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Abstract: In this study, we develop a series of consumer-valuation-based models to investigate
the pricing and return policies of the sellers in a competitive e-commerce market. Differing from
the competition models in literature, a novel two-dimensional valuation structure is built, which
considers the valuations of a consumer on two products and the valuation differentiation of all
consumers on each product. We consider both monopoly and duopoly (competitive) markets. In each
market, two models are respectively developed, one with and one without the return policies. We
derive the solutions for the four models, and conduct some analytical and numerical investigations.
The results show that return policy with a partial refund is always chosen by the sellers in both
monopoly and duopoly markets. Return policy benefits the seller in a monopoly market, but may
not benefit the sellers in a duopoly market. In the duopoly models, one seller can be considered
as a monopoly seller who meets a new competitor. Our results show that the monopoly seller will
reduce its price by no more than 20% when there comes a competitor, and, counter-intuitively, it will
meanwhile adopt a severer return policy to the consumers .

Keywords: pricing; return policy; consumer valuation; competition

1. Introduction

E-commerce has been rapidly developed in the recent 20 years. The most representa-
tive enterprises are eBay in America and Alibaba in China. Speaking of e-commerce, two
phenomena are non-negligible. One is the intense competition of all e-sellers due to the low
threshold for sellers to join the e-market. It only takes few hours to open one’s own shop
on the website. The other one is the great amount of consumer returns, because consumers
can only observe the information of a product online and ascertain their valuations on the
product after they receive it in an express box. This kind of products, whose valuations can
only be ascertained after consumption, is called “experience goods” in economics. A return
policy may be adopted by the sellers to manage consumer returns.

The intense competition and the return policy for consumer returns form a dilemma to
the sellers. In e-commerce, consumers are sensitive to the severity of return policy because
they want to return easily after purchase. A high level of severity of return policy may
hold back the consumers from purchasing, which can be fatal to a seller in an intense
competitive market. However, a lenient return policy may cause a loss to the seller because
it leads to more returns and less revenue.

Environmentally, consumer returns cause negative impacts on our living world. Re-
turned goods will incur redundant delivery cost. Moreover, many returned goods are
taken as wasted goods which end in environmentally harmful landfills. Optoro, a company
who provides return solutions for its clients such as Best Buy, Jet, Staples, etc, reports that
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about five billion pounds of returned goods end in landfills as garbage annually in United
States. Therefore, managing returns in e-commerce is significant in sustainability area.

However, return policy matters in consumer satisfaction. A survey conducted by
Narvar, a platform who offers post-purchasing consumer experience, shows that 67%
products are deterred from buying because of the return fee. So, many e-commerce
companies will adopt lenient return policy in competition in case that the consumers
change to buy from its competitor. On contrary, some researches (such as [1,2]) in literature
show that a severe return policy can be sustained in competition under certain conditions.

The purpose of our research is to investigate the pricing policy and return policy
in a competitive e-commerce market in a novel competition setting, where the sellers
compete with each other in a market with the consumers’ valuation differentiation. More
precisely, we develop a novel model involving a two-dimensional valuation structure,
which considers one consumer’s valuations on two products and the differentiation of all
consumers’ valuations on each product. This consumer-valuation-based setting is based on
that the consumers’ purchasing experience/valuations online will differ because of many
aspects, such as music and colors in the website [3], information design, visual design,
and navigation design, etc. [4]. Thus, a consumer-valuation-based analysis has realistic
basis and is reasonable and valuable.

In the literature, there have been researches on consumer-valuation-based return policy
both in monopoly and competitive market, such as [2,5]. However, our research is unique
in considering the consumer-valuation-based analysis in a two-dimensional structure.

We focus on the consumers’ purchasing and return behaviors based on their product
valuations. Based on the background above, we summarize our research questions (RQs)
as follows: (RQ1) Will a seller adopt return policy in a monopoly or duopoly market?
(RQ2) What are the effects of return policy on a seller’s price and revenue in a monopoly or
duopoly market? (RQ3) What are the effects of competition on a seller’s price, revenue and
return policy, comparing the changes from a monopoly market to a duopoly market?

In our RQs, the return policy is considered as a decision of the sellers. However,
in some countries, the return policy is not decided by the sellers, but is determined by the
consumer protection laws. For example, in Europe, there are laws named The Directive on
Consumer Rights (2011/83/EU), which require that the e-commerce sellers must accept
consumer returns within 14 days after the product sales and must return all the money to
the consumers. In practice, the consumer protection laws differ from country to country.
We can observe that JD.com, one of the biggest e-commerce sellers in China, insists that a
part of products cannot be returned without reasons to avoid loss because these products
cannot be recycled properly. The consumer returns with no reasons in e-commerce do
harm to both the sellers’ profits and the environment. Thus, in this paper, we consider the
situation that the return policy is the sellers’ decision, without the restriction of laws.

To achieve our research aim, four models are developed: two monopoly models, one
with and one without return policy; and two duopoly models, one with and one without
return policy. The two monopoly models are formulated as nonlinear programming models,
while the two duopoly models are investigated using game theory. The severity of return
policy is characterized by the refund proportion to consumers if a product is returned.

We provide the optimal or Nash Equilibrium solutions for the four models and
conduct some analytical and numerical studies to answer the RQs. Our results show that
in both monopoly and duopoly markets, the sellers will adopt return policy (RQ1). In the
monopoly market, adopting return policy does not affect the seller’s price but brings the
seller more revenue; in the duopoly market, return policy leads to lower prices and possibly
lower revenues (RQ2). We consider one seller in the duopoly market as the seller in the
monopoly market who meets a new competitor. The seller’s price and revenue in the
duopoly market are lower than those in the monopoly market; the price in the duopoly
market cannot be lower than 80% of the optimal price in the monopoly market; additionally,
the severity of return policy in the duopoly market is higher than that in the monopoly
market (RQ3). These results provide management insights that a monopoly seller may
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reduce its price by no more than 20% when there comes a competitor, and the return policy
can be severer in a competitive market than that in a monopoly market.

We present a literature review in Section 2. In Sections 3 and 4, we study the pric-
ing and return policies in monopoly and duopoly markets, respectively. Analytical and
numerical studies are conducted in Sections 5 and 6. The conclusions are given in Section 8.

2. Literature Review

Experience goods in e-commerce lead to consumers’ post-purchase valuation uncer-
tainty, so consumers may return the product after purchasing. Return policy is offered to
the consumers to manage their returns. In the literature, there is a stream on consumer
return policy considering money back (refund) in a monopoly market. Ref. [6] treat the
refund decision as dichotomous: whether or not to offer a full (100%) refund. Their re-
search shows that offering a full refund can be more profitable than selling without returns
under certain conditions. Ref. [7] shows that full refund policy is more profitable when
consumers are highly risk averse or selling costs are high. Ref. [8] develop a model that
allows the seller to reduce returns by altering the ‘hassle’ cost to the consumer for returning
the product. Ref. [9] explore the overall effects of allowing refund in advance sales and
find that allowing a refund is optimal for products with a small profit margin and small
strategic market size.

In these models, a seller offers either no refund or a full refund for a product. However,
the seller may retain a portion of the price paid originally by consumers if returns are
allowed. Ref. [10] develop a model of partial refund to control inappropriate returns by
opportunistic consumers. Based on this research, Ref. [11] further study the distinction
among ‘no questions asked policy’, ‘no refunds’ and ‘verifiable problems only policy’,
and they find that the first policy is the optimal solution to handle consumer opportunism.
Ref. [5] introduce a newsvendor model with returns and opportunistic consumers. They
exclusively identify the impact of return type as abused or normal. In our study, the severity
of return policy is measured by the proportion of refund to the consumers. A 100%
proportion represents a full refund policy and a proportion less than 100% represents a
partial refund policy.

For the consumers, return policy means a protection for their purchasing decisions.
Using a mechanism design approach, Ref. [12] show that the optimal mechanism is a menu
of expiring refund contracts when consumers observe their true valuations at different
time epochs. However, Ref. [13] show that with finite inventory, a menu of return policies
that serves the entire population is no longer the optimal selling policy. Meanwhile,
the seller is able to reduce the post-valuation uncertainty by providing information. Ref. [14]
find that even if it is possible to eliminate returns without cost through the provision of
information about the fit between consumer preferences and product characteristics, returns
can nevertheless be part of the optimal product sales process. Our research analyses the
impact of post-valuation uncertainty on the seller’s revenue in monopoly and duopoly
markets, by assuming a post-purchase uncertain component in consumers’ valuations.

