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Abstract Imperfect situation, like the non-uniform cross-section or non-straight

profile of cell walls, can in certain case be a positive contributor for properties of
cellular solids. However, auxetic cellular structures with imperfect profiles for

properties enhancement are rarely reported in the literature. Based on the most
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common auxetic honeycomb (the re-entrant hexagonal honeycomb, RHH), this paper
developed two new types of honeycombs with curved inserts and focused on how
microscopic curved inserts in an auxetic honeycomb influence its macroscopic
mechanical properties. Theoretical models for the in-plane linear elastic properties of
the two types of new honeycombs, including the Young’s modulus, Poisson’s ratio
and shear modulus, were first established, and then verified by numerical simulations.
The results showed that the two types of new honeycombs possess the same ability to
achieve auxeticity, in the meantime, exhibit improved Young’s modulus and shear
modulus compared to the RHH. Furthermore, the new honeycombs demonstrate more
flexibility in design as the curved inserts can offer more geometric parameters for
tailoring their macroscopic mechanical properties. The study also showed that the
curved inserts played a key role in determining the dominated deformation mode of
the new honeycombs, and a special dominated deformation mode intermediate
between pure bending and stretching was found in these honeycombs. The work
would provide a useful guide for the development and optimization of auxetic

materials.

Keywords: Auxetic; Re-entrant Hexagonal Honeycomb (RHH); Curved Inserts;

Elastic Modulus; Theoretical Model

1. Introduction

Cellular structures, including the periodically distributed honeycombs and
randomly structured foams, have received considerable attention due to their high
specific stiffness and strength [1, 2]. The deformation behavior and mechanical
properties of cellular structures depend on their micro-arrangements or topologies.
This observation underlies the commonly used concept of mechanical meta-materials,
that is, rationally tailoring the micro-arrangements of materials rather than their
chemical composition, and some improved, unigque or even unexpected properties can
be achieved [3], example being the negative Poisson’s ratio (NPR). The re-entrant

hexagonal honeycomb (RHH) is the most typical case in this regard. Inspired by
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nature, the regular hexagonal honeycomb came into people’s vision and it has been
fully studied over the past decades [1, 4-8]. Interestingly enough, Gibson and Ashby
[1] realized that the hexagonal honeycomb in a re-entrant form exhibits an NPR. Five
years after Gibson et al.’s finding, in 1987, Lakes [9] successfully fabricated a novel
type of NPR polymer foam, which revealed that the NPR materials can be attained in
a manmade way. A terminology of “auxetics”, that is commonly used today, was
introduced by Evans et al. [10] to name these materials. Since then, a consistent trend
in the development and characterization of auxetic materials and structures has
emerged [11-13].

The main attractiveness of the auxetic materials lies in the negative value of
Poisson’s ratio (v) endowing such materials with many improved properties. A

simple and well known benefit of introducing such materials is enhancement of their

shear modulus given by the common relation in an isotropic body: G=E/(2+2v)

(G and E respectively denotes the shear and Young’s modulus). Apparently, the
shear modulus (G ) will become infinitely large when v approaches -1 [14]. Other
properties to show an enhanced tendency as v being negative include the indentation
resistance and fracture toughness [15]. In addition, the energy absorption ability of the
auxetics is also enhanced. As described by Zhang et al. [16], the re-entrant
honeycomb displays higher plateau stress than the regular one and thus finding a
better energy absorption performance. It was also reported that the auxetic materials
exhibit better shape-fitting ability due to the formation of synclastic curvature under
out-of-plane bending [11]. This physical effect of a negative v can be exploited for
some special surfaces, for example, a dome one. Owing to these superior properties
mentioned above, the auxetic materials were implemented to a vast number of
applications, such as, vibration dampers [17], piezoelectric sensors [18], piezoelectric
energy harvester [19], construction materials [20], sports safety equipment [21] and
many others.

As the most common auxetic structure, the RHH has been the focus of research

for a long time. People have paid a lot of efforts into the modifications on it to achieve
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more superior mechanical performance. Bezazi et al. [22] proposed a new
centresymmetric cell with edge corners. It was showed that the new configuration
allows more degrees of freedom to the designer. Meena and Singamneni [23]
conceived a novel S-structures with less stress concentration and more robust
auxeticity in comparison with the RHH. Qi et al. [24] replaced the sloped cell wall of
the RHH with double circular arc cell walls, which can dissipate extra energy due to
more formed plastic angles during the crushing process. Embedding architectures into
the RHH has been proved to be an effective way for enhancing the stiffness and
strength [25-28]. Rayneau-Kirkhope [29] substituted the solid cell wall of the RHH
with sub-structures and obtained a new stiffer auxetic structure. The enhancement
mechanism in the embedded enhanced structures [25-28] and the hierarchical
configuration [29] is that the micro layout can change the dominated deformation
mode of the microstructures from bending to stretching [26, 27]. It has been shown in
the literature [30, 31] that the stretching-dominated design is an effective way for the
development of stiffer and stronger auxetic structures. Furthermore, the RHH was
also extended towards three dimensions by the orthogonal splicing method [32, 33]
and the hierarchical design [34].

Obviously, all the mentioned enhanced design schemes acted by tailoring the
micro solid distribution or arrangement as the mechanical properties of cellular solids
rely on their cell morphology. In practice, the manufacturing process significantly
influences the cell morphology of cellular solids and some microstructural
imperfections including the non-uniform cross-section of cell walls and non-straight
profile of cell walls do exist in real cellular solids [32, 35]. Studies have been
delivered to evaluating the effects of microstructural imperfections on the mechanical
properties of conventional cellular structures over the past years [36-42]. The results
revealed that the imperfections can in certain case be a positive contributor to the
structures’ stiffness, strength and energy absorption capacity. Furthermore, the
imperfections can also provide more tunable geometric parameters, which increase
the design flexibility of structures. However, few imperfect situations (non-uniform

cross-section of cell walls or non-straight profile of cell walls) were involved in the
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auxetic cellular structures.

In this paper, we conceived two novel types of honeycombs developed by
endowing the most typical auxetic honeycomb (the RHH) with curved inserts. The
two new layouts can be identified as an imperfect case of non-straight profile of cell
walls. The focus of this paper lies in a curious issue: how do microscopic curved
inserts in an auxetic honeycomb influence its macroscopic mechanical properties?
Theoretical models were proposed to predict the in-plane elastic modulus of the newly
developed configurations, including the Young’s modulus, Poisson’s ratio and shear
modulus. Finite element (FE) simulations were provided to verify the theoretical
results. A systematic comparison between the RHH and the new honeycombs was
conducted and fully exploring the effects of the curved inserts on the in-plane

mechanical properties of the new honeycombs.

2. RHH with curved inserts
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Fig.1. Schematic diagram of the honeycombs: (a) re-entrant hexagonal honeycomb (RHH); (b)
RHH with curved insert (Type | new honeycomb); (c) RHH with curved insert (Type Il new

honeycomb).

