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1 Introduction 20 

Skip-stop service can be used when multiple transit lines operate simultaneously in a single corridor. 21 

With this service, the buses or trains assigned to each line visit only a subset of the corridor’s stops 22 

(Vuchic, 2005; Leiva et al., 2010; Chen et al., 2015b; Larrain and Muñoz, 2016; Soto et al., 2017). By 23 

skipping certain stops, each transit vehicle can operate at higher commercial speeds than would be 24 

achieved under traditional, all-stop service. Skip-stop service can also save patrons’ travel times, 25 

though this benefit diminishes when patrons are forced to transfer between distinct lines. 26 

Our present interest lies in a particular form of skip-stop service, commonly known as AB-type 27 

service. The name dates back to the middle of the last century, when Chicago’s metro-rail system 28 

operated two parallel lines (designated A and B) in select corridors. This same service form was 29 

implemented in the Metro system in Santiago, Chile (Metro de Santiago, 2008), and in bus corridors 30 

in Portland, Oregon (Trimet.org, n.d.). The idea is illustrated in Figure 1. Vehicles serving lines A and 31 

B visit non-transfer stops (shown as unshaded squares in the figure) in alternating fashion, as well as 32 

every transfer stop (darkened circles). A patron who accesses this service via a Line-A (non-transfer) 33 

stop and egresses at a Line-B stop must transfer somewhere along her journey. 34 

To clarify by example, two possible means of transferring are shown with dotted arrows in Figure 1. 35 

Each is an option when the patron’s origin and destination stops belong to two distinct lines, and 36 

where both the origin and destination stops reside between the same two transfer stops. (The line 37 

segment spanning two transfer stops will be termed a “skip-stop bay.”) For route option 1, the patron 38 

alights at the first downstream transfer stop, then backtracks to her destination. For route option 2, she 39 

backtracks first. The patron will choose the lower-cost route between the two options. Transfers can 40 

be achieved without backtracking when origin and destination stops reside in distinct bays. 41 

 42 
Figure 1. A typical AB-type service 43 

This strategy enables vehicles serving distinct lines to travel in a common direction without need to 44 

overtake other transit vehicles. An example is shown in Figure 2 for a case of AB-type service with 3 45 

distinct lines. Note how the need for overtaking is averted by dispatching vehicles in such way that 46 

the headway is never less than a minimum threshold, 𝐻𝑚𝑖𝑛.
1
 This means that all lines in a single 47 

direction can be economically served via a single bus lane or rail track. 48 

In several previous studies of AB-type service, case-specific models were developed in which inputs 49 

and outputs were defined in discrete and detailed fashion (Suh et al., 2002; Lee et al., 2014; 50 

Abdelhafiez et al., 2017). Each such model typically generates an optimal number of lines and the set 51 

of stops visited by each line in a corridor, where all stops in the corridor are specified a priori. (The 52 

number of lines and the set of stops visited by each line will henceforth be termed the “route plan.”) 53 

To their credit, these models can account for spatially-heterogeneous demands. They cannot, 54 

however, be used to optimize a corridor’s number of stops. The complexity of these models, 55 

                                                      
1
 The 𝐻𝑚𝑖𝑛 might be established with safety considerations in mind; see Gu et al. (2016). 
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moreover, has typically necessitated reliance on heuristically-generated solutions, with optimality 56 

gaps that can be difficult to evaluate (Lee et al., 2014; Abdelhafiez et al., 2017). Of perhaps even 57 

greater concern, the case-specific nature of these models tends to produce few general insights into 58 

relations between model inputs and outputs. 59 

 60 
Figure 2. Transit vehicle trajectories of a three-line AB-type system (Gu et al., 2016)  61 

Efforts to remedy these limitations have focused on models in which inputs and outputs are specified 62 

in continuous, less-detailed fashion. This would seem a promising approach for designing AB-type 63 

systems, since continuous and continuous approximation (CA) models can produce both, general 64 

insights into cause and effect, and designs that are well-suited to high-level transit planning. The 65 

designs are invariably developed for idealized settings, but can be adjusted to suit the peculiarities of 66 

real-world environments; see Estrada et al. (2011). 67 

Of particular relevance are the works of Freyss et al. (2013) and Gu et al. (2016). Both developed 68 

models that jointly optimize the spacing between stops (and thus the number of stops in a corridor) 69 

and the route plan for AB-type systems. Both models unveil insights regarding cause and effect. Yet, 70 

both assume that travel demand is distributed uniformly along a corridor. This is unlikely to hold in 71 

real settings, and assumes-away conditions for which an AB-type strategy can be especially well 72 

suited. 73 

The literature holds clues on how to resolve this limitation as well. There we find several CA models 74 

for designing various forms of transit service (though not for AB-type service!) in the presence of 75 

spatially-heterogeneous demands (Vaughan and Cousins, 1977; Wirasinghe and Ghoneim, 1981; 76 

Vaughan, 1986; Medina et al., 2013; Ouyang et al., 2014). Each model uses multiple continuous 77 

functions. Each approximates temporally- or spatially-varying inputs to transit design, such as 78 

demand densities; and decision variables (i.e. outputs), such as line and stop spacings. The models 79 

were typically solved by decomposing the problems into sub-problems, with each holding only a 80 

handful of decision variables. Global optima and even closed-form solutions could often be developed 81 

as a result (e.g., Wirasinghe and Ghoneim, 1981). In another relevant work (Chen et al., 2015a), a 82 

more complex CA model for designing transit networks with hybrid structures was solved 83 

approximately via heuristics with efficient search methods. Optimality gaps were evaluated in that 84 

work by comparing solutions against lower bounds. 85 

The present paper continues in this tradition. It has developed a CA model to jointly optimize stop 86 

locations and route plans for AB-type transit service in corridors with spatially-heterogeneous 87 

demands. With this new model, the stop spacing and the number of stops within a skip-stop bay are 88 

both allowed to vary along the corridor. Along shorter segments, lines in a common direction roughly 89 

share the same density of stops. 90 
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Models that address the challenges of spatially-heterogeneous demands are formulated in the 91 

following section. A solution approach that uses calculus of variations is developed in Section 3, and 92 

a method to assess optimality gaps in Section 4. Numerical analyses are presented in Section 5, and 93 

practical implications in Section 6. Notations used in these efforts are defined when they are 94 

introduced, and are also tabulated in Appendix A for the reader’s convenience. 95 

2 Models 96 

The framework or set-up for our modeling efforts is described in Section 2.1. Means to quantitatively 97 

express heterogeneous demand are presented in Section 2.2. Models of user and agency costs are 98 

presented in Sections 2.3 and 2.4, respectively. Means of optimizing service designs are furnished in 99 

Section 2.5.  100 

2.1 Framework 101 

We consider bi-directional service along a closed-loop corridor of length 𝐿, as exemplified in Figure 102 

3a.
2
 103 

Four scalar variables are used in designing AB-type service. These are: the numbers of skip-stop lines 104 

that serve travel demand in the clockwise (CW) and counterclockwise (CCW) directions, denoted 105 

𝑚𝑐𝑤 and 𝑚𝑐𝑐𝑤, respectively; and the transit vehicles’ directional headways, 𝐻𝑐𝑤 and 𝐻𝑐𝑐𝑤. Vehicles 106 

traveling CW on each line are dispatched at a common headway, 𝑚𝑐𝑤𝐻𝑐𝑤, because vehicles serving 107 

distinct lines are consecutively dispatched at 𝐻𝑐𝑤 . Vehicles traveling CCW on the same line are 108 

dispatched at 𝑚𝑐𝑐𝑤𝐻𝑐𝑐𝑤. 109 

Two continuous, slowly-varying functions are also needed for our descriptions. The first of these, 110 

denoted 𝑇(𝑥), approximates the integer-valued number of stops in a skip-stop bay at location 𝑥 for 111 

0 ≤ 𝑥 < 𝐿. The second, denoted 𝑠(𝑥), approximates a step-wise function that defines the location-112 

dependent spacing between stops. 113 

All-stop service can be viewed as a special case of the AB-type in which 𝑚𝑐𝑤 = 𝑚𝑐𝑐𝑤 = 1, and 114 

𝑇(𝑥) = 1, ∀𝑥. Vehicles traveling in the CW and CCW directions are assumed to visit the same set of 115 

stops along the loop, just as in Gu et al. (2016). 116 

Four additional commonly-adopted assumptions are used in the present work. These are: (i) a patron 117 

accesses and egresses the system via stops nearest her origin and destination; (ii) a transit vehicle 118 

loses a fixed time, 𝜏, at each stop owing to boarding and alighting patrons and to acceleration and 119 

deceleration; (iii) patrons arrive randomly to their origin stops, without reference to service schedules, 120 

as occurs when vehicle headways are small; and (iv) transit vehicles maintain regular headways. 121 

2.2 Demand functions and variables 122 

Demand for transit travel along the corridor is assumed invariant to time.
3
 Its density (in units of 123 

trips/km
2
/h) is represented by a slow-varying, integrable function, 𝜆(𝑥, 𝑦), where 𝑥  and 𝑦  are the 124 

location coordinates of origin and destination stops, respectively. Without loss of generality, 𝑥 and 𝑦 125 

are measured in the CW direction along the corridor: 0 ≤ 𝑥, 𝑦 < 𝐿. We assume a patron always 126 

                                                      
2
 A loop was chosen to avoid certain operational constraints that are often required of linear corridors, e.g., that 

the headways for the two service directions must be equal. A loop corridor also allows trip length distributions 

to be set independently of trip origins. This enables separate parametric analyses of trip length distribution and 

spatial distribution of trip origins. Our models can readily be adapted to suit linear corridors; see Footnote 5. 
3
 The proposed model can be made to account for time-varying demand over a day in a manner similar to 

Daganzo (2010). 
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chooses the travel direction that minimizes her travel distance; i.e., a patron travels CW if 0 < 𝑦 −127 

𝑥 ≤
𝐿

2
 or 𝑦 − 𝑥 ≤ −

𝐿

2
, and CCW if −𝐿/2 < 𝑦 − 𝑥 ≤ 0 or 𝑦 − 𝑥 > 𝐿/2.

4
  128 

 

   
(a) A loop corridor (b) OD pairs 

Figure 3. CW and CCW trips in a loop corridor  129 

A square of size [0, 𝐿) × [0, 𝐿) represents the set of OD pairs in the corridor, as shown in the center of 130 

Figure 3b. The set of ODs to be served by CW trips are highlighted by the figure’s shaded diagonal 131 

swaths. The OD pairs served by CCW trips are unshaded. Note as examples the CW trip (𝑥1, 𝑦1) 132 

shown in both Figures 3a and b, and the CCW trip (𝑥2, 𝑦2) shown in both figures as well. 133 

We define below three aggregate demand functions and variables labeled (i)-(iii) to be used in the 134 

present models. To simplify things, the domain of demand function 𝜆(∙)  is expanded to allow 135 

𝜆(𝑥 ± 𝐿, 𝑦) ≡ 𝜆(𝑥, 𝑦 ± 𝐿) ≡ 𝜆(𝑥, 𝑦) for 0 ≤ 𝑥, 𝑦 < 𝐿. Note how this expansion is displayed by the 136 

additional squares etched with dashed lines in Figure 3b. 137 

(i) The densities of origins for CW and CCW trips at location 𝑥 are denoted 𝑃𝑐𝑤(𝑥) and 𝑃𝑐𝑐𝑤(𝑥), 138 

respectively; and the densities of destinations at location 𝑦 are 𝑄𝑐𝑤(𝑦) and 𝑄𝑐𝑐𝑤(𝑦). We thus have  139 

𝑃𝑐𝑤(𝑥) = ∫ 𝜆(𝑥, 𝑦)𝑑𝑦
𝑥+𝐿/2 

𝑦=𝑥
, 𝑃𝑐𝑐𝑤(𝑥) = ∫ 𝜆(𝑥, 𝑦)𝑑𝑦

𝑥

𝑦=𝑥−𝐿/2
, 0 ≤ 𝑥 < 𝐿,    (1a) 140 

𝑄𝑐𝑤(𝑦) = ∫ 𝜆(𝑥, 𝑦)𝑑𝑥
𝑦

𝑥=𝑦−𝐿/2
, 𝑄𝑐𝑐𝑤(𝑦) = ∫ 𝜆(𝑥, 𝑦)𝑑𝑥

𝑦+𝐿/2

𝑥=𝑦
, 0 ≤ 𝑦 < 𝐿,    (1b) 141 

with: 𝜆(𝑥, 𝑦) defined over the (𝑥, 𝑦) plane in Figure 3b; 𝑃𝑐𝑤(⋅) and 𝑄𝑐𝑤(⋅) obtained by integrating 142 