In addition to protecting consumers from post-valuation uncertainty, return policy
is also useful to signal the product quality when consumers face a market with unknown
product quality. Refs. [15–18] comprise a stream of study demonstrating that return policy
serves as providing an effective tool for high-quality sellers to distinguish themselves from
the others and it costs more for the sellers whose product quality is lower to offer generous
return policy. Another stream of study [19–22] shows that a more generous return policy
boosts consumer demand and increases seller’s profit. To focus on our research aim, we
assume that the seller provides no defective products that enable consumers to be satisfied
in quality.

The literature above is on the return policy in a monopoly market. While in a com-
petitive market, more studies are needed about how return policy works and whether the
partial refund should be sustained. Ref. [1] builds on [23]’s model to show that the sellers
in a duopoly market should adopt identical partial refund policies for advanced sales only
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when the capacity is small such that the efficiency-improving effect is dominant. Ref. [2]
use a Salop circle model to show that partial refund can be sustained in a competitive
environment and the return policy is severer when the fit problem between products’
attributes and consumers’ preferences is more serious.

There is another stream of literature on the return policy throughout the supply chain.
Ref. [24] provides a review of the literature about return contracts between the retailer and
the manufacturer including buy-back contract, quantity-flexibility contract and sales-rebate
contract. Ref. [25] propose a target rebate contract which is Pareto improving by providing
an incentive to the retailer to increase its effort of reducing false failure returns. Ref. [26]
investigate the adjustment of buyback contracts under different risk levels of consumers’
valuations. Ref. [27] studies the impacts of consumer returns on supply chain performance
when the consumers exhibit valuation uncertainty and the manufacturer is confronted with
demand uncertainty. Ref. [28] studies the pricing and return policies to achieve channel
coordination in a multi-retailer environment.

There are also researches on other ways of dealing with returns, such as consumer’s
P2P market, or buy-online-and-return-in-store (BORS), etc. Ref. [29] investigate the effect
of the P2P market on the seller’s optimal return policy when consumers are strategic and
uncertain about their valuations. Ref. [30] find that in a competitive market with two
supply chains, the BORS will be offered by the two retailers in nearly all conditions.

In sum, the main contribution of our work is the new competitive pricing and return
policy models based on consumers’ valuations under uncertainty. To the best of our
knowledge, it is the first to incorporate one consumer’s independent valuations on different
products with all consumers’ aggregate valuations on one product. It is worth mentioning
that out of the four models we present, one is about pricing policy in a duopoly market
without return policy. This model is a new pure price competition, which generates new
insights on price decision of a monopolist facing a new joiner in the market.

3. Pricing Policy in a Monopoly Market
3.1. Assumptions and Notations

This section considers the pricing and return decisions of a monopolistic seller.
The seller sells an experience good (product) to the consumers, and reserves the right
to retain a portion of the price paid originally if a consumer returns the product. The seller
makes two decisions: adopt a return policy or not (if he adopts the return policy, a refund
proportion α will be given to the consumers if the product is returned, 0 ≤ α ≤ 1), and the
price, p. The returned product has no salvage value to the seller. The seller’s goal is to
maximize the expected revenue.

The consumers are heterogeneous in their intrinsic preferences, which is represented
by a pre-valuation v, and v is uniformly distributed over [0, V]. A post-purchase valuation
uncertainty ε is observed only after a purchase is made, ε ∼ U[−δ, δ]. Therefore, the con-
sumer’s post-valuation is v + ε. The value of δ is assumed to be less than V

2 following the
assumption in [2]. If one consumer purchases the product at price p, his utility is v + ε− p.

Consumers make two decisions sequentially. Initially, they decide whether to purchase
the product. If so, they decide whether to keep it after their valuation uncertainty is realized.
Without loss of generality, we assume that the consumers have no hassle cost to make a
return. They seek to maximize the expected utility of their own. The total volume of all
consumers is normalized to one and one consumer will buy no more than one product.

The decision procedures are as follows. First, the seller determines price p, return
policy W(with) or O(without), and refund proportion to consumers α if he adopts a return
policy. Second, consumers make purchasing decisions based on their expected utility. Then
the market demand D is realized. Third, each consumer who has bought the product decides
whether to keep or return it. Till then, the revenue of the seller is finalized. Additionally, we
focus on revenue management in the marketing process, so the production cost is out of our
consideration. All the notations used in this chapter are presented in Table 1.
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Table 1. Notations used throughout this study.

Notations

p Price of product
α Refund proportion if return policy is adopted
c Return penalty to consumers, and c = (1− α)p
v Pre-purchase valuation of consumer on product, v ∼ U[0, V]
ε Valuation uncertainty of consumer after purchase, ε ∼ U[−δ, δ]
v + ε Post-purchase valuation of consumer on product

i Seller number, i = 1 for Seller 1 and i = 2 for Seller 2
Superscript m, d Market type, ‘m’ represents ‘monopoly’ and ‘d’ represents ‘duopoly’
and O, W Return policy, ‘O’ means ‘without’ and ‘W’ means ‘with’
Subscript j, k Return policy of different seller, j for Seller 1 and k for Seller 2,

j, k = O or W

The next two Sections 3.2 and 3.3 are the studies on the monopoly models with and with-
out return policy. Then Section 3.4 presents the comparison of the two monopoly models.

These models are designed for achieving our research aims. Here, we explain why we
design those four models: the two models considering pricing policy without/with return
policy in monopoly market, which are named as Model MO

m and Model MW
m , respectively;

and the two models considering pricing policy without/with return policy in duopoly
(competitive) market, named as Model MO

d and MW
d . The results of the four models can

achieve our three research aims in the following way:
(1) Our first research aim is to investigate the return policy adoption in monopoly and

duopoly market (RQ1). The results of the two models with return policy in monopoly and
duopoly market (Models MW

m and MW
d ) can tell that if the sellers should choose to adopt

the return policy or not.
(2) Our second research aim is to investigate the effects of return policy on the seller’s

price and revenue (RQ2). This aim can be achieved by comparing the models without return
policy and with return policy in monopoly or duopoly market, that is, the comparison of
Models MO

m and MW
m , and the comparison of Models MO

d and MW
d .

(3) Our third aim is to investigate the impact of competition (RQ3). This aim can be
achieved by comparing the models in monopoly and duopoly markets without or with
return policy, that is, the comparison of Models MO

m and MO
d , and the comparison of Models

MW
m and MW

d .

3.2. Monopoly Model without Return Policy

In this subsection, we first develop a simple monopoly model without return policy,
which means the seller does not accept returned products. The seller sets the price p and only
the consumers with non-negative expected utility will buy the product. With ε ∼ U[−δ, δ],
consumer’s expected utility is v+ E(ε)− p = v− p, thus the threshold to buy the product is
v = p. For description, we denote the probability density function of v as f (v). The realized
demand is

∫ V
p f (v) dv =

∫ V
p

1
V dv = V−p

V . The seller’s revenue without return policy is

ΠO
m = p

∫ V

p
f (v) dv =

p(V − p)
V

. (1)

The following lemma characterizes the optimal price of the monopolistic seller without
return policy.

Lemma 1. The optimal price of monopolist without return policy is (pO
m)
∗ = V

2 and the maximum
revenue is (πO

m)
∗ = V

4 .

3.3. Monopoly Model with Return Policy

In this subsection, we extend the analysis to the model with return policy, in which the
seller offers to accept consumers’ returns with a refund proportion α. Consumer’s utility
may be one of the following three cases. If they purchase and keep the product, the utility
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is the post-valuation minus price, that is, v + ε− p. If they purchase but return the product,
the utility is the returned money minus price, αp− p. If they do not purchase, they receive
zero utility.