Fig.1 displays the re-entrant hexagonal honeycomb (RHH) and the two newly
6



developed honeycombs. For well depicting the micro-topologies of the two new
honeycombs, we constructed four auxiliary lines in the re-entrant hexagonal cell, i.e.,
the dotted rhombus located in the re-entrant cell, as illustrated in Fig.1(b) and (c).
Taking each auxiliary dotted line as a chord, we built an arc with a given radius, R
on each side of the respective auxiliary line, and thus forming two kinds of curved
quadrangles in the re-entrant cell. Finally, two kinds of new honeycombs were
successfully conceived by respectively embedding the two curved quadrangles into
every cell of the RHH.

As shown in Fig.1(a), there are four geometric parameters for characterizing the

RHH: cell wall thickness (t,), length of slant wall (1,), length of vertical wall (h,)

and slant angle (6,). Along with the parameters in the basic RHH, the new

honeycombs contains two other key geometric parameters: the thickness and the

radius of curved wall (t, and R). Actually, two auxiliary geometric parameters, the
length and the slant angle of the auxiliary line (I, and € ) are significant for

characterizing the new honeycombs. Structurally, |, and 6, can be written as a

function of the given parameters of the RHH:

=y [(ho/1)/2-5in6, ] +cos? 6,
ho/lo)/2—sin00} (1)

cosd,

¢, =arctan {(

3. Linear elastic modulus

3.1. Theoretical models
3.1.1. Young’s modulus and Poisson’s ratio

According to the symmetry of the new honeycombs, a unit cell was determined
for analysis, as outlined in Fig.1 (b) and (c). The analytical model of the new
honeycomb in Type | is illustrated in Fig.2(a). Four key points (A, B, C and D) are
contained in a unit cell we used. Assuming the unit cell undergoes a uniaxial x- or y-

directional stress, The displacements of those key points are listed as follows: vertical
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displacement of points A, B and D (v,,v, and Vv, ); horizontal displacement of

point B and C (u, and u.). It should be noted that the horizontal displacement of

points A and D, as well as the vertical displacement of the point C, is equal to zero in
our analytical model.
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Fig.2. (a) Schematic diagram of the unit cell of the newly developed honeycomb (Type I) under
uniaxial x- and y- directional external stress; (b) analytical model for the slant wall BD; (c)

analytical model for the curved wall AB.

One can find from Fig.2 (a) that, points B and C are located in the same plane of

symmetry, and thus, u, =u.. Another important relation of v, —v,=v, can also be

obtained according to the symmetry of the structure. It’s easy for us to calculate the

axial force of walls AD and BC:

a a E
FAD = FBC: ;A) Vg, (2)
o

where E, is the Young’s modulus of the basic material; A,=Ht, and H is the

height of the wall along the out-of-plane direction. Obviously, there is no shear force

acting on the walls AD and BC. Only isotropic basic material was considered in this
paper, thus the Yong’s modulus (E;), Poisson’s ratio (v,) and shear modulus (G,)
satisfy G,=E,/(2+2v,). In addition, to facilitate the analysis, both the basic
re-entrant cell and the curved inserts are supposed to be made with the same basic
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material in this study, although different basic materials can be respectively used for

them in manufacturing to enhance the design flexibility.

Using the force method, the axial and shear forces (F;, and F;;) acting on the

wall BD can be derived. Taking the wall BD in Fig.2(a) as a statically indeterminate
system with three degree of indeterminacy, we obtained a primary structure (a

statically determinate system, as shown in Fig.2(b)) by removing three excess
restraints and took the reactions as the redundant forces X,(i=1,2,3). For
facilitating analysis, we established a local rectangular coordinate system,x’—y’, in
which the x’ axis is parallel to the axial direction of the wall BD. Assuming the
displacement of point B along the x’direction is Ax’ while that is Ay’ along the
y' direction. Without loss of generality, we considered the rotation angle at both

endpoints of the wall BD, and ¢,, ¢, Iis identified to be the positive rotation

(clockwise) at points B and D, respectively. The redundant forces X, (i=1,2,3) can

be attained according to displacement conformability conditions:
O Xy + 0, X, + 03X =AY — gy,
521x2 + 522)(2 + 523X3:AX” (3)
031X + 05, X, + 05, X3=05 — ¢,
MM, NN, &VV,
+ + :
EOIO EOA) GO'%

moment, axial force and shear force due to the unit force (X,=1) applied at B,

where 5”:_[ (i,j=12,3); M;, N, and V, is the bending

respectively; 1,=Ht/12 is the second moment of inertia of the wall BD; « is the

geometrical factor and x=6/5 for a rectangular cross section. Then, o; are given

as follows:

(4)




By substituting Eq.(4) into Eq.(3), we have:
X 6 6 12Ay'
T J(E ) +126/(GoAy ) T8 T ZJ(Egly ) +126/ (G Ay ) / o) +12xl, /(GyA, )’

LYW

X,
0

X - 3l, +EOI0 N 3, _El, ~
ST HEN)+126/(GoA) by | 8 I /(Edy) 1126/ (GoAy) 1y |°P

6AY’
12 /(Eoly) +12x/(GyA,)

(%)

According to the symmetry of the structure, there is no rotation at the points B and D,

i.e. =@, =0 inEq.(5). From Fig.2(a) and (b), we can get a relation as:

AX'=Ug €S Gy + (Vg —Vp )sin G,

AY' =(Vg -V, )Cosfy —ugsin 6, ©)

By substituting Eq.(6) into Eq.(5), the axial and shear forces (Fs, and F;,) of the
wall BD are obtained:

Feo = HEy (a,vg —a,v, +a,Ug), @)
Feo = HEy (5,Vg —S,Vp +5,U5).

where

a, =t,sing,/l,,a, =t,cosq,/l,,
cos 6, sin g,

TR v 2wy (v ) 2 RJE + 2ndy (L v )

For the curved wall AB, as shown in Fig.2(c), we established another local

rectangular coordinate system, £ —n, in which the & axis is parallel to the auxiliary
chord AB. In Fig.2(c), the positive rotation at points A and B is ¢, and ¢,
respectively; A& is the &- directional displacement of B while An is the #-
directional displacement. We introduced an auxiliary parameter of «, in Fig.2(c) for

facilitating the analysis. Apparently, «, is the central angle subtended by the arc AB
10



and ao=arcsin[ll/(2R)]. Similarly, the redundant forces X/(i=12,3) can be

obtained by using the displacement conformability conditions [45]:
0, X+ 0,X, + 0, X, =An —2Rsin fo,,

O Xy + 0, X5 + 65 X5=AS, (8)
031X + 03, X5 + 535 X5 =05 = @

where ¢ can be calculated as:

J-ao RM M/ 145+ J-ao RN, - N1 dp+ J-ao kRV,-V, 14+
EA G,A
” " ” ” 3
J-ZORM M IzORN Nldﬂ J'ZOKRV Vigp RD Rd | xeR.
“ Bl E/A GyA
, , @ RM, - M, a RN, - N, a KRV,-V,
0y =0y, = .[o E,l, ——2d ——dp+ J. ——2d ———dp+ J. GA Zdﬂ
20 RM)- M 2a4 RN N” Zao KRV"V" 2cR*sin¢
d 2 — 0 ’
LO E,l, pe I “EA T I 5= E,l,
RIVI ‘M, 200 RM[-M 2R%a, sina
5' :5, = 3 = 0 O;
oy = [ p | TR
;[ RMgMy o e RNG-NG oo KRV, -V
e Al Syl GAidﬂ
J-Zao RM ‘M J-Zao RN N" J~2ao KRV, V2" dp = eR N xkRd
EOI1 EOAi GOAI’
RM ‘M, 200 RMJ-M 2cR’
5’ =5, = 3 = ;
23 32 J. J. EOIl ﬂ Eoll
2ay RM 2 2R
5, qp="",
¥ IO EOIl EOll

©)
where
a=a, +2a,c08’ o, —3sin a, Cos a,
_ - 2 -
b=oa,+ 2aosm_ a, —sina, Cos a,,
C=q,C0sa,—Sina,, (10)
d =, —sing, cosa,,
e=a,+Sina, Cosa,.

and 1, =Ht’/12 is the second moment of inertia of the curved wall AB; A =Ht, is
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the cross sectional area of AB. M; and M/, N/ and N/, V' and V,” are the

bending moment, the axial force and the shear force due to the unit force ( X;=1)

applied at B, respectively:
M, =R[sina, -sin(a, - A)]
N, =sin(a, — B)
V,/=cos(a, - ) 0
M, = R[ cos(a, - B)-cosa, | Vo0
N, = cos(a, - f3) ’
V, =sin(a, - f)

(11)

M;=R[sin(f-a,)+sina]
N, =sin(S-a,)
V,'=sin(f-a,)

M; =R[cos(f—a,)—cosq, |
N; =cos(f—«a,)
V,'=sin(8-a,)

a, < < 2a,.

It should be noted that, /£ is an intermediate parameter and it is illustrated in Fig.3

for each case.

(0] (0] (0] (0] 0]
0<f<an R0 a<p<la, R%g 0<f<a 2, a<pa, O, %
y s o< s ) oS mw. s
T o (B-a,) 1 o, (B-a) Cra, a

X /f- ik /'f S
(a—-p) P Na—-p) b
A‘\M \\\ \\
By Sl (B N B P
B B :

(a) (b) () (d) (e

Fig.3. Diagram of the curved wall AB under unit forces X/ (i=1,2,3).

By substituting the Eqgs.(10) and (9) into Eq.(8) , we can obtain the forces X/ as

below:
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X R2(2aosin2a0—b)/(Eoll)O—d/(EoAi) xe/(G, Ai)( 00)-

1
R® (2, sin’ a, ~b) /(E,l, )~ Rd/(E)A ) - xeR/(G,A)

Amn;

X2= R (2c —aao)/(Eoll)—eao/(EOAi)—KdaO/(GOAi)((pB )=

R*(2¢* —aa, ) /( Eoll)—eaoOR/( E,A ) —xdRe, /(GyA ) AS;

= Rc?
2Ra, o R*(2¢” —aa, ) /(Eyl,)—ea; /(E,A ) - xdag /(G A)
Rsin® a,
_Rz(Zaosinzao—b)/(Eoll)—d/(EOAl)—Ke/(GOAi)
[ E,l, Rc? |
2Rao_aOR2(262—aao)/ (Ely)—ea? /(E,A ) -xdal /(G,A)
Rsin’

R (22, sin” ay —b) /(Egl,) - d/(E,A ) - k¢/(G,A)

R2 (202 _aao)/(Eoll)—eaO/(EOAI)—KdaO/(GOAl) AS+

sine,

R (2a,5in° @, —b) /(E,l,)—d/(E,A ) - x€/(G,A)

Pa t

Pg +

An.

(12)
The rotation at points A and B are all equal to zero due to the symmetry, i.e.,

@, =93 =0 in Eq.(12). From Fig.2(a) and (c), we have:

Aé=ug c0sH, —(Vg —V, )sin G, =ug cosb, + v, sin g,

. . 13
An =Ugsing, + (Vg —V,)C0s6, =UgSin 6, — Vv, oSG, (13)

By substituting Eq.(13) into Eq.(12), the component of the internal forces of the

curved wall AB along the & and 7 axes can be expressed as:

FA%B:HEO (é:lVD + é:ZUB)’

(14)
Fas =HE, (771VD +17,Ug )

where
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—a, Sin g,

b= 12R*(2¢* - ag, )/tf —ea,R/t, - 2xdRa, (1+v,)/t,
B —0, COS 6,

&= 12R°(2¢” - aa,) /tf —ea,R/t, —2xdRe, (1+v,)/t,
~ cosd,

=R (201, sin* —b)/tf’ ~Rd/t, —2xeR(L+v,)/t,

" —sing,

" 12R°(2a,sin’ @, ~b) /[ R d/t, - 2eR (L+v,) t,

The component of the internal forces of the curved wall CD along the & and 7

directions is respectively equal to that of the curved wall AB due to the symmetry of

the unit cell, i.e., Fo=F5 and FL=FZL.

(a) E; and v,
We first calculated the Yong’s modulus (E, ) and Poisson’s ratio (vx'y) of the new

honeycomb in Type I, when loading along the x direction. The key idea to obtain the

effective modulus is using the displacement method to express both the x- directional
effective stress and strain (o} and &) as a known function of uj.
Based on the force balance at point B along the y direction, i.e., £F, =0, itis
obtained:
Fe. +Fosing, + By, cos @, + F.L cos 6, — Fo, sin 6,=0. (15)

Since the honeycomb is free along the y-direction when the new honeycomb is under
x- directional uniaxial stress, the total y- directional force at point A must be zero.

Hence,
F2 +Fgsing —F cosd, =0. (16)

By solving the coupled Egs.(15) and (16), we have:

VB _ ml
(VDJ_(mZJUB’ a7

14

where



n,c0s0,—¢&,sin g, )(n,cosd, —& sing, —s,cosf, —a, sinb, )+
2 1 2 1 1 1 1 1 1 0 ai 0
&,8iné,—n,cos6,—s,cos6, —a,sing, )(n,cosb, —& sin 6,
— 2 1 2 1 2 0 2 0 1 1 1 1
(t,/hy ) (77,c086, — & sin @, —s, cos g, —a, sin 6, ) +
(m,c0s6,— ¢ sind,)(t,/h, +a,sin g, +5,cos 6, )

1

(t,/hy ) (&, sin 6, —n, cos 6, —s, cos g, —a, sin G, ) +
_(&,5in6,—n,c0s6,)(t,/h, +a;sin G, +s,cosb,)
2 (t,/hy)(m, cOS6, — & Sin 6, —s, c0s 6, —a, sin G, )+
(m,cos6,—¢,sind,)(t,/h, +a,sing, +5,€0s6, )

The vertical displacement of point A can be given as:
Vo =Vg+Vp =(m +m,)ug. (18)

An x- directional force balance on the right boundary of the unit cell is established:

o, (hy—1ysin6,)H = Fj, cos g, — Fs, sin 6, + F cos 6, + Fl sin 6, + B, cos 6, + B, sin 6,

(19)
By substituting Egs. (7) and (14) into Eq.(19), we have:

e m, (&, cos g, —s; sin Gy ) +m, (2&,cos b, + 21, sin G, +s,5in G, —a, cos G
. | +a,c086,—s,sin 6, +2&, oS b, + 21, in 6,

o, = - Ug
h, —1,sin G,
(20)
The effective strains along the x and y direction are:
. Ug
g, = , 21
* 1,cos6, (21)
and
PO S AL S (22)

~h,—l,sing, h,—I,sing,
respectively.