𝜆(𝑥, 𝑦) along the vertical and horizontal edges of a triangle, like the upper-left hatched one in the 143 

figure; and 𝑃𝑐𝑐𝑤(∙) and 𝑄𝑐𝑐𝑤(∙) similarly obtained, as exemplified by the vertical and horizontal edges 144 

of the lower-right hatched triangle.  145 

 (ii) Total CW and CCW demand, denoted Λ𝑐𝑤 and Λ𝑐𝑐𝑤, are given by: 146 

Λ𝑐𝑤 =  ∫ 𝑃𝑐𝑤(𝑥)𝑑𝑥
𝐿

𝑥=0
= ∫ 𝑄𝑐𝑤(𝑦)𝑑𝑦

𝐿

𝑦=0
, Λ𝑐𝑐𝑤 =  ∫ 𝑃𝑐𝑐𝑤(𝑥)𝑑𝑥

𝐿

𝑥=0
= ∫ 𝑄𝑐𝑐𝑤(𝑦)𝑑𝑦

𝐿

𝑦=0
.   (2) 147 

                                                      
4
 In reality, some patrons whose trip length is near 

𝐿

2
 may choose to travel in the opposite direction, if that would 

reduce her travel time. That behavior would have only small effect on generalized cost, and is therefore ignored 

to simplify the modeling work. 
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The Λ𝑐𝑤 is obtained by integrating 𝜆(𝑥, 𝑦) over the shaded area in an 𝐿 × 𝐿 square in Figure 3b, and 148 

Λ𝑐𝑐𝑤 by integrating 𝜆(𝑥, 𝑦) over the unshaded area of the same square. 149 

(iii) The approximate flows of patrons aboard CW and CCW vehicles at location 𝑥  are denoted 150 

𝐶𝑐𝑤(𝑥) and 𝐶𝑐𝑐𝑤(𝑥), respectively. These are defined as: 151 

𝐶𝑐𝑤(𝑥) = ∫ ∫ 𝜆(𝑧, 𝑦)𝑑𝑦𝑑𝑧
𝑧+𝐿/2

𝑦=𝑥

𝑥

𝑧=𝑥−𝐿/2
, 𝐶𝑐𝑐𝑤(𝑥) = ∫ ∫ 𝜆(𝑧, 𝑦)𝑑𝑦𝑑𝑧

𝑥

𝑦=𝑧−𝐿/2

𝑥+𝐿/2

𝑧=𝑥
, 0 ≤ 𝑥 < 𝐿.  (3) 152 

As an example, Figure 3b shows how a 𝐶𝑐𝑤(𝑥0)  for an arbitrary location, 𝑥0 , is obtained by 153 

integrating 𝜆(𝑥, 𝑦) over the hatching of the upper-left triangle. We note that the area above that 154 

triangle’s horizontal bar in the shaded swath represents trips destined downstream of 𝑥0 in the CW 155 

travel direction; and the area to the left of its vertical bar in the same swath represents trips originating 156 

upstream of 𝑥0 in the same direction. The intersection between the above two areas (i.e., the triangle 157 

itself) represents trips that traverse 𝑥0. The 𝐶𝑐𝑐𝑤(𝑥0) is similarly obtained by integrating over the 158 

lower-right hatched triangle in the figure.  159 

Equations in (3) are approximations because flows of on-board patrons are affected by the locations 160 

along the route where stops reside. The approximation is a good one when stop spacings are much 161 

smaller than average trip length, as is often the case in large cities (Wirasinghe and Ghoneim, 1981).
5
 162 

2.3 User costs 163 

The time that users (patrons) collectively spend in the system each hour is dictated by three activities: 164 

(i) accessing and egressing stops by walking, denoted 𝑈𝑇𝑎; (ii) waiting at origin and transfer stops, 165 

𝑈𝑇𝑤; and (iii) traveling aboard vehicles, 𝑈𝑇𝑣. A time penalty for the inconvenience of transferring 166 

between vehicles, 𝑈𝑇𝑡, is also included in our calculations. Formulas for activity items (i)-(iii) and the 167 

transfer penalty are presented below. 168 

2.3.1 Access and egress time 169 

Since demand is assumed to change slowly along the corridor, a user’s average time spent walking 170 

along the route to the nearest stop from her origin at 𝑥 is 
𝑠(𝑥)

4𝑣𝑤
, where 𝑣𝑤 is walking speed. The same 171 

formula holds for the average egress time from a stop nearest a destination at 𝑥. The time collectively 172 

spent each hour accessing and egressing the system is thus 173 

𝑈𝑇𝑎 = ∫
𝑠(𝑥)

4𝑣𝑤
(𝑃𝑐𝑤(𝑥) + 𝑄𝑐𝑤(𝑥) + 𝑃𝑐𝑐𝑤(𝑥) + 𝑄𝑐𝑐𝑤(𝑥))𝑑𝑥

𝐿

𝑥=0
.      (4) 174 

2.3.2 Wait time 175 

Five distinct trip types are defined below for CW travel. Similar definitions apply to five CCW trip 176 

types, but are omitted for brevity. Wait times vary with trip types, as will become evident. 177 

A type-1 trip is one in which both the origin and destination stops are transfer stops. The average wait 178 

time in this case is 𝑊1 = 𝐻𝑐𝑤/2 , since a patron can travel via any CW line without transferring 179 

between vehicles. To determine the total number of type-1 trips made per hour, 𝑁1, we note that the 180 

probability that a trip from 𝑥 to 𝑦 (0 ≤ 𝑥, 𝑦 < 𝐿) is of type-1 can be expressed as 
1

𝑇(𝑥)
⋅

1

𝑇(𝑦)
, since 

1

𝑇(⋅)
 181 

                                                      
5
 If a linear corridor is modeled, one needs only to replace equations (1a), (1b) and (3) respectively by: 

𝑃𝑐𝑤(𝑥) = ∫ 𝜆(𝑥, 𝑦)𝑑𝑦
𝐿 

𝑦=𝑥
, 𝑃𝑐𝑐𝑤(𝑥) = ∫ 𝜆(𝑥, 𝑦)𝑑𝑦

𝑥 

𝑦=0
; 𝑄𝑐𝑤(𝑦) = ∫ 𝜆(𝑥, 𝑦)𝑑𝑥

𝑦

𝑥=0
, 𝑄𝑐𝑐𝑤(𝑦) = ∫ 𝜆(𝑥, 𝑦)𝑑𝑥

𝐿

𝑥=𝑦
; and 

𝐶𝑐𝑤(𝑥) = ∫ ∫ 𝜆(𝑧, 𝑦)𝑑𝑦𝑑𝑧
𝐿

𝑦=𝑥

𝑥

𝑧=0
, 𝐶𝑐𝑐𝑤(𝑥) = ∫ ∫ 𝜆(𝑧, 𝑦)𝑑𝑦𝑑𝑧

𝑥

𝑦=0

𝐿

𝑧=𝑥
. 
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is the probability that the nearest stop to 𝑥 or 𝑦 is a transfer stop. Hence, 𝑁1 = ∬
𝜆(𝑥,𝑦)

𝑇(𝑥)𝑇(𝑦)
𝑑𝑥𝑑𝑦

𝐷𝑐𝑤
, 182 

where 𝐷𝑐𝑤 is the set of CW OD pairs: 𝐷𝑐𝑤 ≡ {(𝑥, 𝑦)|𝑥 < 𝑦 ≤ 𝑥 + 𝐿/2, 𝑥 ∈ [0, 𝐿)}. 183 

A type-2 trip occurs between a transfer stop and a non-transfer one. The average wait is 𝑊2 =184 

𝑚𝑐𝑤𝐻𝑐𝑤/2, since the patron must travel on a specified line. The probability that a trip from 𝑥 to 𝑦 is 185 

of type-2 is 
1

𝑇(𝑥)
⋅

𝑇(𝑦)−1

𝑇(𝑦)
+

𝑇(𝑥)−1

𝑇(𝑥)
⋅

1

𝑇(𝑦)
, such that the hourly number of these trips is 𝑁2 =186 

∬
(𝑇(𝑥)+𝑇(𝑦)−2)𝜆(𝑥,𝑦)

𝑇(𝑥)𝑇(𝑦)
𝑑𝑥𝑑𝑦

𝐷𝑐𝑤
. 187 

A type-3 trip occurs between two non-transfer stops along a single line. The wait is again 𝑊3 =188 

𝑚𝑐𝑤𝐻𝑐𝑤/2 . The trip’s probability is 
1

𝑚𝑐𝑤
 
𝑇(𝑥)−1

𝑇(𝑥)
⋅

𝑇(𝑦)−1

𝑇(𝑦)
; and its number is 189 

𝑁3 = ∬
(𝑇(𝑥)−1)(𝑇(𝑦)−1)𝜆(𝑥,𝑦)

𝑚𝑐𝑤𝑇(𝑥)𝑇(𝑦)
𝑑𝑥𝑑𝑦

𝐷𝑐𝑤
. 190 

A type-4 trip occurs between two non-transfer stops along two distinct lines, when both stops reside 191 

in the same skip-stop bay. The trip requires back-tracking, as previously shown with the dotted arrows 192 

in Figure 1. Given this requirement, the average wait at origin and transfer stops is 𝑊4 =193 
(𝑚𝑐𝑤𝐻𝑐𝑤 + 𝑚𝑐𝑐𝑤𝐻𝑐𝑐𝑤)/2. Since type-4 trips are short in length, their density at 𝑥, 𝑏𝑐𝑤(𝑥), can be 194 

approximated as: 195 

𝑏𝑐𝑤(𝑥) ≈
(𝑚𝑐𝑤−1)(𝑇(𝑥)−1)2

𝑚𝑐𝑤𝑇(𝑥)3𝑠(𝑥)
∫ ∫ 𝜆(𝑧, 𝑦)𝑑𝑧𝑑𝑦

𝑥+
𝑇(𝑥)𝑠(𝑥)

2
𝑦=𝑧

𝑥+
𝑇(𝑥)𝑠(𝑥)

2

𝑧=𝑥−
𝑇(𝑥)𝑠(𝑥)

2

,     (5) 196 

where we specify that 𝜆(𝑥 + 𝐿, 𝑦 + 𝐿) ≡ 𝜆(𝑥 − 𝐿, 𝑦 − 𝐿) ≡ 𝜆(𝑥, 𝑦) for 0 ≤ 𝑥, 𝑦 < 𝐿 to ensure that 197 

the integral in (5) is well defined. The derivation of (5) is relegated to Appendix B.1. The hourly 198 

number of these trips is 𝑁4 = ∫ 𝑏𝑐𝑤(𝑥)𝑑𝑥
𝐿

𝑥=0
. 199 

Finally, a type-5 trip occurs between two non-transfer stops along two distinct lines when at least one 200 

transfer stop resides between. Since the trip’s needed transfer does not entail backtracking, the 201 

average wait is 𝑊5 = 𝑚𝑐𝑤𝐻𝑐𝑤. The hourly number of trips is 𝑁5 = Λ𝑐𝑤 − ∑ 𝑁𝑖
4
𝑖=1 . 202 

The above results are summarized in Appendix B.2 for readers’ ease of reference. 203 

The wait collectively incurred each hour among all CW trips is ∑ 𝑁𝑖𝑊𝑖
5
𝑖=1 . By combining this 204 

expression with that for CCW trips, one obtains 205 

𝑈𝑇𝑤 =
(2𝑚𝑐𝑤−1)𝐻𝑐𝑤𝛬𝑐𝑤

2
+

(2𝑚𝑐𝑐𝑤−1)𝐻𝑐𝑐𝑤𝛬𝑐𝑐𝑤

2
+

∫ [−
(𝑚𝑐𝑤−1)𝐻𝑐𝑤

2

𝑃𝑐𝑤(𝑥)+𝑄𝑐𝑤(𝑥)

𝑇(𝑥)
−

(𝑚𝑐𝑐𝑤−1)𝐻𝑐𝑐𝑤

2

𝑃𝑐𝑐𝑤(𝑥)+𝑄𝑐𝑐𝑤(𝑥)

𝑇(𝑥)
+

𝑚𝑐𝑐𝑤𝐻𝑐𝑐𝑤−𝑚𝑐𝑤𝐻𝑐𝑤

2
(𝑏𝑐𝑤(𝑥) −

𝐿

𝑥=0

𝑏𝑐𝑐𝑤(𝑥))] 𝑑𝑥, 

(6) 

where 𝑏𝑐𝑐𝑤(𝑥)  is the approximate density of CCW trips involving backtracking, as obtained by 206 

replacing 𝑚𝑐𝑤 with 𝑚𝑐𝑐𝑤 in (5). See Appendix B.2 for the derivation of (6). 207 

2.3.3 In-vehicle travel time 208 

The commercial speed of a CW vehicle in the vicinity of 𝑥 is 209 

𝑣𝑐𝑤(𝑥) = [𝑣−1 +
(𝑇(𝑥)−1)/𝑚𝑐𝑤+1

𝑇(𝑥)𝑠(𝑥)
𝜏]

−1
,         (7) 210 
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where: 𝑣−1 is the time to travel a unit distance at cruise speed 𝑣; and 
(𝑇(𝑥)−1)/𝑚𝑐𝑤+1

𝑇(𝑥)𝑠(𝑥)
 is the number of 211 

stops visited by the vehicle per unit distance. The commercial speed of a CCW vehicle, 𝑣𝑐𝑐𝑤(𝑥), is 212 

obtained by replacing 𝑚𝑐𝑤 in (7) with 𝑚𝑐𝑐𝑤. 213 

In-vehicle travel time for all CW trips combined consists of the time collectively spent traveling in the 214 