To identify those consumers who may return products back after purchase, we choose
one consumer with pre-valuation v′. It is clear that consumers keep products with v′ + ε−
p > αp− p, that is, v′ > αp− ε. With ε ∼ U[−δ, δ], a threshold vr is defined on consumers’
return and vr = αp + δ.

When v′ exceeds vr, the consumer never returns because his pre-valuation is high
enough to keep the product (v′ > αp− ε anyway), and return policy is not needed to them.
The consumer’s utility remains to be v′ + E(ε)− p = v′ − p.

When v′ is smaller than vr, we rewrite v′ < αp− ε to ε < αp− v′. The consumers with
ε < αp− v′ will return the product and gain αp− p, and the consumers with ε ≥ αp− v′

will keep the product and gain v + ε− p. Thus, the expected utility in the return range 2δ

is
∫ δ

αp−v′
v′+ε−p

2δ dε +
∫ αp−v′

−δ
αp−p

2δ dε.
Thus, if the purchase is made, the expected utility is

EU =


αp− p, when v′ < αp− δ∫ δ

αp−v′
v′+ε−p

2δ dε +
∫ αp−v′

−δ
αp−p

2δ dε = (v′+δ−αp)2

4δ + αp− p, when αp− δ ≤ v′ < vr

v′ + E(ε)− p = v′ − p, when v′ ≥ vr.
(2)

Consumers purchase products when EU is non-negative. When v′ < αp − δ,
EU = αp− p < 0, the consumers will not buy the product. When αp − δ ≤ v′ < vr,
we can establish a pre-valuation threshold to buy the product, vb (EU|v=vb = 0). The real-
ized buyers are consumers whose pre-valuations are not less than vb, and vb = αp− δ +
2
√

δp(1− α). When v′ ≥ vr, the threshold of consumers to buy the product is v′ = p.
Moreover, if p > vr, EU|v′=vr = vr − p < 0. Only the consumers with v′ > p will buy

the product, and they will not return the product because p > vr. The model becomes the
same with the model without return policy. We show in the proof for Lemma 2 that the
seller will make p ≤ vr to gain a higher revenue, and the consumers with v′ > vb will buy
the product.

Thus, the realized demand is
∫ V

vb
f (v) dv. The expected returned amount of products

is
∫ min{vr ,V}

vb

vr−v
2δ f (v) dv. The seller returns a refund proportion of αp to consumers who

purchase and return. The seller’s revenue with return policy is

ΠW
m = p

∫ V

vb

f (v) dv− αp
∫ min{vr ,V}

vb

vr − v
2δ

f (v) dv. (3)

The following lemma characterizes the optimal price and return policy (refund pro-
portion) of a monopolistic seller considering return policy.

Lemma 2. The optimal price and refund proportion of the monopolistic seller are (pW
m )∗ = V

2 and
(αW

m )∗ = 1− δ
2V . The maximum revenue is (πW

m )∗ = V
4 + δ2

16V .

This result is in accord with the results of [10,11]. Even though some assumptions in
our models are different, we can tell that the results of the optimal price and return policy
are actually in a quite similar formats with those in the literature. The main difference
is that in their models, there is a parameter which indicates the dis-match probability of
the consumer’s valuation and the product property. The consumer will get zero value
from the product if there is dis-matching. However, we model the dis-matching by the
post-valuation uncertainty ε. The consumer will get v + ε − p if there is dis-matching.
Thus, the results of the optimal price and return policy of our models differ from those in
literature to a certain level, but our results are still in similar formats.
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3.4. Comparison of the Two Monopoly Models

By observing the optimal solutions of the two monopoly models, the following propo-
sition demonstrates that in a monopoly market, return policy always benefits the seller.

Proposition 1. The optimal prices of the monopolistic seller with and without return policy are
equal, that is, (pO

m)
∗ = (pW

m )∗ = V
2 . The optimal refund proportion to consumers α is smaller than

100%. Return policy brings the seller incremental revenue δ2

16V , which increases in δ.

Proposition 1 indicates that the seller will always allow returns and provide a par-
tial refund to the consumers. The seller’s profit increases in the post-purchase uncer-
tainty δ. Meanwhile, the refund proportion α decreases as δ increases according to
Lemma 2. These results show that as the consumers’ post-purchase uncertainty δ in-
creases, the firm will decrease the refund proportion to the consumers and the firm’s
revenue increases consequently.

4. Pricing Policy in a Duopoly Market

Now, we turn to the duopoly models. These models are developed to study the prices
and return policies in a competitive market. Two substitute products, which are experience
goods, are respectively sold by two sellers. The two products are not perfect substitutes,
which means one consumer may assess different valuations on them. One consumer’s
individual pre-valuations on these two substitutable are denoted by v1, v2, respectively. We
assume that they are uniformly distributed and independent, that is

f (v1, v2) =

{
f (v1) f (v2) =

1
V1V2

, when 0 ≤ v1 ≤ V1 and 0 ≤ v2 ≤ V2

0, otherwise.
(4)

The uniform distribution is normally used in models considering consumer valuations.
For example, Ref. [31] also use the two dimensional structure capturing the two consumer
valuations in two periods.

Post-purchase valuation uncertainties exist, which are denoted by ε1, ε2, and
ε1 ∼ U[−δ1, δ1] and ε2 ∼ U[−δ2, δ2]. The same as in the monopoly model, the values
of δ1 and δ2 are assumed to be less than V1/2 and V2/2, respectively. 0 < p1 ≤ V1 and
0 < p2 ≤ V2 are assumed to ensure the survivals of the two products in the market,
for otherwise, no consumers will buy the product.

The two products are priced at p1, p2 by the two sellers. The sellers’ decisions include
the prices of products pi (i = 1, 2), return policies (“without” or “with”) and refund
proportions to consumers αi (i = 1, 2) if return policies are adopted. Both sellers seek to
maximize their expected revenues.

Each consumer’s decisions are as follows. Initially, he decides to buy from Seller 1,
or buy from Seller 2, or leave the market. If he makes a purchase, he decides whether
to keep the product based on his post-valuation. Each consumer wants to maximize
individual expected utility. The total volume of consumers is normalized to one and one
consumer will buy no more than one product.

This model captures both aggregate consumers’ valuations on each product and one
consumer’s independent valuations on two products. It has a feature of two-dimension.
Depending on the sellers’ prices and return policies, consumers making purchase decisions
allow us to define the market demands of both sellers. After consumers decide whether to
keep the product or return it, the revenues of sellers are realized. Our aim is to find the
Nash Equilibrium in the duopoly game.

4.1. Duopoly Model without Return Policy

In this subsection, we first investigate the duopoly model without return policy. Since
prices are the only decision variables, the duopoly model is a pure price competition
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model. Based on the consumers’ valuations, the two-dimensional valuation-based model
is developed. Figure 1 demonstrates the demands realization in this model.

Figure 1. Market division in a duopoly market without return policy.

As mentioned before, each consumer gives two valuations v1, v2 to two experience
goods (products) respectively. Observing the prices p1, p2 offered by two sellers, he has
two expected utilities from purchasing the two products respectively: v1 + E(ε1)− p1 =
v1 − p1, v2 + E(ε2)− p2 = v2 − p2 (ε1 ∼ U[−δ1, δ1] and ε2 ∼ U[−δ2, δ2]). The consumer
wants to maximize his utility, so he compares the three utilities: v1 − p1 (purchasing from
Seller 1), v2 − p2 (purchasing from Seller 2) and 0 (leaving the market). This three utilities
form three boundaries v1 − p1 = v2 − p2, v1 − p1 = 0 and v2 − p2 = 0 between consumers
with different choices. Hence, from Figure 1, the demands of the two sellers are determined.
Multiplying prices, the revenues of the two sellers are

ΠO
d1 = p1

∫ V1

p1

∫ min{v1−p1+p2,V2}

0
f (v1, v2) dv2 dv1, (5)

ΠO
d2 = p2

∫ V2

p2

∫ min{v2−p2+p1,V1}

0
f (v1, v2) dv1 dv2. (6)

By the calculations of giving any p1 to find the optimal p2 and the same in reverse, we
find that the prices of two sellers in Nash Equilibrium are the solutions to the following
equation set. The proof for equation set 7 is given in the Appendix A. (V1 − 2p1)min{V1 − p1 + p2, V2} =

