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Abstract 6 

Signal priority and exclusive bus lanes are common measures used to promote bus travel at signalized 7 
intersections. However, these bus priority measures create significant damage to the car traffic 8 
especially at intersections with heavy bus and car traffic. For this reason, bus priority is not welcome at 9 
busy intersections. We examine a novel intersection approach design that can solve the above dilemma. 10 
The design integrates a bus lane, bus signal priority, and a midblock pre-signal for sorting different car 11 
traffic streams in tandem in the approach. Car capacity gains from the use of pre-signal can potentially 12 
recover the car capacity lost to bus lane and signal priority schemes. This paper first presents how the 13 
pre-signal and main signal can be timed to realize bus signal priority, and where the pre-signal should 14 
be placed. Models are then formulated for estimating the expected bus delay and car capacity under the 15 
integrated design. They are compared against three alternative designs, including a conventional 16 
intersection design without bus priority or pre-signal. Numerical results unveil that the integrated design 17 
produces not only significant bus delay savings, but also higher car capacities in most instances. Even 18 
greater car capacity gains are observed with higher bus frequencies. Moreover, the benefits are fairly 19 
robust when real-world operating features, such as bus arrival time prediction error, are considered. 20 
Thus, the integrated design can potentially promote both bus and car traffic at congested intersections. 21 
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1. Introduction 23 

Bus signal priority (BSP) schemes were often used to reduce bus delays at signalized intersections (e.g., 24 
Garrow and Machemehl, 1997; Ma et al., 2014). Their effectiveness has been well proved by real-world 25 
case studies (Dion et al., 2004). However, BSP often diminishes the green times received by the car 26 
traffic (Dion et al., 2004). Worse still, BSP was commonly deployed jointly with a dedicated bus lane 27 
(DBL); see Zhou and Gan (2005) and Farid et al. (2018)1. Excluding cars from using the DBL would 28 
further reduce the car discharge capacity at an intersection. As a result, cars will suffer greater delays 29 
and may form queues that spill back to an upstream intersection. Therefore, BSP was unwelcome at 30 
intersections with heavy car traffic (Abdy and Hellinga, 2011), and, even more so, at those where BSP 31 
would be frequently activated due to a high bus flow. 32 

Solutions to the above problem were proposed, most of which aim to alleviate the car capacity 33 
loss by allowing cars to use the bus lane when no bus is present. They are termed the “intermittent bus 34 
lane (IBL)” strategies (Wu and Hounsell, 1998; Viegas and Lu, 2004; Guler and Menendez, 2014; He 35 
et al., 2016). A mid-block pre-signal was often used in those strategies to control the entry of cars into 36 
the IBL. Apparently, those strategies cannot fully recover the car capacity loss caused by the bus lane. 37 
Moreover, their benefits would vanish when the bus flow is high (Qiu et al., 2014). 38 

                                                 
* Corresponding author. Email: weihua.gu@polyu.edu.hk. 
1 Although there exist BSP schemes for prioritizing buses traveling in mixed-traffic lanes (e.g., Bie et al., 2011), 
those schemes only produced limited benefits since buses were often blocked by car queues. 
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On the other hand, research efforts have also targeted at increasing a signalized intersection’s 39 
vehicle discharge capacity via unconventional intersection designs. Examples include the continuous 40 
flow intersection design (Yang and Cheng, 2017), the tandem intersection design (Xuan et al., 2011), 41 
the left-turn waiting area (Ma et al., 2017), and their variants (e.g., Wu et al., 2019). These 42 
unconventional designs can reduce or eliminate conflicts between left-turning and through-moving 43 
traffic streams at the intersection (assuming right-hand traffic). The two streams can thus discharge in 44 
the same phase (the case of the continuous flow intersection design), or discharge via all lanes of an 45 
approach in separate phases (the case of the tandem intersection design). In all these designs, the number 46 
of lanes that are simultaneously used to discharge vehicles is increased, resulting in significant capacity 47 
improvements. Integrating the above designs with the bus priority measures can potentially compensate 48 
the capacity loss created by the latter. 49 

In light of the above, this paper examines a novel intersection design that integrates a DBL, a 50 
BSP scheme, and the tandem design as described in Xuan et al. (2011). We expect that this integrated 51 
intersection design can prioritize buses at a busy approach without undermining its capacity for serving 52 
the car traffic.2 The tandem design is selected because it only involves limited change of layout in one 53 
intersection approach, and its resulting capacity gain is relatively large. Its benefit has also been verified 54 
by real-world applications (e.g., Luo, 2011). For simplicity, we focus on a single approach with three 55 
or more lanes; see Figure 1a for an example with three mixed-traffic lanes. Under the integrated design, 56 
one of the mixed-traffic lanes is converted into a bus lane, and a pre-signal is installed in the remaining 57 
lanes to sort the left-turning (henceforth L-) and through-moving (henceforth T-) traffic streams; see the 58 
layout in Figure 1b3. The pre-signal will alternately admit L- and T-vehicles into the lane area between 59 
the pre-signal and the intersection (termed the sorting area). The two types of vehicles queue up in 60 
tandem in the sorting area. Each queue will then use all lanes in the sorting area to discharge during a 61 
separate signal phase; see Figure 2. 62 

The integrated design was first presented in an earlier version of this paper (Gu et al., 2015) 63 
and Chen (2016). A recent study (Bie et al., 2020) examined selected instances of this design via 64 
simulation. Partly due to the limited number of instances they examined, the latter work failed to unveil 65 
how a number of operating factors affect the performance of this design, and general insights into the 66 
trade-off between car discharge capacity and bus delay savings. For a fuller assessment of the integrated 67 
design under various operating conditions, models formulated for the general case are desired. 68 

We propose adaptive, coordinated timing plans for the pre-signal and the signal at the 69 
intersection (termed the main signal henceforth) when a BSP scheme is incorporated. A formula for 70 
estimating the sorting area length is also developed. Models for estimating two primary performance 71 
metrics, the expected bus delay and the car discharge capacity4, are then formulated. By comparing 72 
against alternative designs that do not include the pre-signal and bus priority measures simultaneously, 73 
we show that the integrated design can significantly reduce bus delays while still achieving some car 74 
capacity gains. This facilitates the deployment of bus priority measures at busy intersections where both 75 
car and bus flows are high, which was believed to be unprofitable by conventional wisdom (Abdy and 76 
Hellinga, 2011; Lin et al., 2019). We also show that the advantages of this design are still significant 77 

                                                 
2 By “capacity”, we mean the maximum rate that cars can discharge into the intersection over the long run, which 
is attained when a persistent car queue is present. 
3 In the rest of this paper, the word “pre-signal” refers to the one used to sort L- and T-traffic of the subject 
approach (see Figure 1b); i.e., the pre-signal does not control buses. 
4 Here we choose to estimate the car discharge capacity instead of car delays at an intersection because the former 
is generally easier to formulate analytically (Gu et al., 2014; Gayah et al., 2016). 
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when real-world operational issues, e.g., uncertainties in actual bus arrival times and car discharge flows, 78 
are accounted for. 79 

 80 
(a) The original intersection approach 81 

 82 
(b) The integrated design 83 

Figure 1. A 3-lane intersection approach 84 

 85 
Figure 2. Car lanes controlled by the pre-signal 86 

The rest of the paper is organized as follows. Section 2 describes the integrated design in detail. 87 
Section 3 formulates models for estimating the car discharge capacity and expected bus delay under the 88 
integrated design and three alternatives. Numerical case studies and parametric analyses are furnished 89 
in Section 4. Section 5 discusses how the models can be extended to incorporate some real-world 90 
concerns, including the joint design of two opposing approaches of the intersection, and operational 91 
uncertainties. Findings and insights are summarized in Section 6. 92 

2. The Integrated Intersection Design 93 

Section 2.1 introduces the major assumptions used in this paper. Sections 2.2 and 2.3 describe the phase 94 
plans of the main signal and the pre-signal, respectively. Section 2.4 presents the BSP scheme. Section 95 
2.5 develops the minimum length of the sorting area. The notations used in this paper are summarized 96 
in Appendix A. 97 

2.1 Assumptions 98 

The following assumptions are made for the simplicity of analysis. Similar assumptions have been 99 
commonly used in studies on bimodal (i.e., buses and cars) traffic operations at signalized intersections 100 
(e.g., Gu et al., 2013; 2014; Guler and Menendez, 2014). 101 
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i) Only through-moving buses are considered. 102 
ii) Bus arrivals to the approach follow a stationary Poisson process with rate 𝜆𝜆𝑏𝑏, ranging from 0 to 103 

around 120 bus/h. This assumption ensures that the number of bus arrivals in each signal cycle is 104 
small, and that they are randomly distributed among the car traffic. 105 

iii) Bus arrival times to the intersection can be predicted accurately using loop detectors, on-board GPS, 106 
or connected vehicle technology. 107 

iv) Only the BSP requests in the subject approach are considered (and we do not impose a limit on the 108 
number of requests entertained). No conflicting requests (e.g., those from the cross-street 109 
approaches) will be handled. 110 

v) The car traffic in the approach can be described using a triangular fundamental diagram, which is 111 
determined using historical traffic information. 112 

vi) Right-turning vehicles are ignored.5 113 

2.2 Main signal phase plan 114 

The main signal has a fixed cycle length denoted by 𝑇𝑇. The signal phase plan is illustrated in Figure 3, 115 
where 𝐺𝐺𝐿𝐿 and 𝐺𝐺𝑇𝑇 denote the green phase durations for the L- and T-traffic in the subject approach, 116 
respectively; and 𝑅𝑅𝐿𝐿 and 𝑅𝑅𝑇𝑇 the phase durations for the cross-street traffic. An amber duration of 𝑡𝑡𝑦𝑦 =117 
4 s is inserted between any two consecutive phases. Thus, 𝑇𝑇 = 𝐺𝐺𝐿𝐿 + 𝐺𝐺𝑇𝑇 + 𝑅𝑅𝐿𝐿 + 𝑅𝑅𝑇𝑇 + 4𝑡𝑡𝑦𝑦. We assume 118 
this signal phase plan because it entails a shorter sorting area (Xuan, 2011). Tandem designs with long 119 
sorting areas are difficult to implement in short city blocks. The phase durations will be optimized by 120 
models furnished in Section 3. 121 

 122 
Figure 3. Main signal phase plan 123 

2.3 Pre-signal phase plan 124 

The pre-signal’s cycle length is equal to that of the main signal. It contains two green phases: a 𝑔𝑔𝐿𝐿 phase 125 
that serves L-vehicles and a 𝑔𝑔𝑇𝑇 phase that serves T-vehicles. Between 𝑔𝑔𝐿𝐿 and 𝑔𝑔𝑇𝑇 is an amber phase of 126 
duration 𝑡𝑡𝑦𝑦 (thus 𝑔𝑔𝐿𝐿 + 𝑔𝑔𝑇𝑇 + 2𝑡𝑡𝑦𝑦 ≤ 𝑇𝑇), and a red phase to fill up any gap in a cycle. To ensure all 127 
vehicles that pass a pre-signal green phase can always discharge into the intersection during a 128 
corresponding main signal phase, the phase durations must satisfy 𝑔𝑔𝑇𝑇𝑛𝑛𝑇𝑇 ≤ 𝐺𝐺𝑇𝑇𝑀𝑀 and 𝑔𝑔𝐿𝐿𝑛𝑛𝐿𝐿 ≤ 𝐺𝐺𝐿𝐿𝑀𝑀 , 129 
where 𝑛𝑛𝑇𝑇 and 𝑛𝑛𝐿𝐿 denote the numbers of lanes allocated to T- and L-vehicles upstream of the pre-signal, 130 
respectively; and 𝑀𝑀 the number of lanes in the sorting area. The pre-signal phase durations are also 131 
optimized by models furnished in Section 3. 132 

The coordination between the pre-signal and main signal timing plans is illustrated in Figures 133 
4a-c. Each figure is a time-space diagram that describes a distinct case of the traffic states in the sorting 134 
area during a cycle. These states are: the no-traffic state denoted by O; the jam (queueing) state denoted 135 

                                                 
5 In reality, right-turning cars can use a curbside bus lane if their maneuvers do not impede the buses; e.g., see 
the policy enacted by the City of New York Government (2014). 



5 
 

by J; the saturated state as queued vehicles are discharging into the intersection, denoted by S; and the 136 
states for L- and T-vehicles discharging from the pre-signal into the sorting area, denoted by AL and AT, 137 
respectively. These time-space diagrams are created using a triangular fundamental diagram (Lighthill 138 
and Whitham, 1955; Richards, 1956; Newell, 1993) for the sorting area, which is shown in Figure 4d. 139 
In the fundamental diagram, 𝑣𝑣𝑓𝑓 denotes the free-flow travel speed; 𝑤𝑤 the backward wave speed; 𝑞𝑞𝑆𝑆 the 140 
saturation flow per travel lane; 𝑞𝑞𝑇𝑇 and 𝑞𝑞𝐿𝐿 the saturation flows of T- and L-vehicles discharging from 141 
the pre-signal, respectively; and 𝑤𝑤𝑇𝑇 and 𝑤𝑤𝐿𝐿 the speeds of formation shockwaves for T- and L-vehicle 142 
queues in the sorting area, respectively. We have 𝑞𝑞𝑇𝑇 = 𝑞𝑞𝑆𝑆𝑛𝑛𝑇𝑇  and 𝑞𝑞𝐿𝐿 = 𝑞𝑞𝑆𝑆𝑛𝑛𝐿𝐿 . The 𝑤𝑤𝑇𝑇  and 𝑤𝑤𝐿𝐿  are 143 
formulated using the kinematic wave theory as follows: 144 

𝑤𝑤𝑇𝑇 = 𝑞𝑞𝑇𝑇
𝑀𝑀𝑞𝑞𝑆𝑆�𝑣𝑣𝑓𝑓

−1+𝑤𝑤−1�−𝑞𝑞𝑇𝑇𝑣𝑣𝑓𝑓
= 𝑛𝑛𝑇𝑇

(𝑀𝑀−𝑛𝑛𝑇𝑇)𝑣𝑣𝑓𝑓
−1+𝑀𝑀𝑤𝑤−1,       (1a) 145 

𝑤𝑤𝐿𝐿 = 𝑛𝑛𝐿𝐿
(𝑀𝑀−𝑛𝑛𝐿𝐿)𝑣𝑣𝑓𝑓

−1+𝑀𝑀𝑤𝑤−1.           (1b) 146 

Specifically, Figures 4a illustrates the case where the L- and T-queues in the sorting area 147 
(marked by state J) are temporally separated. This case, numbered case i), occurs where 𝑔𝑔𝐿𝐿 ≤ 𝑅𝑅𝐿𝐿 +148 
𝐺𝐺𝐿𝐿 + 𝑡𝑡𝑦𝑦 and 𝑔𝑔𝑇𝑇 ≤ 𝑅𝑅𝑇𝑇 + 𝐺𝐺𝑇𝑇 + 𝑡𝑡𝑦𝑦 are both satisfied, as can be learned from the figure. In this case, 𝑔𝑔𝐿𝐿 149 
and 𝑔𝑔𝑇𝑇 are timed such that the last vehicle in each phase can discharge into the intersection without any 150 
delay in the sorting area; see the bolded vehicle trajectories in the figure. Specifically, 𝑔𝑔𝐿𝐿 and 𝑔𝑔𝑇𝑇 end a 151 
duration 𝑑𝑑

