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Aiming at the position and attitude tracking of coaxial rotor aircraft (CRA), this paper proposes a
combinatorial control method of sliding mode control (SMC) coupled with proportional-integral-
derivative control (PIDC). Considering the complete description of flight dynamics, aerodynamics and
airflow interference, the dynamical model of CRA is established. The dynamical model is simplified
according to the actual flight, then the simplified dynamical model is divided into two subsystems: a
fully-actuated subsystem and an under-actuated subsystem. The controller of the fully-actuated sub-
system consists of a SMC controller coupled with a rate bounded PIDC controller, while the controller of
the under-actuated subsystem is composed of a SMC controller. The sliding manifold is defined by
combining the position and velocity tracking errors of the state variables for each subsystem. Lyapunov
stability theory is used to verify the stability of the sliding mode controller, which ensures that all state
trajectories of the system can reach and stay on the sliding mode surface, the uncertainty and external
interference of the model are compensated. Simulation and experiment compared with the conventional
PIDC are carried out, the results demonstrate the effectiveness and the robustness of the proposed
control method of this paper.

© 2021 China Ordnance Society. Production and hosting by Elsevier B.V. on behalf of KeAi
Communications Co. This is an open access article under the CC BY-NC-ND license (http://

creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Unmanned aerial vehicles (UAVs) have been applied in many
fields [1e8]. For instance, target location and tracking [9], operation
monitoring of traffic data [10], inspection of network signal line or
long-distance power line [11], searching for victims and delivering
relief supplies [12e14]. As a kind of special small UAV, coaxial rotor
aircraft has many attractive advantages, such as compact structure
without tail, capability of vertical take-off and landing (VTOL), and
excellent hover performance. Moreover, the coaxial-rotor exhibits
better thrust and efficiency compared to single-rotor or quad-rotor
configurations under the condition of the same rotor area [15e18].
However, its position and attitude are easily affected by the wind,
aircraft structure, variation of parameters and external
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disturbances [19,20]. Besides, the stability and tracking control of
CRA is challenging due to the strong coupling of the system, the
nonlinearity of the dynamic model, under-actuated and multiple
input/output variables [21e23]. Therefore, maintaining the flight
stability of CRA is one of the most important problems to be solved
in its application. It can be foreseen that CRAwill be applied in both
military and civilian fields if its attitude and trajectory can be
controlled satisfactorily. As a typical coaxial-rotor aircraft, the
three-dimensional model of CRA used in this paper is shown in
Fig. 1.

In previous literature, a variety of linear/nonlinear control ap-
proaches are proposed to meet the increasing demands of aircraft.
Linear control methods such as PIDC [24], linear quadratic regulator
(LQR) [25,26], and dynamic output feedback control [27]. It is of
practical significance to use linear control method while the
nonlinear degree of the actual system is not serious. However, if the
nonlinear degree of the actual system is serious, linear control will
be less applicable [28,29]. In engineering practice, linear control
may fail to meet the accuracy and real-time requirements of a
half of KeAi Communications Co. This is an open access article under the CC BY-NC-
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complex system. In this case, a variety of nonlinear control methods
are proposed [30], such as the backstepping-based control,
nonlinear H∞ control and sliding mode control (SMC). The
backstepping-based control has obvious advantages in the design
of robust or adaptive controllers for uncertain systems, especially
when interference or uncertainty does not meet the matching
conditions. Unfortunately, it is difficult to reflect the actual system
due to its low correlation with the controlled object [31]. The H∞
controller achieves the desired performance by adjusting the fre-
quency domain characteristics of the system, and fully considering
the influence brought by the uncertainties of the system, the rep-
resentation of H∞ control is simple, but simple H∞ controller
cannot satisfy the accuracy requirements, and complex H∞
controller (combined with some other algorithms, e.g. neural
net algorithm) will increase the complexity of the system and the
amount of computations [32,33]. The basic principle of SMC is to
drive and constrain the trajectory of the system so that it ap-
proaches and stays near the predetermined sliding surface, it has
the advantages of low sensitivity to interference and parameter
variation, low requirements for precise modeling and without need
for online system identification [34e36]. What’s more, the SMC
controller has rapid response speed and good performance even
under unsteady aerodynamic [37e39]. In addition to these advan-
tages, another reason for being selected in this study is that the
SMC controller can be easily implemented [40].

In recent decades, SMC is recognized as an effective tool to
design robust control law of aircraft in the presence of uncertain
conditions [41,42]. In the early stage, controllers based on SMC are
designed in Refs. [36,37] to stabilize the attitude of quadrotor
aircraft. Simulation results show that the control performance is
accepted, but due to the chattering phenomenon, the flight per-
formance is not as good as expected. To alleviate this phenomenon,
adaptive control is added to SMC in Ref. [38], simulation results
show that the adaptive SMC controller has good performance un-
der the noise environment. With the development of SMC, more
and more new control methods based on SMC are proposed. For
instance, a second-order SMC with the embedment of a super
twisting algorithm is proposed in Ref. [39] to address the trajectory
tracking control problem, by comparing simulation results with the
pioneering work of [36], the superior performance of this algorithm
Fig. 1. Three-dimensional model of CRA used in this paper.
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is demonstrated. A nonlinear control based on SMC for the position
and attitude tracking control of a small coaxial-rotor UAV subjected
to uncertainties and aerodynamic disturbances is proposed in
Ref. [37]. Simulation results show that this control method can
achieve good performance, but the controller parameters are
difficult to obtain only by experience, and the controller accuracy
needs to be improved. With the emergence of a variety of optimi-
zation algorithms, some SMC control algorithms combined with
optimization algorithms are proposed. For example, to reach the
asymptotic convergence of SMC, a technique of SMC for finite-time
stabilization of UAV systems with parametric uncertainties is
designed in Ref. [40], simulation results are presented to exhibit the
helpfulness of the offered technique compared to the previous
methods. Radial Base Function Neural Network (RBFNN), Fuzzy
Logic Control (FLC) and SMC are used to design a controller for a Six
Degrees of Freedom (6-DOF) coaxial octorotor helicopter in
Ref. [41]. The simulation results show that the control method can
effectively alleviate the chattering phenomenon and has good
tracking performance.