Finally, the Young’s modulus and Poisson’s ratio can be obtained by E! =¢! /!

and v, =-¢, /e, respectively:
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e m, (a,cos g, —s, sin G, ) +m, (2& cos b, + 23, sin 6, +s, 5in G, —a, cos ) | cosd
£ °| +a, cos @, —s, sin G, +2&, cos 6, + 2n, sin 6, 0 0

h, —1, sin 4,
o :_(ml+m2)lo cos 6,

Xy B
h, —1,sin 6,

(23)
(b) E, and v,
The unit cell under a y- directional uniaxial stress can refer to Fig.2(a). The internal
force for each wall has been derived above. When loading along the y direction,
Eq.(15) still stands due to the y- directional force balance at point B. In addition, the
new honeycomb is free along the x direction when undergoing a y- directional loading,
thus,
F2, cos@, — Fsysind, + Fo, cos g, + Fsing, + F5, cosd, + FLsing,=0.  (24)

By solving the coupled Egs.(15) and (24), we have:
VB _ fl
(VDJ_(fzjus’ =
where

(&,sin6, —a,sing, —s, cos g, —1, cos b, ) (2& cos b, + 27, sin 6, +s, sin 6, —a, c0s G, ) —

s, sin g, —a, cos g, —2&, cos G, — 21, sin G, ) (17, c0s 6, —a, sin G, — s, c0s G, — &, sin 6) )
(t,/hy +a,sin g, +5, €086, )(2& c0s 6, + 21, sin G, + 5, 5in G, —a, oS b, ) +
(7,cos6, —a,sin 6, —s, cos 6, — & sin g, )(s, sin g, —a, cos b, )

!

(t,/h, +a,sing, +s,cos g, )(s,sin g, —a, cos 6, — 2, cos 6, — 217, sin G, ) +
_ (s;sin, —a,cosb,)(&,sin 6, —a,sind, —s, cos b, —1,cos b))
2 (ty/hy +2,sin 6, +5,c0s 6, ) (2, c0s 6, + 213, 5in G, + 5, Sin 6, —a, COS G, ) +
(m,cos6,—a,sin 6, —s,cos G, — & sin G, )(s, sin 6, —a, cos b, )

The vertical displacement of point A is:
VA=Vg +Vp=(f+ f,)ug. (26)
Hence, the effective strain in the y direction is:

PN /S S (27)
h,—l,sing, h,-1,sing,

while the effective strain along the x direction is &, =u,/(l,cos 6, ).
16



Due to the force balance at the top boundary of the unit cell, we have:
oyl cosOH = F + F sing, —FJl cos 6. (28)
By substituting Egs.(2) and (14) into Eq.(28), it is obtained:

o E, | fito/hy +(&5in6, —1, c056,) f, +(&,s5in6, 1, cos6)) |
Y l, cosé,

Ug (29)

Finally, the Young’s modulus and Poisson’s ratio when loading along the y direction

can be calculated as:

" E, [ fito/hy +(&5iN6, —1,c086,) f,+(&,sin6, —1,c0s6,) | (h, — 1, Sin6,)
Y (f,+f,)l,cos6, '

S h, —1,sin 6,
Y lycos, (f+f,)
0 0 1 2

(30)

(c) E, vy, E; and v

(b)

u='C e

Fig.4. Unit cell of the new honeycomb in Type Il: () under x- directional loading, (b) under y-

directional loading; (c) free body of diagram of the curved wall AB under forces X" (i =12, 3) .

Fig.4 (a) and (b) respectively displays the unit cell of the Type Il honeycomb
under x- directional and y- directional loading. Displacements of the four key points A,
B, C and D are consistent with that illustrated in Fig.2(a). Similarly, the curved wall
AB was recognized as a statically indeterminate system with three degree of

indeterminacy. We obtained a primary structure, as shown in Fig.4(c), by removing

three excess restraints and took the reactions as the redundant forces X/(i=12,3).

@, and @, are the positive rotation at points A and B, respectively. A" is the
17



displacement of point B along the &' axis of the local rectangular coordinate &'-7’

while An' isthe n’'- directional displacement of B.

By using the displacement conformability conditions, the redundant forces

X[ (i=1,2,3) can be calculated as:

RZ(Z%SinZO‘o_b)/(Eoll)o_d/(EoAi) xe/(Gy Ai)(
1 .
R3(2a0 sin® a, —b)/(Eoll)— Rd/(EoAl)—KER/(GoAl)An ,

X/= (ﬂB)

R* (ZCZ _a%)/( Eol,)—eay/(EA ) -xda, /(GA)

R®(2¢” -aq, )/( Eoll)—eaOOR/( E,A )—xdRa, /(GyA ) At

Eol, | Rc? ~

2Ra,  a,R*(2¢* ~aa, ) /(Eyl,)-eas /(E,A ) - xdag [(GyA)
Rsin’

_R2(2aosin2ao—b)/(EOIl)—d/(EoAi)—Ke/(GoAl)

=) Rc?

2R, a,R? (267 —aay) /(Eyl,) el [(E,A) —xdal [(G,A)

Rsin’

R (22, sin’ a, —b) (Egl,) - d/(E,A) - x¢/(G,A)

R2(2c2 _aao)/(Eoll)—eao/(EoAi)_Kdao/(GoAi)A§'+

sing, ,

R? (2a,5in’ —b)/(Eoll)—d/(EOAl)—zce/(GOAl) AT

X! = (Ph—o8)-

Xé’= Pat

(31)

Due to the symmetry of the structure, @, =@ =0 in EQ.(31) when the
honeycomb undergoes a uniaxial external stress. Comparing Eq.(31) with Eq.(12), we
can find that X/=X/ and X,=X, when ¢,=¢,=0 in Eq.(12) and
@, = @5 =0 in Eq.(31). Consequently, with the same geometric parameters R and t;,
the curved wall AB in Type | honeycomb shows the same internal forces to that in

18



Type 1l honeycomb. Based on this, we have:

R vy (32)

N _ el n
Ey - Ey’ Vix = Vo
where E' and Vx“y are respectively the x- directional effective Young’s modulus

and Poisson’s ratio of the Type Il new honeycomb, while EJand v, are

respectively the y- directional effective Young’s modulus and Poisson’s ratio of the

Type Il new honeycomb.