𝑣𝑣𝑓𝑓
 earlier than 𝐺𝐺𝐿𝐿 and 𝐺𝐺𝑇𝑇, respectively, where 𝑑𝑑 denotes the sorting area length. 152 

Figure 4b illustrates case ii), where a small L-queue may be superimposed on top of a T-queue. 153 
This case occurs where 𝑔𝑔𝐿𝐿 > 𝑅𝑅𝐿𝐿 + 𝐺𝐺𝐿𝐿 + 𝑡𝑡𝑦𝑦 but 𝑔𝑔𝑇𝑇 < 𝑅𝑅𝑇𝑇 + 𝐺𝐺𝑇𝑇 + 𝑡𝑡𝑦𝑦. In this case, the 𝑔𝑔𝐿𝐿 phase still ends 154 
𝑑𝑑
𝑣𝑣𝑓𝑓

 earlier than the corresponding 𝐺𝐺𝐿𝐿. However, the long 𝑔𝑔𝐿𝐿 phase will “push” the preceding 𝑔𝑔𝑇𝑇 phase 155 

toward left in the time axis by 𝑔𝑔𝐿𝐿 − �𝑅𝑅𝐿𝐿 + 𝐺𝐺𝐿𝐿 + 𝑡𝑡𝑦𝑦�. As a result, the last T-vehicle passing in 𝑔𝑔𝑇𝑇 may 156 
experience a delay in the sorting area.  157 

Finally, Figure 4c shows case iii) where a T-queue may be superimposed on top of a L-queue. 158 
This occurs where 𝑔𝑔𝑇𝑇 > 𝑅𝑅𝑇𝑇 + 𝐺𝐺𝑇𝑇 + 𝑡𝑡𝑦𝑦 but 𝑔𝑔𝐿𝐿 < 𝑅𝑅𝐿𝐿 + 𝐺𝐺𝐿𝐿 + 𝑡𝑡𝑦𝑦. Contrary to case ii), now the long 𝑔𝑔𝑇𝑇 159 
is timed to end 𝑑𝑑

𝑣𝑣𝑓𝑓
 earlier than the corresponding 𝐺𝐺𝑇𝑇, while it “pushes” the preceding 𝑔𝑔𝐿𝐿 toward left by 160 

𝑔𝑔𝑇𝑇 − �𝑅𝑅𝑇𝑇 + 𝐺𝐺𝑇𝑇 + 𝑡𝑡𝑦𝑦�. 161 

Note that the above three cases cover all the possibilities, since 𝑔𝑔𝐿𝐿 + 𝑔𝑔𝑇𝑇 ≤ 𝑇𝑇 − 2𝑡𝑡𝑦𝑦 =162 
�𝑅𝑅𝐿𝐿 + 𝐺𝐺𝐿𝐿 + 𝑅𝑅𝑇𝑇 + 𝐺𝐺𝑇𝑇 + 4𝑡𝑡𝑦𝑦� − 2𝑡𝑡𝑦𝑦 = �𝑅𝑅𝐿𝐿 + 𝐺𝐺𝐿𝐿 + 𝑡𝑡𝑦𝑦� + �𝑅𝑅𝑇𝑇 + 𝐺𝐺𝑇𝑇 + 𝑡𝑡𝑦𝑦� , which means 𝑔𝑔𝐿𝐿 > 𝑅𝑅𝐿𝐿 +163 
𝐺𝐺𝐿𝐿 + 𝑡𝑡𝑦𝑦 and 𝑔𝑔𝑇𝑇 > 𝑅𝑅𝑇𝑇 + 𝐺𝐺𝑇𝑇 + 𝑡𝑡𝑦𝑦 cannot be both true. 164 

 165 
(a) Case i) (when 𝒈𝒈𝑻𝑻 ≤ 𝑹𝑹𝑻𝑻 + 𝑮𝑮𝑻𝑻 + 𝒕𝒕𝒚𝒚 and 𝒈𝒈𝑳𝑳 ≤ 𝑹𝑹𝑳𝑳 + 𝑮𝑮𝑳𝑳 + 𝒕𝒕𝒚𝒚) 166 
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 167 
(b) Case ii) (when 𝒈𝒈𝑳𝑳 > 𝑹𝑹𝑳𝑳 + 𝑮𝑮𝑳𝑳 + 𝒕𝒕𝒚𝒚) 168 

 169 
(c) Case iii) (when 𝒈𝒈𝑻𝑻 > 𝑹𝑹𝑻𝑻 + 𝑮𝑮𝑻𝑻 + 𝒕𝒕𝒚𝒚) 170 

 171 
(d) Fundamental diagram of the sorting area 172 

Figure 4. Coordination between main signal and pre-signal timing plans without BSP 173 

2.4 Bus signal priority 174 

For simplicity, this paper only examines a single type of BSP scheme: green extension. We denote 𝑡𝑡𝑚𝑚 175 
as the maximum allowable extension of a green phase.6 For all buses that are predicted to arrive at the 176 
intersection within 𝑡𝑡𝑚𝑚 after the end of the last 𝐺𝐺𝑇𝑇 phase, that 𝐺𝐺𝑇𝑇 phase will be extended to let those 177 
buses pass without delay. For other bus arrivals, no priority is granted. The actual duration of extension, 178 
                                                 
6 The choice of 𝑡𝑡𝑚𝑚 depends on a number of operating factors and concerns. A discussion on this issue is provided 
in Section 6.1. 
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denoted by 𝑡𝑡𝑒𝑒 (𝑡𝑡𝑒𝑒 ≤ 𝑡𝑡𝑚𝑚), is determined by the arrival time of the last prioritized bus. We choose green 179 
extension because this scheme benefits the buses that would otherwise just miss the green signal and 180 
experience long delays. Nevertheless, other BSP schemes (e.g., red truncation and green insertion) can 181 
be incorporated into our modeling framework in similar ways. 182 

We further specify that, when a 𝐺𝐺𝑇𝑇 phase is extended, the following phases 𝑅𝑅𝐿𝐿, 𝐺𝐺𝐿𝐿, and 𝑅𝑅𝑇𝑇 are 183 
postponed accordingly but not shortened. This ensures that the discharge capacities for the other traffic 184 
streams at the intersection are not compromised. The next 𝐺𝐺𝑇𝑇 phase is trimmed to ensure all future 185 
cycles are not affected by the green extension. Hence, the total green time allocated to T-traffic 186 
(including the buses) is unchanged. This also indicates that 𝑡𝑡𝑚𝑚 ≤ 𝐺𝐺𝑇𝑇. 187 

The pre-signal phase plan is also altered adaptively in response to a green extension. These 188 
alterations are illustrated in Figures 5a-c for the three cases described in Section 2.3. Bus trajectories 189 
are plotted as bolded, dashed arrows in these figures. 190 

Figure 5a describes the simple case with temporally separated T- and L-queues. As shown in 191 
the figure, only the 𝑔𝑔𝑇𝑇 phase corresponding to the truncated 𝐺𝐺𝑇𝑇 is shortened to ensure every vehicle 192 
that enters the sorting area can discharge into the intersection without being delayed to the next cycle. 193 
Mathematically, the truncated 𝑔𝑔𝑇𝑇 phase duration can be calculated by: 194 

𝑔𝑔�𝑇𝑇 = min �𝑔𝑔𝑇𝑇 ,𝐺𝐺�𝑇𝑇 ∙
𝑀𝑀
𝑛𝑛𝑇𝑇
�           (2) 195 

where 𝑔𝑔�𝑇𝑇 and 𝐺𝐺�𝑇𝑇 denote the durations of truncated 𝑔𝑔𝑇𝑇 and 𝐺𝐺𝑇𝑇 phases, respectively. All the other pre-196 
signal phases stay unchanged. Although the first 𝑔𝑔𝑇𝑇 phase in the figure can be possibly extended toward 197 
left to better utilize the extended 𝐺𝐺𝑇𝑇, this requires earlier detection of bus arrivals, and is ignored here 198 
for brevity and conservativeness. 199 

 200 
(a) Case i) in Section 2.3 (separated T- and L-queues) 201 

 202 
(b) Case ii) in Section 2.3 (when 𝒈𝒈𝑳𝑳 > 𝑹𝑹𝑳𝑳 + 𝑮𝑮𝑳𝑳 + 𝒕𝒕𝒚𝒚) 203 
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 204 
(c) Case iii) in Section 2.3 (when 𝒈𝒈𝑻𝑻 > 𝑹𝑹𝑻𝑻 + 𝑮𝑮𝑻𝑻 + 𝒕𝒕𝒚𝒚) 205 

Figure 5. Pre-signal’s adaptive coordination with green extension 206 

Figures 5b and c illustrate the two tandem queue cases in the sorting area. Similarly, only the 207 
𝑔𝑔𝑇𝑇 phase corresponding to the truncated 𝐺𝐺𝑇𝑇 is truncated. 208 

2.5 Length of sorting area 209 

To contain the vehicle queues, the sorting area’s length, 𝑑𝑑, should be no less than a threshold value 210 
𝑑𝑑𝑚𝑚𝑚𝑚𝑛𝑛. An approximation of 𝑑𝑑𝑚𝑚𝑚𝑚𝑛𝑛 is presented as follows: 211 
𝑑𝑑𝑚𝑚𝑚𝑚𝑛𝑛 ≈212 

⎩
⎪
⎪
⎨

⎪
⎪
⎧max �𝑔𝑔𝐿𝐿�𝑤𝑤𝐿𝐿−1 + 𝑣𝑣𝑓𝑓−1�

−1,𝑔𝑔𝑇𝑇�𝑤𝑤𝑇𝑇
−1 + 𝑣𝑣𝑓𝑓−1�

−1� ,   if 𝑔𝑔𝑇𝑇 ≤ 𝑅𝑅𝑇𝑇 + 𝐺𝐺𝑇𝑇 + 𝑡𝑡𝑦𝑦  and 𝑔𝑔𝐿𝐿 ≤ 𝑅𝑅𝐿𝐿 + 𝐺𝐺𝐿𝐿 + 𝑡𝑡𝑦𝑦                                           
                                             

max �𝑔𝑔𝐿𝐿�𝑤𝑤𝐿𝐿−1 + 𝑣𝑣𝑓𝑓−1�
−1,𝑔𝑔𝑇𝑇�𝑤𝑤𝑇𝑇

−1 + 𝑣𝑣𝑓𝑓−1�
−1 + max �𝑔𝑔𝑇𝑇𝑛𝑛𝑇𝑇

𝑀𝑀
+ 𝑔𝑔𝐿𝐿 − �𝐺𝐺𝑇𝑇 + 𝑅𝑅𝐿𝐿 + 𝐺𝐺𝐿𝐿 + 2𝑡𝑡𝑦𝑦�, 0� ∙ (𝑤𝑤𝐿𝐿−1 − 𝑤𝑤−1)−1�          

if 𝑔𝑔𝐿𝐿 > 𝑅𝑅𝐿𝐿 + 𝐺𝐺𝐿𝐿 + 𝑡𝑡𝑦𝑦
max �𝑔𝑔𝑇𝑇�𝑤𝑤𝑇𝑇

−1 + 𝑣𝑣𝑓𝑓−1�
−1,𝑔𝑔𝐿𝐿�𝑤𝑤𝐿𝐿−1 + 𝑣𝑣𝑓𝑓−1�

−1 + max �𝑡𝑡𝑚𝑚 + 𝑔𝑔𝐿𝐿𝑛𝑛𝐿𝐿
𝑀𝑀

+ 𝑔𝑔𝑇𝑇 − �𝐺𝐺𝐿𝐿 + 𝑅𝑅𝑇𝑇 + 𝐺𝐺𝑇𝑇 + 2𝑡𝑡𝑦𝑦�, 0� ∙ (𝑤𝑤𝑇𝑇
−1 − 𝑤𝑤−1)−1�

if 𝑔𝑔𝑇𝑇 > 𝑅𝑅𝑇𝑇 + 𝐺𝐺𝑇𝑇 + 𝑡𝑡𝑦𝑦

    (3) 213 

The derivation of (3) is relegated to Appendix B. 214 

We next formulate models for assessing the car discharge capacity and expected bus delay 215 
under the above design. 216 

3. Models for expected bus delays and car capacities 217 

To better understand the integrated design’s performance, we compare it against the following three 218 
alternatives: 219 

i) A conventional design where none of the pre-signal, the DBL, and the BSP is used; 220 
ii) A pre-signal-only design where a pre-signal is installed to sort L- and T-vehicles (including both 221 

cars and buses), but neither the DBL nor the BSP is implemented; and 222 
iii) A BSP-only design where no pre-signal is used, but buses enjoy a DBL and green extension. 223 

The differences between the four alternatives are highlighted in Table 1. 224 
Table 1. Definition of alternative designs 225 

 No BSP, no DBL BSP and DBL 
No pre-signal Conventional BSP-only 
Pre-signal Pre-signal-only Integrated 
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Sections 3.1-3.4 present models for estimating the expected bus delay and the T-cars’ discharge 226 
capacity under the four alternatives, respectively. We estimate the latter metric because only the 227 
capacity of T-cars is reduced by the BSP scheme; see again Section 2.4. 228 

Prior to presenting the bus delay and car capacity models, the signals’ phase durations and the 229 
numbers of lanes allocated to L- and T-traffic in the approach are optimized. To this end, we use models 230 
that are similar to those furnished in Xuan et al. (2011). The models maximize the approach’s overall 231 
discharge capacity for both L- and T-traffic for a given number of lanes in the approach, 𝑁𝑁, left-turning 232 
ratio, 𝑙𝑙, and effective green time allocated to the approach, 𝐺𝐺 = 𝐺𝐺𝐿𝐿 + 𝐺𝐺𝑇𝑇. The effect of BSP is ignored 233 
(at this stage only) for simplicity. Solutions to those models consist of the optimal 𝐺𝐺𝐿𝐿, 𝐺𝐺𝑇𝑇, 𝑔𝑔𝐿𝐿, 𝑔𝑔𝑇𝑇, 𝑛𝑛𝐿𝐿 234 
and 𝑛𝑛𝑇𝑇 under the integrated design and the pre-signal-only alternative, and 𝐺𝐺𝐿𝐿, 𝐺𝐺𝑇𝑇, 𝑁𝑁𝐿𝐿 and 𝑁𝑁𝑇𝑇  under 235 
the conventional and BSP-only alternatives, where 𝑁𝑁𝐿𝐿 and 𝑁𝑁𝑇𝑇  denote the numbers of L- and T-lanes 236 
upstream of the intersection, respectively. Note that for simplicity of the notations, each variable above 237 
is used in more than one alternative designs. They are however optimized under each alternative 238 
separately. For example, all the four designs use 𝐺𝐺𝑇𝑇 to indicate the green duration for T-traffic, but the 239 
optimal value of 𝐺𝐺𝑇𝑇 is different under each design. Detailed formulation and solution method of those 240 
optimization models are furnished in Appendix C. 241 