As a variety of SMC algorithms are proposed, here are some is-
sues to take into consideration:

C The accuracy of control stability cannot be guaranteed if the
SMC algorithm is too simple;

C The complex control algorithm is difficult to realize in prac-
tical projects;

C Most of the algorithms are verified only by numerical
simulation, not by experimental tests.

The main contribution of this paper consists in proposing a
simple, efficient, and practical SMC-PIDC algorithm for stabilizing
CRA, which is listed as follows:

C Aiming at the stability control of CRA, the SMC-PIDC control
algorithm is proposed. This algorithm has low computational
complexity and strong robustness, easy to be used in the
practical engineering. It is of great significance to improve
and enhance the flight stability of CRA.

C Construction of a new controller based on SMC-PIDC for the
position and attitude control of CRA. Under the action of this
controller, the system has good stability, fast response speed,
small overshoot and high steady-state precision. The
robustness of the designed controller is demonstrated, and
the effectiveness of the proposed control scheme is justified.

C From the comparison with the PIDC, the SMC-PIDC is proved
to have a strong ability to reduce the chattering and the
tracking error, maintain the stability of flight and obtain good
control performance.

This paper is organized as: the mathematical model of CRA is
presented in Section 2. The controller design and stability proof are
presented in Section 3. The numerical simulation results are pre-
sented in Section 4. The experimental test results are presented in
Section 5. Finally, the conclusions are presented in Section 6.

2. Mathematical model of CRA

The mathematical model is essential for designing a control
algorithm with satisfactory performance. CRA has two main rotors
driven by brushless DC motors, symmetrically installed between
the rotors. The steering mechanism adopts a semi-differential
mode to realize course control by changing the lift plane of the
lower rotor. From top-down, the upper rotor rotating by counter-
clockwise while the lower rotor rotating by clockwise, gyroscopic
effects and aerodynamic torques tend to achieve a dynamic balance



Fig. 2. The control mechanism.

Fig. 3. Coordinate system and structure of CRA.
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in hover state [42,43]. The connection of the control mechanism is
shown in Fig. 2.

Under the control of input signal generated by the steering
engine, the rotating part and the non-rotating part of the swash-
plate tilt in the expected direction together [44]. There is a con-
necting rod between the rotating part and the variable pitch hinge
of the blade, so the tilt of the swashplate will lead to a periodic
change of blade pitch, making the aerodynamic asymmetry in the
direction of rotation, the thrust vector of the rotor tilts in the ex-
pected direction, to achieve controlling the lateral and longitudinal
flight of aircraft, while the altitude of the aircraft can be controlled
by the rotating speed of the upper and lower rotors [45].

The aircraft is illustrated in Fig. 3. Its dynamical model is set up
by the body-frame bðOxyzÞ and the earth-frame eðOxyzÞ. d is the
distance between the lower rotor and the center of gravity of the
aircraft, R is rotor radius, u; v;w are velocity components along
aircraft axes.
2.1. Model without rotor interference or flapping motion

Take V ¼ ðp; q; r;u; v;wÞ, h ¼ ð4; q;jÞT , X ¼ ðx; y; zÞT , where, p;
q; r are the angular velocity components along aircraft axes, u; v;w
are the velocity components along aircraft axes, 4; q;j are Euler
angles.

Based on the Euler-Poincare Equation [42], the dynamical model
of CRA can be established. The general form of the equation is given
by

M$ _V þ C$V ¼ F (1)

where, M is inertia matrix, C is a transformation matrix, F is the
sum of the aerodynamic in the body coordinate system, gravity, and
control inputs. To simplify writing, make the following simplifica-
tion: sðÞ ¼ sinðÞ, cðÞ ¼ cosðÞ. Partial matrices in Eq. (1) is simplified
as

M6�6 ¼
�
I3�3 03�3
03�3 m3�3

�
(2)

where, I ¼
24 Ixx 0 0
0 Iyy 0
0 0 Izz

35 is moments of inertia matrix of the
3

aircraft, m ¼
24m 0 0
0 m 0
0 0 m

35 is mass matrix of the aircraft,

u0 ¼
240 �r q
r 0 �p
�q p 0

35.
C6�6 ¼

�
I$u0 03�3
03�3 03�3

�
(3)

V6�6 ¼
"
Ce
b 03�3

03�3 Ce
b

#
(4)

The transformation between the frame coordinate system and
the ground coordinate system is realized through the Euler matrix

