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Abstract

This paper proposed a saturated adaptive barrier sliding mode control (SABSMC) for dis-
turbed systems with parameter uncertainty, external disturbance, and input saturation. One
distinctive feature of the proposed method is that even under the influence of input satura-
tion, it is able to drive the system trajectory into a prespecified neighbourhood of the slid-
ing surface, independent of the upper limit of lumped disturbance. Moteovert, attributing to
the designed adaptive laws, the switching gain of the proposed method can be adaptively
adjusted in a wise manner. Another attractive feature of the proposed method is that it
removes any presumption of constant upper limit on the lumped disturbance. Instead,
SABSMC utilises a more rational state-dependent upper limit assumption. The system
dynamics of the closed-loop system is analysed via the Lyapunov method in the presence
of parameter uncertainty, external disturbance, and input saturation. The effectiveness of
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1 | INTRODUCTION

As an efficient control method, sliding mode control (SMC)
has developed greatly owing to its strong robustness to param-
eter uncertainty and external disturbance [1-3], and has been
broadly implemented in various actual situations [4, 5]. In SMC
construction, the switching gain is one of the key parameters
that affect the controller performance. The choice of the switch-
ing gain, nevertheless, is a tough task. To guarantee system sta-
bility, the switching gain should be adjusted to be greater than
the upper limit of the overall parameter uncertainty and dis-
turbance (or we called the lumped disturbance) [6]. However,
due to the complicacy of the lumped disturbance, such a limit
is time-varying and, furthermore, commonly it is hard to know
in numerous real scenarios [7]. Therefore, the chosen switch-
ing gain should be sufficiently large to deal with different types
of lumped disturbances, which will eventually lead to parame-
ter overestimation, undesired chattering, and control accuracy
deterioration [8].

In order to improve the robustness and adaptability of con-
trolled systems, the SMC strategy is hoped to be adaptive to
various disturbances. The pursuit of this objective has led to

the proposed method is confirmed through numerical simulations.

the development of adaptive SMC (ASMC), where the switch-
ing gain is automatically tuned for the establishment of a sliding
mode (SM) regardless of the upper limit of the lumped distur-
bance [9, 10]. Various approaches have been presented for con-
structing ASMC. These approaches roughly fall into the next
three cases: (a) ASMC on the basis of the equivalent control
[11-13]. This method is realised by adopting low-pass-filtered
equivalent control to approximate the value of disturbance.
Nevertheless, the use of a low-pass filter requires the informa-
tion on the upper limit of disturbance for the purpose of appro-
priately selecting the filter parameter; (b) ASMC on the basis
of monotonically increasing the gain [14—16]. The main idea of
this method is to increase the gain until reaching the upper limit
of disturbance and SM and then keeping the gain fixed. The
main drawback of this method is that it does not prevent the
gain from increasing even if the disturbance or control error is
reduced, resulting in the overestimation problem; () ASMC on
the basis of increasing and decreasing the gain [17-34]. To tackle
the disadvantages in method (b), method (c) has been presented,
where the gain increases (resp. decreases) until SM is achieved
(resp. lost). This method avoids the big overestimation of the
gain in method (b).
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It is worth noting that the aforementioned ASMC methods
[11-34] may provide conservative results since the lumped
disturbance is supposed to be upper limited by a constant a
priori. As parameter uncertainty, which is part of the lumped
disturbance and is commonly coupled with system states,
consideration of this constant limit restricts the system states
a prioti (i.e. before performing closed-loop stability), which is
a restrictive assumption. Recently presented ASMC strategies
reported in [35, 30] do not require the unreasonable constant
upper limit assumption on the lumped disturbance. The main
drawback of the strategies is that the ultimate bounds in [35, 36]
are greatly affected by the unknown lumped disturbance. There-
fore the control performance is difficult to be pre-evaluated and
prespecified, and the lumped disturbance makes a great impact
on the control accuracy. Furthermore, the ASMC strategies
in [11-36] have ignored a very important issue, that is, input
saturation, which always results in performance deterioration
and even system instability if it is ignored. Although ASMC with
input saturation issue has been studied in [37—40], they employ
monotonically increasing adaptive gains, which lead to the
overestimation problem. In addition, the lumped disturbance in
[37—40] is assumed to have a prioti constant upper limit, which
is a pretty restrictive assumption. To the author’s knowledge, no
work has been carried out on the design of an ASMC controller,
which can solve the above-mentioned problems simultaneously.