CW direction, ∫ 𝐶𝑐𝑤(𝑥)𝑣𝑐𝑤(𝑥)−1𝑑𝑥
𝐿

𝑥=0
; and backtracking. The latter is obtained knowing the extra 215 

distance travelled due to backtracking near 𝑥. This is roughly approximated as 𝑇(𝑥)𝑠(𝑥)/3; see Gu et 216 

al. (2016).
6
 Since half the extra distance is travelled CW and the other half CCW, the average extra 217 

time that a user spends per backtracking trip is 
1

6
𝑇(𝑥)𝑠(𝑥) ∙ (𝑣𝑐𝑤(𝑥)−1 + 𝑣𝑐𝑐𝑤(𝑥)−1); and the extra 218 

time collectively spent each hour by all users is ∫
1

6
𝑇(𝑥)𝑠(𝑥) ∙ (𝑣𝑐𝑤(𝑥)−1 + 𝑣𝑐𝑐𝑤(𝑥)−1)𝑏𝑐𝑤(𝑥)𝑑𝑥

𝐿

𝑥=0
. 219 

Combining the above with the in-vehicle time for CCW trips yields 220 

𝑈𝑇𝑣 = ∫ 𝐶𝑐𝑤(𝑥) (𝑣−1 +
(𝑇(𝑥)−1)/𝑚𝑐𝑤+1

𝑇(𝑥)𝑠(𝑥)
𝜏) + 𝐶𝑐𝑐𝑤(𝑥) (𝑣−1 +

(𝑇(𝑥)−1)/𝑚𝑐𝑤+1

𝑇(𝑥)𝑠(𝑥)
𝜏) + (𝑏𝑐𝑤(𝑥) +

𝐿

𝑥=0
221 

𝑏𝑐𝑐𝑤(𝑥)) [
𝑇(𝑥)𝑠(𝑥)

3𝑣
+

𝜏

6
(

𝑇(𝑥)−1

𝑚𝑐𝑤
+

𝑇(𝑥)−1

𝑚𝑐𝑐𝑤
+ 2)] 𝑑𝑥.       (8) 222 

2.3.4 Transfer penalty 223 

Only trip types 4 and 5 entail transfers; one per trip. The hourly number of transfers across all CW 224 

trips is thus ∬ 𝜆(𝑥, 𝑦)
𝑚𝑐𝑤−1

𝑚𝑐𝑤

𝑇(𝑥)−1

𝑇(𝑥)
⋅

𝑇(𝑦)−1

𝑇(𝑦)
𝑑𝑥𝑑𝑦

𝐷𝑐𝑤
. To enable the development of an efficient 225 

solution approach via calculus of variations, this double integral is approximated as a single one in 226 

Appendix B.3. By combining the CW and CCW directions, the hourly transfer penalty becomes  227 

𝑈𝑇𝑡 ≈ 𝐶𝑡 [
𝑚𝑐𝑤−1

𝑚𝑐𝑤
Λ𝑐𝑤 +

𝑚𝑐𝑐𝑤−1

𝑚𝑐𝑐𝑤
Λ𝑐𝑐𝑤 − ∫ [

𝑚𝑐𝑤−1

𝑚𝑐𝑤
(𝑃𝑐𝑤(𝑥) + 𝑄𝑐𝑤(𝑥)) +

𝑚𝑐𝑐𝑤−1

𝑚𝑐𝑐𝑤
(𝑃𝑐𝑐𝑤(𝑥) +

𝐿

𝑥=0
228 

𝑄𝑐𝑐𝑤(𝑥))]
(2𝑇(𝑥)−1)

2𝑇2(𝑥)
𝑑𝑥],          (9) 229 

where 𝐶𝑡 is the penalty cost per transfer in a unit of time. 230 

2.4 Agency cost 231 

The hourly cost incurred by the transit agency consists of four components: (i) a distance-based 232 

vehicle operating cost, primarily fuel cost, denoted 𝐴𝐶𝐾 ; (ii) a time-based vehicle operating cost, 233 

including the amortized vehicle purchase cost and staff wages, 𝐴𝐶𝐻; (iii) an amortized infrastructure 234 

cost for bus lanes or rail tracks, 𝐴𝐶𝐼; and (iv) an amortized infrastructure cost for stops, 𝐴𝐶𝑆. The 235 

derivations for these costs are simple and similar to those in Daganzo and Ouyang (2019) and Gu et 236 

al. (2016), and are thus omitted for brevity. They are expressed as 237 

𝐴𝐶𝐾 =
𝜋𝑘𝐿

𝜇
(

1

𝐻𝑐𝑤
+

1

𝐻𝑐𝑐𝑤
)          (10) 238 

𝐴𝐶𝐻 =
𝜋ℎ

𝜇
∫ (

1

𝐻𝑐𝑤
𝑣𝑐𝑤(𝑥)−1 +

1

𝐻𝑐𝑐𝑤
𝑣𝑐𝑐𝑤(𝑥)−1) 𝑑𝑥

𝐿

𝑥=0
       (11) 239 

𝐴𝐶𝐼 =
2𝜋𝑖𝐿

𝜇
           (12) 240 

𝐴𝐶𝑠 =
𝜋𝑠

 𝜇
∫

1

𝑠(𝑥)
𝑑𝑥

𝐿

𝑥=0
,           (13) 241 

                                                      
6
 This is a coarse approximation despite the assumption of slow-varying demand. However, the error brought by 

this assumption is small, since the backtracking costs are small under an optimal design. 
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where: 𝜋𝑘 and 𝜋ℎ are the operating costs per vehicle-km and per vehicle-hour of service, respectively; 242 

𝜋𝑖 and 𝜋𝑠 are the amortized hourly construction and maintenance costs per km of transit line and per 243 

stop; and 𝜇 is the patrons’ value of time, for which the average hourly wage rate might be used as a 244 

proxy. 245 

2.5 Joint optimization problem 246 

The problem of minimizing the generalized cost of service, 𝐺𝐶, can be formulated as  247 

min𝑚𝑐𝑤,𝑚𝑐𝑐𝑤,𝐻𝑐𝑤,𝐻𝑐𝑐𝑤,𝑠(𝑥),𝑇(𝑥) 𝐺𝐶 = 𝑈𝑇𝑎 + 𝑈𝑇𝑤 + 𝑈𝑇𝑣 + 𝑈𝑇𝑡 + 𝐴𝐶𝐾 + 𝐴𝐶𝐻 + 𝐴𝐶𝐼 + 𝐴𝐶𝑆  (14a) 248 

subject to: 249 

𝑚𝑐𝑤 , 𝑚𝑐𝑐𝑤 ∈ {1,2,3,4}             (14b) 250 

𝐻𝑐𝑤 ≥ 𝐻𝑚𝑖𝑛 + 𝐼(𝑚𝑐𝑤 > 1) ∙ 𝜏            (14c) 251 

𝐻𝑐𝑐𝑤 ≥ 𝐻𝑚𝑖𝑛 + 𝐼(𝑚𝑐𝑐𝑤 > 1) ∙ 𝜏        (14d) 252 

𝐻𝑐𝑤 ≤
𝐾

max0≤𝑥<𝐿{𝐶𝑐𝑤(𝑥)+𝑇(𝑥)𝑠(𝑥)(𝑏𝑐𝑤(𝑥)+𝑏𝑐𝑐𝑤(𝑥))/2}
      253 

 (14e) 254 

𝐻𝑐𝑐𝑤 ≤
𝐾

max0≤𝑥<𝐿{𝐶𝑐𝑐𝑤(𝑥)+𝑇(𝑥)𝑠(𝑥)(𝑏𝑐𝑤(𝑥)+𝑏𝑐𝑐𝑤(𝑥))/2}
      255 

 (14f) 256 

𝑠(𝑥) > 0, 𝑇(𝑥) ≥ 1, ∀𝑥 ∈ [0, 𝐿),          (14g) 257 

where: 𝐻𝑚𝑖𝑛 was previously defined with the aid of Figure 2; 𝐼(∙) is an indicator function that returns 258 

1 if the argument is true, and 0 otherwise; and 𝐾 is a vehicle’s passenger-carrying capacity. We note 259 

that 𝑚𝑐𝑤 or 𝑚𝑐𝑐𝑤 = 1 denote all-stop service for the CW or CCW directions. 260 

Constraint (14b) allows for a maximum of four lines in each direction, since a larger number would 261 

likely be difficult for users to navigate. Constraints (14c-d) maintain minimum service headways (e.g. 262 

for safety), whether service is AB-type or all-stop. 263 

Constraint (14e) limits CW patron flows based on vehicle capacities. The term 𝑇(𝑥)𝑠(𝑥)(𝑏𝑐𝑤(𝑥) +264 

𝑏𝑐𝑐𝑤(𝑥))/2 is the added on-board flow due to backtracking. We note that the total flow for both CW 265 

and CCW trips with backtracking is 𝑇(𝑥)𝑠(𝑥)(𝑏𝑐𝑤(𝑥) + 𝑏𝑐𝑐𝑤(𝑥)), half of which is added to the CW 266 

travel direction. Constraint (14f) is similarly derived for CCW flows. Both constraints assume that 267 

patrons on type-5 trips randomly choose transfer stops between their origins and destinations, such 268 

that the flows of these patrons are evenly distributed across all lines. 269 

Constraints (14g) are boundary constraints for the continuous functions 𝑠(𝑥) and 𝑇(𝑥). 270 

The complexity of (14a-g) renders exact solutions out of reach. A heuristic approach to solving the 271 

CA model is presented below. 272 

3 Heuristic Solution Method 273 

The components of (4), (6) and (8)-(13) enable a re-writing of (14a) as follows: 274 

𝐺𝐶 = ℎ(𝑚𝑐𝑤 , 𝑚𝑐𝑐𝑤, 𝐻𝑐𝑤, 𝐻𝑐𝑐𝑤) + ∫ 𝐺(𝑚𝑐𝑤 , 𝑚𝑐𝑐𝑤, 𝐻𝑐𝑤, 𝐻𝑐𝑐𝑤, 𝑠(𝑥), 𝑇(𝑥), 𝑥)𝑑𝑥
𝐿

𝑥=0
,   (15) 275 

where: ℎ is a function solely of scalar variables; and 𝐺  is a function of both scalar variables and 276 

continuous decision functions. 277 
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We propose an iterative algorithm to minimize 𝐺𝐶 in two stages. These are separately described in 278 

Sections 3.1 and 3.2. 279 

3.1 Stage 1: finding 𝒔∗(𝒙) and 𝑻∗(𝒙)  280 

The first stage entails determining the decision functions 𝑠(𝑥) and  𝑇(𝑥) to minimize 𝐺𝐶 for fixed 281 

values of the scalar variables in (15), and subject to constraints (14e-g). Calculus of variations is used 282 

to render the minimization of ∫ 𝐺(∙, 𝑥)𝑑𝑥
𝐿

𝑥=0
 equivalent to minimizing 𝐺(∙, 𝑥) for each 𝑥 ∈ [0, 𝐿). This 283 

is done by selecting 𝑛 discrete points, denoted 𝑥𝑗 ≡ (𝑗 − 0.5)∆𝑥, 𝑗 = 1,2, … , 𝑛, from the continuous 284 

range of 𝑥  at equal spacing, ∆𝑥 = 𝐿/𝑛.  The values of 𝑠∗(𝑥𝑗)  and 𝑇∗(𝑥𝑗)  are found to minimize 285 

𝐺(⋅, 𝑥𝑗) for each 𝑥𝑗. 286 

The minimization is a complex task, because determining 𝑏𝑐𝑤(𝑥𝑗) and 𝑏𝑐𝑐𝑤(𝑥𝑗) each entails double 287 

integration; see again (5). An iterative search method is proposed to tackle this complexity. 288 

In each iteration, the values of 𝑏𝑐𝑤(𝑥𝑗), 𝑏𝑐𝑐𝑤(𝑥𝑗) and 𝑇(𝑥𝑗) are fixed. The 𝑠∗(𝑥𝑗) is determined as: 289 

 𝑠∗(𝑥𝑗) = min {𝑠̃(𝑥𝑗),
min{2𝐾/𝐻𝑐𝑤−2𝐶𝑐𝑤(𝑥𝑗),2𝐾/𝐻𝑐𝑐𝑤−2𝐶𝑐𝑐𝑤(𝑥𝑗)}

(𝑏𝑐𝑤(𝑥𝑗)+𝑏𝑐𝑐𝑤(𝑥𝑗))𝑇(𝑥𝑗)
},     (16a) 290 

where: the second argument comes from the vehicle capacity constraints (14e-f); and the first 291 

argument, 𝑠̃(𝑥𝑗), is derived from the first-order condition of 𝐺(⋅, 𝑥) with respect to 𝑠(𝑥). Thus, 292 

𝑠̃(𝑥) = √
(

1

𝑚𝑐𝑤
+

𝑚𝑐𝑤−1

𝑚𝑐𝑤𝑇(𝑥)
)(𝐶𝑐𝑤(𝑥)+

𝜋ℎ
𝜇𝐻𝑐𝑤

)𝜏+(
1

𝑚𝑐𝑐𝑤
+

𝑚𝑐𝑐𝑤−1

𝑚𝑐𝑐𝑤𝑇(𝑥)
)(𝐶𝑐𝑐𝑤(𝑥)+

𝜋ℎ
𝜇𝐻𝑐𝑐𝑤

)𝜏+
𝜋𝑠
𝜇

(𝑃𝑐𝑤(𝑥)+𝑄𝑐𝑤(𝑥)+𝑃𝑐𝑐𝑤(𝑥)+𝑄𝑐𝑐𝑤(𝑥))/4𝑣𝑤+𝑇(𝑥)(𝑏𝑐𝑤(𝑥)+𝑏𝑐𝑐𝑤(𝑥))/3𝑣
.  (16b) 293 

Equations (16a-b) are valid because 𝐺(∙, 𝑥) is a linear combination of 𝑠(𝑥) and 𝑠(𝑥)−1  with non-294 

negative coefficients. (Readers can verify this by checking each cost component in (4-13) that 295 

involves 𝑠(𝑥).) Thus, 𝐺(∙, 𝑥) is a convex function of 𝑠(𝑥). 296 

We then enumerate 𝑇(𝑥𝑗) ∈ {1,2, … ,30} for each 𝑗 to find the optimal skip-stop bay sizes, 𝑇∗(𝑥𝑗).
7
 297 