Ce
b ¼

24 cqcj s4sqcj� c4sj c4sqcjþ s4sj
cqsj s4sqsjþ c4cj c4sqsj� s4cj
�sq s4cq c4cq

35.
The thrust situation at the barycenter of the aircraft is given by

F ¼ ½U2D U3D U4 U3 U2 U1�T þV$½0 0 0 0 0 �mg�T (5)

where U1 ¼ F1 þ F2z, U2 ¼ F2y, U3 ¼ F2x, U4 ¼ xðF1 � F2Þ, g is ac-
celeration due to gravity. Among them, U1 is the vertical height
input control variable, U2 is the roll input control variable, U3 is the
pitch input control input, U4 is the yaw input control variable, D is
the distance between the thrust plane and the origin of the coor-
dinate system and x is the rotary torque coefficient, which is related
to the resistance of the rotor and the friction coefficient of the
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motor shaft.
According to Blade-Element theory [43], assume that the angle

of attack is a fixed value. The thrust of the rotor is established by

F ¼
ðR
0

1
2
ar0dlðxÞCTx2U2 dx (6)

where, a is blade section angle of attack, r0 is air density, d1(x) is a
function of blade chord varying with blade element position, CT is
thrust coefficient, U is rotor angular velocity. According to Eq. (5),
the dynamic model of the system can be obtained as

8>>>>>><>>>>>>:

€x¼½U3cqcjþU2ðs4sqcj�c4sjÞþU1ðc4sqcjþs4sjÞ�K1 _x �=m
€y¼½U3c4cqþU2ðs4cjsq�c4sjÞþU1ðc4sqsj�s4cjÞ�K2 _y�=m
€z¼ð�U3sqþU2s4cqþU1c4cq�K3 _zÞ=m�g
€4¼��� Iyqrþ Izqr�DU2�K4 _4

��
Ix

€q¼�ð� Ixprþ Izpr�DU3�K5
_qÞ�Iy

€j¼��� Ixpqþ Iypq�U4�K6
_j
��

Iz
(7)

The Ki ði¼1�6Þ given above are the drag coefficients of different
motion forms since these drags must be considered at high speeds
[46].

From Eq. (7), it can be found that the position of the aircraft is
simultaneously affected by the three input controls U1, U2 and U3,
which means strong coupling in the control model of the aircraft.
Besides, there are some inevitable problems during the movement
of the aircraft, such as the aerodynamic interference between ro-
tors, dynamic balance of torque cannot be guaranteed when the
aircraft is unstable. As these problems aggravate the control error
caused by the coupling of the aircraft control system, the coupling
problem of the control system must be addressed.

In practical application, roll angle and pitch angle are small, the
deflection angle of the lower rotor plane is very small, that is
dz � 5� , then the corresponding projection component of F2 in the
three directions

8<: F2x ¼ F2 sin dz cos dx
F2y ¼ F2 sin dz sin dx
F2z ¼ F2 cos dz

(8)

As dz is a very small angle, cos dz will be much bigger than sin dz
(cos 5� ¼ 0:996 , sin 5� ¼ 0:087 ), resulting in that F2x and F2y are
much less than F2z (F2z is 10 times larger than F2x or F2y). When F2x,
F2y and F2z exist simultaneously, F2x and F2y can be ignored. For €x, €y
and €z, the existence of the term to U1 reduce the influence of the
terms of U2 and U3 to thewhole system. To decouple effectively, the
equations for position information are simplified appropriately.

8>>>>>><>>>>>>:

€x ¼ U1ðc4sqcjþ s4sjÞ=mþ k1 _x
€y ¼ U1ðc4sqsj� s4cjÞ=mþ k2 _y
€z ¼ U1c4cq=m� g þ k3 _z
€4 ¼ DU2=Ix þ k4 _4
€q ¼ DU3

�
Iy þ k5 _q

€j ¼ U4=Iz þ k6 _j

(9)

The ki ði¼ 1� 6Þ given above are the coefficients related to the
parameters of CRA, while k1 ¼ � K1=m, k2 ¼ � K2=m, k3 ¼ � K3=

m, k4 ¼ � K4=Ix, k5 ¼ � K5=Iy, k6 ¼ � K6=Iz.
To further simplify the model, take u1 ¼ U1=m, u2 ¼ DU2= Ix,

u3 ¼ DU3=Iy, u4 ¼ U4=Iz. Eq. (9) can be written as
4

8>>>>>><>>>>>>:

€x ¼ u1ðc4sqcjþ s4sjÞ þ k1 _x
€y ¼ u1ðc4sqsj� s4cjÞ þ k2 _y
€z ¼ u1c4cq� g þ k3 _z
€4 ¼ u2 þ k4 _4
€q ¼ u3 þ k5 _q
€j ¼ u4 þ k6 _j

(10)

2.2. The model with rotor interference and flapping motion

To reveal the aerodynamic interference between rotors, based
on the Blade-Element theory and Pitt-Peters dynamic inflowmodel
[43,44], the motion model of inflow disturbance and flapping is
established. Compared with the analysis methods base on gener-
alized vortex theory and CFD, this method requires less computa-
tion and the obtained result is in good agreement with the
experimental data [47].

It should be noted that the established model is based on the
following assumptions: (1) the blades are considered to be rigid; (2)
the truncation effect at the blade root, tip loss, and extension of the
flapping hinge are neglected; (3) the unsteady effect is neglected;
(4) the inflow velocity is considered to be uniformly distributed in
the plane of the blade disk.

The approximate inflow ratio at a blade element can be defined
as8>><>>:

lin;i ¼
vin;i
UR

; i2fu ; lg

lfs ¼
vbz
UR

(11)

where, lin; lfs are inflow ratio corresponding to the induced ve-
locity and the aircraft velocity, respectively. The subscripts u and l
stand for upper rotor and lower rotor in coaxial configuration. vbz is
the projection of the velocity of the aircraft along the z-axis in the
frame of reference, vin is the induced velocity from infinity to a
blade element.