To solve the above-mentioned problems, a new ASMC
strategy termed saturated adaptive barrier SMC (SABSMC) is
formulated for a class of disturbed systems with parameter
uncertainty, external disturbance, and input saturation. One
distinguishing characteristic of SABSMC is that it is capable of
driving the system trajectory into a prespecified neighbourhood
of the sliding surface and remaining inside it even under the
influence of input saturation. This prespecified neighbout-
hood is not affected by the lumped disturbance, which allows
predesigning and minishing the ultimate bound and tracking
error ahead of time. Hence, the proposed method is promising
for actual applications. The switching gain can be adaptively
adjusted in a wise way by utilising the barrier function. Another
distinctive feature of SABSMC is that it utilises a more proper
state-dependent structure of the upper limit on the lumped
disturbance and does not presume the lumped disturbance to
be upper limited by a constant a priori. The effectiveness of the
controlled system is proved in theory by considering param-
eter uncertainty, external disturbance, and input saturation.
Numerical simulations are conducted to test the superiority of
SABSMC.

2 | PROBLEM DESCRIPTION

Consider a class of continuous-time systems with parameter
uncertainty, external disturbance, and input saturation

(@) =®x )+ Tsatw @) + f (), @)

where x” € R”, v € R, and f € R” denotes the state vec-
tor, control input, and external disturbance, respectively. f is

assumed to satisfy the matching condition. The system matrix @
is supposed to be unknown. In actual applications, input satura-
tion will inevitably occur as a result of the physical limitation of
the control capacity. Input saturation is represented by sat(v(7))

Vi, v (@) >vy
v (f) 5 if — Yy <v (f) < Yy s (2)

—Vus

sat W (7)) =
if v (t) < =Yy

where v;; > 0 stands for the maximum value of the control
input. In addition, the saturation function sat(¥(?) is further
expressed as sat(V(9) = O (%)-v(?) with

V), )
> g;), ifv (@) >vy
Ok =40 if —vy<v@<vy, @3
YV .
_v;(z‘[)’ ifv (@) <-vy

© v(&) € (0, 1] can be regarded as an index for the satura-
tion level of the control input [37]. There exists a constant 0;
satisfying 0 < 8; < min(@®()) < 1 [37, 38].

The switching function is defined as follows:

@) =Gx(@), ©

where G'is a constant gain vectot.

For the convenience of analysis, the parameter uncertainty ®
along with the external disturbance f{7) is treated as a lumped
disturbance &()

E() = Bx () + £ (). ©)

3 | SABSMC

In this part, a SABSMC scheme is first designed. Then the con-
trolled system performance is theoretically analysed.

3.1 | Design of SABSMC

The following assumption of the lumped disturbance is intro-
duced.

Assumption 1 [35]: The lumped disturbance &(#) is upper
limited by

GE 0] = | (@x () + £ )|

<8+ Ix @)l

, ©)

where 191k and 92* are unknown positive constants.

Remark 1: Previous ASMC methods assume that &() or f )
is upper limited by a constant a priori. It can be observed that
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Assumption 1 is more general as the constant upper limit is sub-
stituted by a state-dependent upper limit. |l

In view of the system (1) and Assumption 1, the new SABSMC
is designed

V(1) = =(GD) " [t (&) +u, (1, ) sign ) )], ()

where the adaptive switching gain # (7, (9) is defined as

uy (6, @), iflp@)l=e
u (t,m () = , ®)
uy (t,m @), ifln@)l<e

with

@) =i OB O+HOlxON), O

ny (M @#) = uxs ), @), (10)

and the update laws are chosen as

S 1) =aIn ), (11)
5@ =a Ol llx @I, (12)

HO=u OGO+ OO @, 13

2@ =plOx, @) n@el, (14)
with the bartier function

as [ @)

T ()

x, (@) =

where 7T, €, a1, @, a3 > 0, u > 1 are the control gains, and
8,0 >0, 8,0)>0, £,0)>0, 7,0) >0. (16)

Recalling (15), it can be found that x,(n(?) : () € (—¢, &) —
x,(M(?) € [0, +00) is strictly increasing on () € [0, €) [25].
x,(1(?) allows the switching gain to increase and decrease based
on the current value of 7(?). If 7(# reaches the sliding sur-
face, x,(n(#)) and the switching gain will also become zero.
Therefore, the switching gain of the reported method can be
adaptively adjusted in an appropriate manner.