Finally, the 𝑏𝑐𝑤(𝑥𝑗)  and 𝑏𝑐𝑐𝑤(𝑥𝑗)  are updated using the method of successive averages (Sheffi, 298 

1985), with a constant smoothing factor 𝛼 ∈ (0,1). 299 

A pseudocode used for this first-stage process is furnished in Appendix C.1. 300 

If the vehicle capacity constraint is non-binding, (16b) unveils that the optimal stop spacing at 301 

location 𝑥 increases with cross-sectional patron flows, 𝐶𝑐𝑤(𝑥) and 𝐶𝑐𝑐𝑤(𝑥), and decreases with the 302 

total OD density, 𝑃𝑐𝑤(𝑥) + 𝑄𝑐𝑤(𝑥) + 𝑃𝑐𝑐𝑤(𝑥) + 𝑄𝑐𝑐𝑤(𝑥). This is consistent with a previous finding 303 

reported for optimal all-stop designs (Wirasinghe and Ghoneim, 1981). The equation also shows that: 304 

(i) optimal stop spacing decreases as the number of lines, 𝑚𝑐𝑤  or 𝑚𝑐𝑐𝑤 , grows; and (ii) spacing 305 

between two consecutive non-transfer stops of the same line, which is roughly 𝑠̃(𝑥)𝑚𝑐𝑤, increases 306 

with the number of lines.
8
 307 

                                                      
7
 We consider 𝑇∗(𝑥𝑗) ≤ 30, ∀𝑗, to be compatible with what is observed in real settings. 

8
 If we omit some minor items in the RHS of (16b) and let 𝑚𝑐𝑤 = 𝑚𝑐𝑐𝑤 , then (16b) simplifies to: 𝑠̃(𝑥) ≈

√
𝐶𝑐𝑤(𝑥)+𝐶𝑐𝑐𝑤(𝑥)

𝑃𝑐𝑤(𝑥)+𝑄𝑐𝑤(𝑥)+𝑃𝑐𝑐𝑤(𝑥)+𝑄𝑐𝑐𝑤(𝑥)
∙

4𝑣𝑤𝜏

𝑚𝑐𝑤
. This result reveals that optimal stop spacing (under a symmetric design 
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3.2 Stage 2: finding optimal scalar values 308 

With 𝑠∗(𝑥𝑗) and 𝑇∗(𝑥𝑗) in hand, 𝑚𝑐𝑤
∗  and 𝑚𝑐𝑐𝑤

∗  are found via enumeration in {1,2,3,4}, and 𝐻𝑐𝑤
∗  and 309 

𝐻𝑐𝑐𝑤
∗  are found via iteration. The problem is convex with respect to 𝐻𝑐𝑤 and 𝐻𝑐𝑐𝑤. This is because 310 

(15) is a linear combination of 𝐻𝑐𝑤, 𝐻𝑐𝑐𝑤, 𝐻𝑐𝑤
−1 and 𝐻𝑐𝑐𝑤

−1  with non-negative coefficients; and (14c-f) 311 

are boundary constraints of 𝐻𝑐𝑤 and 𝐻𝑐𝑐𝑤. The 𝐻𝑐𝑤
∗ , for example, is thus updated by: 312 

𝐻𝑐𝑤
∗ = mid {𝐻𝑚𝑖𝑛 + 𝐼(𝑚𝑐𝑤 > 1) ∙ 𝜏, 𝐻̃𝑐𝑤 ,

𝐾

max1≤𝑗≤𝑛{𝐶𝑐𝑤(𝑥𝑗)+
1

2
𝑇(𝑥𝑗)𝑠(𝑥𝑗)(𝑏𝑐𝑤(𝑥𝑗)+𝑏𝑐𝑐𝑤(𝑥𝑗))}

}, (17a) 

where 313 

𝐻̃𝑐𝑤 = √

𝜋𝑘𝐿

𝜇
+

𝜋ℎ
𝜇

∑ [
1

𝑣
+

𝜏

𝑠∗(𝑥𝑗)
 (

1

𝑚𝑐𝑤
+

𝑚𝑐𝑤−1

𝑚𝑐𝑤𝑇∗(𝑥𝑗)
)]Δ𝑥𝑛

𝑗=1

2𝑚𝑐𝑤−1

2
𝛬𝑐𝑤+∑ [−

𝑚𝑐𝑤−1

2
 
𝑃𝑐𝑤(𝑥𝑗)+𝑄𝑐𝑤(𝑥𝑗)

𝑇∗(𝑥𝑗)
−

𝑚𝑐𝑤
2

𝑏𝑐𝑤(𝑥𝑗)+
𝑚𝑐𝑤

2
𝑏𝑐𝑐𝑤(𝑥𝑗)]Δ𝑥𝑛

𝑗=1

, (17b) 

and the mid function returns the middle value for the three arguments in (17a). The first of these 314 

arguments comes from constraint (14c); the second, 𝐻̃𝑐𝑤, is derived from the first-order condition of 315 

𝐺𝐶 with respect to 𝐻𝑐𝑤; and the third is the result of constraint (14e). Similar expressions yield 𝐻𝑐𝑐𝑤
∗ . 316 

A pseudocode used for this second-stage process is given in Appendix C.2. The two stages are 317 

iterated until they converge. 318 

Result (17b) unveils that the optimal service headway for all lines decreases as the number of lines 319 

grows. However, the headway for each line, 𝑚𝑐𝑤𝐻̃𝑐𝑤, obviously increases with 𝑚𝑐𝑤. This is readily 320 

explainable: when more lines are deployed, the overall service frequency (inverse of the headway) 321 

increases, while each line’s service frequency would decrease because the demand served per line 322 

diminishes. 323 

4 Model Testing 324 

The two-stage heuristic described in Section 3 cannot guarantee globally-optimized solutions. 325 

Optimality gaps between heuristic solutions and lower bounds are therefore evaluated below. 326 

Computation times and suitable discretization for the spatial interval are reported as well. A 327 

description of the set-up used for this testing comes first. 328 

4.1 Experimental set-up 329 

Cases of directionally-symmetric travel demands are alone considered in the interest of brevity. These 330 

demands are described by a density function of the form: 331 

𝜆(𝑥, 𝑦) = 𝑝(𝑥)𝜃(𝑙(𝑥, 𝑦))Λ,          (18) 332 

where: 𝑝(𝑥) is the probability density function (PDF) of trip origins over the corridor; 𝜃(𝑙(𝑥, 𝑦)) is 333 

the PDF of trip length, with 𝑙(𝑥, 𝑦) = min(|𝑥 − 𝑦|, 𝐿 − |𝑥 − 𝑦|) denoting trip length, 0 < 𝑙 ≤ 𝐿/2; 334 

and Λ = Λ𝑐𝑤 = Λ𝑐𝑐𝑤 is the total demand in each travel direction. The function (18) enables separate 335 

examination of: (i) spatial-heterogeneity in trip origins; and (ii) a distribution of trip lengths. 336 

                                                                                                                                                                     

with 𝑚𝑐𝑤 = 𝑚𝑐𝑐𝑤 ) is roughly proportional to √
𝐶𝑐𝑤(𝑥)+𝐶𝑐𝑐𝑤(𝑥)

𝑃𝑐𝑤(𝑥)+𝑄𝑐𝑤(𝑥)+𝑃𝑐𝑐𝑤(𝑥)+𝑄𝑐𝑐𝑤(𝑥)
 and inversely proportional to 

√𝑚𝑐𝑤. It also indicates that single-line stop spacing, 𝑠̃(𝑥)𝑚𝑐𝑤, is proportional to √𝑚𝑐𝑤. 
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Demands circulated around a loop corridor, with 𝐿 = 40 km. The 𝑝(𝑥) was assumed to be a truncated 337 

normal PDF with mean 
𝐿

2
 and variance 𝜎𝑜

2 , truncated by the interval [0, 𝐿]. A larger value of 𝜎𝑜 338 

indicates a “flatter” curve of 𝑝(𝑥), which means that trip origins are less varied in space. A 𝜎𝑜 = ∞ 339 

means 𝑝(𝑥) is a constant and trip origins are uniformly distributed. The 𝜃(𝑙) was assumed to be a 340 

uniformly-distributed PDF, denoted 𝒰(𝐸𝑙 − √3𝜎𝑙 , 𝐸𝑙 + √3𝜎𝑙) ; where 𝐸𝑙  and 𝜎𝑙  are the mean and 341 

standard deviation of trip length, respectively. Multiple values of 𝜎𝑜, 𝐸𝑙 and 𝜎𝑙 were used to examine 342 

an array of demand patterns. 343 

Input values are shown in Table 1. These include: two values of time used to represent rich and poor 344 

cities; and two arrays of average demand density, Λ/𝐿, one that is suitable for service by bus, the 345 

other by rail. In total, 144 cases were examined. 346 

Table 1. Demand parameters and values of time 347 
Notation Set of values Description 

𝜎𝑜 (km) {∞, 8, 4}  

Standard deviation in trip origin distribution. The three 

values indicate: no-fluctuation, or uniform demand; 

low-fluctuation; and high-fluctuation, respectively. 

𝐸𝑙  (km) {8, 12}  Average trip length 

𝜎𝑙 (km) {2, 4}  Standard deviation in trip length 

𝜇 ($/h) {5, 10}  Value of time 

Λ

𝐿
 (trips/km/h) 

{37.5, 75, 150} for bus service; 
{250, 500, 1000} for rail service 

Average demand density for each travel direction 

 348 

Parameter values for bus and rail services were borrowed from previous studies (Daganzo, 2010; 349 

Sivakumaran et al., 2014; Gu et al., 2016), and are shown in Table 2. A low walking speed of 𝑣𝑤 = 2 350 

km/h was used to account for delays caused by traffic signals. A transfer penalty, 𝐶𝑡, was set to 1 351 

min/transfer. 352 

As regards parameters needed by the solution algorithms, the smoothing factor, 𝛼, was set to 0.5, and 353 

tolerances used for convergence (see again Appendix C) to 0.0001. The discretization interval, ∆𝑥, 354 

was set to a relatively large value of 0.5 km, following numerical tests of the trade-offs between 355 

discretization error and computer runtime. 356 

 Table 2. Cost and operational parameters for bus and rail 357 
 𝜋𝑘 ($/veh∙km) 𝜋ℎ ($/veh∙h) 𝜋𝑖 ($/km/h) 𝜋𝑠 ($/stop/h) 

Bus 0.59 2.66 + 3𝜇  6 + 0.2𝜇  0.42 + 0.014𝜇  

Rail 2.20 101 + 5𝜇  594 + 19.8𝜇  294 + 9.8𝜇  

 𝜏 (sec) 𝑣 (km/h) 𝐾 (patrons/veh) 𝐻𝑚𝑖𝑛 (min) 

Bus 30 25 80 1 

Rail 45 60 3000 1.5 

4.2 Optimality gaps, approximation errors, and computation times 358 

Lower-bound solutions for our two-stage heuristic are presented in Appendix D. Optimality gaps 359 

between the heuristic and the resulting lower bounds were assessed for the 144 cases cited in Section 360 

4.1. The average gap across these cases was 0.7%; and the maximum of these gaps was 2.8%. These 361 

small differences reflect well on the heuristic, and indicate that backtracking costs are small. The 362 

latter were ignored in the lower bounds, as is made clear in Appendix D.
9
 363 

                                                      
9
 Backtracking was not ignored in the heuristic, however, since this would have led to covering an entire 

corridor with only a single skip-stop bay. 
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To examine the accuracy of our CA model, we convert the heuristic solution into exact locations of 364 

stops and skip-stop bays using an algorithm described in Appendix E,
10

 and re-calculate the user and 365 

agency costs using an algorithm presented in Appendix F.1. Percentage errors were then computed 366 

between the recalculated cost components and those of the heuristic solution. Outcomes were again 367 

favorable, as described in Appendix F.2. 368 

As an important aside, average computation time for the 144 cases was 151s. Approximately 90% of 369 

the times were devoted to preprocessing demands, as per (1a)-(3). Less than 20s was typically needed 370 

to find solutions via the heuristic, indicating that the algorithm is efficient. Generating a stop location 371 

plan generally required only a second or two. 372 

4.3 Deployment issues 373 

Tests further show that 𝑠∗(𝑥) and 𝑇∗(𝑥) closely match exact locations of transfer and non-transfer 374 

stops, as generated using the algorithm in Appendix E. Examples are shown in Figures 4a and b.
11

 375 

Interested readers may also refer to Mei (2019) for a real-world case study. 376 

 377 
(a) Optimal stop spacings 378 

 379 
(b) Optimal numbers of stops in each skip-stop bay 380 

Figure 4. Optimal AB-type design for an example bus corridor
 381 

5 Numerical Analysis 382 

Costs saved via optimized AB-type service relative to optimized all-stop service are compared below. 383 