3.1 Models under the conventional design 242 

Since Poisson bus arrivals are uniformly distributed over time (Ross, 2014), and they are sparse in the 243 
car traffic (see Assumption ii) in Section 2.1), the expected bus delay, denoted by 𝐸𝐸�𝑊𝑊𝐵𝐵,1�, is equal to 244 
the average delay of a T-car. The latter can be obtained using the following equation (Newell, 1965; 245 
Daganzo, 1997): 246 

𝐸𝐸�𝑊𝑊𝐵𝐵,1� = 𝑞𝑞𝑆𝑆
2𝑇𝑇(𝑞𝑞𝑆𝑆−𝑞𝑞𝐴𝐴)

(𝑇𝑇 − 𝐺𝐺𝑇𝑇)2,         (4) 247 

where 𝑞𝑞𝐴𝐴 denotes the T-vehicle inflow per lane. The 𝑞𝑞𝐴𝐴 is calculated by: 248 

𝑞𝑞𝐴𝐴 = 𝑄𝑄𝑇𝑇,1+𝜆𝜆𝑏𝑏𝛿𝛿
𝑁𝑁𝑇𝑇

,            (5) 249 

where 𝑄𝑄𝑇𝑇,1 denotes the (undersaturated) T-car inflow; and 𝛿𝛿 the passenger car equivalent (PCE) of a 250 
bus. Combining (4) and (5), we have the following equation that relates 𝐸𝐸�𝑊𝑊𝐵𝐵,1�  to 𝑄𝑄𝑇𝑇,1  for 251 
undersaturated traffic: 252 

𝐸𝐸�𝑊𝑊𝐵𝐵,1� = 𝑞𝑞𝑆𝑆
2𝑇𝑇�𝑞𝑞𝑆𝑆−�𝑄𝑄𝑇𝑇,1+𝜆𝜆𝑏𝑏𝛿𝛿�𝑁𝑁𝑇𝑇

−1�
(𝑇𝑇 − 𝐺𝐺𝑇𝑇)2.       (6) 253 

Equation (6) shows that the expected bus delay varies with the T-car inflow. The T-car capacity 254 
under this alternative is 𝑄𝑄𝑇𝑇,1

𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑞𝑞𝑆𝑆𝐺𝐺𝑇𝑇𝑁𝑁𝑇𝑇
𝑇𝑇

− 𝜆𝜆𝑏𝑏𝛿𝛿, which can be derived from (5) by letting 𝑞𝑞𝐴𝐴 equal the 255 

saturation flow, 𝑞𝑞𝑆𝑆 ∙
𝐺𝐺𝑇𝑇
𝑇𝑇

. When the T-car inflow reaches the above capacity, the expected bus delay 256 

attains its maximum, which is 𝐸𝐸�𝑊𝑊𝐵𝐵,1�
𝑚𝑚𝑚𝑚𝑚𝑚

= 1
2

(𝑇𝑇 − 𝐺𝐺𝑇𝑇). 257 

3.2 Models under the pre-signal-only alternative 258 

The expected bus delay under this alternative, denoted by 𝐸𝐸�𝑊𝑊𝐵𝐵,2�, is again equal to the average delay 259 
of a T-car. The following equation is an approximation of the mathematical relation between 𝐸𝐸�𝑊𝑊𝐵𝐵,2� 260 
and the undersaturated T-car inflow, denoted by 𝑄𝑄𝑇𝑇,2. The derivation is relegated to Appendix D. 261 
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𝐸𝐸�𝑊𝑊𝐵𝐵,2� =

⎩
⎪
⎪
⎨

⎪
⎪
⎧
𝑞𝑞𝐴𝐴𝑛𝑛𝑇𝑇𝑇𝑇
2𝑞𝑞𝑆𝑆𝑁𝑁

+ 𝑇𝑇
2

+ 𝑔𝑔𝐿𝐿 − �𝐺𝐺𝑇𝑇 + 𝑅𝑅𝐿𝐿 + 𝐺𝐺𝐿𝐿 + 𝑡𝑡𝑦𝑦�, if  𝑞𝑞𝑆𝑆𝑁𝑁�𝐺𝐺𝑇𝑇 + 𝑅𝑅𝐿𝐿 + 𝐺𝐺𝐿𝐿 + 𝑡𝑡𝑦𝑦 − 𝑔𝑔𝐿𝐿� < 𝑞𝑞𝐴𝐴𝑛𝑛𝑇𝑇𝑇𝑇;            

𝑞𝑞𝑆𝑆(𝑇𝑇−𝑔𝑔𝑇𝑇)2

2𝑇𝑇(𝑞𝑞𝑆𝑆−𝑞𝑞𝐴𝐴)
+ 𝑞𝑞𝑆𝑆𝑁𝑁�𝑔𝑔𝑇𝑇−𝐺𝐺𝑇𝑇+max�0,𝑔𝑔𝐿𝐿−�𝑅𝑅𝐿𝐿+𝐺𝐺𝐿𝐿+𝑡𝑡𝑦𝑦���

2

2𝑞𝑞𝐴𝐴𝑇𝑇(𝑁𝑁−𝑛𝑛𝑇𝑇)
,                                                                                   

                        if �𝑞𝑞𝐴𝐴(𝑇𝑇−𝑔𝑔𝑇𝑇)
𝑞𝑞𝑆𝑆−𝑞𝑞𝐴𝐴

− �𝑔𝑔𝑇𝑇 − 𝐺𝐺𝑇𝑇 + max�0,𝑔𝑔𝐿𝐿 − �𝑅𝑅𝐿𝐿 + 𝐺𝐺𝐿𝐿 + 𝑡𝑡𝑦𝑦����𝑁𝑁 ≥ 𝑛𝑛𝑇𝑇
𝑞𝑞𝐴𝐴(𝑇𝑇−𝑔𝑔𝑇𝑇)
𝑞𝑞𝑆𝑆−𝑞𝑞𝐴𝐴

;

𝑞𝑞𝑆𝑆𝑁𝑁�𝑇𝑇−𝐺𝐺𝑇𝑇+max�0,𝑔𝑔𝐿𝐿−�𝑅𝑅𝐿𝐿+𝐺𝐺𝐿𝐿+𝑡𝑡𝑦𝑦���
2

2𝑇𝑇(𝑞𝑞𝑆𝑆𝑁𝑁−𝑞𝑞𝐴𝐴𝑛𝑛𝑇𝑇)
, otherwise.                                                                                      

  (7) 262 

where 𝑞𝑞𝐴𝐴 = 𝑄𝑄𝑇𝑇,2+𝜆𝜆𝑏𝑏𝛿𝛿
𝑛𝑛𝑇𝑇

. 263 

The T-car capacity under this alternative is 𝑄𝑄𝑇𝑇,2
𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑞𝑞𝑆𝑆𝑔𝑔𝑇𝑇𝑛𝑛𝑇𝑇

𝑇𝑇
− 𝜆𝜆𝑏𝑏𝛿𝛿. When the car inflow equals 264 

this capacity, the expected bus delay attains its maximum, which is: 265 

 𝐸𝐸�𝑊𝑊𝐵𝐵,2�
𝑚𝑚𝑚𝑚𝑚𝑚

= �

𝑔𝑔𝑇𝑇𝑛𝑛𝑇𝑇
2𝑁𝑁

+ 𝑇𝑇
2

+ 𝑔𝑔𝐿𝐿 − �𝐺𝐺𝑇𝑇 + 𝑅𝑅𝐿𝐿 + 𝐺𝐺𝐿𝐿 + 𝑡𝑡𝑦𝑦�, if  𝑁𝑁�𝐺𝐺𝑇𝑇 + 𝑅𝑅𝐿𝐿 + 𝐺𝐺𝐿𝐿 + 𝑡𝑡𝑦𝑦 − 𝑔𝑔𝐿𝐿� < 𝑔𝑔𝑇𝑇𝑛𝑛𝑇𝑇;
                           

𝑇𝑇−𝑔𝑔𝑇𝑇
2

+ 𝑁𝑁�𝑔𝑔𝑇𝑇−𝐺𝐺𝑇𝑇+max�0,𝑔𝑔𝐿𝐿−�𝑅𝑅𝐿𝐿+𝐺𝐺𝐿𝐿+𝑡𝑡𝑦𝑦���
2

2𝑔𝑔𝑇𝑇(𝑁𝑁−𝑛𝑛𝑇𝑇)
, otherwise.                                                   

  (8) 266 

3.3 Models under the BSP-only alternative 267 

Other than the first two alternatives, the expected bus delay under this alternative, denoted by 𝐸𝐸�𝑊𝑊𝐵𝐵,3�, 268 
is independent of the car inflow. Instead, it is a function of parameter 𝑡𝑡𝑚𝑚: 269 

𝐸𝐸�𝑊𝑊𝐵𝐵,3� = 1
𝜆𝜆𝑏𝑏𝑇𝑇

��𝜆𝜆𝑏𝑏
2

(𝑇𝑇 − 𝐺𝐺𝑇𝑇)2 − (𝑇𝑇 − 𝐺𝐺𝑇𝑇) + 1
𝜆𝜆𝑏𝑏
� + 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 �𝑇𝑇 − 𝐺𝐺𝑇𝑇 − 𝑡𝑡𝑚𝑚 − 1

𝜆𝜆𝑏𝑏
��   (9) 270 

The derivation of (9) is relegated to Appendix E. 271 

The T-car capacity remains the same as if there is no BSP. This is because any extended green 272 
period will be fully utilized by discharging T-cars when a queue of these cars is always present upstream 273 
of the stop line. Note that capacity is defined as the maximum rate that cars can discharge into the 274 
intersection over the long run. The T-car capacity under the present alternative is thus: 275 

𝑄𝑄𝑇𝑇,3
𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑞𝑞𝑆𝑆𝑁𝑁𝑇𝑇

𝐺𝐺𝑇𝑇
𝑇𝑇

 .          (10) 276 

3.4 Models under the integrated design 277 

The expected bus delay, denoted by 𝐸𝐸�𝑊𝑊𝐵𝐵,4�, has the same formula as (9): 278 

𝐸𝐸�𝑊𝑊𝐵𝐵,4� = 1
𝜆𝜆𝑏𝑏𝑇𝑇

��𝜆𝜆𝑏𝑏
2

(𝑇𝑇 − 𝐺𝐺𝑇𝑇)2 − (𝑇𝑇 − 𝐺𝐺𝑇𝑇) + 1
𝜆𝜆𝑏𝑏
� + 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 �𝑇𝑇 − 𝐺𝐺𝑇𝑇 − 𝑡𝑡𝑚𝑚 − 1

𝜆𝜆𝑏𝑏
��   (11) 279 

Note that it does not mean the integrated design produces the same expected bus delay as the 280 
BSP-only alternative, since the optimal 𝐺𝐺𝑇𝑇 is different between the two alternatives. 281 

The T-car capacity under this design, denoted by 𝑄𝑄𝑇𝑇,4
𝑚𝑚𝑚𝑚𝑚𝑚, is diminished by green extensions. Let 282 

𝑡𝑡𝐿𝐿 denote the time reduction in a 𝑔𝑔𝑇𝑇 phase.7 We have: 283 

𝑄𝑄𝑇𝑇,4
𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑞𝑞𝑆𝑆𝑛𝑛𝑇𝑇

𝑔𝑔𝑇𝑇−𝐸𝐸[𝑡𝑡𝐿𝐿]
𝑇𝑇

           (12) 284 

where 𝐸𝐸[𝑡𝑡𝐿𝐿] is given by: 285 

                                                 
7 Note in our design that the 𝑔𝑔𝑇𝑇 phase becomes saturated when the T-car inflow reaches its maximum rate, while 
the 𝐺𝐺𝑇𝑇 phase may still be undersaturated. Thus, the capacity loss is proportional to the lost time in 𝑔𝑔𝑇𝑇 due to BSP. 
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𝐸𝐸[𝑡𝑡𝐿𝐿] = max �0, (𝑡𝑡𝑚𝑚 − 𝐺𝐺𝑇𝑇) 𝑁𝑁−1
𝑛𝑛𝑇𝑇

+ 𝑔𝑔𝑇𝑇� −
𝑁𝑁−1
𝜆𝜆𝑏𝑏𝑛𝑛𝑇𝑇

�1 − 𝑒𝑒−𝜆𝜆𝑏𝑏max�0,𝑡𝑡𝑚𝑚−𝐺𝐺𝑇𝑇+
𝑔𝑔𝑇𝑇𝑛𝑛𝑇𝑇
𝑁𝑁−1 ��    (13) 286 

The derivation of (13) is also furnished in Appendix E. Since both the expected bus delay and 287 
the T-car capacity are functions of 𝑡𝑡𝑚𝑚, one can study the trade-off between the two metrics by varying 288 
𝑡𝑡𝑚𝑚. This trade-off is examined next via numerical examples. 289 

4. Numerical Case Studies 290 

The above models are programmed in Matlab R2015a to conduct numerical experiments. Section 4.1 291 
compares the integrated design against the other three alternatives. Section 4.2 explores how the benefits 292 
of the integrated design vary with key operating factors. Section 4.3 examines the minimum required 293 
length of sorting area. 294 

4.1 Comparison between alternative designs 295 

For the first batch of numerical instances, we assume: 𝑁𝑁 = 3, 𝑙𝑙 = 0.2, 𝑇𝑇 = 120 s, 𝐺𝐺 = 60 s, 𝑅𝑅𝐿𝐿 = 20 296 
s, 𝑅𝑅𝑇𝑇 = 40 s, 𝑞𝑞𝑆𝑆 = 1800 vehicle/h, and 𝜆𝜆𝑏𝑏 = 30 bus/h. The PCE of a bus, 𝛿𝛿, is set to 3.5 (Ahuja et al., 297 
2003). The T-car capacity under the integrated design, 𝑄𝑄𝑇𝑇,4