∫ min{V1−p1+p2,V2}
p2

(v2 − p2) dv2

(V2 − 2p2)min{V2 − p2 + p1, V1} =
∫ min{V2−p2+p1,V1}

p1
(v1 − p1) dv1

(7)

We denote the equilibrium prices as pO
d1, pO

d2, whose close-form solutions are too
complex to be given. However, we can find a range in which they exist. It is obvious that
Vi− 2pO

di > 0 (i = 1, 2), so the equilibrium price pO
di is smaller than Vi

2 . Additionally, Figure 2
shows that given any p1, there will be an optimal p2 and the same in reverse p1, which form
the functions p2(p1) and p1(p2) (the two full lines). It is proved that ∂p1(p2)

∂p2
> 0, ∂p2(p1)

∂p1
> 0,

∂2 p1(p2)

∂p2
2

< 0, and ∂2 p2(p1)

∂p2
1

< 0. The two functions p1(p2) and p2(p1) are concave, so we can

draw the two dashed lines which cross at the point ( 2V1
5 , 2V2

5 ). Thus, we obtain that pO
di is

larger than 2Vi
5 (i = 1, 2).
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Figure 2. The ranges of the prices in Nash Equilibrium in the duopoly model.

Lemma 3. In a duopoly market, the equilibrium prices of two sellers without return policy are pO
d1

and pO
d2. pO

di is larger than 2Vi
5 and smaller than Vi

2 , i = 1, 2.

Next, we consider the duopoly model with return policy. Then we will compare the
prices and profits of the two sellers in the duopoly models with and without return polices,
to reveal the impact of return policies.

4.2. Duopoly Model with Return Policy

In the duopoly model with return policy, both sellers not only decide their prices
p1, p2, but also settle on whether to adopt return policies. They both may adopt or abandon
the return policy. Hence the game shows up as in Table 2.

Table 2. The game in a duopoly market.

Seller 2\Seller 1 without with

without (ΠOO
d1 , ΠOO

d2 ) (ΠWO
d1 , ΠWO

d2 )
with (ΠOW

d1 , ΠOW
d2 ) (ΠWW

d1 , ΠWW
d2 )

If a seller adopts the return policy, he decides the refund proportion to consumers if
they return. We still employ αi (i = 1, 2) to denote the two sellers’ refund proportions to
the consumers.

Each consumer has two valuations v1, v2 on the two experience goods. He observes
two prices p1, p2, probably with return policy α1, α2. The consumer’s expected utilities for
“with” and “without” return policies are different. For the convenience of description, we
denote the expected utility of the consumer with his valuation vi without return policy
as uO

i (vi) and the expected utility with return policy as uW
i (vi). The same as in Section 3,

we have
uO

i (vi) = vi + E(εi)− pi = vi − pi, (8)

uW
i (vi) =

{
(vi+δi−αi pi)

2

4δi
+ αi pi − pi when vi < vr,

vi − pi when vi ≥ vr.
(9)

The consumer maximizes his utility by comparing uj
1(v1), uk

2(v2) and 0 (j, k = O
or W). Again, the three utilities generate three boundaries that divide consumers into
three parts: buy from Seller 1, buy from Seller 2, leave the market. The boundaries are
uj

1(v1) = uk
2(v2), uj

1(v1) = 0 and uk
2(v2) = 0 (j, k = O or W).
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From Figure 3, the points vi = vbi (i = 1, 2) are derived from uj
1(v1) = 0 and

uk
2(v2) = 0. Consumers whose pre-valuations are not less than vbi will consider to buy

from Seller i (i = 1, 2). In the same way as in Section 3.3, we have vbi = pi when the seller
abandons the return policy, and vbi = αi pi − δi + 2

√
δi pi(1− αi) when the seller adopts

the return policy.

Figure 3. Market division in a duopoly market with return policy.

The boundary uj
1(v1) = uk

2(v2) is re-written as v2 = (uk
2)
−1(uj

1(v1)) and v1 =

(uj
1)
−1(uk

2(v2)) (j, k = O or W). From Figure 3, the demands for the two sellers are

Dd1 =
∫ V1

vb1

∫ min{(uk
2)
−1(uj

1(v1)),V2}

0
f (v1, v2) dv2 dv1, (10)

Dd2 =
∫ V2

vb2

∫ min{(uj
1)
−1(uk

2(v2)),V1}

0
f (v1, v2) dv1 dv2. (11)

When a seller does not accept returned products, his expected revenue is

ΠO
i = piDdi. (12)

When the seller adopts a return policy, every consumer who purchases with valuation

v′i < vri has probability vri−v′i
2δi

(vri = αi pi + δi) to return the product. The return probability
is derived in the same way as in Section 3.3. The expected numbers of consumers who
return the products are respectively

Rd1 =
∫ min(vr1,V1)

vb1

∫ min{(uk
2)
−1(uj

1(v1)),V2}

0

vr1 − v1

2δ1
f (v1, v2) dv2 dv1, (13)

Rd2 =
∫ min(vr2,V2)

vb2

∫ min{(uj
1)
−1(uk

2(v2)),V1}

0

vr2 − v2

2δ2
f (v1, v2) dv1 dv2. (14)

The revenues of the two sellers consist of the gain from selling and the refund due
to returns:

ΠW
d1 = p1Dd1 − (α1 p1)Rd1, (15)
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ΠW
d1 = p2Dd2 − (α2 p2)Rd2. (16)

To find the Nash Equilibrium of this game, we first assume that Seller 2 holds strategy
of a price p2 and return policy j (j = O or W), and try to find out whether Seller 1 will
adopt a return policy or not. We add a new notation c1 = (1− α1)p1, which represents
the return penalty (money not returned) to the consumer if he returns. By substituting
(1− α1)p1 with c1, ΠW

d1 can be re-written as ΠO
d1 plus a function of c1 (See the proof in the

Appendix A):

ΠW
d1 = ΠO

d1 + Rd1(c1),
ΠO

d1 = p1DW
d1 = p1

∫ V1
p1

min{(uk
2)
−1(v1 − p1), V2} 1

V1V2
dv1,

R(c1) = c1

(∫ 2δ1√
2δ1c1

min
{
(uk

2)
−1
(

v2
1

4δ1
− c1

)
, V2

}
1

V1V2
dv1

)
−c1

(∫ δ1−c1
0 min

{
(uk

2)
−1(v1), V2

}
1

V1V2
dv1

)
.

(17)

We prove that Rd1(c1) is positive, and it can be viewed as the benefit brought by the
return policy. Based on the formula of ΠW

di , it is clear that adopting a return policy is always
valuable for Seller 1, no matter what strategy Seller 2 holds. In the same way, Seller 2
always prefers adopting return policy. So the game comes to an equilibrium, as in Table 3.

Table 3. The equilibrium in a duopoly market.

Seller 2\Seller 1 Without With

without (ΠOO
d1 , ΠOO

d2 ) (ΠWO
d1 , ΠWO

d2 )

with (ΠOW
d1 , ΠOW

d2 ) (ΠWW
d1 , ΠWW

d2 )︸ ︷︷ ︸
Nash Equilibrium

Our next aim is to find the optimal prices and refunds when both sellers adopt a
return policy. By calculations of given p1, c1 to find the optimal p2, c2 and the same in
reverse, the prices in Nash Equilibrium pW

di are the solutions to the following equation
set. The equation set for cW

di , i = 1, 2 is too complex so we put them in the Appendix A.
The proof for equation set (18) is given in the Appendix A.

(V1 − 2p1)min{(uW
2 )−1(V1 − p1), V2} =

∫ min{(uW
2 )−1(V1−p1),V2}

vW
b2

(uW
2 (v2)) dv2

(V2 − 2p2)min{(uW
1 )−1(V2 − p2), V1} =

∫ min{(uW
1 )−1(V2−p2),V1}

vW
b1

(uW
1 (v1)) dv1

(18)

Using the same way in Figure 2, we find the ranges of the equilibrium prices pW
di . We

also investigate the ranges of cW
di . The results are given in the following proposition.