According to the dynamic inflow model [48], the relationship
between induced velocity and tension coefficient is

Min
_lin þ V inL

�1
in lin ¼ Cin (12)

where, lin ¼ ð l0 ls lc ÞT, Cin ¼ ðCT Cl Cm ÞT , Cl is the roll
moment coefficient and Cm is the pitch moment coefficient.
Min;V in; Lin are the inertia matrix, mass flow parameter matrix,
and static transfer matrix of inflow dynamics, respectively.

The interaction of induced velocity is

li ¼ lin;i þ kinlin;j þ lfs (13)

where, i; j2fu; lg isj. l0; ls; lc are time-averaged, one order hori-
zontal, and one order longitudinal components of the induced
inflow ratio, respectively.

Assuming that the induced velocity is uniformly distributed in
the paddle plane. The thrust coefficient and torque coefficient can
be obtained

CTi ¼
sa0
2

�
1
3
qbi �

1
2

�
li

CQ i ¼ liCTi þ
s

8
CD

(14)

where, s ¼ Nbc=ðpRÞ is rotor solidity (total solidity for coaxial
rotor), qb is the pitch of blade element,Nb is the number of blades in
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rotor, CD is drag coefficient of airfoil.
Therefore, the thrust and the torque of a single rotor are

Ti ¼ r0AðUiRÞ2CTi
Qi ¼ r0AU

2
i R

3CQ i

(15)

The subscript i represents the upper rotor (u) or the lower rotor
(l), A is disk area.

Considering the rigidity of the blades, the orthogonal torques of
the flapping motion in pitch channel and roll channel are

	Mx ¼ NbSbgIbU
2av

.
8

My ¼ NbSbgIbU
2ah

.
8

(16)

where, Sb is blade stiffness coefficient, g is blade lock number, Ib is
the moment of inertia of wave motion, av is the vertical angle of
wave motion and ah is the horizontal angle of wave motion.

After taking the rotor interference and the flapping motion into
consideration, some equations in the dynamical model can be
modified as follows8>>>>>><>>>>>>:

F1 ¼ r0AðUuRÞ2CTu
F2 ¼ r0AðUlRÞ2CTl

€4 ¼ ðDU2 þMxÞ=Ix þ k4 _4
€q ¼ �

DU3 þMy
��

Iy þ k5 _q

u2 ¼ ðDU2 þMxÞ=Ix
u3 ¼ �

DU3 þMy
��

Iy

U4 ¼ r0AU
2
i R

3�CQu � CQl
�

(17)
3. Controller design

This section mainly introduces the flight controller designed
with SMC-PIDC, as shown in Fig. 4. The control system is divided
into a fully-actuated subsystem and an under-actuated subsystem
[49]. The fully-actuated subsystem is controlled by a rate bounded
PID controller and an SMC controller. The under-actuated subsys-
tem is stabilized by the algorithm of SMC [50]. Thewhole controller
is designed to maintain the required yaw angle and move to the
target point while keeping the pitch angle and roll angle close to
zero.

The fully-actuated subsystem is�
€z
€j

�
¼

�
u1c4cq� g
u4

�
þ
�
k3 _z
k6 _j

�
(18)

and the under-actuated subsystem�
€x
€y

�
¼ u1

�
cj sj

sj �cj

��
c4sq

s4

�
þ
�
k1 _x

k2 _y

�
�
€4

€q

�
¼

�
u2
u3

�
þ
� k4 _4
k5 _q

� (19)

The control objectives are: x/xd, y/yd, z/zd, 4/ 0, q/ 0,
j/jd. With four control inputs, the tracking of z and j in the fully-
actuated subsystem can be realized, as well as the tracking of x and
y, the stability of 4 and q of the under-actuated subsystem.
3.1. The control law for fully-actuated subsystem

For the fully-actuated subsystem (18), the controller is required
to drive Z and j to their desired values zd and jd. Considering the
design of SMC law for the under-actuated subsystem, to design
5

abounded ul, it is necessary to ensure that ul is non-singular [30].
For subsystem €z ¼ u1c4cq� gþ k3 _z, the control input is given by

_u1 ¼K sat
�K0

ð
ðu1d � u1Þdt þ K1ðu1d � u1Þ

ε

�
(20)

where, ε is a small positive constant, u1d ¼
Kz1ðzd�zÞþKz2

R
ðzd�zÞdt�Kz3 _zþg

cos 4 cos q
. Then the rate bounded control ul will

converge to u1d [30]. Since satð$Þ is an unit saturation signal, the
initial value is set so that u1ð0Þ ¼ u1dð0Þ, eliminating the transition
process and ensuring j _u1j � K .

Taking e ¼ z� zd, the PID controller is adopted in Eq. (20) to
obtain u1/u1d, and z/zd. At the same time, the signal u1d needs to
be stable, and the parameters K , K0, K1, Kz1, Kz2 and Kz3 need to be
adjusted several times.

For the control of yaw direction: €j ¼ u4 þ k6 _j, the SMC is used
to drive j converge to jd, take the sliding mode function: sj ¼
cjðj � jdÞþ _j, Then _sj ¼ cj _jþ €j ¼ cj _jþ u4 þ k6 _j. To drive j

converge to jd quickly, the control law of SMC is designed as

u4 ¼ � cj _j� k6 _j�MjsgnðsjÞ � kjsj (21)

where, cj >0, Mj >0, Kj >0. Eq. (21) can be simplified as

u4 ¼ � cj _j�MjsgnðsjÞ � kjsj (22)

One obtains

_sj ¼ �MjsgnðsjÞ � kjsj (23)

Take Lyapunov function as

Vj ¼
1
2
s2j (24)

Then _Vj ¼ sj _sj ¼ � Mjjsjj � kjs2j � � 2kjVj. The stability of

the control system is proved and j will rapidly converge to jd by
setting an appropriate parameter kj.
3.2. The control law for the under-actuated subsystem

According to Eq. (20), u1 will converges to u1d. After a period of
transition, z/zd, _z ¼ 0, j/jd, and u1 will be close to a stable
value: g

cos 4 cos q
.