3.1.2. Shear modulus

(a) — Shear force

Fig.5. (a) Honeycomb (Type 1) under in-plane shear force; (b) free body of diagram of the

representative block.

Fig.5 (a) displays the honeycomb (Type 1) under an in-plane shear force.
According to the symmetry, a representative block, as highlighted in red in Fig.5 (a),
was determined. The geometry details for the honeycomb are consistent with that
introduced in Section 2. In the representative block, ten key points are contained, i.e.,

A /B, B',C, C',hD,E, E,FandG The displacements (horizontal displacement, u;

vertical displacement, v; rotation, @) for each point were illustrated in Fig.5(b) in

detail. According to the symmetry of the honeycomb, there are three pairs of
19



symmetric point: points B and B'; points C and C’; points D andD’. Each pair of

symmetric point has the same displacements, i.e.,
Ug =Ug, Vg =Vg, @5 =Py,
Uc =Ug, Ve =Veu @ =P (33)
Ug =Ug, Ve =Ve, @ =@

The main task in the following is to establish relationship between the forces and

endpoint displacements for each wall in the representative block.
©;

=3
(a) / /(’/\\. =
\
% Local rectangular

(e \N \\ coordinate system (m-n)

, Local rectangular
y\ coordinate system (m'n')

\/, o

w

Fig.6. Forces and displacements of a bar: (a) straight bar; (b) arc bar.

Fig.6 shows a generalized model of the straight and arc bars. In Fig.6, several

key geometric parameters were identified: H (out-of-plane height), t, (thickness of
the straight bar), t, (thickness of the arc bar), 1, (length of the straight bar), R (radius

of the arc bar) and «, (central angle for the arc bar). All the deformations in Fig.6

were described within the local rectangular coordinate systems m—n and m'—n’.
The axial direction of the straight bar is defined as m axis while that perpendicular

to the axial direction is n axis. Analogously, for the arc bar, the axial direction of the
auxiliary chord is defined as m’ axis. u,, v, and ¢, respectively denote the m-
directional displacement, n- directional displacement and clockwise rotation of the
point i in the straight bar (Fig.6(a)). u/, v/ and ¢ respectively denote the m’-
directional displacement, n’- directional displacement and clockwise rotation of the
point i in the arc bar (Fig.6(b)).

According to Eq.(5), a generalized relation between the end-point forces
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(U. V., MU V.

i Vi My, UV, M) and the end-point displacements (u;,v;,¢,,u;,V;,¢;) of a
straight bar is given as:
f = K°d°, (34)

where f°=(U;,V;, MU,V M, ) A= (U, v 0,5y, (/)J)T and K° is the

ijrvij ij? jir i

stiffness matrix of the straight bar that can be given as:

K K
Ke=E 11 2| 35
° (KZl Kzzj (35)
where
k11 0 0 —k11 0 0
K11 =/ 0 k22 k23 ) K12 =1 0 kzz k23 ,
0 k23 k33 0 _k23 kse
—k11 0 0 kll 0 0
K21 =1 0 _kzz _k23 ) Kzz 0 kzz k23
0 kzs kse 0 k23 k33
k :i k.. = 12 k. = —6
1 24K (T4 ve) /A TR 1 T+ 24k (T vy ) /A
3| |0 3|0 l,

12/1, + 24k (L v, ) /A, T, Kon = /1, + 24k (1+ v ) /Ay 1y
Similarly, we can obtain a generalized relation between the forces and displacements
of an arc bar by using the Eq. (11):
F =G°D", (36)
where F* =(Uf,Vy, My, U5V MY ) . D =(ul, V. ¢, U}V (DJ) and G° is the

stiffness matrix of the arc bar that can be given as:

G G
G°=E 1 2, 37
0(621 Gzzj ( )
where
911 0 g13 _gll 0 —913
Gn: 0 O O | Glzz 0 =0, Ox |
O35 U Oz 01z O Oz
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_gu 0 _913 911 0 913
Gle 0 =0 —0; | Gzzz 0 O O |-

—053 92 O3 Oz —Uas O3
0= % :
" OR%(2¢% —ag, ) /I, —ea,R/A — 2kdRa, (1+v,) /A
c .
% = R*(2¢* - aa, ) /1, —ea,/ A - 2kda, (1+v,) /A’
-1 ]
gzz_R3(2aosin2a0—b)/ll—Rd/Ai—ZkeR(lJrvo)/A&’
g, = sing, _
® R*(2a,5in’ @y —b) /1, —d/A —2ke(1+v,) /A
g=_ Rc? ~
¥ 2Ra, qR’(2¢°-aa,)/l,—ea; /A - 2kda] (1+v,)/A
Rsin’ _
R (2a,sin® &y —b) /1, —d/ A —2ke(1+v, ) /A’
L Rc? B
® 2Ray  a,R*(26%-aa, )/, —ea; /A - 2kdag (1+v, ) /A
Rsin’

Rz(zaosinzao_b)/h_d/Al—Zke(l-FVO)/Al.

Thus, the force-displacement equation for each wall in Fig.5(b) can be attained
by using Egs.(34) and (36). The main task in this section is to establish a relation

between the shear force P and endpoints’ displacements (horizontal displacement, u;

vertical displacement, v; rotation, ¢). To emphasize an important point, the points

which are located at the boundary of the representative block, i.e., points B (B'), C
(C') and E (E), are shared by the adjacent representative block. As a result, the
effect from the adjacent representative block should be taken into consideration when
calculating the resultant force at these points. Thus, the resultant forces at point B (or
B') are contributed by the internal forces of the walls AB, BC, BD, AB'and B'D; the
resultant forces at point C (or C') are contributed by the internal forces of the walls
DC, BC, CF, CE,C'D and FC’; the resultant forces at point E (or E') are
contributed by the internal forces of the walls CE, FE, GE, FE' and E'G.