Parametric analysis of corridors served by buses are examined in Section 5.1, and rail corridors in 384 

Section 5.2. Key inputs (transfer penalties and patron access speeds) are studied parametrically in 385 

Section 5.3. 386 

                                                      
10

 The algorithm ensures that the exact stop spacings and (integer-valued) numbers of stops in each skip-stop 

bay respectively match the 𝑠∗(𝑥𝑗) and 𝑇∗(𝑥𝑗) obtained for each 𝑥𝑗 by the two-stage heuristic (see again Section 

3.1). 
11

 The curves were derived for: 𝐸𝑙 = 8 km; 𝜎𝑙 = 2 km; 𝜎𝑜 = 4 km; 
Λ

𝐿
= 37.5 trips/km/h; 𝜇 = 20 $/h; and 2 lines 

in each travel direction. 
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5.1 Bus corridors 387 

Consider for illustration high-wage cities with 𝜇 =  $20/h that are characterized by moderately 388 

heterogeneous demands with 𝜎𝑜 = 8 km. The 𝐺𝐶s saved by AB-type service is shown in Figure 5a as 389 

functions of demand density, and for various trip-length distributions. Note how skip-stop service 390 

reduces 𝐺𝐶 , except for cases characterized by both low-demand densities and short-length trips. 391 

Further note how cost savings grow with growing demand densities and trip lengths. Since skip-stop 392 

service tends to increase agency costs and reduce user costs, its advantage grows as the system serves 393 

greater patron-kms of travel.
12

 394 

Effects of 𝜇 and 𝜎𝑜 are made evident in Figure 5b. In these cases, the 𝐸𝑙 and 𝜎𝑙 are fixed at 8km and 395 

4km, respectively. The missing data reflect conditions in which the buses’ patron-carrying capacity 396 

(𝐾 = 80 patrons/bus, as specified in Table 2) was exceeded. Still, consideration of the curves reveals 397 

that, all else equal, cost saved by skip-stop service grows with: greater spatial-heterogeneity in 398 

demand; and higher values of time. 399 

  
(a) Demand with less-fluctuating trip origins in 

high-wage cities (𝝈𝒐 = 𝟖 km, 𝝁 = 𝟐𝟎 $/h) 

(b) Demand with short and highly-varied trip 

lengths (𝑬𝒍 = 𝟖 km, 𝝈𝒍 = 𝟒 km) 

Figure 5. Percentage generalized cost savings of AB-type bus systems 400 

5.2 Rail corridors 401 

We find that skip-stop service almost always saves 𝐺𝐶 in high-demand corridors served by rail. This 402 

is evident in Figures 6a and b. The trends in these curves are similar to those for bus corridors in the 403 

previous section. 404 

5.3 Transfer penalty, access speed, and weight for backtracking cost 405 

Suitable choices for transfer penalty, 𝐶𝑡, and patron access speed, 𝑣𝑤, are liable to be case-specific, 406 

and are therefore examined parametrically.
13

 We do so here for rail corridors with 𝜎𝑜 = 8  km, 407 

𝐸𝑙 = 12 km, 𝜎𝑙 = 4 km, and 𝜇 = $20/h. Note from Figure 7a how costs saved by skip-stop service 408 

diminish under higher transfer penalties. Savings also diminish as access speed increases, as evident 409 

in Figure 7b. Savings nearly vanish under high access speed of 8 km/h. The higher speed justifies 410 

larger stop spacings, with fewer stops therefore visited each trip. This makes all-stop service a better 411 

option. 412 

                                                      
12

 Analysis not shown here (for brevity) indicates that skip-stop service can even save agency cost when 

demands are highly heterogeneous over space. In these instances, skip-stop service requires shorter round-trip 

times, and thus fewer buses. 
13

 Values of 𝐶𝑡 were varied from 1-2 minutes as per Guo and Wilson (2004) and Fan et al. (2018); and 𝑣𝑤 varied 

from 2-8 km/h, as per Wu et al. (2020). 
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(a) Demand with highly-fluctuating trip origins 

in high-wage cities (𝝈𝒐 = 𝟒 km, 𝝁 = 𝟐𝟎 $/h) 

(b) Demand with short and highly-varied trip lengths 

(𝑬𝒍 = 𝟖 km, 𝝈𝒐 = 𝟒 km) 

Figure 6. Percentage generalized cost savings of AB-type rail systems 413 

In addition, to account for patrons’ aversion to backtracking, we multiply the backtracking cost in 𝐺𝐶 414 

by a weight, which is assumed to vary from 1 to 3. Cost savings are plotted against this weight in 415 

Figure 7c for a bus corridor with 𝜎𝑜 = 4 km, 𝐸𝑙 = 8 km, 𝜎𝑙 = 2 km, 
Λ

𝐿
= 75 trips/km/h, and 𝜇 =416 

$20/h. The figure shows that the benefit of skip-stop design is insensitive to the cost specified for 417 

backtracking. 418 

  
(a) Transfer penalty (b) Access/egress speed 

  
(c) Weight for backtracking cost 

Figure 7. Sensitivity of cost savings to transfer penalty, access/egress speed, and backtracking cost 419 
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6 Conclusions 420 

The present work has explored a particular form of skip-stop service, termed AB-type service, in 421 

which non-transfer stops are arranged in certain order along distinct lines. The continuous-422 

approximation model developed for this exploration can accommodate demand patterns that vary 423 

along the length of the corridor. The model furnishes stop densities and route plans (a corridor’s 424 

number of lines and the stops visited each run) that may vary with location, and by direction. Calculus 425 

of variations and direct search methods were used to formulate a heuristic solution method. Costs 426 

compared against a lower bound indicate that the heuristic produces near-optimal designs with short 427 

runtimes. These solutions can identify exact stop locations using the algorithm in Appendix E. The 428 

resulting designs can be further fine-tuned to meet physical constraints in real settings; e.g., to avoid 429 

placing stops at intersections. 430 

Further comparisons against optimized all-stop designs confirm that AB-type service is often the 431 

lower-cost option, particularly on high-demand corridors traveled by wealthier patrons with high 432 

values of time. In these cases, AB-type service produced cost savings up to 8%. 433 

These findings are consistent with earlier ones in Gu et al. (2016). The model developed in that work, 434 

however, assumed that travel demands are spatially homogeneous. As a result, the earlier model 435 

produces stop densities and route plans that are spatially uniform. Thanks to its accommodation of 436 

spatially-varying demands, the present model unveils new findings in addition to those noted above. 437 

We now find, for example, that optimal stop spacing and skip-stop bay length are both inversely 438 

correlated to the local OD density, and that stop spacing is positively correlated to the local cross-439 

sectional patron flows. In addition, we confirm that AB-type service is especially beneficial when trip 440 

origins are spatially heterogeneous. 441 
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Appendix A. Table of notations 447 

Table A1. List of variables, functions, and parameters 448 
Notation Description Notation Description 

Decision variables and functions 

𝒎𝒄𝒘 Number of CW skip-stop lines  𝑯𝒄𝒄𝒘 Headway in the CCW direction (h) 

𝒎𝒄𝒄𝒘 Number of CCW skip-stop lines 𝒔(𝒙) Stop spacing at 𝒙 (km) 

𝑯𝒄𝒘 Headway in the CW direction (h) 𝑻(𝒙) Number of stops in a skip-stop bay at 𝒙 

Demand variables and functions 

𝝀(𝒙, 𝒚) Demand density from origin 𝒙 to destination 

𝒚 (trip/km
2
/h) 

𝑸𝒄𝒘(𝒙) CW trip destination density at 𝒙 (trip/km/h) 

𝑸𝒄𝒄𝒘(𝒙) CCW trip destination density at 𝒙 (trip/km/h) 

𝚲𝒄𝒘 Total CW demand (trip/h) 𝒍 Trip length (km) 

𝚲𝒄𝒄𝒘 Total CCW demand (trip/h) 𝒑(𝒙) PDF of trip origins (under symmetric demand) 

𝑪𝒄𝒘(𝒙) On-board flow of CW trips at 𝒙 (trip/h) 𝜽(𝒍) PDF of trip lengths (under symmetric demand) 

𝑪𝒄𝒄𝒘(𝒙) On-board flow of CCW trips at 𝒙 (trip/h) 𝝈𝒐 Standard deviation of origin distribution (km) 

𝑷𝒄𝒘(𝒙) CW trip origin density at 𝒙 (trip/km/h) 𝑬𝒍 Mean trip length (km) 

𝑷𝒄𝒄𝒘(𝒙) CCW trip origin density at 𝒙 (trip/km/h) 𝝈𝒍 Standard deviation of trip length (km) 

Cost terms and parameters 

𝝅𝒌 Unit distance-based operating cost 

($/veh·km) 
𝝅𝒊 Amortized unit cost of line infrastructure 

($/km/h) 

𝝅𝒉 Unit time-based operating cost ($/veh·h) 𝝅𝒔 Amortized unit cost per stop ($/stop/h) 

𝑪𝒕 Unit transfer penalty cost (h) 𝑨𝑪𝑲 Distance-based operating cost (h/h) 



 17 

𝑼𝑻𝒂 Patrons’ total access and egress time (h/h) 𝑨𝑪𝑯 Time-based operating cost (h/h) 

𝑼𝑻𝒘 Patrons’ total wait time (h/h) 𝑨𝑪𝑰 Line infrastructure cost (h/h) 

𝑼𝑻𝒗 Patrons’ total in-vehicle travel time (h/h) 𝑨𝑪𝑺 Stop infrastructure cost (h/h) 

𝑼𝑻𝒕 Total transfer penalty (h/h) 𝑮𝑪 Generalized cost (h/h) 

Other parameters and variables 

𝒃𝒄𝒘(𝒙) Density of backtracking trips at 𝒙 in the CW 

direction (trip/km/h) 
𝝀̅𝒄𝒘(𝒙) Average density of CW trips contained in a 

skip-stop bay at 𝒙 (trip/km/h) 

𝒃𝒄𝒄𝒘(𝒙) Density of backtracking trips at 𝒙 in the CCW 

direction (trip/km/h) 
𝝀̅𝒄𝒄𝒘(𝒙) Average density of CCW trips contained in a 

skip-stop bay at 𝒙 (trip/km/h) 

𝒗𝒄𝒘(𝒙) Commercial speed at 𝒙 in the CW direction 𝝁 Patrons’ value of time ($/h) 

𝒗𝒄𝒄𝒘(𝒙) Commercial speed at 𝒙 in the CCW direction 𝑯𝒎𝒊𝒏 Minimum headway (h) 

𝑳 Corridor length (km) 𝑲 Vehicle capacity (patron/veh) 

𝒗𝒘 Walking speed (km/h) 𝝉 Vehicle dwell time per stop (h) 

𝒗 Vehicle cruise speed (km/h)   

Appendix B. Formulas related to user cost metrics 449 

B.1 Average density of backtracking trips in (5) 450 

Denote 𝜆̅𝑐𝑤(𝑥) (trips/km/h) as the average density of CW “contained” trips at 𝑥, where a contained 451 

trip is one in which origin and destination are located in the same skip-stop bay. The 𝜆̅𝑐𝑤(𝑥) is 452 

calculated by dividing the total number of contained trips in the skip-stop bay containing 𝑥 by the 453 

length of that bay, i.e., 454 

𝜆̅𝑐𝑤(𝑥) =
∫ ∫ 𝜆(𝑧,𝑦)𝑑𝑧𝑑𝑦

𝐷(𝑥)

𝑦=𝑧

𝐷(𝑥)

𝑧=𝑈(𝑥)

𝐷(𝑥)−𝑈(𝑥)
≈ ∫ ∫ 𝜆(𝑧, 𝑦)𝑑𝑧𝑑𝑦

𝑥+
𝑇(𝑥)𝑠(𝑥)

2
𝑦=𝑧

𝑥+
𝑇(𝑥)𝑠(𝑥)

2

𝑧=𝑥−
𝑇(𝑥)𝑠(𝑥)

2

/𝑇(𝑥)𝑠(𝑥)    (B1) 455 

where 𝑈(𝑥) and 𝐷(𝑥) denote the locations of the upstream and downstream transfer stops that bound 456 

the bay. Here they are approximated by 𝑥 − 𝑇(𝑥)𝑠(𝑥)/2 and 𝑥 + 𝑇(𝑥)𝑠(𝑥)/2, respectively. 457 

The probability that a contained trip at 𝑥 is a backtracking trip is 
𝑇(𝑥)−1

𝑇(𝑥)
⋅

(𝑚𝑐𝑤−1)(𝑇(𝑥)−1)

𝑚𝑐𝑤𝑇(𝑥)
. The first 458 

fraction in this formula is the probability that a trip’s origin stop is a non-transfer stop in the bay; and 459 

the second fraction is the probability that the trip’s destination stop is a non-transfer one in the same 460 

bay on a different line. We then have 𝑏𝑐𝑤(𝑥) =
(𝑚𝑐𝑤−1)(𝑇(𝑥)−1)2

𝑚𝑐𝑤𝑇(𝑥)2 𝜆̅𝑐𝑤(𝑥), which yields (5). 461 

B.2 Total wait time in (6) 462 

The average wait times and hourly trip numbers for each of the five trip types in CW direction are 463 

summarized in the following table. 464 

Table B1. Wait times for five CW trip types 465 
Trip type Average wait time Number of trips per hour 

1 𝑊1 = 𝐻𝑐𝑤/2  𝑁1 = ∬
𝜆(𝑥,𝑦)