𝑚𝑚𝑚𝑚𝑚𝑚, is plotted against the expected bus delay, 298 
𝐸𝐸�𝑊𝑊𝐵𝐵,4�, for 𝑡𝑡𝑚𝑚 varying in [0,𝐺𝐺𝑇𝑇] (𝐺𝐺𝑇𝑇 = 48 s in this batch of instances); see the thick blue curve in 299 
Figure 6a. This curve shows the trade-off between bus priority and car capacity: as 𝑡𝑡𝑚𝑚 increases from 300 
0 (the curve’s right end) to 48 s (the left end), the expected bus delay decreases from 21 s to 5 s, and 301 
the T-car capacity diminishes from 1344 vph to 1122 vph. Note that the right half of this curve is nearly 302 
flat; i.e., when 𝑡𝑡𝑚𝑚 increases from 0 to 22 s, the expected bus delay is reduced by 48%, while the T-car 303 
capacity diminishes by only 2.9%. This implies that the car capacity is insensitive to 𝑡𝑡𝑚𝑚 when the latter 304 
takes small to medium values.  305 

For comparison, Figure 6a also plots: i) 𝑄𝑄𝑇𝑇,1
𝑚𝑚𝑚𝑚𝑚𝑚  against 𝐸𝐸�𝑊𝑊𝐵𝐵,1�

𝑚𝑚𝑚𝑚𝑚𝑚
 under the conventional 306 

design (this is a single point marked by the solid red square); ii) 𝑄𝑄𝑇𝑇,2
𝑚𝑚𝑚𝑚𝑚𝑚 against 𝐸𝐸�𝑊𝑊𝐵𝐵,2�

𝑚𝑚𝑚𝑚𝑚𝑚
 under the 307 

pre-signal-only alternative (marked by the solid pink circle); and iii) 𝑄𝑄𝑇𝑇,3
𝑚𝑚𝑚𝑚𝑚𝑚 against 𝐸𝐸�𝑊𝑊𝐵𝐵,3� for 𝑡𝑡𝑚𝑚 ∈308 

[0,𝐺𝐺𝑇𝑇] under the BSP-only alternative (this is again a curve, i.e., the thin green one). For a broader 309 
comparison, Figure 6a further plots 𝐸𝐸�𝑊𝑊𝐵𝐵,1� and 𝐸𝐸�𝑊𝑊𝐵𝐵,2� when the car inflow is equal to zero as the 310 
hollow red square and hollow pink circle, respectively. They illustrate the minimum expected bus 311 
delays that can be achieved under the two alternatives. 312 

Comparison between the integrated design and the conventional alternative unveils that the 313 
former yields a 2-22% higher T-car discharge capacity and a 47-88% lower bus delay. Compared 314 
against the pre-signal-only alternative, the integrated design produces a 34-45% lower T-car discharge 315 
capacity, however it reduces the average bus delay by 41-86%. In addition, the integrated design 316 
produces lower bus delays than the above two alternatives even when the car inflow is near zero (see 317 
the hollow square and circle markers). This is owing to the incorporation of bus lane and BSP. While 318 
compared against the BSP-only alternative, the integrated design increases the T-car capacity by 56-319 
87% while producing similar bus delays. These results manifest that the integrated design attains a nice 320 
balance between prioritizing bus travel and maintaining the intersection’s capacity for serving cars. 321 

The above findings hold in general as parameter values change. For example, Figure 6b shows 322 
another batch of instances where 𝑁𝑁 = 4, 𝑙𝑙 = 0.4, and 𝜆𝜆𝑏𝑏 = 90 bus/h (heavier bus traffic). All other 323 
parameters take the same values as in Figure 6a. The figure unveils that under a heavier bus traffic the 324 
integrated design produces greater car capacity gains. For example, as compared to the conventional 325 
design, the integrated design increases the T-car capacity by 30-88%, and meanwhile it still reduces the 326 

http://www.google.com/search?tbo=p&tbm=bks&q=inauthor:%22Amanpreet+Singh+Ahuja%22
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average bus delay by 34-66%. Note that the integrated design curve (the thick blue one)’s right half is 327 
still flat, meaning that a small to medium level of BSP would significantly reduce bus delays while the 328 
car discharge capacity is only slightly compromised. On the other hand, that curve’s left half becomes 329 
steeper as compared to Figure 6a. This is because a higher bus frequency renders more frequent green 330 
extensions, and thus the car discharge capacity diminishes faster as 𝑡𝑡𝑚𝑚 grows. Finally, the expected bus 331 
delay under the integrated design is also significantly smaller than that under the BSP-only alternative. 332 
This is because the optimal 𝐺𝐺𝑇𝑇 under the integrated design (39 s) is larger than that under the BSP-only 333 
alternative (26 s). 334 

  
(a) 𝑵𝑵 = 𝟑𝟑, 𝒍𝒍 = 𝟎𝟎.𝟐𝟐, 𝝀𝝀𝒃𝒃 = 𝟑𝟑𝟎𝟎 bus/h (b) 𝑵𝑵 = 𝟒𝟒, 𝒍𝒍 = 𝟎𝟎.𝟒𝟒, 𝝀𝝀𝒃𝒃 = 𝟗𝟗𝟎𝟎 bus/h 

Figure 6. T-car capacity and expected bus delay for the integrated design and the three alternatives 335 

4.2 Parametric analysis 336 

This section examines how the benefits of integrated design vary with key operating factors, including: 337 
bus frequency, 𝜆𝜆𝑏𝑏; left-turning ratio, 𝑙𝑙; the overall green ratio for the approach, 𝐺𝐺

𝑇𝑇
; and cycle length, 𝑇𝑇. 338 

Specifically, we present the percentages of T-car capacity increase and bus delay saving of the 339 
integrated design, as compared against the conventional design. 340 

Figure 7a plots the two percentages for a batch of instances with varying 𝜆𝜆𝑏𝑏 ∈ [5,120] bus/h 341 
and 𝑡𝑡𝑚𝑚 ∈ [0,𝐺𝐺𝑇𝑇] for 𝑁𝑁 = 3. The other parameter values are the same as in Figure 6a. The solid contour 342 
lines in the figure represent the percentage T-car capacity increase, and the dashed ones represent the 343 
percentage bus delay saving. The horizontal axis expresses 𝑡𝑡𝑚𝑚 as a percentage of 𝐺𝐺𝑇𝑇. The figure shows 344 
that even setting 𝑡𝑡𝑚𝑚 = 0 can already reduce the expected bus delay by 50% (thanks to the DBL), while 345 
increasing 𝑡𝑡𝑚𝑚 to 𝐺𝐺𝑇𝑇 can reduce another 20-40% (thanks to the BSP). Meanwhile, T-car capacity gain 346 
up to 60% can often be achieved. Modest capacity loss (<10%) is observed only when 𝑡𝑡𝑚𝑚 is very close 347 
to 𝐺𝐺𝑇𝑇 and bus flow is high; see the top-right corner in the figure. 348 

Further examination shows that the bus delay saving is sensitive to 𝜆𝜆𝑏𝑏 (specifically, it decreases 349 
as 𝜆𝜆𝑏𝑏 grows) only for large 𝑡𝑡𝑚𝑚’s. This is because as 𝜆𝜆𝑏𝑏 grows, more buses are likely to arrive during a 350 
single signal cycle. While some buses may benefit from a green extension, other buses arriving later in 351 
the same cycle may suffer additional delays due to the resulting truncation of the following 𝐺𝐺𝑇𝑇 phase. 352 
This undermines the bus delay savings, especially when 𝑡𝑡𝑚𝑚 is large. 353 

We also observe for large 𝑡𝑡𝑚𝑚’s that the T-car capacity gain diminishes as 𝜆𝜆𝑏𝑏 increases. This is 354 
as expected. For small to medium 𝑡𝑡𝑚𝑚 values, however, the above trend is reversed. This is explained as 355 
follows. First, when 𝑡𝑡𝑚𝑚 is small, the car capacity under the integrated design only decreases moderately 356 
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as 𝜆𝜆𝑏𝑏  increases. This is because the optimal 𝐺𝐺𝑇𝑇  in this case has some redundancy, and thus the car 357 
capacity is not compromised if 𝐺𝐺𝑇𝑇 is not truncated by much. On the other hand, under the conventional 358 
design, the car capacity decreases with 𝜆𝜆𝑏𝑏  at a faster rate since buses and cars share the lanes; see 359 
Section 3.1. Hence, the percentage gain in T-car capacity under the integrated design exhibits an 360 
increasing trend as 𝜆𝜆𝑏𝑏 grows. This implies that the integrated design is more beneficial under higher 361 
bus flows. 362 

Figure 7b plots the same contour lines as in Figure 7a, but for 𝑙𝑙 ∈ [0.1,0.5] and 𝑡𝑡𝑚𝑚 ∈ [0,𝐺𝐺𝑇𝑇]. 363 
The 𝜆𝜆𝑏𝑏 is set to 90 bus/h, and all other parameter values are the same as in Figure 7a. The figure shows 364 
that as 𝑙𝑙 increases, the bus delay saving diminishes while the car capacity gain increases. This can be 365 
explained as follows. First, when 𝑙𝑙 increases, 𝐺𝐺𝑇𝑇  would diminish. This in turn renders smaller 𝑡𝑡𝑚𝑚’s 366 
(recall that 𝑡𝑡𝑚𝑚 ≤ 𝐺𝐺𝑇𝑇) and lower bus delay savings. On the other hand, under the conventional design, a 367 
larger 𝑙𝑙 indicates that the T-traffic capacity (for both buses and cars) is smaller. Thus, the same bus flow 368 
𝜆𝜆𝑏𝑏 would take a larger proportion of T-traffic. This means segregating buses from T-cars under the 369 
integrated design would bring a greater T-car capacity gain. 370 

Figure 7c again plots the same contours, this time for 𝐺𝐺
𝑇𝑇
∈ [0.3,0.7] and 𝑡𝑡𝑚𝑚 ∈ [0,𝐺𝐺𝑇𝑇]. We set 371 

𝜆𝜆𝑏𝑏 = 90 bus/h and the other parameter values are the same as in Figure 7a. The figure shows that when 372 
𝐺𝐺
𝑇𝑇
 increases, the bus delay saving grows while the car capacity gain diminishes. This is mainly because 373 

a higher 𝐺𝐺
𝑇𝑇
 leads to a larger 𝐺𝐺𝑇𝑇, and in turn larger 𝑡𝑡𝑚𝑚’s. The latter renders greater bus delay savings and 374 

lower car capacity gains due to more disruptions to the car discharge traffic. In addition, when 𝐺𝐺
𝑇𝑇
 375 

continues to increase, the T-car capacity under the integrated design may reach the maximum that the 376 
pre-signal can offer. On the other hand, the T-car capacity under the conventional design will keep 377 
growing with 𝐺𝐺

𝑇𝑇
. This also leads to decreasing gains in T-car capacity as 𝐺𝐺

𝑇𝑇
 increases. 378 

The last batch of contour lines are shown in Figure 7d for 𝑇𝑇 ∈ [90,180] s and 𝑡𝑡𝑚𝑚 ∈ [0,𝐺𝐺𝑇𝑇]. We 379 
again set 𝜆𝜆𝑏𝑏 to 90 bus/h and the other parameters to the same values as in Figure 7a. The figure shows 380 
that the car capacity gain and bus delay saving are not very insensitive to the cycle length 𝑇𝑇. 381 

It is worth nothing in the above figures that the integrated design always reduces bus delays 382 
significantly, and that it produces greater car capacities than the conventional design for most of the 383 
cases. Similar results were also observed when 𝑁𝑁 take different values. They are omitted here in the 384 
interest of brevity. 385 

  
(a) Effect of 𝝀𝝀𝒃𝒃 (b) Effect of 𝒍𝒍 
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(c) Effect of 𝑮𝑮/𝑻𝑻 (d) Effect of 𝑻𝑻 

Figure 7. Parametric analysis (𝑵𝑵 = 𝟑𝟑) 386 

4.3 Minimum length of sorting area 387 

In this section we examine how 𝑑𝑑𝑚𝑚𝑚𝑚𝑛𝑛 varies with 𝑙𝑙, 𝑁𝑁, 𝑡𝑡𝑚𝑚, 𝐺𝐺
𝑇𝑇
, and 𝑇𝑇. Figure 8a plots 𝑑𝑑𝑚𝑚𝑚𝑚𝑛𝑛 versus 𝑙𝑙 for 388 

𝑁𝑁 = 3 and 4, and 𝑡𝑡𝑚𝑚 = 0.3𝐺𝐺𝑇𝑇 and 𝐺𝐺𝑇𝑇. The free-flow speed and backward wave speed are set as 𝑤𝑤 =389 
6.26 m/s and 𝑣𝑣𝑓𝑓 = 15.64 m/s, respectively (Skabardonis and Geroliminis, 2005). All other parameter 390 
values are the same as in Figure 6a. The figure shows that 𝑑𝑑𝑚𝑚𝑚𝑚𝑛𝑛 decreases significantly as 𝑙𝑙 grows from 391 
0.1 to 0.5. This is because a left-turning ratio close to 0.5 renders the T-queue and L-queue formed in 392 
the sorting area having similar lengths. Thus, neither queue is too long. In addition, a 4-lane approach 393 
(dashed curves in the figure) generally requires a slightly longer sorting area than a 3-lane one (solid 394 
curves). Finally, 𝑑𝑑𝑚𝑚𝑚𝑚𝑛𝑛 is independent on 𝑡𝑡𝑚𝑚 except for the 3-lane case with a small 𝑙𝑙; see the thick solid 395 
curve in Figure 8a. 396 

Figure 8b plots 𝑑𝑑𝑚𝑚𝑚𝑚𝑛𝑛 versus 𝐺𝐺
𝑇𝑇
 for 𝑁𝑁 = 3 and 4. The 𝑡𝑡𝑚𝑚 can take any value since we find it has 397 

no effect on 𝑑𝑑𝑚𝑚𝑚𝑚𝑛𝑛. The 𝑙𝑙 is now set to 0.3 and all other parameter values are the same as in Figure 8a. 398 
The figure shows that 𝑑𝑑𝑚𝑚𝑚𝑚𝑛𝑛 increases with 𝐺𝐺

𝑇𝑇
 for 𝐺𝐺

𝑇𝑇
≤ 0.48. This is intuitive since a larger 𝐺𝐺 renders 399 

higher car discharge capacities and thus longer queue lengths in the sorting area. However, 𝑑𝑑𝑚𝑚𝑚𝑚𝑛𝑛 stops 400 
growing when the green ratio exceeds 0.48, since the pre-signal’s maximum discharge capacity is 401 
attained at 𝐺𝐺