Proposition 2. In the duopoly model with return policy, both sellers will adopt a return policy. pW
di

is larger than 2Vi
5 and is smaller than Vi

2 (i = 1, 2). cW
di is smaller than δi

4 and the return proportion
to consumers αW

di is smaller than 100% (i = 1, 2).

4.3. Comparison of the Two Duopoly Models

By comparing the two duopoly models with and without return policy, we can
investigate the impact of return policies. We give the price comparison result in Lemma 4.
However, the revenues in the two models are too complicated to be compared. Thus,
we will make revenue comparison in the numerical study.

Lemma 4. The equilibrium prices of the two sellers with return policy pW
di (i = 1, 2) are smaller

than those without return policy pO
di (i = 1, 2), respectively.
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Lemma 4 indicates that the prices of the two sellers with return polices are lower than
those without return policy. Note that when the sellers can adopt the return policy, both of
them will choose the partial refund policy. When the other seller adopts a partial refund
policy, the consumers’ expected utilities of buying from it can be larger than those without
return policy because the product can be returned. Thus, one seller’s optimal price when
the other seller adopts the return policy is smaller than that when the other seller does not
adopt the return policy. Hence, both sellers’ optimal prices with return policy are smaller
than those without return policy, leading to that the equilibrium prices of the two sellers
with return policy are lower than those without return policy.

5. Analytical Study

In the above section, we have given the solutions to the monopoly and duopoly
models with and without return policy, respectively. We also have compared the two
monopoly models and the two duopoly models, to investigate the impact of return policy.
In this section, we will make the comparison of the monopoly and the duopoly models
with return policy, and the comparison of the monopoly and duopoly models without
return policy, to figure out the impact of competition.

5.1. Comparison of the Monopoly and Duopoly Models

We start with the comparison of the monopoly and duopoly models without return
policy. We consider Seller 1 in the duopoly models as the monopoly seller who faces a
competitor Seller 2, so the results of the two models are comparable.

The optimal price of the monopoly seller is pO
m = V

2 . From Lemma 3, the equilibrium
price of Seller 1 in the duopoly market pO

d1 is larger than 2V1
5 and smaller than V1

2 . 2V1
5 is

less than the monopoly seller’s optimal price V1
2 by 20%.

This result shows that the price reduction of the monopoly seller would be less than
20% when another competitive seller comes into the market. This result is coincident with
the numerical study in Section 6.3, which provides a more precise result that the price
reduction is smaller than 18%.

The revenue of Seller 1 in the duopoly model is proved to be less than that of the
monopoly seller in the monopoly model. This result is quite reasonable because the market
is shared by two sellers in the duopoly model.

Proposition 3. One seller in the duopoly model can be considered as the seller in the monopoly
model who meets a new competitor. Without return policy, the seller’s equilibrium price and revenue
in the duopoly model are less than those in the monopoly model, that is, pO

d1 < pO
m and ΠO

d1 < ΠO
m.

The percentage of price reduction is less than 20%.

In the comparison of the monopoly and duopoly models with return policy, the results
are similar to the results without return policy. The equilibrium price and revenue in the
duopoly model are smaller than those in the monopoly model. Additionally, the return
penalty cost c (c = p(1− α)) is smaller in the duopoly model than that in the monopoly
model, too. The results are given in the following proposition.

Proposition 4. One seller in the duopoly model is considered as the seller in the monopoly model
who meets a new competitor. With return policy, the seller’s equilibrium price, revenue and return
penalty cost in the duopoly model are less than those in the monopoly model, that is, pW

d1 < pW
m ,

ΠW
d1 < ΠW

m , and cW
d1 < cW

m . The percentage of price reduction is less than 20%.

As the severity of return policy is measured by the refund proportion α, we should
also study the comparison of α of the monopoly and duopoly models with return policy.
However, due to the complexity of the model, the study of refund proportion α is conducted
by the following special case.



Sustainability 2021, 13, 1432 13 of 23

5.2. A Special Case

In this subsection, we consider a special case: V1 = V2 = V and δ1 = δ2 = δ, that is,
the parameters of the two sellers are the same. Our aim is to see the severity of return
policy is higher or lower in a duopoly market than that in a monopoly market. Although it
is a special case, the result may be representative for all cases.

We denote the equilibrium decisions in the special case as pW
d and cW

d , and cW
d =

pW
d (1− αW

d ). The solutions of pW
d and cW

d are given by the following two equations (pW
d

and cW
d are simplified to p and c):

p =

√
2V2 − δ2

3
− 8δ

1
2 c

3
2

3
+ 2δc +

c2

2
−V, (19)

p(
√

δ−
√

c)(
√

δ− 2
√

c)− δ2

3
+ 3c

1
2 δ

3
2 − 5δc +

13c
3
2 δ

1
2

3
− 2c2 − δcln

δ

c
= 0. (20)

We have obtained that in the monopoly model without return policy, the solutions of
price and return penalty are

pW
m =

V
2

, cW
m =

δ

4
. (21)

We prove in the Appendix A that

pW
d /cW

d < pW
m /cW

m . (22)

Hence,
αW

d < αW
m . (23)

This result shows that the return policy is severer (refund proportion is larger) in the
duopoly (competitive) market than that in the monopoly market, which is coincident with
the numerical study in Section 6.4. Till now, we have gained some results analytically.
However, the results are not complete. We supplement some results in the numerical study.

6. Numerical Study
6.1. Sensitivity Analysis

To improve the understanding of the impact of the parameters in our models, we
conduct a sensitivity analysis. As the two monopoly models have been clearly discussed in
Sections 3.2 and 3.3, the analysis in this section only involves the two duopoly models with
and without return policy.

We begin with the duopoly model without return policy. There are two parameters:
the maximum pre-purchase valuations that the consumers give to the two products V1, V2,
which affect the decision variables p1, p2 and the expected revenues of the two sellers
ΠO

d1, ΠO
d2. We make the sensitivity analysis for Seller 1 of V1 and V2 by increasing them

from 10 to 200 with step size 10. The sensitivity analysis for Seller 2 of V1 and V2 is the
same as that of Seller 1.

Figure 4 illustrates that when V2 remains unchanged, as V1 increases, both the price
and revenue of Seller 1 increase; when V1 remains unchanged, as V2 increases, the price
of Seller 1 first decreases and then increases slightly, and the revenue of Seller 1 decreases
slightly. This analysis indicates that, in a competitive market without return policy, as the
maximum valuation of the seller’s product increases, its revenue increases significantly,
and its competitor’s price and revenue are slightly influenced.

Next, in the duopoly model with return policy, two parameters are added: δ1, δ2. Since
the valuation uncertainties ε1 and ε2 are defined as ε1 ∼ U[−δ1, δ1] and ε2 ∼ U[−δ2, δ2],
these two parameters represent the degree of valuation uncertainties. The two sellers’
decision variables are the prices of the two products p1, p2, and refund proportions α1, α2 if
the products are allowed to be returned.
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(Price) (Revenue)

Figure 4. Sensitivity analysis for Seller 1 of V1 and V2 without return policy.

We first conduct the sensitivity analysis on the price, refund proportion, and profit
of Seller 1 of the parameters V1, V2 by increasing them from 50 to 200 with step size 10.
Note that we set δ1 = δ2 = 25 and we have Vi ≥ 2δi, i = 1, 2, so Vi must be no less than 50.
The sensitivity analysis for Seller 2 of V1 and V2 is the same as that of Seller 1.

Figure 5 shows that when V2 remains unchanged, as V1 increases, the price, refund
proportion and revenue of Seller 1 increase; when V1 remains unchanged, as V2 increases,
the price and the refund proportion of Seller 1 first decrease and then increase slightly,
and the revenue of Seller 1 decreases. This analysis indicates that, in a competitive market
with return policy, as the maximum pre-purchase valuation of a product increases, both the
revenue and the refund proportion increase significantly, but the impact on its competitor
is mild.