3.2 | Stability analysis

Theorem 1: Consider the system given in (1) with parameter
uncertainty, external disturbance, and input saturation, and the
lumped disturbance &(7) satisfies Assumption 1, then the pro-

posed SABSMC controller (7) with update laws (8)—(15) can
drive the system trajectory into and remain always in a region

[n@| <n <e

0< =¢
m T+ o

<eg, (17)
with

S+ 0

)T 8% () 18)

Proof: The stability of the controlled system is studied for the
two feasible cases, that is, cases (i) and (ii).
Case (1): For |n()| > ¢, (7) can be rewritten as

v (1) ==(GT)"" [t @) +u, G, )sign ()] . (19)

Consider the following Lyapunov function

11 @) =
1 1 /4 «2, 1 /s 2, o
3 [ O+ a_1(81 () =97) + a—z(sz (1) =93) +x1 0],
(20)
where
n@&) =8 -3 0. @D
Taking the first derivative of 1] () in (20) yields
O=n0i0+—(30=-9)% 0
1 . (22)

= (B0 9) 8O+ OO % 0
Substituting (1), (5), (11), (12) into (22) leads to
1540
=) [GTO@ )y )+ GE@)] + (8 ) = 97) In )] .

+ (0O =9) IOl x Ol +7 O 27> @) %1 @)
(23)
Then, inserting (7), (9), and (13) into (23) yields
@) <In0|GE @)
™ ()

-n )0 W) X (91 @)
U

s )Sigﬂ 0 @)
X +3, () [l Ol
+ (B ) =9) I+ (8,1 =83) In D llx DI

il O O (1 O+ O llx ON) In @)l
(24)
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Taking into account Assumption 1, the following deduction
can be generated

1) < IO (85 > Ol + 87)
™m? (1)

=l N 91 )
+uxy @) (+92 » ”X@“> [n @)l . (25

+EO=8) IO+ (8, )=9) In Ol lIx @
+u O OB O+ O lxON) I @)

Substituting (21) into (25) and noting (6) gives

10) < In O (8% llx 0l + 97)
™* (1)

| N 91 @)
+ugy @) (+92 2 ”X@”> In @)
=IO G Ix O +97) + In O] (31 &) + 8, @) lIx DII)

(81 =27 O) @ (B O+, O llx DI In @)
(26)
A necessary algebra operation gives

) <=8,71° (1) = 811 ) (8 D) +8, D) lIx D)1l) In )]
+In O (81 O+ 8, O llx0ll)
+6,u: ) (B O+ O Ix Ol In @)l
(B O+E O NxON) In )]
= =85>+ A= (8 O +8 O llxON) In )l .
By noting 7, 8 > 0, 4 > 1 along with 8, (0), 8,(0) > 0, it(cai
be derived from (27) that 17 (#) < 0. Hence, 7(?) is able to enter
into the region |n(9)| <.
Case (ii): For [n(?)| <€, (7) can be expressed as
v(t) = —=(GT)" [t () +u (6, ) sign ( ()] . 28)
Next, we will prove that if |9(?)| > 1y, then the proposed
method (28) ensures |7(?)| <7 < & Since 9(7) is bounded, V()
is also bounded and §; > 0 holds.
Let the Lyapunov function be of the form

O =3[P0+ 00)]. )

Taking the derivative of 15 (%) results in
@ =n@0n0+x,00)%00). (30)

Substituting (1) and (4) into (30) leads to

0 =n@)[GTO @ @) v )+ GEW)] +x, @)%, 0 ().
&)
The first derivative of 7)(# can be represented as
% (1)) = dx, (n (1)) 9 () 32)

on(@) or

If |n@)| > 1y, in view of (1), (4), (15), and (32), it can be
derived that

%, (1) = —>— [GTO W () v () + GE ()] . (33)

[e=In Ol

Taking into account Assumption 1 and (28), the following
deduction can be generated from (33)

| € . .
%, () (1) < —— - {85 llx @Il + 9]

e—1InC
=81 [t )+t O, ()]} (34)

If n(» < -7y, similar to the treatment in (33) and (34), it is
deduced that

%, (7 (1) = = ‘l"‘jjl [GTO W (1)) v () + GE (7)]
S8 Ml DIl + 97 =6, [t In D +utr O, (g O]}