For the facilitation of analysis, we numbered the walls in Fig.5(b) from (1) to
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(16). According to the forces balances at points A, B, C, D, E , F and G, we have:

F(I21><l) = Z(I

D, (38)

21x21) —(21x1) !
where

1 T
D(21><1) :(UA’VN(DA’UB’VBv(pB’UC1VC'¢’cvUD’VD'(DD!UE1VE1¢E1UF’VF’¢FquvVG'(pG)

T
FI :(FAX’FAy’MA7FBx’FBy’MB’FCX’FCy’MC’FDx7FDy7MD7FEx’F ME’FFX7F MF’FGX’FGy’MG)

(21><1) Ey' Fy?
T
P P
= _a010!010$0a010a010!010$0a010!010’01_1Oa0

EO EO
o
SEZ;G%XEZ + UGN + PGP 0 KDY 0 0 0
6;‘ Kl"ll'l

BIGUM 501G +

SOGDLO 4 5OKOO 4
OK D0 4 sOK OO OK 7.0
¢ P ¢ a| Klll’l +8| Kll;"l 8| Klz;"l / B

BPEA i KA
BIKA 660 —
0 e e P s B SO e 0
6(|10)G(2120))\-(|10) +6(|11)K§111))\.(|“) 1 12
KA+ 60KEAD <
Zoay =| SPKEM?  BPKEAD +8PKEMY  8PGIAD +80GRAY  SPKDAY +8(° G + 0 0 0
PG
6511)K(2121);\’(|11) + aglz)K(Z:lZZ)x(llz) + 6(15)G (15);\4(15)
0 0 SRR : BRSBTS KT B
309G 0.0 87G M
BGZA 159G ¢
O 0 659)G(2?)»59) +5=10)G§120)A=10) 0 6512)K(1122)}\:(|12) +a(|13)K§123)}"$13) EEIZ)K‘(LIIZ)}‘PZ) +8513)K(1‘§3)}‘(I13) + EEIA)K(IIZA)x(IM)
6514)K1114)}‘(I14)
G | 6(lll‘)K(zle)}‘(llln +
0 0 0 0 S BOKIA el
] 21 | +6(|16)G(2126)}.(|16)
—cosg, sing, 0O —cosg, sing, 0O

AD =20 =| sing  cosd, O ,651)2559)2(7»51))712 sing, cosg 0
0 0 1 0 0 1

—cos¢, —sing O ., [—cosf —sing O
1P =09 =| —sing, cos6, 0[,87=8{"=(07) =|-sing cosd O0;

0 0 1 0 0 1

010 L (010

M =0 =0 =0 =1 0 0,80 =80 =8(""=5{"=(1Y) =1 0 0|;
001 001

o
o

—cosd, sing, .
1O =0 =| sing, cosg, 0|87 =8 =(2)
0 0

—cosd, sing,
sing, cosé,
0 0 1

[EEN
o

o

cosd, sing, ., [cos6, sing, 0
1O =0 =|sing, —cosg, 08P =8("=(1) =|sing, -—cosg,
0 0 0 0 1

o

[EEN
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cos¢, sing, 0 , ([cosé sing 0
1) =09 =| sing —cosd 0,87 =8{"=(0]) =|sing —cosd O;

0 0 1 0 0 1
cosg, -—sing, 0 , [cosg  —sing 0
1O =A =| =sing, -cosd, 087 =8 =(1?) =|-sing -cos6, 0.

0 0 1 0 0 1

F,» M, respectively denote the x- component

ix !

In the force matrix F,,,, F

force, y- component force and bending moment at point i. In the matrix Z('lezl),

KY and Gﬁr'jg (m=12;n=12) are the component of the stiffness matrix of the

mn

cell wall k in Fig.5(b), which can be obtained from Eqg. (34) and Eq.(36),

respectively. &' is the coordinate transformation matrix from the local coordinate to

the global coordinate (the Cartesian coordinates of x-y in Fig.5(b)), while A}

denotes the coordinate transformation matrix from the global coordinate to the local
coordinate. In a straight wall, the local coordinate refers to the rectangular coordinate
system formed by the axial direction and its perpendicular direction, while for the
curved wall, the local coordinate is formed by the axial direction of the chord and its
perpendicular direction, example being the local rectangular coordinate system m-—n
and m'—n’ plotted in Fig.6.

From Eq.(38), the displacements of all the points can be expressed as a known

function of the shear force, P . The shear stress and strain are:

| P
I S 39
Py 2HI, cos g, (39)
and
I Up —Ug
- , 40
= 2(hy ~1,sinG,) (40)

respectively. Finally, the in-plane shear modulus for the Type | honeycomb is

calculated by Gy, =7y, /7,, . The shear modulus of the Type 11 honeycomb, G, can

be obtained by using the similar derivation (see Appendix A).
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3.2. Numerical investigations
3.2.1. Finite element (FE) models

Finite element (FE) models for the new honeycombs were built to verify the
theoretical predictions of elastic modulus derived in the previous subsection of this
paper. Commercially available FE software ANSYS/APDL (version 16.0, ANSYS
Inc.) was used to carry out all the simulations in this study. The basic material of the

honeycomb block was adopted as the acrylonitrile butadiene styrene (ABS) polymer

which is assumed to be elastic, perfectly plastic with E, =2200MPa, o, =31MPa,

v, =0.35 and p, =1.05g-cm[43]. Structures’ computational design in this study

was modeled using the SOLIDWORKS 3D CAD software. All of the FE models

satisfy an uniform geometric relation of H =t, = 2t,. Once the model was generated,

it would be finally imported into ANSY'S for analysis and the respective material and
its properties would be assigned to the model. 3D models of the new honeycomb

blocks (7X5 cells) were meshed using 20-node solid element, Solid 186. A free

tetrahedral meshing scheme with an element size of t, was used. The FE simulation

work done by Harkati et al.[44] was used for reference, and the detailed boundary
conditions adopted in the current FE simulations are displayed in Fig.7, in which the
Type | honeycomb is used as an example. The same conditions and modeling are also

used for the Type Il honeycomb. In the case of x- directional compression (Fig.7(a)),

nodes on the left boundary were constrained along the x direction (u,=0) while

those on the right boundary were applied with a uniform displacement (—-Au ). The
node located in the center of the left boundary were constrained in both y and z
directions to avoid the rigid body displacement. Similarly, the bottom boundary was
constrained along the y direction while a uniform displacement was applied on the top
boundary when compressing along the y direction (Fig.7(b)); the node located in the
center of the bottom boundary were constrained in both x and z directions. For the
in-plane shear loading (Fig.7(c)), nodes on the top boundary were constrained in both

y and z directions, and an x- directional uniform displacement, Au, was applied on
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them; the bottom boundary was fixed (u, =0,u, =0and u, =0). What needs to be

stressed is that the applied displacement should be small enough to ensure all the
analyses are done within the linear elastic region.

In order to minimize the influence of the boundary on the calculation results, the
central cell (Fig.7(d)) was chosen to calculate the effective elastic modulus. Forces
and average displacement on the surfaces A, B, C and D can be readily attained by
using the ANSYS software and thus the effective elastic modulus can be further

calculated.
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Fig.7. Schematic diagram of the FE model of new honeycomb (Type I) under: (a) x- directional
compression; (b) y- directional compression; (c) in-plane shear; (d) the central cell chose for
calculating the effective elastic modulus.