By setting a positive value h(h>0 and hsg), one obtains




u1 � g
cos 4 cos q




�h � h

jcos 4 cos qj (25)

The lower bound of u1 is ju1j �



 g�h
cos 4 cos q




 � jg � hj, which can

be simplified as 1
ju1j � 1

jg�hj. When u1 and _u1 are bounded, _u1
u1

can be

regarded as a disturbance in the design of the under-actuated
system. At the same time, it can be guaranteed that T is non-
singular.

For the under-actuated system, as the designed controller has
the ability of rapid response, jwill convergence to its desired value
rapidly. In this case, j can be regarded as a constant, the conver-

gence can be realized by the inner loop subsystem €j ¼ u4 þ k6 _j.
The transformation of the under-actuated system is



Fig. 4. Control structure.
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T ¼ u1

�
cos j sin j
sin j �cos j

�
¼ u1bT ð4Þ (26)

where, bT ð4Þ can be regarded as time-invariant based on the above
derivation. Therefore, the transformation T is nonsingular in gen-
eral operating condition, as u1 represents the total thrust and is

generally nonzero. Take x1 ¼ T�1½x; y�T, x2 ¼ T�1½ _x; _y�T. The de-
rivative of the new state after some operation is

_x1 ¼
�
T�1

�’½x; y�T þ T�1½ _x; _y�T ¼ �T ’T�2½x; y�T þ x2

¼ x2 �
_u1
u1

T�1½x; y�T ¼ x2 �
_u1
u1

x1 ¼ T�1½€x; €y�T � _u1
u1

x2

¼
�
cos 4 sin q
sin 4

�
� _u1
u1

x2 � T�1
�
k1 0
0 k2

��
_x
_y

�
¼

�
cos 4 sin q
sin 4

�
� _u1
u1

x2 � bT�1
�
k1 0
0 k2

�bTx2 _x2
¼ T�2

�
½€x; €y�TT � ½ _x; _y�TT ’

�
¼ T�1½€x; €y�T � T�1½ _x; _y�T _u1

u1

¼ T�1½€x; €y�T � _u1
u1

x2

¼
�
cos 4 sin q
sin 4

�
� _u1
u1

x2 � T�1
�
k1 0
0 k2

��
_x
_y

�
¼

�
cos 4 sin q
sin 4

�
� _u1
u1

x2 � bT�1
�
k1 0
0 k2

�bTx2 (27)

where, T�1
�
k1 0
0 k2

��
_x
_y

�
¼ T�1

�
k1 0
0 k2

�
TT�1

�
_x
_y

�
¼ bT�1

�
k1 0
0 k2

�bΤx2,�
T�1

�’ ¼ � T ’T�2, T ’T�1 ¼ _u1
u1
, T¼ u1bT, T�1 ¼ ðu1bT Þ�1.

Take x3 ¼ ½4; q�T, x4 ¼ ½ _4; _q�T, combined with the above deriva-
tion, the new state equation of the under-actuated system is
obtained
6

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

_x1 ¼ x2 �
_u1
u1

x1

_x2 ¼
"
cos 4 sin q

sin 4

#
� _u1
u1

x2 � bT�1
"
k1 0

0 k2

#bTx2
_x3 ¼ x4

_x4 ¼
"
u2

u3

#
þ
"
k4 0

0 k5

#
x4

(28)

Take: u ¼
�
u2
u3

�
, f 1 ¼

�
cos 4 sin q
sin 4

�
, f 2 ¼ 0, b ¼

�
1 0
0 1

�
, d1 ¼

� _u1
u1
x1, d2 ¼ � _u1

u1
x2 þ bT�1

�
k1 0
0 k2

�bTx2, d3 ¼
�
k4 0
0 k5

�
x4. The

standard form of the under-actuated system can be obtained8>>>><>>>>:
_x1 ¼ x2 þ d1
_x2 ¼ f 1ðx1; x2; x3; x4Þ þ d2
_x3 ¼ x4
_x4 ¼ f 2ðx1; x2; x3; x4Þ þ bðx1; x2; x3; x4Þuþ d3

(29)

where xi2ℝnði ¼ 1;2;3;4Þ are system states; u2ℝn is the control
input; f 1 and f 2:ℝ4n/ℝn b :ℝ4n/ℝn�n, it’s invertible and
composed of the nonlinear smooth vector functions;
di2ℝnði ¼ 1;2;3Þ is disturbance. The block diagram is depicted in
Fig. 5.

3.3. Error and stability analysis for under-actuated subsystem

Considering the error equation8>>>>>>>>><>>>>>>>>>:

e1 ¼ x1

e2 ¼ _e1 ¼ x2 þ d1

e3 ¼ _e2 ¼ _x2 ¼ f 1ðx1; x2; x3; x4Þ þ d2

e4 ¼ _e3 ¼ vf 1
vx1

x2 þ
vf 1
vx2

f 1 þ
vf 1
vx3

x4

(30)

Take E1 ¼ ½e1; e2; e3�T; Е2 ¼ ½e1; e2�T . It is more convenient to



Fig. 5. The block diagram of the under-actuated system.
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exclude e3 and/or e4 from E1 and Е2 in later definitions and sta-
bility proof. The following assumptions are also needed to satisfy
the matched disturbance condition of the SMC design, as the
disturbance di is bounded, vf 1=vx4 ¼ 0 and vf 1=vx3 are invertible
[51].