𝑇𝑇
= 0.48. For the 4-lane case (the dashed curve), 𝑑𝑑𝑚𝑚𝑚𝑚𝑛𝑛 even diminishes modestly as 𝐺𝐺

𝑇𝑇
 grows 402 

beyond 0.48. This is because when 𝐺𝐺
𝑇𝑇

= 0.48, a small T-queue is formed on top of a L-queue (see the 403 

case illustrated in Figure 4b); and when 𝐺𝐺
𝑇𝑇

> 0.48, this small T-queue gradually vanishes (see the case 404 
shown in Figure 4a). 405 

Figure 8c further illustrates how 𝑑𝑑𝑚𝑚𝑚𝑚𝑛𝑛 varies with 𝑇𝑇 for 𝑁𝑁 = 3 and 4. The 𝐺𝐺
𝑇𝑇
 is again set to 0.5, 406 

and all other parameter values are the same as in Figure 8b. As expected, the figure shows that 𝑑𝑑𝑚𝑚𝑚𝑚𝑛𝑛 407 
increases as 𝑇𝑇 grows. 408 

Note in Figures 8a-c that 𝑑𝑑𝑚𝑚𝑚𝑚𝑛𝑛 can sometimes be large, e.g., greater than 200 m. Such a long 409 
sorting area may not fit in short blocks. However, the integrated design can still be implemented even 410 
if the calculated 𝑑𝑑𝑚𝑚𝑚𝑚𝑛𝑛 is longer than what a real intersection approach can offer. Under this situation, 411 
the sorting area length will be determined by practical constraints, and the pre-signal phase durations 412 
(𝑔𝑔𝐿𝐿 or 𝑔𝑔𝑇𝑇, or both) must be trimmed to ensure the reduced queues can be fully contained in the sorting 413 
area. The trimmed 𝑔𝑔𝐿𝐿 or 𝑔𝑔𝑇𝑇 can be calculated by reversing (3). 414 
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(a) For 𝒍𝒍 ∈ [𝟎𝟎.𝟏𝟏,𝟎𝟎.𝟓𝟓] (b) For 𝑮𝑮

𝑻𝑻
∈ [𝟎𝟎.𝟑𝟑,𝟎𝟎.𝟕𝟕] 

 
(c) For 𝑻𝑻 ∈ [𝟗𝟗𝟎𝟎,𝟏𝟏𝟏𝟏𝟎𝟎] s 

Figure 8. Minimum length of sorting area 415 

Also note that due to heterogeneous driving behavior and vehicle sizes, the actual queue lengths 416 
in the sorting area may be greater than 𝑑𝑑𝑚𝑚𝑚𝑚𝑛𝑛 predicted by (3). However, this effect can be accounted for 417 
by using conservative values for queue formation and backward shockwave speeds, i.e., larger 𝑤𝑤𝐿𝐿 and 418 
𝑤𝑤𝑇𝑇, and smaller 𝑤𝑤 values; see, e.g., Li et al. (2017) and Mei et al. (2019) for the estimation of these 419 
shockwave speeds. 420 

5. Incorporating Real-World Operating Features 421 

Results presented in Section 4 were derived under idealized assumptions. Specifically, assumption iii) 422 
in Section 2.1 specifies that bus arrival times can be predicted accurately; assumption iv) ignores the 423 
impacts of BSP on traffic in the opposite direction; and assumption v) implies that queued cars discharge 424 
at a uniform rate during a green period of either signal. We show in this section that by relaxing these 425 
assumptions and incorporating some real-world features, the aforesaid benefits of the integrated design 426 
will only diminish moderately. Section 5.1 discusses the effects of incorporating the opposite approach 427 
into our models. Section 5.2 studies the effects of inaccurate bus arrival time predictions. Section 5.3 428 
examines the effects of random car discharge headways. 429 

5.1 Joint design of two opposing approaches of the intersection 430 

With some modifications, the models presented in Section 3 can be applied to study the joint design of 431 
two opposing approaches, i.e., the subject approach and its opposite one. However, considering both 432 
approaches jointly would add a number of new parameters. For example, the opposite approach may 433 
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have a different number of lanes (with or without a DBL) and different traffic characteristics (e.g., left-434 
turning ratio and bus frequency). This will render a full parametric analysis much more complicated 435 
and lengthier. Thus, this section only analyzes a simple case for illustration purpose, where the two 436 
approaches have the same lane layout and traffic characteristics. We further assume that the opposite 437 
approach also includes a DBL, which is common since bus operations are bi-directional. The same 𝑡𝑡𝑚𝑚 438 
for green extension is also assumed for both approaches. We consider the following three scenarios that 439 
may occur depending on the traffic load in the opposite approach: 440 
i) The integrated design is applied to both approaches. This may occur where traffic loads in both 441 

approaches are heavy. Under this scenario, models presented in Section 3.4 can be directly applied 442 
to estimate the performance metrics of both approaches. The only change is that now the 𝜆𝜆𝑏𝑏 in these 443 
models should be the sum of bus flows in both directions, because a green extension serves buses 444 
in both directions. 445 

ii) The integrated design is still applied to the subject approach, but the pre-signal is deactivated in the 446 
opposite approach due to the low traffic load. This may occur in a morning peak period when the 447 
opposite approach serves the low outbound traffic from city center to suburban areas. This results 448 
in a BSP-only design in the opposite approach. Under this scenario, models presented in Section 449 
3.3 can be applied to estimate the performance metrics of the opposite approach, except that 𝜆𝜆𝑏𝑏 450 
should be the sum of bus flows in both directions. 451 

iii) Not only the pre-signal, but the BSP is also deactivated for the opposite approach (i.e., only buses 452 
traveling in the subject approach can request BSP), possibly due to a low transit patron load. This 453 
will reduce the number of BSP requests and thus benefit the car traffic. Under this scenario, the 454 
performance metrics for the subject approach should be estimated using models in Section 3.4 455 
where 𝜆𝜆𝑏𝑏 represents the bus flow of the subjective approach only. The expected bus delay in the 456 
opposite approach can be estimated as if there is no BSP. Note that under our green extension 457 
scheme, a red period duration for T-traffic is always 𝑇𝑇 − 𝐺𝐺𝑇𝑇 . Thus, the expected bus delay in the 458 
opposite approach is 1

2𝑇𝑇
(𝑇𝑇 − 𝐺𝐺𝑇𝑇)2. Finally, the T-car capacity for the opposite approach is the same 459 

as in scenario ii). 460 

In the following numerical example, we set 𝑙𝑙 = 0.4 , 𝜆𝜆𝑏𝑏 = 90  bus/h and 𝑁𝑁 = 4  for either 461 
direction, and the other parameter values are the same as for Figure 6b. The main signal timing plan is 462 
optimized under the integrated design using models presented in Appendix C. Figure 9 plots the T-car 463 
capacity against expected bus delay for either approach under the three scenarios. 464 

First note in scenario i), due to the symmetry between the two approaches, their pre-signal 465 
timing plans and performance metrics are also the same. The metrics are plotted as the thin black curve 466 
in Figure 9. The single-approach integrated design metrics (i.e., the thick blue curve in Figure 6b) are 467 
copied here for comparison. The comparison shows that jointly considering two opposing approaches 468 
renders a lower car capacity and a greater expected bus delay for larger 𝑡𝑡𝑚𝑚 values (see the left parts of 469 
the curves). However, significant car capacity gains and bus delay savings are still observed as 470 
compared to the conventional design (the red square). 471 

In scenario ii), the metrics of the subject approach are represented by the same black curve, and 472 
those of the opposite approach are represented by the thin cyan line. The figure shows that buses in the 473 
opposite approach experience the same expected delay as those in the subject approach, and the T-car 474 
capacity of the opposite approach is moderately lower than under the conventional design. However, 475 
since in this scenario the car inflow in the opposite approach is low, the lower capacity may not be a 476 
problem. On the other hand, the present scenario can produce lower car delays than scenario i) in the 477 
opposite approach, thanks to the deactivation of the pre-signal. 478 
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In scenario iii), the metrics of the opposite approach are represented by the orange circle, 479 
showing that the bus delay is relatively large in the absence of BSP. On the other hand, the metrics of 480 
the subject approach are represented by the thick blue curve, meaning that cars and buses in the subject 481 
approach would enjoy greater benefits. Hence, this scenario triumphs over scenario ii) when the subject 482 
approach is very congested, and the opposite approach only serves a light traffic. 483 

 484 
Figure 9. T-car capacity and expected bus delay for two opposing approaches 485 

The above method can be applied to analyze two opposing approaches with distinct lane layouts 486 
and traffic characteristics. Only modest modifications are needed. For example, the models presented 487 
in Appendix C need be modified to optimize the lane assignments and signal timings for both 488 
approaches jointly. 489 

5.2 Effects of inaccurate bus arrival time predictions 490 

Previous studies show that, using suitably placed detectors or real-time on-board GPS data, the error of 491 
bus arrival time prediction for BSP can be within a few seconds (e.g., Tan et al., 2008; Shi, 2016), given 492 
that no near-side stop is present in the approach. We denote 𝜖𝜖 as the maximum error between the 493 
predicted and actual bus arrival times; i.e., if a predicted bus arrival time is 𝑡𝑡𝑚𝑚𝑚𝑚, then the actual arrival 494 
time would be in the range [𝑡𝑡𝑚𝑚𝑚𝑚 − 𝜖𝜖, 𝑡𝑡𝑚𝑚𝑚𝑚 + 𝜖𝜖]. To prioritize this bus, the extended green period must 495 
contain the above range. Hence, the expected bus delay equation (11) under the integrated design should 496 
be replaced by the following equation: 497 

𝐸𝐸�𝑊𝑊𝐵𝐵,4� = 1
𝜆𝜆𝑏𝑏𝑇𝑇

��𝜆𝜆𝑏𝑏
2

(𝑇𝑇 − 𝐺𝐺𝑇𝑇 + 𝜖𝜖)2 − (𝑇𝑇 − 𝐺𝐺𝑇𝑇 + 𝜖𝜖) + 1
𝜆𝜆𝑏𝑏
�+ 𝑒𝑒−𝜆𝜆𝑏𝑏(𝑡𝑡𝑚𝑚−𝜖𝜖) �𝑇𝑇 − 𝐺𝐺𝑇𝑇 + 2𝜖𝜖 − 𝑡𝑡𝑚𝑚 − 1

𝜆𝜆𝑏𝑏
�� (14) 498 

Derivation of (14) is relegated to Appendix E.1. The T-car capacity equations (12) and (13) 499 
under the integrated design still hold, for reasons that are also explained in Appendix E.1. 500 

With the modified model (14), we re-calculate the percentage bus delay savings (as compared 501 
against the conventional design) for 𝜆𝜆𝑏𝑏 ∈ [5,120]  bus/h, 𝑡𝑡𝑚𝑚 ∈ [𝜖𝜖,𝐺𝐺𝑇𝑇] , and 𝜖𝜖 ∈ {3,5}  s. They are 502 
illustrated by contour lines in Figures 10a and b. Here we assume 𝑁𝑁 = 3 and the other parameter values 503 
are the same as in Figure 7a. Comparing both figures against the dashed contour lines in Figure 7a, we 504 
find that the bus delay savings are only modestly smaller when prediction error is taken into account. 505 
Thus, the benefit of the integrated design is still significant as long as 𝜖𝜖 is kept reasonably small. 506 
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(a) 𝝐𝝐 = 𝟑𝟑 s (b) 𝝐𝝐 = 𝟓𝟓 s 

Figure 10. Effects of bus arrival time prediction error 507 

5.3 Effects of random car discharge headways 508 

The T-car capacity predicted by (12) is valid only if the L- and T-car queues formed in the sorting area 509 
are cleared respectively by the end of each 𝐺𝐺𝐿𝐿  and 𝐺𝐺𝑇𝑇  phases. However, real-world car discharge 510 
headways under saturated traffic are random. Those queues in the sorting area may take longer than 511 
predicted by our idealized models to discharge into the intersection. Unfortunately, if one T-car is left 512 
in the sorting area at the end of a 𝐺𝐺𝑇𝑇 phase, it will block a lane. That lane would otherwise be used by 513 
upstream L-cars to discharge in a following 𝐺𝐺𝐿𝐿  phase, and in turn by further upstream T-cars to 514 
discharge in a yet following 𝐺𝐺𝑇𝑇 phase. Thus, the car discharge capacity would diminish. To avoid these 515 
lane blockages in the sorting area, the number of cars released into the sorting area per cycle must be 516 
further reduced. 517 

To account for the above effect, (12) is modified to: 518 

𝑄𝑄𝑇𝑇,4
𝑚𝑚𝑚𝑚𝑚𝑚 = min �𝑞𝑞𝑆𝑆𝑛𝑛𝑇𝑇𝑔𝑔𝑇𝑇

𝑇𝑇
, 𝛼𝛼

2𝛾𝛾2+2𝑞𝑞𝑆𝑆𝐺𝐺𝑇𝑇−𝛼𝛼𝛾𝛾�𝛼𝛼2𝛾𝛾2+4𝑞𝑞𝑆𝑆𝐺𝐺𝑇𝑇
2𝑇𝑇

(𝑁𝑁 − 1)Φ(𝛼𝛼)� �1 − 𝐸𝐸[𝑡𝑡𝐿𝐿]
𝑔𝑔𝑇𝑇

� ,   (15) 519 

where 𝛾𝛾 denotes the coefficient of variation of car discharge headways; 𝛼𝛼 a prespecified constant; and 520 
Φ(∙) the cumulative distribution function of the standard normal distribution. The Φ(𝛼𝛼) represents the 521 
probability that the lane is not blocked. Thus, the value of 𝛼𝛼 should be selected to ensure Φ(𝛼𝛼) is close 522 
to 1. (Note here we only consider lane blockages due to residual T-queues, but the modeling of lane 523 
blockages due to residual L-queues would be similar.) Derivation of (15) is relegated to Appendix F. 524 

The effects of the random discharge headways on T-car capacity are illustrated in Figure 11 for 525 
𝑁𝑁 = 3. The figure shows contour lines of T-car capacity gains as compared against the conventional 526 
design for 𝑇𝑇 ∈ [90,180] s, 𝑡𝑡𝑚𝑚 ∈ [0,𝐺𝐺𝑇𝑇], and 𝜆𝜆𝑏𝑏 = 90 bus/h. We set 𝛾𝛾 = 0.25 (Jin et al., 2009) and 527 
𝛼𝛼 = 3 to ensure a lane is not blocked with a probability of 99.86%. All other parameter values are the 528 
same as in Figure 7d. Comparison between Figure 11 and the solid contour lines in Figure 7d shows 529 
that the T-car capacity gains are moderately smaller after considering random discharge headways. 530 
However, capacity gains are still observed for most instances. This again manifests the benefit of the 531 
integrated design in the more realistic settings. 532 