(35

|n<f>|

In consideration of (34) and (35), (31) becomes

0 <n@) [cTO W) () + GE ()]
6, (0 ()

X {8 llx Ol + 97 =8, [z In Dl +uk2 )k, (g ()]}
(36)

Inserting (6), (15), and (28) into (36) leads to

50 <n@) (95 Ix @O +87) —0 w @) [tn ()
+ Wiy )k, () sign () ()] n @)

5, (0 (1) = L9 Ix (Dl + 8 =8, [T ()]
|<f)||

+ ui, ) x, (@)}
<In® (8 llx DIl +97)
=8, [rn? O+, ), o)y @]

0 O) o le— In(t)l]

X {95 lx DIl + 87 =8 [t In Ol +ut2 )k, (n D)}
37)
The right-hand side of (37) can be further expressed into the
following form:

15 @) < =@ 81 ), 1 @) = (85 llx ANl + 87)]
—51T7’) @)
—x, (77()) |
n(t)l

X {51 [z 17 (t)l +ux, O x, @ O] = (95 llx Dl +9*)}

~I 16182 O [, 07 ) = D] — 6i2m2 ()
K, () (1) — "
le=In®Il

Sitln @l
S114%2 (2)

9 llx Il + 97 }

X 811X (2) {Kd @)+ 510, )

(38)
To facilitate the proof, the following variables are defined:

9 llx DNl + 97

I=x 00~ =525

(39)
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ase

e—In 0N

w = (40)

Substituting (39) and (40) into (38), a fundamental algebra
yields

150 < =@ 8iufs )0 —x, 1) w6 ufg, )0

=—8,up, ()W) +x, 4 () @) - (4D

Noting that x,()(%) is strictly increasing when 7(?) > 0 and
strictly decreasing when (7)) < 0 [25] and 1y < |9(#)| <€, it can
be derived that x,(1(9)) > x,(1,). Substituting the expression of
71 (27) and (28) into (15) gives

I+ 8 llx Ol

S1uxs (1) (2

X, (771) =

Therefore, d > 0 and @ > 0, the following deduction is
obtained from (41)

V5 @6) < =81u22 )8 (In () + %, (1) @)
=—V28u1, (1)0 <%>' + "a%”’)
< —V28,u7, () d min{l, @} <|’7\2| + K“i’é’”)

1

< —V28,u8, (1) O min{l, @} 1} (1)

Now, consider the case (A < 791, I, will be sign indefinite
and 7)(?) may leave for 7);. Similar to the treatment in [25-27],
[35], 75 < 0 and 1 will be constant or decreasing again once
7(?) reaches 7)1, which means that |7(#)| <7 holds for the rest
of time.

It can be concluded from the above analyses that the system
trajectory of (1) can enter into and ultimately bounded within a
certain region |7(7)| <1y < € of the sliding sutface.

Theorem 1 is proven.

Remarte 2: Compared to the state-of-the-art ASMC methods
like [9-306], the most significant merits of the proposed SAB-
SMC lie in the following two aspects: First, it forces the system
trajectory into a prespecified neighbourhood € of the sliding sur-
face even under the influence of input saturation, uncertainty,
and disturbance. The prespecified neighbourhood ¢ is indepen-
dent of the lumped disturbance &(#, which allows to design
the ultimate bound of the system trajectory in advance and
further improve the control accuracy. This is in contrast with
previous methods whose upper limits depend on the lumped
disturbance &(# or the derivative of lumped disturbance § .
Second, the reported method does not impose a priori con-
stant upper limit on the lumped disturbance &(#). Instead, a
more rational state-dependent assumption (6) is adopted in
the proposed method. Moreover, the switching gain of SAB-
SMC is adaptively regulated in a wise manner via the barrier
function.

Remark 3: 1t should be pointed out that in previous methods
[25-27], the convergence time T is designed as a control gain of

SABSMC Scheme

Adaptive laws
8,():8,(1) 2:(1): 2:(1)

(11)-(15) Lumped Disturbance

Desired s lnpnt_ 5(,)
Trajectory + Switching SABSMC Controller "“}‘“’“ e 1IN
Function(1)(4) V(1) (1-(10) ystem Plan

FIGURE 1

Block diagram of the proposed method

the controller, which is difficult to find. In addition, 7(?) can-
not converge to the ultimate bound again if an escape from the
ultimate bound takes place at a certain time. In contrast, 7 is
replaced by a more reasonable gain € in the proposed method.
Moreover, if an escape occurs at a certain time instant, the pro-
posed method can drive 7(7) into the ultimate bound again as
verified in 7heorenz 1. I}

Based on the formulation in Section 3, the block diagram of
the proposed method is illustrated in Figure 1.

