where is already available and P can be obtained from Eq. (15). The
i Yi
| o om(s) | |
corresponding tangential derivation term P is given in Eq. (45) in Appendix 8.2.
Vi

6. Numerical demonstration

The proposed topology optimization framework is demonstrated using a simply-supported
post-tensioned concrete beam, as shown in Figure 11, where a half model is presented
considering symmetry. An open-source IGA package programmed in MATLAB (SIMOGroup
2016) has been adapted in the proposed framework to conduct optimization. The effects of
various strength ratios (compressive strength f to tensile strength f;) and minimum width are
discussed within this section to demonstrate the construction-oriented concerns. It should be
clarified that these attempts are somehow still preliminary regarding the real application of
civil engineering structures. The proposed method is conceptually demonstrated using a 2D
problem in this paper, which can be extended for 3D formulation later and will be discussed in
the follow-up work.

When performing the IGA-SIMP based optimization, the MMA (Svanberg 1987) moving
limit of the topology and shape variables are set as 0.1 and 0.01, respectively. The SIMP penalty
value is used to accelerate the formation of the configuration of the structure. The penalty is
increased from 1.0 to 3.0, with a step size of 0.25 per 25 iterations. A high sharpness value of
the erode-and-dilate function fSus strengthens the 0-1 sharpness however, unfavourably reduces

optimization stability. Hence, the sharpness value is increased by 1 per 25 iterations from 1 to



5. The tendon-concrete filter width S and the sharpness 4. are set as 0.015 and 5.0. A
relatively high epsilon-relaxation coefficient ¢ is set as 0.4 to ensure the well-relaxed low-
density region, while the aggregation coefficient 7 is taken as 8.0. The value of ¢, in the STM-
based stress correction scheme is fixed to 0.5 to improve the continuity of the aggregated stress
evaluation.
6.1 Optimization demonstration using simply supported beams

Regarding the material properties of the beams, Young's modulus of the concrete (E) is
28 GPa, and Poisson ratio v=0.2. The density of concrete is taken as 2450 kg/m>. The load
balancing method(Lin and Burns 1981) for curved tendon has been adopted to estimate the
tendon force corresponding to given beam geometry. This as an analytical estimation assumes

the tendon of a parabola curve, and the prestress force for the beam of length L is given as:

2

=% (39)
Where ¢, is the service load (such as vehicles) on the top surface, a indicates the tendon’s
drape, set as 0.8 of beam height to ensure a safe distance from tendon to both top and bottom
chords.

In this beam example, the beam length L is 2m, and the height D is 0.2m. When the
service load gy equals to 200 kN/m, the analytical 7). is calculated as 625 kN. According to
the IGA result of this rectangular beam, the maximum tensile and compressive stress is 0.28
MPa and 1.33 MPa, respectively, which are both far below the strength limit, indicating low
utilization of material capacity in a traditional design. Through utilizing the theoretical
prestress force into the proposed optimization method, the restriction of parabolic tendon shape
and prismatic concrete topology are eliminated to achieve more efficient tendon shape and
lighter concrete beam, which enhancing the practical value of such traditional prestress beam
design methods. It should be noted that the concentrated prestress load on the edge is

equivalented as a localized pressure to simulate the effect of the anchor and to avoid stress

concentration on the loading region.
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Figure 11 A half model of the simply supported beam with uniform load




The right half of the beam is modelled considering the axial symmetry and discretized as

200x40 elements under the IGA framework. For convenient visualization, the half model is

duplicated to show a full model in the following discussion. Nine tendon control points are
used to generate the curve shape for the prestressed tendon, while 200 knots are inserted to
improve the accuracy of load equivalence, as discussed in section 3.2. The elemental density
value of the first two upper surface layers is fixed as 1.0 to form a rigid load-carrying surface,
and the edge tendon control point is fixed on the upper right corner to predetermine the location
of the prestressing anchor, as shown in Figure 11.

Figure 12(a) shows the typical iteration of topology optimization, where the density
distribution has been generated after several steps. During the iteration, the structural volume
ratio decreases from 1.0 to a converged 0.47, while the D-P criterion value approaches zero,
suggesting that the stresses are constrained underneath the yielding surface to remain elastic.
The presented optimization is performed with equal strength limits and low minimum-width
control (the reference length scale bar can be found in Table 1). Thus, the equal-strength D-P
value reflects the Von-Mises stress criterion, and the distribution is shown in Figure 12(b),
where the relatively higher level of stresses are in the upper chord. This is due to: (1) the bottom
chord assigned with a fixed filter thickness to ensure a sufficient tendon cover; (2) the bottom
chord only co-working the tendon to resist the tendon forces, and the main resisting action is
taken by the prestressed tendon. Figure 12 presents a visualized topology optimization process
without the construction-oriented concerns, whereas the effect of minimum width and unequal

strengths is discussed in the following subsections.
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Figure 12 Topology optimization result(equal strength limits, low width control (11.6 mm)): (a)
optimization process; (b) the distribution of D-P index (1jp = @r.-1), negative value of /4 indicates below

strength limit.