Then the switching surface is defined as s ¼ c1e1 þ c2e2 þ c3e3 þ
e4, where ci >0, i ¼ 1;2;3.

The SMC controller consists of two parts: the equivalent control
part ueq and the switching control part usw. The equivalent control
on the manifold s ¼ 0 can be calculated from _s ¼ 0 , one obtains

ueq ¼ �
�
vf 1
vx3

b
��1	

c1x2 þ c2f 1 þ c3

�
vf 1
vx1

x2 þ
vf 1
vx2

f 2 þ
vf 1
vx3

x4

�
þ d
dt

�
vf 1
vx1

x2

�
þ d
dt

�
vf 1
vx2

f 1

�
þ d
dt

�
vf 1
vx3

�
x4 þ

vf 1
vx3

f 2



(31)

The switching control part is designed to derive s to the mani-
fold s ¼ 0 , one obtains

usw ¼ �
�
vf 1
vx3

b
��1

½WsgnðsÞ þ ls � (32)

where W ¼ ðc1d1 þ c2d2 þ c3b1d1 þ c3b2d2ÞkE1k2 þ
b3

�
d3 þ d4kxðxÞk2

�þ r, and r, l are positive constants. The SMC
controller can be expressed as

u ¼ ueq þ usw (33)

When s ¼ 0 , e4 ¼ � c1e1 � c2e2 � c3e3. Take A ¼240 1 0
0 0 1
�c1 �c2 �c3

35 , then matrix A is Hurwitz matrix, one obtains

_E1 ¼ AE1 (34)

Let Q ¼ QT >0, a Lyapunov equation will be obtained: ATPþ
PA ¼ � Q , and the solution of the equation is P ¼ PT >0 . For Eq.

(34), take the Lyapunov function V1 ¼ ET
1PE1 . Then the stability

judgment can be obtained

_V1 ¼ _E
T
1PE1 þ ET

1P _E1 ¼ ðAE1ÞTPE1 þ ET
1PðAE1Þ

¼ ET
1A

TPE1 þ ET
1PAE1 ¼ ET

1

�
ATP þ PA

�
E1 ¼ �ET

1QE1

� �lminðQ ÞkE1k22 � 0

(35)

where, lminðQ Þ is the minimum eigenvalue of the positive definite
matrix Q , Q is the generalized coordinate vector of the center of
mass relative to the earth coordinate system.
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_s ¼ c1 _e1 þ c2 _e2 þ c3 _e3 þ _e4

¼ c1x2 þ c1d1 þ c2f 1 þ c2d2 þ c3

�
vf 1
vx1

d1 þ
vf 1
vx2

d2

�
þ c3

�
vf 1
vx1

x2 þ
vf 1
vx2

f 2 þ
vf 1
vx3

x4

�
þ vf 1
vx3

d3 þ
d
dt

�
vf 1
vx1

x2

�
þ d
dt

�
vf 1
vx2

f 1

�
þ d
dt

�
vf 1
vx3

�
x4 þ

vf 1
vx3

ðf 2 þ buþ d3Þ (36)

Substitute the control law into the above equations, then Eq.
(36) can be expressed as

_s ¼ �WsgnðsÞ � lsþ c1d1 þ c2d2 þ c3

�
vf 1
vx1

d1 þ
vf 1
vx2

d2

�
þ vf 1
vx3

d3 (37)

Take the Lyapunov function as V ¼ 1
2s

Ts . Then the stability
judgment can be obtained

_V ¼ sT _s ¼ sT
�
c1 _e1 þ c2 _e2 þ c3 _e3 þ _e4

�
¼ sT

�
�MsgnðsÞ � lsþ c1d1 þ c2d2 þþc3

�
vf 1
vx1

d1 þ
vf 1
vx2

d2

�
þ vf 1
vx3

d3

�
< � lsTs�

�
M � c1d1kE1k2 � c2d2kE1k2

� c3b1d1kE1k2 � b3d3 � b3d4kxðxÞk2
�
ksk1

¼ �lsTs� rksk1 � 0

(38)

It can be obtained from Eq. (38) that the Lyapunov function will
globally asymptotic convergent to zero. Therefore, under the con-
trol law in Eq. (33), the actuated states will be driven to the sliding
mode surface, the system will reach and thereafter stay on s ¼ 0 in
a finite amount of time, the effect of the disturbance will also be
eliminated.
4. Numerical simulation

In the simulation, the initial state of the system is defined as
X0 ¼ ½x;y;z;u;v;w;4;q;j�, the initial values of the system are taken as
X0 ¼ ½0;0;0;0;0;0;0;0;0�. To demonstrate the performance of the
SMC-PIDC, the PIDC is selected as the control group. Under the
control of these two algorithms, the experiments of fixed-point
flight are designed [52]. The initial point is (0,0,0) and the target
point is (3, 3, 3), the attitude instruction of the target attitude is (0,
0, p/3). These two groups of experiments are carried out under the
same experimental parameters [53].

The dynamic parameters of the aircraft are shown in Table 1.



Table 1
Aircraft dynamics parameters.