The mesh sensitivity analyses were also conducted in this paper to ensure the

accuracy of the proposed meshing scheme. As mentioned above, the mesh size of t,

was adopted for all of the cases. The maximum value of t, (i.e., the maximum mesh

size) in this paper is 1.25 mm and hence it would be heavily discussed in the
following. Implementing four levels of mesh sizes (0.625mm, 0.8mm, 1mm and

1.25mm) in the new honeycombs (Type | and Type Il) with 1, =50mm  h, =100mm,

R=100mm, ¢,=30°, H=t,=2.5mm and t=1.25mm, the total element numbers

for the honeycomb models under different mesh sizes were obtained, as illustrated in
Table.1. The in-plane elastic moduli of the honeycombs corresponding to different
mesh sizes can be calculated by using the proposed numerical procedure, and the
results are displayed in Fig. 8 and Fig. 9. One can find that the elastic moduli obtained
from 1.25mm mesh size are very close to that obtained from the other lower sizes
while the total element number of the honeycomb model with 1.25mm mesh size is
much lower than the others, which reveals that 1.25mm mesh size can meet the
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accuracy requirement with less computations. As a result, it is to be expected that the

proposed meshing scheme with the mesh size of t, is suitable for all of the
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Fig.8. Mesh sensitivity analyses on the in-plane equivalent elastic moduli of the new honeycomb

(Type I) with 1, =50mm, h, =100mm , R=100mm , §, =30°,t,=2.5 mm and t, =1.25mm.
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Fig.9. Mesh sensitivity analyses on the in-plane equivalent elastic moduli of the new honeycomb

(Type 1) with I, =50mm, h, =100mm , R=100mm , 8, =30°,t,=2.5 mm and t =1.25mm.
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Table 1. Total element numbers of the new honeycomb (both Type | and I1) under the tetrahedral

meshing scheme with four levels of mesh size (0.625mm, 0.8mm, 1 mm and 1.25mm).

mesh size total element number
new honeycomb (Type I) new honeycomb (Type 1)
0.625 mm 3480037 3485294
0.8 mm 1595410 1642376
1 mm 663428 696907
1.25mm 421860 407044

3.2.2. FE validations and parameters studies
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Fig.10. FE and theoretical predictions of the in-plane elastic modulus versus t,/I, while

l, =50mm, h; =100mm , R=100mm , §, =30°,t, =0.5t,: (@) E,/E,;(b) E,/E,;(c) G, /E,; (d)
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Fig.10 displays the FE and theoretical predictions of in-plane elastic modulus

versus t,/l, while 1, =50mm, h, =100mm, R=100mm, §, =30° and t, =0.5t,. In
the FE models, five levels of t,/I, were obtained by five different values of t,:

t,=Imm, t,=1.25mm , t,=1.66mm , t,=2mm, and t,=2.5mm . Comparing the
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theoretical predictions with the FE results, a very good agreement can be found

between them under small value of t,/I,. With t,/I, increasing, the difference

between the theoretical and FE results increases progressively. This is because the

theoretical models based on the classical beam theory neglect the joint regions of cell

walls, while the solid element in FE analysis can fully describe the geometry of

structures. The larger t,/l, is, the larger the joint regions and thus the more intensive

their influence are. From above analysis, one can draw a conclusion that the

theoretical model developed in this paper can offer a good accuracy for the structures

with low t,/I, .

For further validations, we conducted more FE cases to verify the theoretical

models, as shown in Figs.11 and 12. A low value of t,/l,=0.02 was adopted in

Figs.11 and 12 while the effects of 6, and R/l on the effective modulus were

demonstrated respectively. Theoretical predictions in Figs.11 and 12 are very close to

FE results, which help to verify the theoretical models.
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Fig.12. FE and theoretical predictions of the in-plane elastic modulus versus R/I, while

l, =50mm, h, =100mm, 6,=30°,t, =1Imm,t, =0.5mm: (8) E/E,; (b) E,/E,; (c) G, /E,; (d)

vy (@d) v
For both the Types I and Il honeycombs, the dimensionless Young’s modulus
(E,/E,y, E,/E,) and shear modulus (G, /E, ) monotonically increase with /I, (see
Fig.10 (a), (b) and (c)). In Fig.10 (d) and (e), obvious negative value of Poisson’s ratio
can be found and the NPR effect decreases with t,/l,. It is remarkable that the
Young’s modulus and Poisson’s ratios of both types of the new honeycombs are quite

close under lowt, /I, , which is consistent with the theoretical prediction (see Eq.(32)).

However, with t;/l, increasing, differences in Young’s modulus and Poisson’s ratio

between the Type | and Type Il honeycombs become gradually significant. A reason
for this lies in the different joint regions among the walls in the two types of
honeycombs. Regarding the in-plane shear modulus, we can find from the theoretical
and FE results plotted in Fig.10 (c) that the shear modulus of the Type Il honeycomb
is slightly larger than that of the Type | honeycomb.

In Fig.11(a), the x- directional Young’s modulus, E,/E,, decreases with 6, to

a minimum value and then increases. The minimum value occurs at around 6,=25°.
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Unlike E,/E,, the y- directional Young’s modulus and shear modulus monotonically

increase with 6, (see Figs.11(b) and (c)). We can also find that the shear modulus of
the Type Il honeycomb is slightly higher than that of the Type | honeycomb under the
same angle value. For increasing ¢,, the value of v increases while v

decreases with 6, to a minimum value and then increases. The minimum value of

v, Is observed at around @,=40°. Clearly, the slant angle, 6,, is a quite influential

design parameter in altering the auxeticity and stiffness of the structures.
With respect to the existing embedded enhanced auxetic structures, the new

honeycombs developed in this paper are best distinguished by the curved insets in

them. Looking back to Fig.1 and Eq.(1), a determined length of the auxiliary line (1)
is attained by any given hy, |, and 6,. For facilitating the analysis, we introduced
a dimensionless parameter R/l, to evaluate the bending degree of the curved walls.
The large R/l,, the lower bending degree the curved wall. The curved wall will
become straight when R/I, — oo. As we know, axial deformation of the wall will be

progressively significant with R/I, increasing. In particular, deformation of the

curved walls will dramatically affect the dominated deformation mode of the whole

structure. Taking an extreme case, when R/I, for the walls AB and CD in Fig.2(a)

approaches to infinity, the curved profile will transform to be a straight wall and thus
two stretching-dominated triangles ( AABD and ACBD ) were formed.

Consequently, the dominated deformation mode of the structures will change from

bending to stretching with R/, increasing. This is the reason for the phenomenon

displayed in Fig.12 that the stiffness (E,/E,,E,/E,,G, /E,) of the structures
increase (Fig.12 (a), (b) and (c)) while the auxeticity diminishes (Fig.12 (d) and (e))

with R/I,.
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Fig.13. Theoretical predictions of the in-plane elastic modulus of RHH and new honeycombs

versus relative density (Ap) for various R/l, while 1, =50mm,h, =100mm , 8,=30°,t, =0.5t,:

(@) E,/E;(b) E,/E ; () G, /E,.

Actually, the dominated deformation mode can be explained by the relation

between the Young’s modulus and relative density, as illustrated in Fig.13 (a) and (b).

The relative density (Ap) of the RHH is calculated as:

P (/l+2)(t/ly)
Ap= po 2(hy/l,—sin@,)cosé, (4D)

while for the new honeycombs (both Types | and 1) , their relative density (Ap) is:

Ap:i*=t0h0/2+tolo+4Rtl arcsin[1,/(2R)] (42

poX (hy/l, —sin )1, cos 6,

where p~ and p, denote the density of the honeycomb and the bulk material,

respectively. It should be noted that Egs.(41) and (42) are only suitable for

honeycombs with low relative density as they neglected the geometry of joint regions.
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Therefore, Fig.13 only discussed the honeycombs with relative density lower than 0.1.