6.2 Effect of different minimum-width control



A NURBS-based minimum length scale control (Costa et al. 2019) is applied to prevent
slim components in an optimized structure. As shown in Table 1, the optimized models of
various minimum-width control are presented, where the width is selected as 11.6mm, 23.3

mm, and 46.6 mm corresponding to the different density mesh grids: 100x20, 50x 10, 25x5.

In these examples, the compressive strength is taken as 10 MPa, equal to the tensile strength.
The iteration of topology correlated to the material distribution during the optimization is
shown in Figure 13, in which the variation of volume ratio and D-P value are presented as well.

In the optimized models, a density control mesh of 50x10 is adopted as the minimum width is

limited to 23.3mm.
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Figure 13 Optimized topology with medium width control (23.3 mm) and equal strength limits: (a)

optimization process; (b) the distribution of D-P index Zip.

Meanwhile, the geometric mesh independent from the density mesh remains as 200x40.

When the minimum width limit varies, it can be observed that the slim components and tiny
branches are gradually prevented, as shown in Table 1. The structure of a reasonably controlled

minimum width thereafter represents a better manufacturability performance for construction.

Table 1 illustration of various minimum-width control in topology optimization

Volume Configuration
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48.91%
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6.3 Effect of unequal compressive and tensile strength

Concrete is a common structural material used with steel rebars as reinforcement, which
can be either strengthened by adding steel fibers or other types of fibers. The critical feature of
concrete is its different strengths in tension and compression. When the tensile strength (f;) and
the compressive strength (f¢) are known, the topology optimization should maximize the use of
the material strength while the safety performance is ensured. As shown in

Table 2, different topology optimization results can be obtained after applying the
Drucker-Prager criterion to consider unequal f; and f., while a minimum-width control of 11.6
mm is applie in these models. To observe the effect of strength ratios, the compressive and
tensile strength are selected as three sets: f. =10MPa, f; = 10MPa (Von-Mises Criterion); fc
=13.3MPa, f; = 6.7MPa; f. =15MPa, f; = SMPa. Here the scale of summed f: and f; has been kept
the same to represent the similar material capacity combining tension and compression. The
optimized structural configuration varies when the ratio of 1./ f; is increased from one to three
times of tensile strength. As the f. / f; ratio increases, the number of components between the
upper and lower chords is reduced because the major components of higher compressive
strength can solely bear the load transferred from the chords. Meanwhile, the volume ratio
declines from 47.39% to 37.94% as higher compressive strength and f. / f; ratio are employed.
It should be noticed that further improvement may be necessary for the optimized structure
since the structural performance of the model has to be examined for various loading scenarios
considering the service loading and extreme loading, which can lead to additional variation to

the optimized topology.

Table 2  Effect of different strength ratio to the topology optimization with low width control (11.6 mm)



Compressive/Tensile

St th Volume Configuration
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(1:1) 41.39% 11.6r;.\\—__//0~2m

13.3/6.7 MPa w

40.89%
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6.4 Optimized topology under D-P Criterion and width control

When applying the D-P stress constraints, and the minimum-width control simultaneously,
the iterative process of topology optimization is illustrated in Figure 14(a). As the strength ratio,
fe/ fr1s set to 3, and the minimum-width control is 23.3mm, the volume ratio and the D-P ratio
converge to the optimized values after 300 iterations. Upon the completion of optimization, the
obtained shape comprises fewer components and the middle components yield to an arch. Such
a regularized shape could significantly simplify the construction procedure, indicating a high
level of constructional ability. Figure 14(b) shows the D-P value distribution after the
completion of the optimization. When using the same minimum-width control (23.3mm), the
variations of optimal topology corresponding to various strength ratios have been shown in
Table 3. Comparing to results in Table 2, the optimized models with a minimal width limit of
23.3mm comprises less complexity in terms of the middle component distribution. As a
compromising result of the width constraint, higher volume ratios are seen in these optimized
models. In real structural design, a balanced performance between the volume ratio (material

cost) and the width control (manufacturing cost) should be considered.
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Figure 14 Topology optimization with medium width control and 3:1 strength limit ratio: (a) optimization
process; (b) the distribution of D-P index Zap.

Table 3 Topology optimization results after applying strength ratios and 23mm minimum-width control

Compressive/Tensile

S . Volume Configuration
trengt

10710 MPa = ===
(11) 48.91% 23.3mm e 0.2m

41.04% 233 mm e

(2:1)

R R
3:1) | 2.0m |

6.5 Optimzation of multiple-span beam cases

To further demonstrate the proposed optimization approach, two continuous beams are
briefly presented here, which are of two spans and three spans, respectively. Each span is 2.0m
long and similarly configured as the previous single span beam model. f., f; are adopted as
13.3MPa and 6.7 MPa. The schematic plots of the continuous beams are shown in Figure 15
(a) and (b). The upper surface pressure is assigned as 250kN/m for the continuous beams, and
the prestress force is fixed to 625kN. The optimization process and the distribution of D-P

index of optimized models are presented in Figure 16.
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Figure 15 Schematic plot of continuous beams.: (a) a two-span beam (2x2.0m); (b) a three-span beam (3 x

2.0m).