Parameter Value

Aircraft mass m 1.636 kg
Acceleration due to gravity g 9.8 m∙s�2

Rotor solidity s 0.065
Distance between the upper rotor and the gravity center d 0.2 m
blade section lift-curve slope a0 0.12
Induced velocity v0;i , v0;j 7.98 m∙s�1, 16.57 m∙s�1

Rotor radius R 0.125 m
Air density r0 1.29 kg∙m�3

Aircraft roll moment of inertia Ix 0.036 kg∙m2

Aircraft pitch moment of inertia Iy 0.036 kg∙m2

Aircraft yaw moment of inertia Iz 0.009 kg∙m2

Thrust coefficient of the upper rotor CTu 0.00942
Thrust coefficient of the lower rotor CTl 0.00677
Torque coefficient of the upper rotor CQu 0.00061
Torque coefficient of the lower rotor CQl 0.00060
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The parameters used in the SMC-PIDC algorithm are shown in
Table 2.

The position information is shown in the form of a three-
dimensional trajectory in Fig. 6. In terms of the smoothness of
the trajectory and the degree of path optimization, SMC-PIDC is
superior to PIDC. To clearly express the motion in three directions,
the details of position information are shown in Fig. 7. Under the
control of PID (as shown in Fig. 7(a)), the transient time of x, y, z
direction are 7 s, 8 s, 5 s, respectively, the overshoots of x, y, z di-
rection are 2.2 m, 1 m, 2.8 m, respectively. And the performance of
position holding is not good, a constant position fluctuation could
be found in the x-direction. While under the control of SMC-PIDC
(as shown in Fig. 7(b)), the transient time of x, y, z direction are
3 s, 3 s, 6 s, respectively, the overshoots of x, y, z direction are 0 m,
0 m, 0.9 m, respectively. And there is no jitter in the three di-
rections. It can be concluded from the above, under the control of
SMC-PIDC, the flight control system can follow the command in-
structions quickly and keep high precision. SMC-PIDC has the ad-
vantages of a stable flight path, good control performance, strong
stability, and so on.

The attitude information of the simulations can be seen in Fig. 8.
Under the control of PID (as shown in Fig. 8(a)), jitter exists in pitch
Table 2
Controller parameter list.

Parameter Value

k1 �0.005
k2 �0.005
k3 �0.005
k4 �0.006
k5 �0.006
k6 �0.006
Kz1 1.1
Kz2 0.13
Kz3 1.2
K 1
K0 1.3
K1 5.2
cj 1.1
Mj 4.5
kj 0.2
c1 25
c2 25
c3 10
b3 2.2
r 1.2
l 0.2
h 1.2
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and roll direction, meaning that the aircraft vibrates while hover-
ing, especially in the x-direction. While under the control of SMC-
PIDC (as shown in Fig. 8(b)), the aircraft hovers without jitter,
what’s more, the time needed to reach a stable state is shorter than
that of PIDC.
5. Prototype experiment

The structure of CRA prototype used in this experiment is shown
in Fig. 9, which is made according to the 3D model in Fig. 1. All the
components are fixed on the hollow carbon fiber tube from top to
bottom, power cord and signal cord are arranged inside the carbon
fiber tube. To ensure the accuracy and performance of the proto-
type, the power transmission part is made of aluminum alloy, the
connecting rod part is made of nylon, the motor pinion is made of
copper, which is coordinated with the large aluminum alloy gear.
The body is composed of carbon fiber board and aluminum alloy
hollow tube, and equipped with a foot frame. The total weight of
the machine is about 2 kg.

Although the prototype is made according to the 3D model in
Fig. 1., the parameters of the prototype are slightly different from
those of the 3D model due to the processing and selection of parts.
Prototype’s parameters are shown in Table 3.

Several flight states during the flight experiment are recorded in
Fig. 10. The left photo shows the take-off state. Four brackets are
installed at the bottom of the aircraft to ensure a smooth takeoff.
After the zero-seeking of the inertial sensors is completed, the take-
off command can be issued [54]. Although there is unstable air flow
in the experimental environment, there is no significant influence
on the stability of the aircraft from the experimental data. The right
photo shows the hovering state of CRA, from which it can be seen
that the attitude of the aircraft is self-stable. This shows that the
attitude control algorithm of the aircraft can adjust the attitude of
the aircraft under the disturbance of small wind to achieve a
satisfactory attitude. (The recorded wind speed is about 1 m/
s~1.5 m/s at a height of 3 m above the ground, in the southerly
direction. However, the wind speed at a height of 30 m may be
slightly higher, but the tests are in the same place, and the wind
conditions is basically similar.) During the test, it can be observed
that SMC-PIDC has a better stability than PIDC, which can be
explained by the test data below.

To ensure that the experimental conditions of each tests are
consistent. CRA takes off from (0,0,0) and hovers at (30, 10, 10), the
coordinates are inmeters. In order to verify the hovering stability of
CRAwith different algorithms, the altitude data and attitude data of
CRA during the hovering state are sorted out. The two figures in



Fig. 6. Position information of PIDC and SMC-PIDC. (a)PIDC; (b) SMC-PIDC.

Fig. 7. Position information of PIDC and SMC-PIDC. (a)PIDC; (b) SMC-PIDC.

Fig. 8. Attitude information of PIDC and SMC-PIDC. (a)PIDC; (b) SMC-PIDC.
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Fig. 9. Prototype of CRA in this experiment.

Table 3
Parameters of prototype.