6. Conclusions, Deployment Issues, and Future Work 533 

We examine a novel intersection approach design that integrates a mid-block pre-signal, a DBL, and a 534 
simple BSP scheme. The pre-signal is used to sort left-turning and through-moving car traffic streams 535 
tandemly so that the green periods of the main signal are more efficiently utilized. Key design features 536 
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and parameters are derived, including the coordinated pre-signal and main signal timing plans, adaptive 537 
phase alterations for BSP, and the sorting area length. These can be used by practitioners for sketching 538 
the design in a real intersection approach. Models for estimating expected bus delay and through-539 
moving car capacity are developed. These models facilitate the assessment of the integrated design via 540 
large batches of numerical experiments under various operating environments. 541 

 542 
Figure 11. Effects of random discharge headways (𝑵𝑵 = 𝟑𝟑) 543 

Our numerical experiments unveil insights that have practical implications. Above all, we show 544 
for various operating conditions that the incorporation of pre-signal can compensate the car capacity 545 
loss due to bus priority measures, and that car capacity gains and bus delay savings can be achieved 546 
simultaneously. We further show that the above benefits of the integrated design are fairly robust when 547 
real-world operating features are considered. This means bus priority measures can be implemented at 548 
very busy intersections without damaging the car traffic. Moreover, the integrated design seems to be 549 
especially competitive for intersections with heavy bus traffic (see again Figure 7a), where frequent 550 
activation of BSP may significantly disrupt car traffic (Lin et al., 2015). 551 

We conclude this paper by briefly discussing: i) the choice of a key parameter, 𝑡𝑡𝑚𝑚 ; ii) 552 
deployment issues; and iii) potential modifications and extensions of the present study for future work. 553 

6.1 Choice of 𝒕𝒕𝒎𝒎 554 

In general, a larger 𝑡𝑡𝑚𝑚 renders higher bus priority, but also greater damage to the car traffic, especially 555 
when the bus frequency is high. For example, Figure 6b unveils the significant reduction in car capacity 556 
as 𝑡𝑡𝑚𝑚 approaches its maximum. A long green extension may also result in residual car queues that form 557 
in the following cycle where signal phases are delayed or shortened. On the other hand, implementing 558 
a limited green extension (under a smaller 𝑡𝑡𝑚𝑚) can often yield considerable bus delay savings with 559 
nearly no negative impact on car capacity; see again the right, flat part of the blue, bolded curves in 560 
Figures 6a and b. This implies that a relatively small 𝑡𝑡𝑚𝑚  may suffice to prioritize buses without 561 
incurring damages to cars. In addition, other practical matters, e.g., the minimum green time to ensure 562 
safe pedestrian street-crossing, should also be taken into consideration when determining the value of 563 
𝑡𝑡𝑚𝑚. 564 

6.2 Deployment issues 565 

Real-world implementation of the integrated design requires coordinated adaptive signal control that 566 
receives real-time inputs from onboard GPS devices or roadside sensors, and that can coordinate the 567 
pre-signal and main signal in real time. Intelligent signal control systems like SCATS (Wolshon and 568 
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Taylor, 1999) can be used for this purpose. Variable message signs would be a good assistance for 569 
instructing car drivers to conform to the dynamic lane assignment rule of the pre-signal (Luo, 2011). 570 

6.3 Future work 571 

The main purpose of this paper is to examine the viability and potential benefits of the integrated 572 
intersection design. Necessary simplifications were made to this end. These simplifications can be 573 
further relaxed via modifications and extensions of our work. Some of those potential modifications 574 
and extensions are summarized below: 575 

i) The present models ignore the bounded acceleration of vehicles. In reality, queued vehicles need 576 
first to accelerate from 0 to the free flow speed when discharging. Thus, they may take longer 577 
time to traverse the sorting area from the pre-signal. This effect can be simply accounted for by 578 
increasing the offset between the ends of pre-signal and main signal green phases (𝑑𝑑/𝑣𝑣𝑓𝑓) to match 579 
the actual travel time through the sorting area. 580 

ii) This paper only considers through-moving buses. In practice, left-turning buses can use the same 581 
DBL as through-moving ones, and they can receive their own signal priority via, e.g., extension 582 
of the 𝐺𝐺𝐿𝐿 phase. However, L- and T-buses queueing in the same bus lane may impede each other 583 
from discharging into the intersection. Thus, special signal timing plan is needed to sort out the 584 
conflicts between L- and T-buses where only one DBL is available. 585 

iii) Our work assumes green extension as the only BSP scheme. Other BSP schemes, e.g., red 586 
truncation and green insertion, can be designed and modeled in a similar way. Incorporating more 587 
BSP schemes can further reduce bus delays. 588 

iv) A second pre-signal can be installed on the bus lane to convert it into an IBL (e.g., Guler and 589 
Menendez, 2014). This requires more sophisticated signal control schemes, but has a potential to 590 
further increase the car capacity at the intersection. 591 

v) Finally, researchers and practitioners might also be interested in knowing car delays at an 592 
intersection under given car and bus demands, so as to, e.g., minimize the overall passenger 593 
delays (He et al., 2016). The method built upon cumulative vehicle count diagrams (see Appendix 594 
D for instance) can be used to develop car delay models under the integrated design. Modeling 595 
complexity may arise due to residual car queues that may occur at the end of pre-signal green 596 
phases, since a residual queue may last for several consecutive cycles. These residual queues can 597 
be modeled via Markov chains (see, e.g., Viti and Van Zuylen, 2010). 598 
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Appendix A. List of Notations 603 

Table A1. List of notations 604 
Notation Definition 

𝑇𝑇 Signal cycle length. 
𝐺𝐺 Total green duration for the subject approach. 

𝐺𝐺𝐿𝐿, 𝐺𝐺𝑇𝑇 Green periods for L- and T-traffic in the subject approach, respectively. 
𝑅𝑅𝐿𝐿, 𝑅𝑅𝑇𝑇 Red periods of the main signal. 
𝑔𝑔𝐿𝐿, 𝑔𝑔𝑇𝑇 The pre-signal’s green periods for L- and T-traffic, respectively. 
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𝑁𝑁 Number of lanes in the subject approach. 
𝑀𝑀 Number of lanes in the sorting area. 

𝑁𝑁𝐿𝐿, 𝑁𝑁𝑇𝑇 Numbers of L- and T-car lanes in the subject approach, respectively, in the absence of pre-signal. 
𝑛𝑛𝐿𝐿, 𝑛𝑛𝑇𝑇 Numbers of L- and T-car lanes at the pre-signal, respectively. 
𝑑𝑑 Length of the sorting area. 

𝑑𝑑𝑚𝑚𝑚𝑚𝑛𝑛 Minimum sorting area length. 
𝑙𝑙 Left-turning ratio. 
𝑡𝑡𝑦𝑦 Amber period. 
𝑡𝑡𝑚𝑚 Maximum extension of a 𝐺𝐺𝑇𝑇 phase. 
𝑡𝑡𝐿𝐿 The green time loss per cycle for T-traffic due to a green extension under the integrated design. 
𝑡𝑡𝑒𝑒 The green time extension following a 𝐺𝐺𝑇𝑇 phase. 
𝑡𝑡𝑅𝑅 The redundant green time in a 𝐺𝐺𝑇𝑇 phase. 
𝐺𝐺�𝑇𝑇 Duration of a truncated 𝐺𝐺𝑇𝑇 phase due to green extension. 
𝑔𝑔�𝑇𝑇 Duration of a truncated 𝑔𝑔𝑇𝑇 phase due to green extension. 
𝑞𝑞𝑆𝑆 Capacity of a car lane. 
𝑣𝑣𝑓𝑓 Vehicles’ free-flow speed. 
𝑤𝑤 Backward wave speed. 

𝑞𝑞𝐿𝐿, 𝑞𝑞𝑇𝑇 Saturation flows of the L- and T-traffic at the pre-signal, respectively. 
𝑤𝑤𝐿𝐿, 𝑤𝑤𝑇𝑇 The queue formation shock wave speeds in the sorting area for L- and T-vehicles, respectively. 
𝐸𝐸�𝑊𝑊𝐵𝐵 ,𝑚𝑚� Expected bus delay under each alternative (𝑖𝑖 = 1,2,3,4). 

𝐸𝐸�𝑊𝑊𝐵𝐵 ,𝑚𝑚�
𝑚𝑚𝑚𝑚𝑚𝑚

 Maximum expected bus delay under the conventional and pre-signal-only alternatives (𝑖𝑖 = 1,2). 
𝑄𝑄𝑇𝑇,𝑚𝑚 T-car inflow under the conventional and pre-signal-only alternatives (𝑖𝑖 = 1,2). 
𝑄𝑄𝑇𝑇,𝑚𝑚
𝑚𝑚𝑚𝑚𝑚𝑚 Capacity of T-cars of the subject approach under each alternative (𝑖𝑖 = 1,2,3,4). 
𝑞𝑞𝐴𝐴 Vehicle inflow per T-lane under the conventional and pre-signal-only alternatives. 
𝜆𝜆𝑏𝑏 Bus arrival rate. 
 𝛿𝛿 Number of passenger cars equivalent to a bus. 
𝜖𝜖 Prediction error of bus arrival times. 
𝛾𝛾 Coefficient of variation in cars’ saturation headways.  

Appendix B. Derivation of the minimum sorting area length in (3) 605 

The minimum sorting area length is equal to the maximum queue length in the sorting area. Its exact 606 
solution has a quite complicated mathematical form. Thus, we instead develop a good upper bound 607 
which is much simpler. 608 

We first consider a signal cycle without BSP; see Figures 4a-c. For the case of separated queues 609 
shown in Figure 4a, the L-queue length never exceeds 𝑔𝑔𝐿𝐿�𝑤𝑤𝐿𝐿−1 + 𝑣𝑣𝑓𝑓−1�

−1
. This upper bound is attained 610 

if all the L-vehicles in a 𝑔𝑔𝐿𝐿  phase join the queue. Similarly, the T-queue length never exceeds 611 
𝑔𝑔𝑇𝑇�𝑤𝑤𝑇𝑇

−1 + 𝑣𝑣𝑓𝑓−1�
−1

. Thus, an upper bound of queue lengths under this case is max �𝑔𝑔𝐿𝐿�𝑤𝑤𝐿𝐿−1 +612 

𝑣𝑣𝑓𝑓−1�
−1

,𝑔𝑔𝑇𝑇�𝑤𝑤𝑇𝑇
−1 + 𝑣𝑣𝑓𝑓−1�

−1
�. 613 

Now we look at the case of tandem queues shown in Figure 4b. First of all, the T- and the 614 
(separated) L-queue lengths are again bounded by 𝑔𝑔𝑇𝑇�𝑤𝑤𝑇𝑇

−1 + 𝑣𝑣𝑓𝑓−1�
−1

 and 𝑔𝑔𝐿𝐿�𝑤𝑤𝐿𝐿−1 + 𝑣𝑣𝑓𝑓−1�
−1

, 615 
respectively. For the small L-queue formed on top of the T-queue, its length is equal to 616 
max�𝑡𝑡2 − 𝑡𝑡𝑦𝑦 , 0� ∙ (𝑤𝑤𝐿𝐿−1 − 𝑤𝑤−1)−1; see the definition of 𝑡𝑡2 in the figure. To find 𝑡𝑡2, note first that 𝑡𝑡1 =617 
𝑔𝑔𝑇𝑇 + 𝑔𝑔𝐿𝐿 − �𝐺𝐺𝑇𝑇 + 𝑅𝑅𝐿𝐿 + 𝑡𝑡𝑦𝑦 + 𝐺𝐺𝐿𝐿�; see the definition of 𝑡𝑡1 in the figure. Then, by geometry we have 𝑡𝑡2 =618 
max �𝑡𝑡1 − 𝑔𝑔𝑇𝑇 ∙ �𝑤𝑤𝑇𝑇

−1 + 𝑣𝑣𝑓𝑓−1�
−1
∙ (𝑤𝑤𝑇𝑇

−1 − 𝑤𝑤−1), 0� = max �𝑔𝑔𝑇𝑇𝑛𝑛𝑇𝑇
𝑀𝑀

+ 𝑔𝑔𝐿𝐿 − �𝐺𝐺𝑇𝑇 + 𝑅𝑅𝐿𝐿 + 𝑡𝑡𝑦𝑦 + 𝐺𝐺𝐿𝐿�, 0� . 619 
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Thus, the L-queue length is max �𝑔𝑔𝑇𝑇𝑛𝑛𝑇𝑇
𝑀𝑀

+ 𝑔𝑔𝐿𝐿 − �𝐺𝐺𝑇𝑇 + 𝑅𝑅𝐿𝐿 + 𝐺𝐺𝐿𝐿 + 2𝑡𝑡𝑦𝑦�, 0� ∙ (𝑤𝑤𝐿𝐿−1 − 𝑤𝑤−1)−1 . The 620 
tandem queue length’s upper bound is thus the sum of bounds for the T-queue and the small L-queue, 621 
i.e.,𝑔𝑔𝑇𝑇�𝑤𝑤𝑇𝑇

−1 + 𝑣𝑣𝑓𝑓−1�
−1

+ max �𝑔𝑔𝑇𝑇𝑛𝑛𝑇𝑇
𝑀𝑀

+ 𝑔𝑔𝐿𝐿 − �𝐺𝐺𝑇𝑇 + 𝑅𝑅𝐿𝐿 + 𝐺𝐺𝐿𝐿 + 2𝑡𝑡𝑦𝑦�, 0� ∙ (𝑤𝑤𝐿𝐿−1 − 𝑤𝑤−1)−1 . The queue 622 

lengths in a cycle is therefore bounded by max �𝑔𝑔𝐿𝐿�𝑤𝑤𝐿𝐿−1 + 𝑣𝑣𝑓𝑓−1�
−1

,𝑔𝑔𝑇𝑇�𝑤𝑤𝑇𝑇
−1 + 𝑣𝑣𝑓𝑓−1�

−1
+ max �𝑔𝑔𝑇𝑇𝑛𝑛𝑇𝑇

𝑀𝑀
+623 

𝑔𝑔𝐿𝐿 − �𝐺𝐺𝑇𝑇 + 𝑅𝑅𝐿𝐿 + 𝐺𝐺𝐿𝐿 + 2𝑡𝑡𝑦𝑦�, 0� ∙ (𝑤𝑤𝐿𝐿−1 − 𝑤𝑤−1)−1� . 624 

By symmetry, the upper bound of queue lengths for the last case shown in Figure 4c is 625 
max �𝑔𝑔𝑇𝑇�𝑤𝑤𝑇𝑇