(Price) (Refund proportion)

(Revenue)

Figure 5. Sensitivity analysis for Seller 1 of V1 and V2 with return policy.
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Figure 6 presents the sensitivity analysis for Seller 1 of δ1 and δ2 by increasing them
from 5 to 50 with step size 5, and we set V1 = V2 = 100. When δ2 remains unchanged,
as δ1 increases, the price of Seller 1 decreases slightly and the refund proportion decreases,
but the revenue increases; when δ1 remains unchanged, as δ2 increases, the price and
revenue decrease, and the refund proportion is unaffected. This analysis suggests that,
in a competitive market with return policy, as the uncertainty of one seller’s consumer
valuation after purchasing increases, its refund proportion decreases and the revenue
increases, and its competitor’s price and revenue decrease.

(Price) (Refund proportion)

(Revenue)

Figure 6. Sensitivity analysis for Seller 1 of δ1 and δ2 with return policy.

6.2. Comparison of the Two Duopoly Models

In this subsection, we show the impact of return policy in a competitive market by
comparing the two duopoly models with and without return policy. We compare the
equilibrium prices and corresponding revenues of Seller 1 by the difference between the
two models, that is, ∆pd1 = pW

d1 − pO
d1 and ∆Πd1 = ΠW

d1 −ΠO
d1, as V1 and V2 increase from

50 to 200 with step size 10 and δ1 = 25, δ2 = 25. The comparison of Seller 2 is the same as
that of Seller 1.

From Figure 7, we find that the price difference is negative, which indicates that the
equilibrium price of Seller 1 with return policy is lower than that without return policy in a
duopoly market. The revenue difference is sometimes positive and sometimes negative,
which means that the revenue of Seller 1 with return policy may be higher or lower than
that without return policy. When V1 is small enough, the revenue of Seller 1 with return
policy can be larger than that without return policy.
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(Price) (Revenue)

Figure 7. The changes of Seller 1 from without return policy to with return policy.

6.3. Comparison of the Monopoly and Duopoly Models without Return Policy

In this subsection, we numerically compare the monopoly and duopoly models
without return policy. When return policy is not adopted, the only decision variable of the
seller is the price. We consider the duopoly model as the monopoly seller in a monopoly
model meets a new competitor in the market. By comparing the optimal price of the
monopoly seller in the monopoly market and the equilibrium price in the duopoly market,
we can investigate the price reduction of the seller when a new competitor shows up in the
market in our consumer-valuation-based model.

From Figure 8, when one monopoly seller with V1 meets a new seller with V2 (V1 and
V2 are set from 10 to 200 with step size 10) in the market, the monopoly seller reduces
its price, and the reduction rate is less than 18%, which is consistent with our analytical
result (the price reduction is less than 20%). The largest reduction is about 17.1572%
when V1 = V2. The change of revenue is negative, so the monopoly seller’s revenue is
also reduced. When V2 remains unchanged, as V1 increases, the revenue reduction of
the monopoly seller increases; when V1 remains unchanged, as V2 increases, the revenue
reduction decreases.

(Price) (Revenue)

Figure 8. The changes of the monopoly seller facing a new seller in the market without return policy.

6.4. Comparison of the Monopoly and Duopoly Models with Return Policy

According to the Sections 3.4 and 4.2, return policy is always chosen by a seller, no
matter the market is monopoly or duopoly. In the special case, we obtain that the refund
proportion is smaller in the duopoly model, which means that the return policy is severer
in a competitive market than that in a monopoly market. Now, we study the general
case numerically.

In Figure 9, one seller with V1 changing from 50 to 200 with step size 10 and δ1 = 25
meets a new market participant with V2 changing from 50 to 200 with step size 10 and
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δ2 = 25. The seller who is first in the market reduces the price by less than 18%. The dif-
ference of refund proportion before and after facing the competitor is negative, which
indicates that the seller also reduces its refund proportion, that is, the seller provides
a severer return policy to the consumers in a competitive market. The reason for this
counter-intuitive result may be that the benefit of the un-refunded proportion extracted
from consumer return overweighs the negative influence on the consumers’ purchasing
decisions due to the return policy with a lower refund.

(Price) (Refund proportion)

(Revenue)

Figure 9. The changes of the monopoly seller facing a new competitor in the market with return policy.

7. Discussions

In this section, we would like to make some discussions about our model design and
the managerial implications of our research findings. First, we would like to show the prac-
tical meaning of the consumer-valuation-based analysis in a more precisely way. Second,
we will show the managerial implications of our result of pricing policy and its comparison
with the traditional price competition models. Third, we will show the accordance of our
results of return policy with those in literature and the difference between them.

7.1. Consumer-Valuation-Based Analysis

Consumers’ valuations in online purchasing are influenced by many aspects. Ref. [32]
have conducted a thorough survey about consumers’ perception in online shopping. The re-
sults of the survey can show that one consumer will have different preferences/valuations
on different online products and the choices of different consumers also differ. Moreover,
Ref. [3] show that consumers are more willing to spend time in-store, repurchasing or
revisiting in an online store because of suitable music and colors. Refs. [33,34] find that con-
sumers’ purchasing behaviors are significantly affected by efficient digital signage-based
online layout. Additionally, the results of [35] indicate that the sellers can enhance the
consumers’ purchasing experience by providing alternative e-channel touchpoints. Ref. [4]
develop an information system-consumer behavior model and conduct an online survey
for e-commerce to analyze the factors that impact online shopping experience.
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Thus, consumer-valuation-based analysis has realistic basis. Our research considers
one consumer’s valuation differentiation on different products and the consumers’ valu-
ation differentiation on one product, which is unique. It is worth investigating that how
the sellers make decisions on the pricing and return policies in our consumer-valuation-
based setting.

7.2. Pricing Policy

The main result of our research about pricing policy is that the equilibrium price in
competition is higher than 80% of the price in the monopoly market. This result is obtained
in the consumer-valuation-based setting.

Two traditional price competition models are the Cournot and Bertrand competition.
In the Cournot competition, the market price is determined by the total quantity supplied
by the firms. In the Bertrand competition, the sellers will provide the lowest price which
can serve the whole market.

Our research also builds a price competition model, but ours is based on the consumer
valuations in e-commerce market. The result of our price competition model provides
the managerial implication for the e-commerce sellers that the price deduction from a
monopoly market to a competitive market can be not too large.

7.3. Return Policy

Our research finds that the return policy in the competitive market can be severer than
that in the monopoly market. This result is in accord with the result of [2] that the partial
refund can be sustained in a competitive market and the return policy can be severer than
that in the monopoly market. However, the difference between our researches is that [2]
develop a Salop circle and find that the severer return policy can be adopted only when
consumers are uncertain about preferences between products. Our research shows that in
the consumer-valuation-based analysis, a severer return policy can always be adopted in
the competitive market than that in the monopoly market.

The reason of the severer return policy in competition is that the lower refund to
consumers can keep the consumers from returning the product and buy from the competitor,
which will be beneficial to the seller. However, in a monopoly market, the consumers
will buy again from the seller when they return products. The seller can benefit from
selling no matter the consumers return products or not. Thus, the seller in the monopoly
market will provide a lenient return policy to the consumers to increase the consumers’
expected purchasing utility and consequently increase the demand of the product and the
seller’s profit. Consequently, the return policy in competition can be severer than that in
the monopoly market.

This result gives contribution to environmental protection. A severer return policy in
the competitive market can prevent a part of consumers from returning products, especially
to those opportunistic consumers.

8. Conclusions

This research is the first to study the pricing and return policy using two-dimensional
valuation-based models. We consider one consumer’s independent valuations on two
products and the differentiation of all consumers’ valuation on each product. To answer the
three research questions, four models are developed: the monopoly models with and with-
out return policy, and the duopoly models with and without return policy. The monopoly
models are formulated as nonlinear optimization programs, while the duopoly models are
investigated using game theory. The return policy is characterized by the refund proportion
to the consumer if a product is returned.

We provide the optimal or Nash Equilibrium solutions for the four models and conduct
some analytical and numerical studies. The results about the seller’s decision on return
policy are as follows: In a monopoly market, the seller will adopt return policy. In a
duopoly market, both sellers adopt the return policy in the Nash Equilibrium.
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The impact of return policy is captured by comparing the models with and without
return policy. We find that in a monopoly market, return policy benefits the seller. However,
in a duopoly market, return policy may not bring more revenues to the two sellers.