𝑇(𝑥)𝑇(𝑦)
𝑑𝑥𝑑𝑦

𝐷𝑐𝑤
   

2 𝑊2 = 𝑚𝑐𝑤𝐻𝑐𝑤/2 𝑁2 = ∬
(𝑇(𝑥)+𝑇(𝑦)−2)𝜆(𝑥,𝑦)

𝑇(𝑥)𝑇(𝑦)
𝑑𝑥𝑑𝑦

𝐷𝑐𝑤
  

3 𝑊3 = 𝑚𝑐𝑤𝐻𝑐𝑤/2 𝑁3 = ∬
(𝑇(𝑥)−1)(𝑇(𝑦)−1)𝜆(𝑥,𝑦)

𝑚𝑐𝑤𝑇(𝑥)𝑇(𝑦)
𝑑𝑥𝑑𝑦

𝐷𝑐𝑤
  

4 𝑊4 = (𝑚𝑐𝑤𝐻𝑐𝑤 + 𝑚𝑐𝑐𝑤𝐻𝑐𝑐𝑤)/2 𝑁4 = ∫ 𝑏𝑐𝑤(𝑥)𝑑𝑥
𝐿

𝑥=0
  

5 𝑊5 = 𝑚𝑐𝑤𝐻𝑐𝑤 𝑁5 = Λ𝑐𝑤 − ∑ 𝑁𝑖
4
𝑖=1   

The total wait time for CW trips is then obtained by plugging the formulas of 𝑁𝑖  and 𝑊𝑖  (𝑖 =466 

1,2,3,4,5) into ∑ 𝑁𝑖𝑊𝑖
5
𝑖=1 : 467 
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∑ 𝑁𝑖𝑊𝑖
5
𝑖=1 = ∬ (

1

𝑇(𝑥)𝑇(𝑦)

𝐻𝑐𝑤

2
+

(𝑇(𝑥)+𝑇(𝑦)−2)

𝑇(𝑥)𝑇(𝑦)

𝑚𝑐𝑤𝐻𝑐𝑤

2
+

(𝑇(𝑥)−1)(𝑇(𝑦)−1)

𝑚𝑐𝑤𝑇(𝑥)𝑇(𝑦)

𝑚𝑐𝑤𝐻𝑐𝑤

2
) 𝜆(𝑥, 𝑦)𝑑𝑥𝑑𝑦

𝐷𝑐𝑤
+468 

𝑁4
𝑚𝑐𝑤𝐻𝑐𝑤+𝑚𝑐𝑐𝑤𝐻𝑐𝑐𝑤

2
+ (∬ (

𝑚𝑐𝑤−1

𝑚𝑐𝑤

(𝑇(𝑥)−1)(𝑇(𝑦)−1)

𝑇(𝑥)𝑇(𝑦)
𝑚𝑐𝑤𝐻𝑐𝑤) 𝜆(𝑥, 𝑦)𝑑𝑥𝑑𝑦 − 𝑁4 ∙ 𝑚𝑐𝑤𝐻𝑐𝑤𝐷𝑐𝑤

)  469 

=470 
𝐻𝑐𝑤

2
∬ 𝜆(𝑥, 𝑦)

1+𝑚𝑐𝑤𝑇(𝑥)+𝑚𝑐𝑤𝑇(𝑦)−2𝑚𝑐𝑤+(2𝑚𝑐𝑤−1)(𝑇(𝑥)𝑇(𝑦)−𝑇(𝑥)−𝑇(𝑦)+1)

𝑇(𝑥)𝑇(𝑦)
𝑑𝑥𝑑𝑦

𝐷𝑐𝑤
+471 

𝑚𝑐𝑐𝑤𝐻𝑐𝑐𝑤−𝑚𝑐𝑤𝐻𝑐𝑤

2
𝑁4  472 

=
𝐻𝑐𝑤

2
∬ 𝜆(𝑥, 𝑦) (2𝑚𝑐𝑤 − 1 −

𝑚𝑐𝑤−1

𝑇(𝑥)
−

𝑚𝑐𝑤−1

𝑇(𝑦)
) 𝑑𝑥𝑑𝑦

𝐷𝑐𝑤
+

𝑚𝑐𝑐𝑤𝐻𝑐𝑐𝑤−𝑚𝑐𝑤𝐻𝑐𝑤

2
𝑁4  473 

=
(2𝑚𝑐𝑤−1)𝐻𝑐𝑤

2
∬ 𝜆(𝑥, 𝑦)𝑑𝑥𝑑𝑦

𝐷𝑐𝑤
−

(𝑚𝑐𝑤−1)𝐻𝑐𝑤

2
(∬

𝜆(𝑥,𝑦)

𝑇(𝑥)
𝑑𝑦𝑑𝑥

𝐷𝑐𝑤
+ ∬

𝜆(𝑥,𝑦)

𝑇(𝑦)
𝑑𝑥𝑑𝑦

𝐷𝑐𝑤
) +474 

𝑚𝑐𝑐𝑤𝐻𝑐𝑐𝑤−𝑚𝑐𝑤𝐻𝑐𝑤

2
𝑁4  475 

=476 

(2𝑚𝑐𝑤−1)𝐻𝑐𝑤Λ𝑐𝑤

2
−

(𝑚𝑐𝑤−1)𝐻𝑐𝑤

2
∫ ∫

𝜆(𝑥,𝑦)

𝑇(𝑥)
𝑑𝑦𝑑𝑥

𝑥+
𝐿

2
𝑦=𝑥

𝐿

𝑥=0
− ∫ ∫

𝜆(𝑥,𝑦)

𝑇(𝑦)
𝑑𝑥𝑑𝑦

𝑦

𝑥=𝑦−
𝐿

2

𝐿

𝑦=0
+

𝑚𝑐𝑐𝑤𝐻𝑐𝑐𝑤−𝑚𝑐𝑤𝐻𝑐𝑤

2
𝑁4  477 

=
(2𝑚𝑐𝑤−1)𝐻𝑐𝑤Λ𝑐𝑤

2
−

(𝑚𝑐𝑤−1)𝐻𝑐𝑤

2
(∫

𝑃𝑐𝑤(𝑥)

𝑇(𝑥)
𝑑𝑥

𝐿

𝑥=0
+ ∫

𝑄𝑐𝑤(𝑦)

𝑇(𝑦)
𝑑𝑦

𝐿

𝑦=0
) +

𝑚𝑐𝑐𝑤𝐻𝑐𝑐𝑤−𝑚𝑐𝑤𝐻𝑐𝑤

2
𝑁4  478 

=
(2𝑚𝑐𝑤−1)𝐻𝑐𝑤Λ𝑐𝑤

2
−

(𝑚𝑐𝑤−1)𝐻𝑐𝑤

2
∫

𝑃𝑐𝑤(𝑥)+𝑄𝑐𝑤(𝑥)

𝑇(𝑥)
𝑑𝑥

𝐿

𝑥=0
+

𝑚𝑐𝑐𝑤𝐻𝑐𝑐𝑤−𝑚𝑐𝑤𝐻𝑐𝑤

2
∫ 𝑏𝑐𝑤(𝑥)𝑑𝑥

𝐿

𝑥=0
     (B2) 479 

The fifth equality in (B2) uses the definition of Λ𝑐𝑤, and the sixth equality uses the definitions of 480 

𝑃𝑐𝑤(𝑥) and 𝑄𝑐𝑤(𝑦). 481 

The patron wait time for all CCW trips can be obtained by swapping subscripts “𝑐𝑤” with “𝑐𝑐𝑤” in 482 

(B2). Combining both directions, we have (6).  483 

B.3 Approximation of the transfer penalty in (9) 484 

∬ 𝜆(𝑥, 𝑦)
𝑚𝑐𝑤−1

𝑚𝑐𝑤
(1 −

1

𝑇(𝑥)
) (1 −

1

𝑇(𝑦)
) 𝑑𝑥𝑑𝑦

𝐷𝑐𝑤
  485 

=
𝑚𝑐𝑤−1

𝑚𝑐𝑤
(∬ 𝜆(𝑥, 𝑦)𝑑𝑥𝑑𝑦

𝐷𝑐𝑤
− ∬

𝜆(𝑥,𝑦)

𝑇(𝑥)
𝑑𝑦𝑑𝑥

𝐷𝑐𝑤
− ∬

𝜆(𝑥,𝑦)

𝑇(𝑦)
𝑑𝑥𝑑𝑦

𝐷𝑐𝑤
+ ∬

𝜆(𝑥,𝑦)

𝑇(𝑥)𝑇(𝑦)
𝑑𝑥𝑑𝑦

𝐷𝑐𝑤
)  486 

=
𝑚𝑐𝑤−1

𝑚𝑐𝑤
(Λ𝑐𝑤 − ∫

𝑃𝑐𝑤(𝑥)+𝑄𝑐𝑤(𝑥)

𝑇(𝑥)
𝑑𝑥

𝐿

𝑥=0
+ ∬

𝜆(𝑥,𝑦)

𝑇(𝑥)𝑇(𝑦)
𝑑𝑥𝑑𝑦

𝐷𝑐𝑤
)  487 

≈
𝑚𝑐𝑤−1

𝑚𝑐𝑤
(Λ𝑐𝑤 − ∫

𝑃𝑐𝑤(𝑥)+𝑄𝑐𝑤(𝑥)

𝑇(𝑥)
𝑑𝑥

𝐿

𝑥=0
+

1

2
∬ (

𝜆(𝑥,𝑦)

𝑇2(𝑥)
+

𝜆(𝑥,𝑦)

𝑇2(𝑦)
) 𝑑𝑥𝑑𝑦

𝐷𝑐𝑤
)  488 

=
𝑚𝑐𝑤−1

𝑚𝑐𝑤
(Λ𝑐𝑤 − ∫

𝑃𝑐𝑤(𝑥)+𝑄𝑐𝑤(𝑥)

𝑇(𝑥)
𝑑𝑥

𝐿

𝑥=0
+

1

2
∫

𝑃𝑐𝑤(𝑥)+𝑄𝑐𝑤(𝑥)

𝑇2(𝑥)
𝑑𝑥

𝐿

𝑥=0
)  489 

=
𝑚𝑐𝑤−1

𝑚𝑐𝑤
(Λ𝑐𝑤 − ∫

(𝑃𝑐𝑤(𝑥)+𝑄𝑐𝑤(𝑥))(2𝑇(𝑥)−1)

2𝑇2(𝑥)
𝑑𝑥

𝐿

𝑥=0
)      (B3) 490 

The third and fifth lines in (B3) were derived using the definitions of Λ𝑐𝑤, 𝑃𝑐𝑤(𝑥) and 𝑄𝑐𝑤(𝑥). The 491 

approximation in the fourth line was used to reduce the last double integral term to a single one. Since 492 
𝜆(𝑥,𝑦)

𝑇(𝑥)𝑇(𝑦)
≤

1

2
(

𝜆(𝑥,𝑦)

𝑇2(𝑥)
+

𝜆(𝑥,𝑦)

𝑇2(𝑦)
), the above approximation is conservative. The number of transfers for 493 

CCW trips is obtained by replacing subscript “𝑐𝑤” in the above result by “𝑐𝑐𝑤”. Equation (9) then 494 

follows. 495 

Appendix C. Pseudocodes of the solution algorithms 496 

C.1 Pseudocode of the first-stage solution process  497 

Algorithm 1: Finding 𝒔∗(𝒙𝒋) and 𝑻∗(𝒙𝒋) for 𝒋 = 𝟏, … , 𝒏, given 𝒎𝒄𝒘, 𝒎𝒄𝒄𝒘, 𝑯𝒄𝒘 and 𝑯𝒄𝒄𝒘. 

For 𝑗 = 1, 2, … , 𝑛: 

Let 𝑥𝑗 = (𝑗 − 0.5)∆𝑥; 

Initialize 𝑏𝑐𝑤(𝑥𝑗) = 𝑏𝑐𝑐𝑤(𝑥𝑗) = 0; 



 19 

Do:  

For each 𝑇(𝑥𝑗) in the candidate set {1,2, … ,30}: 

Update 𝑠∗(𝑥𝑗) using Equations (16a-b); 

Record the lowest 𝐺(∙, 𝑥𝑗) by far, and the associated 𝑇∗(𝑥𝑗) and 𝑠∗(𝑥𝑗); 

End For 

Calculate 𝑏̂𝑐𝑤(𝑥𝑗) using (5), and calculate 𝑏̂𝑐𝑐𝑤(𝑥𝑗) similarly; 

𝑏𝑐𝑤(𝑥𝑗) ← (1 − 𝛼)𝑏𝑐𝑤(𝑥𝑗) + 𝛼𝑏̂𝑐𝑤(𝑥𝑗); 

𝑏𝑐𝑐𝑤(𝑥𝑗) ← (1 − 𝛼)𝑏𝑐𝑐𝑤(𝑥𝑗) + 𝛼𝑏̂𝑐𝑐𝑤(𝑥𝑗); 

Until |𝑏𝑐𝑤(𝑥𝑗) − 𝑏̂𝑐𝑤(𝑥𝑗)| + |𝑏𝑐𝑐𝑤(𝑥𝑗) − 𝑏̂𝑐𝑐𝑤(𝑥𝑗)| ≤ 𝜖1 

End For 

Output 𝑠∗(𝑥𝑗) and 𝑇∗(𝑥𝑗) for 𝑗 = 1,2, … , 𝑛. 