Various levels of relative densities can be attained by keeping
l, =50mm, h, =100mm, 6,=30°,t, = 0.5t, unchanged while varying t, from 0.1mm

to 3mm. The data plotted in Fig.13 were generated from the numerically validated
theoretical models.

It can be seen that both the Young’s modulus and shear modulus increase with
the relative density. Also, the Young’s modulus and shear modulus of the new
honeycombs are significantly higher than those of the RHH under the same relative
density. In the other words, the new honeycombs show higher specific compressive
stiffness and shear stiffness than the RHH. This result indicates the new designs
coincide with the standard of high specific stiffness.

As summarized by Grenestedt [46], the scaling of effective Young’s

modulus (E") of 2D cellular structures with relative density is:

E—O:C(Ap)”“ (43)
where m=1 for stretching controlled micro structures; m=3 for bending
controlled micro structures. Using Eq.(43) to fit the data plotted in Fig.13, we can
attain the corresponding coefficients C and m for each case. It was found from
Fig.13 (a) and (b) that, both the x- and y- directional Young’s modulus of the RHH
scale approximately cubically with relative density (m=2.973 for x direction while
m = 2.961for y direction). This indicates that the RHH is the pure bending dominated

structure. Under the same relative density, the Young’s modulus of the new

honeycombs in both x and y directions increase with R/I, . For the new honeycombs
with R/l,)=2, m=2770 for x direction while m=2.620 for y direction.
Apparently, the exponent m for the new honeycombs with R/I, =2 is close to 3
which reveals the new honeycombs with R/l,=2 are also a bending dominated

structure. In the case of R/l,=4, m dramatically deviates from 3 (m=2.356 for x
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direction while m=2.097 for y direction), which shows that the axial deformation
of the microstructure becomes significant gradually with R/I, increasing. As R/l
rises to 10, the exponent m clearly titled toward to 1 (m=1.629 for x direction
while m=1.438 for y direction). Finally, an approximate linear relation between the

Young’s modulus and relative density was observed in the case when R/I,=20. In

summary, the exponent m tends to deviate from 3 and approach to 1 with R/l

increasing. According to the result by Grenestedt [46], the dominated deformation
mode of new structures transforms from bending to stretching as R/I, varies from 2
to 20. Given above, the dominated deformation mode of the new honeycomb is
flexible and a special dominated deformation mode between pure bending and

stretching can be achieved with some certain values of R/I,.

Fig.13(c) illustrates the variation of the in-plane shear modulus with the relative
density. Using a similar power function form as Eq.(43), i.e., (ny/Eo)z D(Ap)",
fitting curve for each case was plotted in Fig.13(c). It is found that, the shear modulus
increases with R/I, under the same relative density. And, the Type Il honeycomb
shows higher shear modulus than Type I. An approximate cubic growth relation
between the relative density and shear modulus was observed in both the RHH and
the new honeycombs with low R/I, (R/l,;=2,R/l,=4). With R/l, increasing, the
exponent n tends to deviate from 3 and approach to 1. In view of this, the relation

between the relative density and shear modulus can also be considered as a criterion

for identifying the dominated deformation mode of cellular structures.

4. Conclusions

In this paper, two types of new honeycombs with curved inserts were developed
based on the most common auxteic honeycomb, RHH. The slope-deflection equations
for both the straight and curved wall were established with fully considering the

bending, shearing and stretching deformations. By combing the slope-deflection
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equations of all the walls in the unit cell (or representative block) we determined, the
theoretical models for the in-plane Young’s modulus, Poisson’s ratio and shear
modulus of the new honeycombs were developed. FE models with 3D solid element
(Solid 186) were built to verify the developed theoretical models and a good
agreement between the FE simulations and theoretical predictions was observed.

Both the theoretical and FE results show that the two new types of honeycombs
display equality in Young’s modulus and Poisson’s ratio, while the shear modulus of
the Type Il new honeycomb is slightly higher than that of the Type I. Influences of the
micro geometric parameters on the macroscopic mechanical properties were fully

discussed. A desired stiffness and auxeticity can be achieved by tailoring the micro

geometric parameters. For example, we can achieve a minimum value of E!/E, (or
E)'/E,) at around 6, =25° and a maximum negative value of v, (or v,) at
around g, =40°; Increasing the ratio of t;/l, can result in a high Young’s modulus

and shear modulus but a weak auxeticity; Increasing the ratio of R/l , the dominated

deformation mode of the structures gradually varies from bending to stretching. This

is the root cause for the phenomenon that the Young’s modulus and shear modulus of

the new honeycombs increase with R/I, . It is noted that the new honeycombs show a

flexible dominated deformation mode and a special dominated deformation mode
intermediate between pure bending and stretching can be achieved.

In summary, the two new honeycombs we developed meet the design standards
of high specific stiffness. The work would provide a good guideline for the
development of the auxetic structures with improved mechanical properties and
design flexibility. It should be noted that, full experimental investigations will be

presented in our next paper.
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Appendix A. In-plane shear modulus of the Type Il honeycomb (G,;)

P AN
ul

A

representative block

Fig.A.L. Free body of diagram of the representative block of the Type Il new honeycomb.

In this appendix, we presented a theoretical model for the in-plane shear modulus
of the Type Il honeycomb (Gx”y). Similar to the derivation in Section 3.1.2, the
force-displacement equation for each wall in Fig.A.1 can be attained by using Eqgs.(34)
and (36). According to the forces balances at points A, B, C, D, E , F and G, a relation
between the forces and the displacements over the whole representative block was
given:

F(Izlm) = Z(“21><21) D(“21x1) (A1)
with

T T
D(21><1) :(UA’VN(DA’UB'VBv(pB’UC1VC'¢’cvUD’VD:(DD!UE1VE1¢E1UF’VF’¢FquvVG'(pG)
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Similar to the details introduced in Section 3.1.2, KfT'f,z and G(n‘:,z

(M=1,2;n=12) in the matrix ZE'ZMl), the component of the stiffness matrix of the

cell wall k in Fig.A.1, can be attained from Eq. (34) and Eq.(36), respectively. 6'|‘|
is the coordinate transformation matrix from the local coordinate to the global
coordinate (the Cartesian coordinates of x-y in Fig.A.1), while AY denotes the
coordinate transformation matrix from the global coordinate to the local coordinate.

From Eq.(A.1), the displacements of all the points can be expressed as a known

function of the shear force, P. The shear stress and strain is:

R — (A2)
’ 2HI, cos 6,

and

]/u _ Uy —Ug
Y 2(hy-lysing,)

respectively. Finally the in-plane shear modulus for the Type Il honeycomb is

(A.3)

calculated by Gy =7, /7y, -
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