The impact of competition is shown in the comparison of the monopoly and duopoly
models: In the duopoly market, one seller is considered as the monopoly seller facing
a new competitor in the market. The seller’s price and revenue in the duopoly market
are both lower than those in the monopoly market. The equilibrium price in the duopoly
models cannot be below than 80% of the optimal price in the monopoly model, which
indicates that a monopoly seller will reduce its price by no more than 20% when there
comes a competitor. One more interesting result is that the severity of the seller’s return
policy is higher in a duopoly (competitive) market than that in a monopoly market.

This study provides management insights about how a monopoly seller should react
to a new competitor in the market, and the return policy decisions of the sellers in a com-
petitive market. Except for managerial insights, the results of this study also have practical
meaning in environmental protection. We provide implications in return policy decisions
in e-commerce, which will help the sellers manage consumer returns, and consequently,
reduce harm to environment.

We list the limitations of this study and some future research directions. First, we
assume that the consumers’ valuations on the two products are uniformly distributed
and the consumers’ valuations on two products are independent. In the future work,
more general assumptions on the consumers’ valuations should be considered. Second,
our research only focuses on the pricing and return policy. More studies are expected
concerning the quantity and quality decisions of the sellers. Third, our research considers
the return policy, however, exchange policy can also be offered to consumers by the sellers.
Thus, how to the make exchange policy decision can also be investigated and discussed.
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Appendix A

Proof for Lemma 2 in Section 3.3. We consider two cases because there is min{vr, V} in
Equation (3):

(1) when vr = αp + δ ≥ V:
ΠW

m = p V−vb
V − αp

∫ V
vb

αp+δ−v
2δV dv = 1

4δV (V − vb)[4δp + αp(V + vb) − 2αp(αp + δ)],

where vb = αp − δ + 2
√

δ(p− αp). Let αp = t, and p = t + (vb−t+δ)2

4δ , then ΠW
m is a

function of t and vb, and t ≥ V − δ.
∂ΠW

m
∂(t) = V−vb

4δV (V − vb − 2t) ≤ V−vb
4δV [V − vb − 2(V − δ)] = V−vb

4δV (−V + 2δ − vb).

With δ < V
2 , ∂ΠW

m
∂(t) < 0, so the optimal solution in case (1) is at the smallest αp = V − δ, that

is, αp + δ = vr = V.
(2) when vr = αp + δ ≤ V:
ΠW

m = p V−vb
V − αp

∫ vr
vb

αp+δ−v
2δV dv = 1

V [p(V − p) + [
√

c(
√

δ−
√

c)]2] = ΠO
m + Rm(c).

The optimal solution is p∗ = V
2 and

√
c =

√
δ

2 , so α∗ = 1− δ
2V .
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The optimal solution in case (1) is included in case (2), so the optimal solution is
p∗ = V

2 and α∗ = 1− δ
2V in case (2).

Proof for Equations (7) and (18) in Sections 4.1 and 4.2. The equilibrium prices in the
duopoly models with and without return policy are given in Equation Sets (7) and (18). We
first give the calculations for obtaining them.

Πk
d1 = p1

1
V1V2

∫ V1
p1

min{(uk
2)
−1(v1 − p1), V2} dv1, k = O, W. We consider two cases:

(1) when (uk
2)
−1(V1 − p1) < V2: Πk

d1 = p1
1

V1V2

∫ V1
p1
(uk

2)
−1(v1 − p1) dv1

= p1
∫ V1

p1
x d(uk

2 + p1) = p1[(V1 − p1)(uk
2)
−1(V1 − p1)−

∫ (uk
2)
−1(V1−p1)

(uk
2)
−1(0)

uk
2(x) dx].

(2) when (uk
2)
−1(V1 − p1) ≥ V2: Πk

d1 = p1
∫ uk

2(V2)+p1
p1

(uk
2)
−1(v1 − p1) dv1

+p1
∫ V1

uk
2(V2)+p1

(V2) dv1.

For the two cases, we have
∂Πk

d1
∂p1

= (V1 − 2p1)min{(uk
2)
−1(V1 − p1), V2} −

∫ min{(uk
2)
−1(V1−p1),V2}

(uk
2)
−1(0)

(uk
2(v2)) dv2.

And ∂2Πk
d1

∂p2
1

= −2 min{(uk
2)
−1(V1 − p1), V2} − p1

∂ min{(uk
2)
−1(V1−p1),V2}
∂p1

< 0.

∂Πk
d1

∂p1
|p1=0 > 0 and ∂Πk

d1
∂p1
|p1=V1 < 0, so the optimal p1 is at ∂Πk

d1
∂p1

= 0. It is the same
for p2.

Proof for ΠW
d1 = ΠO

d1 + Rd1(c1) in Section 4.2. We first prove that pi ≤ vri < Vi. Three
cases are considered:

(1) vri < pi(< Vi): all consumers’ valuation will be high enough to not return the prod-
uct, that is, the revenue will be the same as the revenue without return policy. ΠW

di = ΠO
d1.

(2) pi ≤ vri < Vi: consumers with valuation lower than vri have the probability to re-
turn and consumers with valuation higher than vri will keep the product. ΠW

di = ΠO
di + Rdi(ci).

(3) (pi <)Vi ≤ vri: all consumers have the probability to return the product. ΠW
di =

ΠO
di + R′di(ci). R′di(ci) = Rdi(ci)− ci

∫ vri
Vi

(
(vi+δi+ci−pi)

2

4δi
− ci

)
dvi.

It is clear that the optimal choice happens in the second case.
ΠW

d1 = p1Dd1 − (α1 p1)Rd1

= p1
∫ V1

vb1

∫ min{(uk
2)
−1(uW

1 (v1)),V2}
0

1
V1V2

dv2 dv1

−(α1 p1)
∫ α1 p1+δ1

vb1

∫ min{(uk
2)
−1(uW

1 (v1)),V2}
0

vr1−v1
2δ1

1
V1V2

dv2 dv1

= p1
∫ V1

p1
min{(uk

2)
−1(v1 − p1), V2} 1

V1V2
dv1

−p1
∫ α1 p1+δ1

p1
min{(uk

2)
−1(v1 − p1), V2} 1

V1V2
dv1

+p1
∫ α1 p1+δ1

vb1
min{(uk

2)
−1(( (v1+δ1−α1 p1)

2

4δ1
+ α1 p1 − p1), V2} 1

V1V2
dv1

−(α1 p1)
∫ α1 p1+δ1

vb1
min{(uk

2)
−1( (v1+δ1−α1 p1)

2

4δ1
+ α1 p1 − p1), V2} 1

V1V2
dv1

+(α1 p1)
∫ α1 p1+δ1

p1
min{(uk

2)
−1(v1 − p1), V2} 1

V1V2
dv1

= ΠO
d1 + Rd1(c1),

because the first part is ΠO
d1; the second and fifth parts are combined to be second part in

Rd1(c1); the third and fourth parts are combined to be first part in Rd1(c1).

Proof for Lemma 3 and Proposition 2 in Sections 4.1 and 4.2. For the equation (V1− 2p1)

min{(uk
2)
−1(V1 − p1), V2} =

∫ min{uk
2(V1−p1),V2}

(uk
2)
−1(0)

(uk
2(v2)) dv2, we first have V1 − 2p1 > 0,

so pk
d1 < V1

2 , k = O, W. (uk
2)
−1(v2) are given in Equations (8) and (9). Additionally,

(uO
2 )
−1(v2) = v2 + p2; (uW

2 )−1(v2) = α2 p2 − δ2 + 2
√

δ2(v2 + c2) when v2 ≤ δ2 − c2;
(uW

2 )−1(v2) = v2 + p2 when v2 > δ2 − c2. We consider two cases:

(1) when (uk
2)
−1(v1 − p1) < V2: (V1 − 2p1)(uk

2)
−1(V1 − p1) =

∫ (uk
2)
−1(V1−p1)

(uk
2)
−1(0)

((uk
2(v2)) dv2.
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In this case, −2(uk
2)
−1(V1 − p1)

∂p1
∂p2

=
∫ (uk

2)
−1(V1−p1)

(uk
2)
−1(0)

∂uk
2(v2)
∂p2

dv2 + p1
∂(uk

2)
−1(V1−p1)
∂p2

< 0.

and −2(uk
2)
−1(V1 − p1)

∂2 p1
∂p2

2
=

∫ (uk
2)
−1(V1−p1)

(uk
2)
−1(0)

∂2uk
2(v2)

∂p2
2

dv2 + (V1 − p1 + 3 ∂p1
∂p2

)

∂(uk
2)
−1(V1−p1)
∂p2

+ p1
∂2(uk

2)
−1(V1−p1)

∂2 p2
− ∂uk

2(v2)
∂p2
|v2=(uk

2)
−1(0)

∂(uk
2)
−1(0)

∂p2
> 0.