Main parameters of prototype

Parameter Value

1. Parameters of the CRA
Weight 2 kg
Max takeoff weight 3 kg
Hover power 210 W
Max instantaneous power 700 W
Battery 4Se6S LiePo
Max angle of fuselage 60�

2. Parameters of the motor
Motor KV value 1800 KV RPM/V
No-load current 1.3 A/10V
Maximum continuous current 28 A
Continuous maximum rating 600 W

3. Parameters of the servo
Voltage DC4.5 Ve8.5 V
Size 22.90 � 12 � 27.30 mm
Torque 3.70 kg cm/7.4 V

3.10 kg cm/6.0 V

Fig. 10. Prototype fli
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Fig. 11 are the attitude measured by the above hovering flight
experiment in the presence of PIDC and SMC-PIDC, respectively. On
the whole, the jitter of roll angle and pitch angle was severe, while
the jitter of yaw angle is slightly, mainly due to the impact of
environmental factors (wind and magnetic field, etc.) and aircraft
structure (connecting mechanism, rotor), also related to the dy-
namic system (motor, transmission mechanism) which will pro-
duce high-frequency vibration in the process of generating and
transferring power. Under the control of PIDC, the amplitudes of
roll angle and pitch angle were controlled within ±5�, which were
decreased to ±3� and the jitter frequency was significantly opti-
mized under the control of SMC-PIDC. The yaw angle changes more
gently than the others, but its amplitude is larger. The reason for
this phenomenon is that the aircraft can rotate at any angle in the
yaw directionwhile flying. But the yaw angle needs to be controlled
steadily during themission. Under an unbalancedmoment, the yaw
angle is easy to vary greatly, but the torque on the yaw direction
will not change quickly, resulting in the jitter frequency of yaw
angle significantly smaller than the jitter frequency of roll angle and
Parameter Value

Wingspan diameter 480 mm
Height 500 mm
Recommended horizontal velocity 3.5 m/s
Maximum horizontal velocity 5 m/s
Endurance 30 min
Max altitude 1000 m

Internal resistance 0.0648 U
Frequency 8 kHz
Diameter 30.2 mm
Weight 90 g

Frequency 1520us/333 Hz
Weight 20 g
Speed 0.05 s/60�/7.4 V

0.06 s/60�/6.0 V

ght experiment.



Fig. 11. Attitude information of aircraft in flight experiment. (a) PIDC; (b) SMC-PIDC.
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pitch angle. Under the control of PIDC (as shown in Fig. 11(a)), the
amplitude variation range of yaw angle is ð�200�; 100�Þ. Once a
larger disturbance appears, it will be difficult to adjust the yaw
angle back to steady-state, which will bring great disadvantage for
the mission to be performed, therefore, there is an urgent need for
algorithms that can stabilize the attitude of aircraft. It can be seen
that under the control of SMC-PIDC (as shown in Fig. 11(b)), the
amplitude variation range of yaw angle during the whole flight is
ð�50�;�28�Þ, it can be obtained that the range of variation is 7.3% of
that under the control of PIDC, what’s more, the jitter frequency of
the yaw angle is reduced, indicating that the SMC-PIDC has a good
stability control on yaw angle. The comparison between Fig. 11(a)
and (b) shows that the control performance of SMC-PIDC is supe-
rior, which can greatly improve the attitude stability of the CRA.

However, vibration is inevitable during the flight, mainly
because the aircraft’s power system (motor, rotor) generates high-
frequency vibration during the process of generating and trans-
mitting power, and the surrounding environment (wind, magnetic
field, etc.) will affect the aircraft. It is acceptable to control this
vibration within a certain range.

The position of flight test under the control of SMC-PIDC and
PIDC is shown in Fig. 12. The position curve of SMC-PIDC is
Fig. 12. Position information of the a
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significantly smoother than PIDC. Under the control of SMC-PIDC,
all of the directions of X, Y and Z, the position fluctuation of the
aircraft is less than ±0.3 m which is significantly less than that of
PIDC, indicating that Under the control of SMC-PIDC, CRA is able to
achieve a stable hover [55].
6. Conclusions

In this paper, based on a new type of CRA, we analyzed the flight
principle and established the mathematical model of CRA, pro-
posed the SMC-PIDC control method to improve the flight stability
of CRA. To verify the performance and practical feasibility of this
control algorithm, simulations and flight experiments are per-
formed. From the comparison with the PIDC, the SMC-PIDC is
proved to have a strong ability to reduce jitter and tracking error,
maintain flight stability and obtain good control performance.

A simulation model consistent with the control model used in
the actual flight test is established in MATLAB/Simulink, then the
simulation results are compared and verified with the flight test
results. In the analysis of simulation results, it was found that under
the control of SMC-PIDC, the jitter in the hover state is reduced, the
time it takes to reach a stable attitude is significantly shorter than
ircraft. (a) PIDC; (b) SMC-PIDC.
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that of PIDC, In the flight test, a prototype of CRA was made ac-
cording to the designed parameters. Under the same experimental
conditions, these two control algorithms are respectively written
into the flight control chip for the fixed-point hover flight test. By
comparing and analyzing the experimental data, the good control
performance of the SMC-PIDC algorithm is further illustrated.

Simulation and experiment show that SMC-PIDC is a simple and
practical flight control algorithm. Under the control of SMC-PIDC,
the speed of command following is accelerated, the maneuvering
performance of CRA is improved, the attitude and hovering per-
formance of CRA become more stable. The algorithm can achieve
good control effect for nonlinear strong coupling systems such as
CRA. In addition, the requirement of calculation is not high, it can be
recognized that SMC-PIDC has great engineering application value.
Future work will be carried out to optimize the algorithm based on
the structure of the aircraft, further increase the attitude stability of
the aircraft during flight state and hover state, strengthen the
ability of the control system to resist external interference, and
accelerate the application of CRA in daily life.
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