Here 𝜖1 is a convergence tolerance. 498 

C.2 Pseudocode of the second-stage solution process  499 

Algorithm 2: Finding 𝒎𝒄𝒘
∗ , 𝒎𝒄𝒄𝒘

∗ , 𝑯𝒄𝒘
∗  and 𝑯𝒄𝒄𝒘

∗ . 

For each pair of (𝑚𝑐𝑤 , 𝑚𝑐𝑐𝑤) in {1,2,3,4} × {1,2,3,4}: 

Initialize 𝐻𝑐𝑤  and 𝐻𝑐𝑐𝑤 that satisfy (14c-f) by letting 𝑏𝑐𝑤(𝑥) = 𝑏𝑐𝑐𝑤(𝑥) = 0;  

Do:  

Find 𝑠∗(𝑥𝑗) and 𝑇∗(𝑥𝑗) for all 𝑗 = 1,2, … , 𝑛 using Algorithm 1; 

Calculate 𝐻𝑐𝑤
∗  using Equation (17a-b), and calculate 𝐻𝑐𝑐𝑤

∗  similarly; 

Until |𝐻𝑐𝑤 − 𝐻𝑐𝑤
∗ | + |𝐻𝑐𝑐𝑤 − 𝐻𝑐𝑐𝑤

∗ | ≤ 𝜖2 

Record the (𝑚𝑐𝑤
∗ , 𝑚𝑐𝑐𝑤

∗ ) that yields the lowest 𝐺𝐶, and the associated 𝐻𝑐𝑤
∗ , 𝐻𝑐𝑐𝑤

∗ , 𝑠∗(𝑥𝑗) and 𝑇∗(𝑥𝑗); 

End For 

Output 𝑚𝑐𝑤
∗ , 𝑚𝑐𝑐𝑤

∗ , 𝐻𝑐𝑤
∗ , 𝐻𝑐𝑐𝑤

∗ , 𝑠∗(𝑥𝑗|𝑗 = 1,2, … , 𝑛), 𝑇∗(𝑥𝑗|𝑗 = 1,2, … , 𝑛).  

Here 𝜖2 is another convergence tolerance. 500 

Appendix D. Lower bound of (14a-g) 501 

Constraints (14e-f) are modified by ignoring 𝑇(𝑥)𝑠(𝑥)(𝑏𝑐𝑤(𝑥) + 𝑏𝑐𝑐𝑤(𝑥))/2 in the denominator of 502 

their RHS. This results in looser constraints, and thus a greater feasible solution region for the relaxed 503 

program. 504 

Reduce the original objective function (14a) in two steps as explained below. 505 

Step 1. Remove the cost terms related to 𝑏𝑐𝑤(𝑥) and 𝑏𝑐𝑐𝑤(𝑥), including parts of the RHS of (6) and 506 

(8). These removed terms sum to: 507 

∫ [
𝑚𝑐𝑐𝑤𝐻𝑐𝑐𝑤−𝑚𝑐𝑤𝐻𝑐𝑤

2
(𝑏𝑐𝑤(𝑥) − 𝑏𝑐𝑐𝑤(𝑥)) + [

𝑠(𝑥)𝑇(𝑥)

3𝑣
+

𝜏

6
(

𝑇(𝑥)−1

𝑚𝑐𝑤
+

𝑇(𝑥)−1

𝑚𝑐𝑐𝑤
+ 2)] (𝑏𝑐𝑤(𝑥) +

𝐿

𝑥=0
508 

𝑏𝑐𝑐𝑤(𝑥))] 𝑑𝑥.          (D1) 509 

To guarantee that a lower bound is achieved, (D1) must be non-negative. This is evident under 510 

symmetric demand (i.e., 𝜆(𝑥, 𝑦) = 𝜆(𝑦, 𝑥) for any (𝑥, 𝑦)), because in that case, 𝑚𝑐𝑤 = 𝑚𝑐𝑐𝑤  and 511 

𝐻𝑐𝑤 = 𝐻𝑐𝑐𝑤 , and the first term in the integrand is zero while the second term is positive. For 512 

asymmetric demand, however, that first term can be negative, and thus theoretically (D1) can be 513 

negative too. Therefore, to be exact, the “lower bound” derived in this section is a lower bound only 514 

under symmetric demand. Nevertheless, the first term in the integrand is generally close to zero 515 

because both |𝑚𝑐𝑐𝑤𝐻𝑐𝑐𝑤 − 𝑚𝑐𝑤𝐻𝑐𝑤|  and |𝑏𝑐𝑤(𝑥) − 𝑏𝑐𝑐𝑤(𝑥)|  are quite small. Thus, (D1) is still 516 

likely to be non-negative under asymmetric demands. 517 

Step 2. Replace −
2𝑇(𝑥)−1

2𝑇2(𝑥)
 in transfer penalty cost (9) by −

1

𝑇(𝑥)
, since −

2𝑇(𝑥)−1

2𝑇2(𝑥)
> −

1

𝑇(𝑥)
.  518 
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The new objective function can then be rearranged as: 519 

𝐺𝐶𝐿𝐵 = 𝜃 + ∫ (𝑓(𝑥) +
𝛽(𝑥)

𝑇(𝑥)
) 𝑑𝑥

𝐿

𝑥=0
,        (D2a) 520 

where 𝜃  is a function of scalar variables 𝐻𝑐𝑤 , 𝐻𝑐𝑐𝑤 , 𝑚𝑐𝑤  and 𝑚𝑐𝑐𝑤  only; and 𝑓(𝑥) and 𝛽(𝑥) are 521 

related to 𝑠(𝑥) but not to 𝑇(𝑥). These parameters are as follows: 522 

𝜃 =
(2𝑚𝑐𝑤−1)𝛬𝑐𝑤

2
𝐻𝑐𝑤 +

(2𝑚𝑐𝑐𝑤−1)Λ𝑐𝑐𝑤

2
𝐻𝑐𝑐𝑤 + 𝐶𝑡

𝑚𝑐𝑤−1

𝑚𝑐𝑤
Λ𝑐𝑤 + 𝐶𝑡

𝑚𝑐𝑐𝑤−1

𝑚𝑐𝑐𝑤
Λ𝑐𝑐𝑤 +

𝜋𝑘𝐿

𝜇
(

1

𝐻𝑐𝑤
+

1

𝐻𝑐𝑐𝑤
) +523 

2𝜋𝑖𝐿

𝜇
  524 

𝑓(𝑥) =
𝑠(𝑥)

4𝑣𝑤
(𝑃𝑐𝑤(𝑥) + 𝑄𝑐𝑤(𝑥) + 𝑃𝑐𝑐𝑤(𝑥) + 𝑄𝑐𝑐𝑤(𝑥)) + (𝐶𝑐𝑤(𝑥) +

𝜋ℎ

𝜇𝐻𝑐𝑤
) (

1

𝑣
+

𝜏

𝑚𝑐𝑤𝑠(𝑥)
) +525 

(𝐶𝑐𝑐𝑤(𝑥) +
𝜋ℎ

𝜇𝐻𝑐𝑐𝑤
) (

1

𝑣
+

𝜏

𝑚𝑐𝑐𝑤𝑠(𝑥)
) +

𝜋𝑠

𝜇

1

𝑠(𝑥)
       (D2b) 526 

𝛽(𝑥) =527 

(𝐶𝑐𝑤(𝑥)+
𝜋ℎ

𝜇𝐻𝑐𝑤
)𝜏

𝑠(𝑥)

𝑚𝑐𝑤−1

𝑚𝑐𝑤
− (

𝑚𝑐𝑤−1

𝑚𝑐𝑤
𝐶𝑡 +

(𝑚𝑐𝑤−1)𝐻𝑐𝑤

2
) (𝑃𝑐𝑤(𝑥) + 𝑄𝑐𝑤(𝑥)) +

(𝐶𝑐𝑐𝑤(𝑥)+
𝜋ℎ

𝜇𝐻𝑐𝑐𝑤
)𝜏

𝑠(𝑥)

𝑚𝑐𝑐𝑤−1

𝑚𝑐𝑐𝑤
−528 

 (
𝑚𝑐𝑐𝑤−1

𝑚𝑐𝑐𝑤
𝐶𝑡 +

(𝑚𝑐𝑐𝑤−1)𝐻𝑐𝑐𝑤

2
) (𝑃𝑐𝑐𝑤(𝑥) + 𝑄𝑐𝑐𝑤(𝑥)).  (D2c) 529 

The lower bound problem is then formulated as: 530 

min𝑚𝑐𝑤,𝑚𝑐𝑐𝑤,𝐻𝑐𝑤,𝐻𝑐𝑐𝑤,𝑠(𝑥),𝑇(𝑥) 𝐺𝐶𝐿𝐵 = 𝜃 + ∫ (𝑓(𝑥) +
𝛽(𝑥)

𝑇(𝑥)
) 𝑑𝑥

𝐿

𝑥=0
    531 

 (D3a) 532 

subject to: 533 

𝑚𝑐𝑤 , 𝑚𝑐𝑐𝑤 ∈ {1,2,3,4}         (D3b) 534 

𝐻𝑚𝑖𝑛 + 𝐼(𝑚𝑐𝑤 > 1) ∙ 𝜏 ≤ 𝐻𝑐𝑤 ≤
𝐾

max0<𝑥≤𝐿{𝐶𝑐𝑤(𝑥)}
      535 

 (D3c) 536 

𝐻𝑚𝑖𝑛 + 𝐼(𝑚𝑐𝑐𝑤 > 1) ∙ 𝜏 ≤ 𝐻𝑐𝑐𝑤 ≤
𝐾

max0<𝑥≤𝐿{𝐶𝑐𝑐𝑤(𝑥)}
      (D3d) 537 

𝑠(𝑥) > 0, 𝑇(𝑥) ≥ 1         (D3e) 538 

The optimal solution to (D3a-e) is a lower bound to the solution of (14a-g) because the former has a 539 

lower objective function value and relaxed constraints. We next solve (D3a-e) via a bi-level method. 540 

At the lower level, fix 𝑚𝑐𝑤, 𝑚𝑐𝑐𝑤, 𝐻𝑐𝑤 and 𝐻𝑐𝑐𝑤, and minimize the integrand 𝑓(𝑥) +
𝛽(𝑥)

𝑇(𝑥)
 for each 541 

𝑥 ∈ [0, 𝐿). Note that for any fixed 𝑠(𝑥) , 𝑓(𝑥) +
𝛽(𝑥)

𝑇(𝑥)
 is minimized at either 𝑇(𝑥) = 1  (if 𝛽(𝑥)  is 542 

negative) or 𝑇(𝑥) = ∞ (if 𝛽(𝑥) is non-negative). Therefore,  543 

min𝑠(𝑥),𝑇(𝑥) 𝑓(𝑥) +
𝛽(𝑥)

𝑇(𝑥)
= min{min𝑠(𝑥) 𝑓(𝑥) , min𝑠(𝑥) 𝑓(𝑥) + 𝛽(𝑥)}    544 

 (D4) 545 

Note further that 𝑓(𝑥) and 𝛽(𝑥) are both convex with respect to 𝑠(𝑥). Hence the global optimal 546 

solution to the lower-level problem can be obtained using a gradient search method. 547 

At the upper level, optimize 𝑚𝑐𝑤, 𝑚𝑐𝑐𝑤 , 𝐻𝑐𝑤  and 𝐻𝑐𝑐𝑤  via exhaustive search. Enumerate 𝑚𝑐𝑤  and 548 

𝑚𝑐𝑐𝑤 from {1,2,3,4} × {1,2,3,4}, and 𝐻𝑐𝑤 and 𝐻𝑐𝑐𝑤  from the ranges specified by (D3c) and (D3d) 549 

with an interval of 0.1 min. The lowest-cost solution produced by the above procedure is a lower 550 

bound to the optimal cost from (14a-g). 551 
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Appendix E. Algorithm for generating stop locations 552 

A 3-step algorithm is proposed below to generate stop locations and route plans using the optimal 553 

𝑠∗(𝑥𝑗) and 𝑇∗(𝑥𝑗) for each 𝑥𝑗 , 𝑗 = 1,2, … , 𝑛; see Section 3.1. Step 1 generates the stop locations 554 

(including both non-transfer and transfer stops) that closely match 𝑠∗(𝑥𝑗) using a method similar to 555 

Wirasinghe and Ghoneim (1981). Step 2 selects the transfer stops from the set of stops generated in 556 

Step 1 to ensure that the number of stops in each skip-stop bay matches the average 𝑇(𝑥) in that bay 557 

as close as possible. Step 3 assigns the non-transfer stops to each line. These steps are detailed as 558 

follows. 559 

Step 1. Apply spline curve fitting method to fit the continuous function 𝑠(𝑥)  using 𝑠∗(𝑥𝑗)  (𝑗 =560 

1,2, … , 𝑛). Next, place one stop at every 𝑥 where ∫
𝑑𝑧

𝑠(𝑧)

𝑥

𝑧=0
 is an integer (the first stop is located at 561 

𝑥 = 0). The resulting stop location set is denoted as 𝛀 = {𝑥𝑖
𝑆: 𝑖 = 1, 2, … , 𝑁𝑆} , where 𝑁𝑆  is the 562 

number of stops, and 𝑥𝑖
𝑆  is the location of the 𝑖 -th stop satisfying 0 = 𝑥1

𝑆 < 𝑥2
𝑆 < ⋯ < 𝑥

𝑁𝑆
𝑆 < 𝐿 . 563 

Finally, since ∫
𝑑𝑧

𝑠(𝑧)