(2) when (uk
2)
−1(v1 − p1) ≥ V2: (V1 − 2p1)V2 =

∫ V2
(uk

2)
−1(0)

(uk
2(v2)) dv2.

In this case, −V2
2

∂p1
∂p2

=
∫ V2
(uk

2)
−1(0)

(
∂uk

2(v2)
∂p2

) dv2 < 0

and −V2
2

∂2 p1
∂p2

2
=
∫ V2
(uk

2)
−1(0)

(
∂2uk

2(v2)

∂p2
2

) dv2 −
∂uk

2(v2)
∂p2
|v2=(uk

2)
−1(0)

∂(uk
2)
−1(0)

∂p2
> 0.

For all uk
2(v2, we have ∂p1(p2)

∂p2
> 0 and ∂2 p1(p2)

∂p2
2

< 0. From Figure 2, we have pk
d1 > 2V1

5 .

Because ΠW
d1 = ΠO

d1 + Rd1(c1), the sellers will adopt return policy in duopoly market.

As c1 increases, ∂Rd1(c1)
∂c1

is positive and then negative. The optimal cW
d1 is at ∂Rd1(c1)

∂c1
= 0,

which satisfies vW
b2(
√

δ1 −
√

c1)(
√

δ1 − 2
√

c1) +
∫ min{(uW

2 )−1(δ1−c1),V2}
vW

b2
(uW

2 (v2) + δ1 + 2c1 −

2
√

δ1(uW
2 (v2) + c1)− c1

√
δ1

uW
2 (v2)+c1

) dv2=0

∂Rd1(c1)
∂c1

|
c1=

δ1
4
< 0, so cW

d1 < δ1
4 . Also, ∂Rd1(c1)

∂c1
|c1=0 > 0, so cW

d1 > 0, and αW
di < 100%.

Proof for Lemma 4 in Section 4.3. The equilibrium prices in the duopoly models with
and without return policy are given in Equation Sets (7) and (18). The two sets are in
similar form.

Without return policy: (V1 − 2p1)min{V1 − p1 + p2, V2} =
∫ min{V1−p1+p2,V2}

p2
(v2 −

p2) dv2.

With return policy: (V1 − 2p1)min{(uW
2 )−1(V1 − p1), V2} =

∫ min{(uW
2 )−1(V1−p1),V2}

vW
b2

(uW
2 (v2)) dv2.

pO
d1 and pW

d1 are the solutions to the above two equations. We first employ a p̂1 who

satisfies: (V1 − 2p1)min{(uW
2 )−1(V1 − p1), V2} =

∫ min{(uW
2 )−1(V1−p1),V2}

p2
(v2 − p2)) dv2.

Since uW
2 (v2) > v2 − p2, it is obvious that pW

d1 < p̂1.
Let M satisfies (V1 − 2p1)M =

∫ M
p2
(v2 − p2) dv2, and M > p2.

∂((V1−2p1)M)
∂M = V1 − 2p1 =

∂(
∫ M

p2
(v2−p2) dv2)

∂M = M
2 − p2 +

p2
2

2M and ∂(V1−2p1)
∂M = 1

2 (1−
p2

2
M2 ) > 0

Since min{V1 − p1 + p2, V2} ≥ min{(uW
2 )−1(V1 − p1), V2}, V1 − 2pO

d1 ≤ V1 − 2p̂1, so
pO

d1 ≥ p̂1.
Thus, pO

d1 ≥ p̂1 > pW
d1.

Proof for Proposition 3 in Section 5.1. In Lemma 3, we have 2V1
5 < pO

d1 < V1
2 , and pO

m =
V1
2 . So, 4V1

5 < pO
d1 < pO

m.
ΠO

d1 is given in Equation (5), which is price multiplying demand. See from Figure 1,

the demand is smaller than V1−p1
V1

, so ΠO
d1 <

pO
d1(V1−pO

d1)
V1

. ΠO
m = pO

m(V1−pO
m)

V1
. With pO

d1 <

pO
m = V1

2 , it is obvious that ΠO
d1 < ΠO

m.

Proof for Proposition 4 in Section 5.1. In Proposition 2, we have 2V1
5 < pW

d1 < V1
2 , and pW

m =
V1
2 . So, 4V1

5 < pW
d1 < pW

m .
Also, since cW

d1 < δ
4 and cW

m = δ1
4 , cW

d1 < cW
m .

Noted that ΠW
d1 = ΠO

d1 + Rd1(c1), ΠW
m = ΠO

m + Rm(c)(from proof for Lemma 2) and
ΠO

d1 < ΠO
m, if Rd1(c1) < Rm(c), then ΠW

d1 < ΠW
m .

Rd1(c1) = c1

(∫ 2δ1√
2δ1c1

min
{
(uk

2)
−1
(

v2
1

4δ1
− c1

)
, V2

}
1

V1V2
dv1

)
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−c1

(∫ δ1−c1
0 min

{
(uk

2)
−1(v1), V2

}
1

V1V2
dv1

)
= c1

(∫ 2δ1√
2δ1c1

min
{
(uk

2)
−1
(

v2
1

4δ1
− c1

)
, V2

}
1

V1V2
dv1

)
−c1

(∫ 2δ1√
2δ1c1

min
{
(uk

2)
−1
(

v2
1

4δ1
− c1

)
, V2

}
1

V1V2
d
(

v2
1

4δ1
− c1

))
= c1

(∫ 2δ1√
2δ1c1

min
{
(uk

2)
−1
(

v2
1

4δ1
− c1

)
, V2

}
1

V1V2

(
1− v1

2δ1

)
dv1

)
< c1

(∫ 2δ1√
2δ1c1

1
V1

(
1− v1

2δ1

)
dv1

)
= c1(2δ1− 2

√
δ1c1)− c1(δ1− c1) = [

√
c1(
√

δ1−
√

c1)]
2.

So, Rd1(c1) < [
√

cW
d1(
√

δ1 −
√

cW
d1)]

2. Rm(c1) = [
√

cW
m (
√

δ1 −
√

cW
m )]2.

Since cW
d1 < δ

4 = (cW
m )∗, it is obvious that Rd1(c1) < Rm(c).

Proof for pW
d /cW

d < pW
m /cW

m in Section 5.2. Let f (c) = − δ2

3 −
8
√

δc3

3 + 2δc+ c2

2 . Then pW
d =√

2V2 + f (c)− V. ∂ f (c)
∂c = c + 2δ− 4

√
δc. ∂2 f (c)

∂c2 = 1− 2
√

δ
c < 0. ∂ f (c)

∂c |c= δ
4
= δ

4 > 0, so

f (c) increases in c. f (c)|c= δ
4
= − 13δ

96 < 0.

So, − δ2

3 < f (c) < 0 when c < δ
4 , and

√
2V2 − δ2

3 −V < pW
d < (

√
2− 1)V.

Let ∂Rd(c)
∂c = p(

√
δ−
√

c)(
√

δ− 2
√

c)− δ2

3 + 3c
1
2 δ

3
2 − 5δc + 13c

3
2 δ

1
2

3 − 2c2 − δcln δ
c .

We have ∂Rd(c)
∂c is positive and then negative. The optimal cW

d is at ∂Rd(c)
∂c = 0.

Also, with p >
√

2V2 − δ2

3 − V > (
√

23
3 − 2)δ, we have ∂Rd(c)

∂c |c= δ
2(
√

2+1)
> 0, so

cW
d > δ

2(
√

2+1)
. Thus, pW

d /cW
d <

√
2−1)V

δ
2(
√

2+1)

= 2V
δ = pW

m /cW
m .
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