−1 + 𝑣𝑣𝑓𝑓−1�
−1

,𝑔𝑔𝐿𝐿�𝑤𝑤𝐿𝐿−1 + 𝑣𝑣𝑓𝑓−1�
−1

+ max �𝑔𝑔𝐿𝐿𝑛𝑛𝐿𝐿
𝑀𝑀

+ 𝑔𝑔𝑇𝑇 − �𝐺𝐺𝐿𝐿 + 𝑅𝑅𝑇𝑇 + 𝐺𝐺𝑇𝑇 + 2𝑡𝑡𝑦𝑦�, 0� ∙626 

(𝑤𝑤𝑇𝑇
−1 − 𝑤𝑤−1)−1�.  627 

Now we examine the cases where a green extension is granted. 628 

For the case of separated queues (see Figure 5a), the queue lengths are still bounded by the 629 
same upper bound derived above. Although the L-queue following a green extension could be longer 630 
than that in a regular cycle, this queue length is still no greater than 𝑔𝑔𝐿𝐿�𝑤𝑤𝐿𝐿−1 + 𝑣𝑣𝑓𝑓−1�

−1
. 631 

For the case of tandem queues where 𝑔𝑔𝐿𝐿 > 𝑅𝑅𝐿𝐿 + 𝐺𝐺𝐿𝐿 + 𝑡𝑡𝑦𝑦 (Figure 5b), we have the following 632 
facts: i) the length of the first pair of tandem queues in Figure 5b is not affected by the green extension; 633 
ii) the length of the following L-queue is no greater than 𝑔𝑔𝐿𝐿�𝑤𝑤𝐿𝐿−1 + 𝑣𝑣𝑓𝑓−1�

−1
; and iii) the second tandem 634 

queue in the figure is smaller than a tandem queue formed in a regular cycle. Thus, the queue lengths 635 
are still bounded by the same upper bound derived above. 636 

For the last case (Figure 5c), however, the tandem queues following the green extension may 637 
extend further upstream than in a regular cycle. This is because the small T-queue formed on top of the 638 
L-queue may become longer. Its length is now bounded by max �𝑡𝑡𝑚𝑚 + 𝑔𝑔𝐿𝐿𝑛𝑛𝐿𝐿

𝑀𝑀
+ 𝑔𝑔𝑇𝑇 − �𝐺𝐺𝐿𝐿 + 𝑅𝑅𝑇𝑇 + 𝐺𝐺𝑇𝑇 +639 

2𝑡𝑡𝑦𝑦�, 0� ∙ (𝑤𝑤𝑇𝑇
−1 − 𝑤𝑤−1)−1 . Note that 𝑡𝑡𝑚𝑚  is the maximum time by which the phases following an 640 

extended 𝐺𝐺𝑇𝑇  are postponed. Hence, the queue length upper bound under this case is updated to: 641 
max �𝑔𝑔𝑇𝑇�𝑤𝑤𝑇𝑇

−1 + 𝑣𝑣𝑓𝑓−1�
−1

,𝑔𝑔𝐿𝐿�𝑤𝑤𝐿𝐿−1 + 𝑣𝑣𝑓𝑓−1�
−1

+ max �𝑡𝑡𝑚𝑚 + 𝑔𝑔𝐿𝐿𝑛𝑛𝐿𝐿
𝑀𝑀

+ 𝑔𝑔𝑇𝑇 − �𝐺𝐺𝐿𝐿 + 𝑅𝑅𝑇𝑇 + 𝐺𝐺𝑇𝑇 + 2𝑡𝑡𝑦𝑦�, 0� ∙642 

(𝑤𝑤𝑇𝑇
−1 − 𝑤𝑤−1)−1�. 643 

The above results are summarized as equation (3) in Section 2.5. 644 

Appendix C. Optimization models for signal phases and lane assignment 645 

For simplicity, we choose to maximize the overall car discharge capacity from the intersection approach 646 
without considering the vehicular traffic in other approaches, pedestrian traffic, and impacts of 647 
neighboring intersections. 648 

We first present the following integer program for optimizing lane assignment (i.e., 𝑁𝑁𝐿𝐿 and 𝑁𝑁𝑇𝑇) 649 
under the conventional design: 650 

𝑄𝑄𝑀𝑀(𝑁𝑁) = max �𝑄𝑄 = 𝑞𝑞𝑆𝑆𝐺𝐺
𝑇𝑇�𝑙𝑙∙𝑁𝑁𝐿𝐿

−1+(1−𝑙𝑙)𝑁𝑁𝑇𝑇
−1�
�       (C1a) 651 

subject to: 𝑁𝑁𝐿𝐿 + 𝑁𝑁𝑇𝑇 = 𝑁𝑁        (C1b) 652 

𝑁𝑁𝐿𝐿 ,𝑁𝑁𝑇𝑇 ≥ 1 and are integers;        (C1c) 653 
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where the objective 𝑄𝑄𝑀𝑀(𝑁𝑁) denotes the maximum overall vehicular capacity for an 𝑁𝑁-lane approach. 654 
In addition, the optimal 𝐺𝐺𝐿𝐿 and 𝐺𝐺𝑇𝑇 are given by: 655 

𝐺𝐺𝐿𝐿 = 𝑇𝑇𝑙𝑙
𝑞𝑞𝑆𝑆𝑁𝑁𝐿𝐿

𝑄𝑄𝑀𝑀(𝑁𝑁),         (C2a) 656 

𝐺𝐺𝑇𝑇 = 𝑇𝑇(1−𝑙𝑙)
𝑞𝑞𝑆𝑆𝑁𝑁𝑇𝑇

𝑄𝑄𝑀𝑀(𝑁𝑁).         (C2b) 657 

Model (C1a-C2b) can also be applied to find 𝐺𝐺𝐿𝐿 , 𝐺𝐺𝑇𝑇 , 𝑁𝑁𝐿𝐿 , and 𝑁𝑁𝑇𝑇  under the BSP-only 658 
alternative, except that 𝑁𝑁 will be replaced by 𝑁𝑁 − 1. 659 

The following integer program optimizes the lane assignment under the pre-signal-only 660 
alternative: 661 

 𝑄𝑄𝑃𝑃(𝑁𝑁) = max �𝑄𝑄 = 𝑞𝑞𝑆𝑆 ∙ min �𝑁𝑁𝐺𝐺
𝑇𝑇

,
1−2𝑡𝑡𝑦𝑦𝑇𝑇−1

𝑙𝑙∙𝑛𝑛𝐿𝐿
−1+(1−𝑙𝑙)𝑛𝑛𝑇𝑇

−1��     (C3a) 662 

subject to: 𝑛𝑛𝐿𝐿 + 𝑛𝑛𝑇𝑇 = 𝑁𝑁         (C3b) 663 

𝑛𝑛𝐿𝐿,𝑛𝑛𝑇𝑇 ≥ 1  and are integers;        (C3c) 664 

where 𝑄𝑄𝑃𝑃(𝑁𝑁) denotes the maximum overall vehicular capacity for an 𝑁𝑁-lane approach with a pre-signal. 665 
The optimal signal phases are: 666 

𝑔𝑔𝑇𝑇 = 𝑇𝑇(1−𝑙𝑙)
𝑞𝑞𝑆𝑆𝑛𝑛𝑇𝑇

𝑄𝑄𝑃𝑃(𝑁𝑁)         (C4a) 667 

𝑔𝑔𝐿𝐿 = 𝑇𝑇𝑙𝑙
𝑞𝑞𝑆𝑆𝑛𝑛𝐿𝐿

𝑄𝑄𝑃𝑃(𝑁𝑁) ,         (C4b) 668 

𝐺𝐺𝐿𝐿 = 𝑔𝑔𝐿𝐿𝑛𝑛𝐿𝐿
𝑁𝑁

 ,          (C4c) 669 

𝐺𝐺𝑇𝑇 = 𝐺𝐺 − 𝐺𝐺𝐿𝐿.          (C4d) 670 

Equation (C4d) means any redundant green time in 𝐺𝐺 will be allocated to the 𝐺𝐺𝑇𝑇 phase, while 671 
𝐺𝐺𝐿𝐿 is only enough to discharge L-vehicles that enter the sorting area. 672 

Similarly, model (C3a-C4d) can also be applied to find 𝐺𝐺𝐿𝐿 , 𝐺𝐺𝑇𝑇 , 𝑔𝑔𝐿𝐿 , 𝑔𝑔𝑇𝑇 , 𝑛𝑛𝐿𝐿 , and 𝑛𝑛𝑇𝑇  for the 673 
integrated design, except that 𝑁𝑁 is replaced by 𝑁𝑁 − 1. 674 

Since 𝑁𝑁 is usually no more than 5, the above programs can be solved by exhaustive search. The 675 
details of the search algorithm are omitted for simplicity. 676 

Appendix D. Derivation of (7) 677 

The expected T-vehicle delay under the pre-signal-only alternative is derived via diagrams of 678 
cumulative vehicle counts measured at the intersection’s stop line. There are totally three cases, each 679 
described by a different cumulative count diagram as shown in Figures D1a-c. In each figure, three 680 
cumulative count curves are plotted. The dashed line with slope 𝑞𝑞𝐴𝐴𝑛𝑛𝑇𝑇 represents the count that would 681 
occur in the absence of any signal, i.e., the “virtual arrival” curve (Daganzo, 1997). Here 𝑞𝑞𝐴𝐴 still denotes 682 
the T-vehicle inflow per lane, and is given by 𝑞𝑞𝐴𝐴 = 𝑄𝑄𝑇𝑇,2+𝜆𝜆𝑏𝑏𝛿𝛿

𝑛𝑛𝑇𝑇
. The dotted curve represents the count that 683 

would occur if only the pre-signal is present. The solid curve represents the actual count at the stop line, 684 
i.e., the departure curve. The dotted curve can never exceed the virtual arrival curve, and the departure 685 
curve can never exceed the dotted one. We set time 0 as the end of the last 𝑔𝑔𝑇𝑇 phase. The shaded area 686 
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between the virtual arrival and departure curves represents the total vehicular delay per cycle.8 The 687 
three cases differ in the relative positions of the 𝑔𝑔𝑇𝑇 and 𝐺𝐺𝑇𝑇 phases, which entail different departure 688 
curves shown in the diagrams. 689 

  
(a) case i) (b) case ii) 

 
(c) case iii) 

Figure D1. Diagrams of cumulative vehicle counts under the pre-signal-only alternative 690 

Figure D1a shows the case where all T-vehicles have to join the queue in the sorting area before 691 
discharging into the intersection. By geometry, the case is found to arise where 𝑞𝑞𝑆𝑆𝑁𝑁 �𝐺𝐺𝑇𝑇 −692 

�𝑔𝑔𝐿𝐿 − �𝑅𝑅𝐿𝐿 + 𝐺𝐺𝐿𝐿 + 𝑡𝑡𝑦𝑦��� < 𝑞𝑞𝐴𝐴𝑛𝑛𝑇𝑇𝑇𝑇. The condition also implies that 𝑔𝑔𝐿𝐿 − �𝑅𝑅𝐿𝐿 + 𝐺𝐺𝐿𝐿 + 𝑡𝑡𝑦𝑦� > 0, since 693 

otherwise we would have 𝑞𝑞𝑆𝑆𝑁𝑁𝐺𝐺𝑇𝑇 < 𝑞𝑞𝐴𝐴𝑛𝑛𝑇𝑇𝑇𝑇, meaning that the main signal would be oversaturated. This 694 
indicates that the present case belongs to the situation described by Figure 4b; i.e., the first a few L-695 
vehicles will form a small queue on top of the T-queue. Thus, there is an offset of 𝑔𝑔𝐿𝐿 − �𝑅𝑅𝐿𝐿 + 𝐺𝐺𝐿𝐿 + 𝑡𝑡𝑦𝑦� 696 
between the ends of 𝑔𝑔𝑇𝑇 and 𝐺𝐺𝑇𝑇 phases in a moving-time coordinate (Newell, 1993), meaning that it 697 
would be measured by an observer that travels at the free-flow speed of vehicles. This offset is marked 698 
in Figure D1a. Given the above information and calculated by geometry, the average delay per vehicle 699 
in this case is 𝑞𝑞𝐴𝐴𝑛𝑛𝑇𝑇𝑇𝑇

2𝑞𝑞𝑆𝑆𝑁𝑁
+ 𝑇𝑇

2
− 𝐺𝐺𝑇𝑇 + �𝑔𝑔𝐿𝐿 − �𝑅𝑅𝐿𝐿 + 𝐺𝐺𝐿𝐿 + 𝑡𝑡𝑦𝑦��. 700 

                                                 
8 The area between the dashed and dotted curves represents the vehicular delays incurred upstream of the pre-
signal, and the area between the dotted and solid curves represents the delays incurred in the sorting area. 
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Figure D1b shows the case where: i) the last portion of T-vehicles in the cycle pass both the 701 
pre-signal and the intersection without delay; and ii) some vehicles that pass the pre-signal without 702 
delay will still join the queue in the sorting area before discharging into the intersection. By geometry, 703 
we find that the above condition i) occurs where 𝑞𝑞𝑆𝑆𝑁𝑁�𝐺𝐺𝑇𝑇 − 𝑔𝑔𝐿𝐿 + 𝑅𝑅𝐿𝐿 + 𝐺𝐺𝐿𝐿 + 𝑡𝑡𝑦𝑦� ≥ 𝑞𝑞𝐴𝐴𝑛𝑛𝑇𝑇𝑇𝑇 , and 704 

condition ii) is equivalent to �𝑞𝑞𝐴𝐴(𝑇𝑇−𝑔𝑔𝑇𝑇)
𝑞𝑞𝑆𝑆−𝑞𝑞𝐴𝐴

− �𝑔𝑔𝑇𝑇 − 𝐺𝐺𝑇𝑇 + max�0,𝑔𝑔𝐿𝐿 − �𝑅𝑅𝐿𝐿 + 𝐺𝐺𝐿𝐿 + 𝑡𝑡𝑦𝑦����𝑁𝑁 <705 

𝑛𝑛𝑇𝑇
𝑞𝑞𝐴𝐴(𝑇𝑇−𝑔𝑔𝑇𝑇)
𝑞𝑞𝑆𝑆−𝑞𝑞𝐴𝐴

. The offset between the ends of 𝑔𝑔𝑇𝑇 and 𝐺𝐺𝑇𝑇 in a moving-time coordinate is max�0,𝑔𝑔𝐿𝐿 −706 