4 | Simulation results

In this section, the effectiveness and virtue of SABSMC
are demonstrated through a series of numerical simulations.
Throughout simulations, the saturated system (1) with the fol-
lowing parameters [35] is employed: @ = —1, ' = 1, x(0) =
—0.8. The lumped disturbance is selected as f7) = 4.1x(?) +
0.2sin(37t7). An adaptive SM controller presented in [35] and in
the form of (44) is tested for comparison.

v, () ==(GD) [t @)+, ¢ )sign g @), (44)

where 71 > 0, and

v (0 0) =k )+ @) I Ol (45)

with ¥, 71 >0
ko @) = |n@)| = voko @), (46)
k@) = O] lx O =12 @), @7)

The impact of input saturation is also taken into account in
simulation by assigning v,;; = 2.5. To ensute a fair comparison,
the initial conditions of the update laws of the two methods are
assigned as the same set of values asd, 0) = 3, 0) = £1(0) =
2(0) = £y (0) = %(0) = 0.5. Besides, T = 7, = 4. Other con-
trol gains of the two methods are adjusted in repeated trials to
guarantee a compromise between convergence rate and control
accuracy. These gains are selected as G = 1, ¢ = 0.001, ay =
o =y=v1=150a=01,u=11.

The switching functions of the method in [35] and the
proposed method ate illustrated in Figures 2 and 3, respec-
tively. It is seen that the method in [35] produces the width
of the ultimate bound of 0.021. Concerning the proposed
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FIGURE 2 Switching function of the method in [35]
‘5 0.2 T
g 0 5
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= 0 2 4 6 8 10
a -1 | I |

0 2 4 Time(sec) ° 8 10
FIGURE 3  Switching function of the proposed method

method, the switching function can converge into and ulti-
mately constrained by a prespecified bound € = 0.001. As com-
pared with the method in [35], the proposed method mitigates
the width of the ultimate bound to 8.4 X 10™*, which substan-
tially reduces the width by 96%. The control inputs of the two
methods are illustrated in Figures 4 and 5. It is observed that the
control inputs satisfy the input constraints and are limited within
+2.5 along the entire evolution. The behaviour of the adaptive
switching gain # (7, 1(?) of the proposed method is depicted in
Figure 6, which illuminates that #.(, () changes according to
the variation of 7(?). Hence, the adaptive switching gain of SAB-
SMC is regulated in a wise manner. The simulation results verify
the supetiority of the proposed method over the method in [35]
under the influence of parameter uncertainty, external distur-
bance, and input saturation.

5 | CONCLUSION

A novel SABSMC method was developed in this paper dedi-
cated to the robust control of saturated systems with respect to

5 3 B e — S —————— :
815 N |----2020 Automatical|
—_— 0 ‘2_.‘ N
£45 2.5
8 '3 ----------- pm==femmm e it —— it — (i ——
0 2 4_ 6 8 10
Time(sec)
FIGURE 4 Control input of the method in [35]
‘g’_ ] ———————————— — w
Bam\
% -1.5¢ ,-2.5 i
8 '3 ________ L _— L [ I
~o 2 ] 6 8 10
Time(sec)
FIGURE 5 Control input of the proposed method

1.5 \ . .

.% — Proposed
O 1r 1
)

=

"% 0.5 0 b
2 0 2 4 6 8 10

0 . ! i I
0 2 4 Time(sec) 6 8 10

FIGURE 6  Adaptive switching gain #(% 7(1)) of the proposed method

parameter uncertainty and external disturbance. In contrast to
existing ASMC methods, the SABSMC drives the system tra-
jectory into a prespecified, that is, independent of the lumped
disturbance, region of the sliding surface in the presence of
input saturation. Furthermore, SABSMC performs better con-
trol accuracy without imposing a priori constant upper limit
assumption on the lumped disturbance. The property of SAB-
SMC has been analysed in theory. Simulation results show that
SABSMC outperforms the previous method under the influ-
ence of parameter uncertainty, external disturbance, and input
saturation. In the future, the proposed method will be extended
to the second-order SM case [41], and it will be applied to prac-
tical systems.
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