The optimized models are obtained under the same width control limit as 23.3 mm, while
the volume ratios of two beam cases eventually converge at 0.49 and 0.47. As shown in the
figures, the tendon profiles of both beams are of smooth curved shapes after the automatic
optimization. The tendon-covering region of the stress distribution contours are well below the

strength limit, indicating that the prestress tendons effectively alleviate the tensile stress in the



concrete beams. As shown in Figure 16, the optimized topology of continuous beams are of
expected performance, which presents well-controlled complexity of component distribution

and the well-achieved efficiency in pursuing a lightweight design.
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Figure 16 Topology optimization process of two-span beam: (a) density distribution of two-
span beam; (b) D-P index /4, distribution of two-span beam; (c) density distribution of three-

span beam; (d) D-P index /4, distribution of three-span beam

7. Conclusion

In this paper, an IGA-SIMP topology optimization approach has been developed along
with a vision of a construction-oriented topology optimization framework. The constraint
functions for material stresses and geometric configuration have been implemented to address
safety and manufacturability in real construction practice.

A prestressed concrete beam comprising a steel tendon and a concrete beam is modelled
and optimized using the proposed topology optimization framework. The NURBS-IGA based
mapping from the tendon to the concrete entity can achieve a simultaneous optimization over
the concrete topology and the tendon curve shape. The Drucker-Prager criterion has been
applied to consider the unequal strength limits for tension and compression as commonly
encountered for concrete-type materials in real construction. A minimum-width control is
implemented during the topology optimization to prevent very slim components in the
optimum model.

The effect of strength ratio f. / f; and minimum width has been demonstrated using the
prestressed concrete beam. The increasing strength ratio can lead to a different distribution of

concrete in the optimized beam and a lower volume ratio. When applying minimum-width



control, the branch components are significantly reduced, and the pattern of internal
components tends to be more regularized, which could essentially improve the
manufacturability of the optimized structures.

As discussed in this paper, the construction-oriented constraint functions are not limited
to the stress criterion and width control. To implement topology optimization in structural
engineering, the performance of the optimized structure subjected to various loading scenarios
during its life-time service should be considered. The manufacturing cost and the maintenance
cost (i.e., resilience) of the structure should also be taken into account. These concerns should
be plugged into the construction-oriented topology optimization framework, and the future

work of the authors will continue to explore it.

8. Appendix

8.1 The curvature sensitivity analysis of the tendon curve

The formulation of curvature can be written as:

N GRSE I
(5) ‘CV (5)‘3 |B|3

(40)

where C '(f ) ) C"(QE ) are the first and second derivative values of the tendon curve,
respectively. For the sake of formulation simplicity, we define terms A =C (§ ) xC' (§ ) and
B=C (f ) Therefore, the expression of Eq. (40) could be rewritten as:
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where the term %A is resulted in — = (é:) xC (§)+C (f)x (5) ; and the term
oy, W oy,
B oC
Z_f: is straightforward: Z_y, = %

According to the formulation of the first and second derivative values of the tendon curve,
the corresponding derivatives are given as follows:
) (@)
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8.2 Normal direction sensitivity analysis of the tendon curve

The formulation of normal direction can be written as:
0 1 COS 6’5
n(¢)= * 4
(CE) {—1 0‘ [sm@J (43)

where 95 represents the angle at the location &, and the expression could further take the

cosd, | dx(&) Jer o on(<) .
form as ) = = . Therefore, the derivative of normal ——— and is as
sin &, ds Jireer v,
below:
2
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Likewise, the tangential direction 5_ can be written as:
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where J iendon is the tendon elemental Jacobian matrix from physical space to parametric space

is calculated by:
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and the corresponding derivatives term 5 is:
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According to Eq. (14), the term in Eq. (47) can be given as:
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where the corresponding derivative is set as =[0,1,0]. Furthermore, the derivative term

a y;eﬁne
a Jiendon .
is calculated by:
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Replication of results

MATLAB codes for the simply supported prestressed concrete beam optimized with 23 mm
width control and 3:1 strength limit ratio is provided as supplementary materials to the journal.
To ease the concern of program convergence, the effect of specific parameters are introduced
here: (1) the step-up of penalty p accelerates the formation of optimized topology; (2) too high
Pus do affect the convergence stability, a reasonable range is recommended (Amir and Shakour
2018); (3) the width of full-cover tendon filter S is irrelevant to convergence problem; (4) the
range of tendon-concrete filter sharpness z4, is also recommended (Amir and Shakour 2018);
(5) the epsilon-relaxation coefficient ¢is a recommended value(Cheng and Guo 1997); (6) the
value aggregation coefficient 7 and STM-based stress correction scheme g, are both
recommended(Yang et al. 2018). The parameters used in this paper are determined according

to these recommendations and similar process can be applied to other case studies.
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