𝐿

𝑧=0
 may not be an integer, remove the last stop from 𝛀 if it is too close to the first 564 

one (i.e. if 𝐿 − 𝑥
𝑁𝑆
𝑆 < 𝑠(𝐿)/2). 565 

Step 2. Denote the number of transfer stops as 𝑁𝑇 , and the stop index of the 𝑘-th transfer stop 566 

(𝑘 = 1, … , 𝑁𝑇 ) in 𝛀 as 𝑢𝑘  satisfying 𝑢1 < 𝑢2 < ⋯ < 𝑢𝑁𝑇 . Further denote the 𝑘 -th transfer stop’s 567 

location as 𝑥𝑘
𝑇 ≡ 𝑥𝑢𝑘

𝑆 ∈ 𝛀. The 𝑁𝑇 and 𝑢𝑘 (𝑘 = 1, … , 𝑁𝑇) are generated as follows. Set 𝑢1 = 1 (and 568 

thus 𝑥1
𝑇 ≡ 𝑥1

𝑆 = 0). Select the other transfer stops recursively; i.e., if 𝑢𝑘 and 𝑥𝑘
𝑇 are known, find 𝑢𝑘+1 569 

such that: 570 

min𝑢𝑘+1∈{𝑖=1,2,…,𝑁𝑆} |(𝑢𝑘+1 − 𝑢𝑘) − ∫ 𝑇(𝑧)𝑑𝑧
𝑥𝑘+1

𝑇

𝑧=𝑥𝑘
𝑇 /(𝑥𝑘+1

𝑇 − 𝑥𝑘
𝑇)|    571 

 (E1a) 572 

subject to: 573 

𝑥𝑘+1
𝑇 = 𝑥𝑢𝑘+1

𝑆 ;          (E1b) 574 

𝑢𝑘+1 > 𝑢𝑘;          (E1c) 575 

𝑢𝑘+1 − 𝑢𝑘 − 1 is an integer multiple of both 𝑚𝑐𝑤 and 𝑚𝑐𝑐𝑤.    (E1d) 576 

Here 𝑢𝑘+1 − 𝑢𝑘  is the number of stops in the 𝑘 -th skip-stop bay, hence (E1d) is required; and 577 

∫ 𝑇(𝑧)𝑑𝑧
𝑥𝑘+1

𝑇

𝑧=𝑥𝑘
𝑇 /(𝑥𝑘+1

𝑇 − 𝑥𝑘
𝑇) is the average value of 𝑇(𝑥) over the bay. The 𝑇(𝑥) is again obtained 578 

using spline curve fitting. Ideally, 𝑢𝑘+1 − 𝑢𝑘 and ∫ 𝑇(𝑧)𝑑𝑧
𝑥𝑘+1

𝑇

𝑧=𝑥𝑘
𝑇 /(𝑥𝑘+1

𝑇 − 𝑥𝑘
𝑇) are equal. However, in 579 

this step they may never be equal, because the former is an integer while the latter can take any real 580 

values. Hence, the 𝑢𝑘+1 that minimizes their difference is selected. 581 

After going through the length of the entire corridor, deselect the last transfer stop if it is too close to 582 

the first; i.e., if ∫
𝑑𝑧

𝑠(𝑧)

𝐿

𝑧=𝑥
𝑁𝑇
𝑇 < ∫ 𝑇(𝑧)𝑑𝑧

𝐿

𝑧=𝑥
𝑁𝑇
𝑇 /2(𝐿 − 𝑥

𝑁𝑇
𝑇 ). 583 

Step 3. Between any two consecutive transfer stops, the non-transfer stops are assigned to the 𝑚𝑐𝑤 584 

CW lines in a fixed order (as illustrated in Figure 1). Similarly assign non-transfer stops to the 𝑚𝑐𝑐𝑤 585 

CCW lines. Note that the total number of non-transfer stops generated in steps 1-2 may not be 586 

divisible by 𝑚𝑐𝑤 (or 𝑚𝑐𝑐𝑤). As a result, some lines may have one more non-transfer stops than other 587 

lines in the last skip-stop bay. However, the impact of this asymmetry on the generalized cost is 588 

trivial. 589 

The three steps are summarized as follows:  590 
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Algorithm 3: Generating a stop location plan. 

Use 𝑠∗(𝑥𝑗) and 𝑇∗(𝑥𝑗) to fit 𝑠(𝑥) and 𝑇(𝑥) to two spline functions, respectively. 

Place one stop at every 𝑥  where ∫
𝑑𝑧

𝑠(𝑧)

𝑥

𝑧=0
 is an integer and then obtain the stop location set 𝛀 =

{𝑥𝑖
𝑆: 𝑖 = 1, 2, … , 𝑁𝑆}; 

Remove the last stop from 𝛀 and set 𝑁𝑆 ← 𝑁𝑆 − 1, if 𝐿 − 𝑥
𝑁𝑆
𝑆 <

𝑠(𝐿)

2
. 

Select the first transfer stop at 𝑥 = 0, i.e., 𝑢1 = 1 and 𝑥1
𝑇 = 0.  

Set 𝑘 = 1 and 𝑁𝑇 = 1. 

Do:  

For each 𝑢𝑘+1 in {𝑢𝑘 + 1, 𝑢𝑘 +  2, … , 𝑁𝑆}: 

If 𝑢𝑘+1 − 𝑢𝑘 − 1 is a common multiple of 𝑚𝑐𝑤 and 𝑚𝑐𝑐𝑤: 

Let 𝑥𝑘+1
𝑇 = 𝑥𝑢𝑘+1

𝑆 ; 

Record the optimal 𝑢𝑘+1
∗  that minimizes |(𝑢𝑘+1 − 𝑢𝑘) −

∫ 𝑇(𝑧)𝑑𝑧
𝑥𝑘+1

𝑇

𝑧=𝑥𝑘
𝑇

𝑥𝑘+1
𝑇 −𝑥𝑘

𝑇 |. 

End If 

End For 

𝑘 ← 𝑘 + 1, 𝑁𝑇 ← 𝑁𝑇 + 1. 

Until 𝑢𝑘 = 𝑁𝑠 

Deselect the 𝑁𝑆-th stop and set 𝑁𝑇 ← 𝑁𝑇 − 1. 

Deselect the last transfer stop and set 𝑁𝑇 ← 𝑁𝑇 − 1 if ∫
𝑑𝑧

𝑠(𝑧)

𝐿

𝑧=𝑥
𝑁𝑇
𝑇 <

∫ 𝑇(𝑧)𝑑𝑧
𝐿

𝑧=𝑥
𝑁𝑇
𝑇

2(𝐿−𝑥
𝑁𝑇
𝑇 )

. 

Between any two consecutive transfer stops, assign the non-transfer stops to the 𝑚𝑐𝑤 CW lines and to 

the 𝑚𝑐𝑐𝑤 CCW lines in a fixed order. 

Output the location and the type of each stop. 

Appendix F. Assessment of approximation errors 591 

F.1 An algorithm for calculating user and agency costs with exact stop locations 592 

Algorithm 4: Calculating user and agency costs using exact stop locations. 

Calculate the users’ total access and egress time as ∫ [𝑃𝑐𝑤(𝑥) + 𝑄𝑐𝑤(𝑥) + 𝑃𝑐𝑐𝑤(𝑥) + 𝑄𝑐𝑐𝑤(𝑥)]
𝑔(𝑥)

𝑣𝑤
𝑑𝑥

𝐿

𝑥=0
, 

where 𝑔(𝑥) denotes the distance between 𝑥 and the nearest stop. 

For each (𝑖, 𝑗) in {1,2, … , 𝑁𝑆} × {1,2, … , 𝑁𝑆}, where 𝑁𝑆 is the number of stops (both transfer and non-

transfer ones): 

Calculate for the trips from stop 𝑖 to stop 𝑗: (i) the aggregate demand, 𝜆𝑖,𝑗; (ii) direction of travel, 

𝜌𝑖,𝑗 ∈ {𝐶𝑊, 𝐶𝐶𝑊}; (iii) the travel distance per trip, 𝑑𝑖,𝑗; and (iv) type of the trips, 𝛾𝑖,𝑗 ∈ {1,2,3,4,5} 

(see Section 2.3.2 for the definition of trip types). Denote 𝑛𝑖,𝑗 as the number of stops visited when 

traveling from stop 𝑖 to stop 𝑗 by the skip-stop service in direction 𝜌𝑖,𝑗. 
Case on 𝛾𝑖,𝑗: 

Case “1” 

Calculate 𝑛𝑖,𝑗  as the number of stops visited along the trip by taking any skip-stop line in 

direction 𝜌𝑖,𝑗. Calculate the total wait and in-vehicle travel time as (
𝐻𝜌𝑖,𝑗

2
+ 𝜏 ∙ 𝑛𝑖,𝑗 +

𝑑𝑖,𝑗

𝑣
) 𝜆𝑖,𝑗. 

Case “2” and “3” 

Calculate 𝑛𝑖,𝑗 as the number of stops visited along the trip by taking the line that visits both 

stops 𝑖  and 𝑗 . Calculate the total wait and in-vehicle travel time as (
𝑚𝜌𝑖,𝑗

𝐻𝜌𝑖,𝑗

2
+ 𝜏 ∙ 𝑛𝑖,𝑗 +

𝑑𝑖,𝑗

𝑣
) 𝜆𝑖,𝑗. 

Case “4” 

Calculate 𝑛𝑖,𝑗 as the number of stops visited along the backtracking trip. The trip contains a 

transfer that is made at the nearest transfer stop to both stops 𝑖 and 𝑗. Calculate the total wait, 

in-vehicle travel time, and transfer penalty as (
𝑚𝑐𝑤𝐻𝑐𝑤+𝑚𝑐𝑐𝑤𝐻𝑐𝑐𝑤

2
+ 𝜏 ∙ 𝑛𝑖,𝑗 +

𝑑𝑖,𝑗

𝑣
+ 𝐶𝑡) 𝜆𝑖,𝑗. 
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Case “5” 

Calculate 𝑛𝑖,𝑗 as the number of stops visited along the trip by taking first the line visiting stop 

𝑖 and then transferring to the line visiting stop 𝑗. The transfer is assumed to be made at the 

first encountered transfer stop. Calculate the total wait, in-vehicle travel time, and transfer 

penalty as (𝑚𝜌𝑖,𝑗
𝐻𝜌𝑖,𝑗

+ 𝜏 ∙ 𝑛𝑖,𝑗 +
𝑑𝑖,𝑗

𝑣
+ 𝐶𝑡) 𝜆𝑖,𝑗. 

End Case 

Sum up the users’ total access and egress time, wait, in-vehicle travel time, and transfer penalty to obtain 

the total user cost. 

Calculate the agency cost as 
𝜋𝑘𝐿

𝜇
(

1

𝐻𝑐𝑤
+

1

𝐻𝑐𝑐𝑤
) +

𝜋ℎ

𝜇𝐻𝑐𝑤
(𝜏(𝑛𝑐𝑤 + 1) +

𝐿

𝑣
) +

𝜋ℎ

𝜇𝐻𝑐𝑐𝑤
(𝜏(𝑛𝑐𝑐𝑤 + 1) +

𝐿

𝑣
) +

2𝜋𝑖𝐿

𝜇
+

𝜋𝑠

𝜇
𝑁𝑆, where 𝑛𝑐𝑤 and 𝑛𝑐𝑐𝑤 denote the numbers of stops visited by any CW and CCW skip-stop 

line, respectively. 

Output the sum of the user and agency costs. 

F.2 Errors in generalized cost and cost components 593 

The generalized costs and cost components calculated using Algorithm 4 are compared against those 594 

of the heuristic solutions calculated by (14a) for the 144 numerical cases (see Section 4.1). The 595 

percentage errors are summarized in Table F1. They reveal how accurate our CA model is. Note that 596 

the generalized cost error never exceeds 1.2% and averages only 0.2%. Most errors between detailed 597 

cost components are very small too. 598 

Table F1. Percentage cost errors between the heuristic solutions and the designs with exact stop locations 599 
Cost items Average error (%) Maximum error (%) 

Generalized cost, 𝐺𝐶 0.2% 1.2% 

User cost, 𝑈𝑇𝑎 + 𝑈𝑇𝑤 + 𝑈𝑇𝑣 + 𝑈𝑇𝑡 0.3% 1.4% 

Agency cost, 𝐴𝐶𝐾 + 𝐴𝐶𝐻 + 𝐴𝐶𝐼 + 𝐴𝐶𝑆 0.1% 0.3% 

Access/egress cost, 𝑈𝑇𝑎 0.5% 1.3% 

Wait cost, 𝑈𝑇𝑤 0.5% 1.7% 

In-vehicle travel cost, 𝑈𝑇𝑣 0.4% 2.0% 

Transfer penalty, 𝑈𝑇𝑡 1.2% 6.8% 

Distance-based operating cost, 𝐴𝐶𝐾 0.0% 0.0% 

Time-based operating cost, 𝐴𝐶𝐻 0.1% 0.3% 

Line infrastructure cost, 𝐴𝐶𝐼 0.0% 0.0% 

Stop infrastructure cost, 𝐴𝐶𝑆 0.5% 1.2% 
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