�𝑅𝑅𝐿𝐿 + 𝐺𝐺𝐿𝐿 + 𝑡𝑡𝑦𝑦��, as shown in Figure D1b. Geometric calculation reveals that the average delay per 707 

vehicle in this case is 
𝑞𝑞𝑆𝑆𝑁𝑁�𝑇𝑇−𝐺𝐺𝑇𝑇+max�0,𝑔𝑔𝐿𝐿−�𝑅𝑅𝐿𝐿+𝐺𝐺𝐿𝐿+𝑡𝑡𝑦𝑦���

2

2𝑇𝑇(𝑞𝑞𝑆𝑆𝑁𝑁−𝑞𝑞𝐴𝐴𝑛𝑛𝑇𝑇)
. 708 

The last case is illustrated in Figure D1c. In this case, the last portion of T-vehicles traverse the 709 
sorting area without delay (but some of those vehicles may experience delays before discharging 710 

through the pre-signal). Geometric calculation shows that this case occurs where �𝑞𝑞𝐴𝐴(𝑇𝑇−𝑔𝑔𝑇𝑇)
𝑞𝑞𝑆𝑆−𝑞𝑞𝐴𝐴

−711 

�𝑔𝑔𝑇𝑇 − 𝐺𝐺𝑇𝑇 + max�0,𝑔𝑔𝐿𝐿 − �𝑅𝑅𝐿𝐿 + 𝐺𝐺𝐿𝐿 + 𝑡𝑡𝑦𝑦����𝑁𝑁 ≥ 𝑛𝑛𝑇𝑇
𝑞𝑞𝐴𝐴(𝑇𝑇−𝑔𝑔𝑇𝑇)
𝑞𝑞𝑆𝑆−𝑞𝑞𝐴𝐴

. The average delay per vehicle in this 712 

case is found to be 𝑞𝑞𝑆𝑆(𝑇𝑇−𝑔𝑔𝑇𝑇)2

2𝑇𝑇(𝑞𝑞𝑆𝑆−𝑞𝑞𝐴𝐴)
+

𝑞𝑞𝑆𝑆𝑁𝑁�𝑔𝑔𝑇𝑇−𝐺𝐺𝑇𝑇+max�0,𝑔𝑔𝐿𝐿−�𝑅𝑅𝐿𝐿+𝐺𝐺𝐿𝐿+𝑡𝑡𝑦𝑦���
2

2𝑞𝑞𝐴𝐴𝑇𝑇(𝑁𝑁−𝑛𝑛𝑇𝑇)
. 713 

Combining the above results, we have equation (7). 714 

Appendix E. Derivation of (9), (11), and (13) 715 

To derive 𝐸𝐸�𝑊𝑊𝐵𝐵,3�, we consider an arbitrary cycle. Without loss of generality, we set 𝑡𝑡 = 0 at the end 716 
of a regular 𝐺𝐺𝑇𝑇 phase. 717 

We first find the distribution of 𝑡𝑡𝑒𝑒 ∈ [0, 𝑡𝑡𝑚𝑚]. Since bus arrivals follow a Poisson process with 718 
rate 𝜆𝜆𝑏𝑏, the probability of 𝑡𝑡𝑒𝑒 = 0 (i.e., no bus arrives between 𝑡𝑡 = 0 and 𝑡𝑡𝑚𝑚) is 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚. The probability 719 
that 𝑘𝑘 > 0 buses arrive between 0 and 𝑡𝑡𝑚𝑚 is 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 (𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚)𝑘𝑘

𝑘𝑘!
. 720 

For a fixed 𝑘𝑘, 𝑡𝑡𝑒𝑒 = max
1≤𝑚𝑚≤𝑘𝑘

{𝑡𝑡𝑚𝑚𝑚𝑚} = 𝑡𝑡𝑚𝑚𝑘𝑘, where 𝑡𝑡𝑚𝑚𝑚𝑚 denotes the arrival time of the 𝑖𝑖-th bus (1 ≤ 𝑖𝑖 ≤721 
𝑘𝑘). For Poisson arrivals, 𝑡𝑡𝑚𝑚1, 𝑡𝑡𝑚𝑚2, …, 𝑡𝑡𝑚𝑚𝑘𝑘 are statistically equivalent to the order statistics of 𝑘𝑘 random 722 
variables that are uniformly distributed in [0, 𝑡𝑡𝑚𝑚] (Ross, 2014). Hence, the cumulative distribution 723 
function of 𝑡𝑡𝑒𝑒 given 𝑘𝑘 is: 724 

𝐹𝐹𝑡𝑡𝑒𝑒|𝑘𝑘(𝑠𝑠) = Pr(𝑡𝑡𝑒𝑒 ≤ 𝑠𝑠|𝑘𝑘) = Pr(𝑡𝑡𝑚𝑚1, … , 𝑡𝑡𝑚𝑚𝑘𝑘 ≤ 𝑠𝑠|𝑘𝑘) = � 𝑠𝑠
𝑡𝑡𝑚𝑚
�
𝑘𝑘
, 𝑠𝑠 ∈ [0, 𝑡𝑡𝑚𝑚]. 725 

The probability density function of 𝑡𝑡𝑒𝑒 given 𝑘𝑘 ≥ 1 is therefore: 726 

𝑓𝑓𝑡𝑡𝑒𝑒|𝑘𝑘(𝑠𝑠) = 𝑘𝑘 𝑠𝑠𝑘𝑘−1

𝑡𝑡𝑚𝑚𝑘𝑘
 , 𝑠𝑠 ∈ [0, 𝑡𝑡𝑚𝑚]. 727 

Now we consider the signal delay of T-cars in the cycle following the green extension. Since 728 
the 𝐺𝐺𝑇𝑇 phase in this cycle is trimmed by 𝑡𝑡𝑒𝑒, any bus arrivals in [𝑡𝑡𝑚𝑚,𝑇𝑇 − 𝐺𝐺𝑇𝑇 + 𝑡𝑡𝑒𝑒] will have to wait till 729 
time 𝑇𝑇 − 𝐺𝐺𝑇𝑇 + 𝑡𝑡𝑒𝑒 to discharge into the intersection. Those buses’ average delay is 1

2
(𝑇𝑇 − 𝐺𝐺𝑇𝑇 + 𝑡𝑡𝑒𝑒 −730 

𝑡𝑡𝑚𝑚) . The expected total delay of those buses is 𝜆𝜆𝑏𝑏
2

(𝑇𝑇 − 𝐺𝐺𝑇𝑇 + 𝑡𝑡𝑒𝑒 − 𝑡𝑡𝑚𝑚)2  for a given 𝑡𝑡𝑒𝑒 . Since an 731 
extension of the previous 𝐺𝐺𝑇𝑇 phase only affects the timing of the present cycle (but not any later cycles), 732 



26 
 

the expected total bus delay in a cycle can be obtained by taking the expectation of 733 
𝜆𝜆𝑏𝑏
2

(𝑇𝑇 − 𝐺𝐺𝑇𝑇 + 𝑡𝑡𝑒𝑒 − 𝑡𝑡𝑚𝑚)2: 734 

𝐸𝐸 �𝜆𝜆𝑏𝑏
2

(𝑇𝑇 − 𝐺𝐺𝑇𝑇 + 𝑡𝑡𝑒𝑒 − 𝑡𝑡𝑚𝑚)2�  735 

= 𝐸𝐸 �𝐸𝐸 �𝜆𝜆𝑏𝑏
2

(𝑇𝑇 − 𝐺𝐺𝑇𝑇 + 𝑡𝑡𝑒𝑒 − 𝑡𝑡𝑚𝑚)2|𝑘𝑘��  736 

= 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 ∙ 𝜆𝜆𝑏𝑏
2

(𝑇𝑇 − 𝐺𝐺𝑇𝑇 − 𝑡𝑡𝑚𝑚)2 + ∑ 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 (𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚)𝑘𝑘

𝑘𝑘!
∙ 𝐸𝐸 �𝜆𝜆𝑏𝑏

2
(𝑇𝑇 − 𝐺𝐺𝑇𝑇 + 𝑡𝑡𝑒𝑒 − 𝑡𝑡𝑚𝑚)2|𝑘𝑘�∞

𝑘𝑘=1   737 

= 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 ∙ 𝜆𝜆𝑏𝑏
2

(𝑇𝑇 − 𝐺𝐺𝑇𝑇 − 𝑡𝑡𝑚𝑚)2 + ∑ 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 (𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚)𝑘𝑘

𝑘𝑘!
∙ ∫ 𝜆𝜆𝑏𝑏

2
(𝑇𝑇 − 𝐺𝐺𝑇𝑇 + 𝑠𝑠 − 𝑡𝑡𝑚𝑚)2 ∙ 𝑘𝑘 𝑠𝑠𝑘𝑘−1

𝑡𝑡𝑚𝑚𝑘𝑘
𝑑𝑑𝑠𝑠𝑡𝑡𝑚𝑚

𝑠𝑠=0
∞
𝑘𝑘=1   738 

= 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 ∙ 𝜆𝜆𝑏𝑏
2

(𝑇𝑇 − 𝐺𝐺𝑇𝑇 − 𝑡𝑡𝑚𝑚)2 + ∑ 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 (𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚)𝑘𝑘

𝑘𝑘!
∙ 𝜆𝜆𝑏𝑏
2

𝑘𝑘
𝑡𝑡𝑚𝑚𝑘𝑘
∫ �𝑠𝑠𝑘𝑘+1 + 2(𝑇𝑇 − 𝐺𝐺𝑇𝑇 − 𝑡𝑡𝑚𝑚)𝑠𝑠𝑘𝑘 + (𝑇𝑇 −𝑡𝑡𝑚𝑚
𝑠𝑠=0

∞
𝑘𝑘=1739 

𝐺𝐺𝑇𝑇 − 𝑡𝑡𝑚𝑚)2𝑠𝑠𝑘𝑘−1�𝑑𝑑𝑠𝑠  740 

= 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 ∙ 𝜆𝜆𝑏𝑏
2

(𝑇𝑇 − 𝐺𝐺𝑇𝑇 − 𝑡𝑡𝑚𝑚)2 + ∑ 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 (𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚)𝑘𝑘

𝑘𝑘!
∙ 𝜆𝜆𝑏𝑏
2

𝑘𝑘
𝑡𝑡𝑚𝑚𝑘𝑘
∙ �𝑡𝑡𝑚𝑚

𝑘𝑘+2

𝑘𝑘+2
+ 2(𝑇𝑇−𝐺𝐺𝑇𝑇−𝑡𝑡𝑚𝑚)

𝑘𝑘+1
𝑡𝑡𝑚𝑚𝑘𝑘+1 +∞

𝑘𝑘=1741 
(𝑇𝑇−𝐺𝐺𝑇𝑇−𝑡𝑡𝑚𝑚)2

𝑘𝑘
𝑡𝑡𝑚𝑚𝑘𝑘 �  742 

= 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 ∙ 𝜆𝜆𝑏𝑏
2

(𝑇𝑇 − 𝐺𝐺𝑇𝑇 − 𝑡𝑡𝑚𝑚)2 + 𝜆𝜆𝑏𝑏
2
∑ 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 (𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚)𝑘𝑘

𝑘𝑘!
∙ �𝑘𝑘𝑡𝑡𝑚𝑚

2

𝑘𝑘+2
+ 2𝑘𝑘(𝑇𝑇−𝐺𝐺𝑇𝑇−𝑡𝑡𝑚𝑚)

𝑘𝑘+1
𝑡𝑡𝑚𝑚 + (𝑇𝑇 − 𝐺𝐺𝑇𝑇 − 𝑡𝑡𝑚𝑚)2�∞

𝑘𝑘=1   743 

= 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 ∙ 𝜆𝜆𝑏𝑏
2

(𝑇𝑇 − 𝐺𝐺𝑇𝑇 − 𝑡𝑡𝑚𝑚)2 + 𝜆𝜆𝑏𝑏
2
∑ 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 (𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚)𝑘𝑘

𝑘𝑘!
∙ �(𝑇𝑇 − 𝐺𝐺𝑇𝑇)2 + �−2𝑡𝑡𝑚𝑚(𝑇𝑇−𝐺𝐺𝑇𝑇)

𝑘𝑘+1
�+ 2𝑡𝑡𝑚𝑚2

(𝑘𝑘+1)(𝑘𝑘+2)
�∞

𝑘𝑘=1   744 

= 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 ∙ 𝜆𝜆𝑏𝑏
2

(𝑇𝑇 − 𝐺𝐺𝑇𝑇 − 𝑡𝑡𝑚𝑚)2 + 𝜆𝜆𝑏𝑏
2
�(𝑇𝑇 − 𝐺𝐺𝑇𝑇)2 ∙ ∑ 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 (𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚)𝑘𝑘

𝑘𝑘!
∞
𝑘𝑘=1 + �−2(𝑇𝑇−𝐺𝐺𝑇𝑇)

𝜆𝜆𝑏𝑏
� ∙745 

∑ 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 (𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚)𝑘𝑘+1

(𝑘𝑘+1)!
∞
𝑘𝑘=1 + 2

𝜆𝜆𝑏𝑏
2 ∙ ∑ 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 (𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚)𝑘𝑘+2

(𝑘𝑘+2)!
∞
𝑘𝑘=1 �.  746 

From the fact ∑ 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 (𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚)𝑘𝑘

𝑘𝑘!
∞
𝑘𝑘=0 = 1 , we have: ∑ 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 (𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚)𝑘𝑘

𝑘𝑘!
∞
𝑘𝑘=1 = 1 − 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 , 747 

∑ 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 (𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚)𝑘𝑘+1

(𝑘𝑘+1)!
∞
𝑘𝑘=1 = ∑ 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 (𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚)𝑘𝑘

𝑘𝑘!
∞
𝑘𝑘=2 = 1 − 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚(1 + 𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚) , and 748 

∑ 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 (𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚)𝑘𝑘+2

(𝑘𝑘+2)!
∞
𝑘𝑘=1 = 1 − 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 �1 + 𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 + (𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚)2

2
�. Hence, the above expected total delay is 749 

equal to: 750 

𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 ∙ 𝜆𝜆𝑏𝑏
2

(𝑇𝑇 − 𝐺𝐺𝑇𝑇 − 𝑡𝑡𝑚𝑚)2 + 𝜆𝜆𝑏𝑏
2
�(𝑇𝑇 − 𝐺𝐺𝑇𝑇)2 ∙ �1− 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚� + �−2(𝑇𝑇−𝐺𝐺𝑇𝑇)

𝜆𝜆𝑏𝑏
� ∙ �1 − 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚(1 +751 

𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚)� + 2
𝜆𝜆𝑏𝑏

2 ∙ �1− 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 �1 + 𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 + (𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚)2

2
���  752 

= �𝜆𝜆𝑏𝑏
2

(𝑇𝑇 − 𝐺𝐺𝑇𝑇)2 − (𝑇𝑇 − 𝐺𝐺𝑇𝑇) + 1
𝜆𝜆𝑏𝑏
� + 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 �𝑇𝑇 − 𝐺𝐺𝑇𝑇 − 𝑡𝑡𝑚𝑚 − 1

𝜆𝜆𝑏𝑏
�.  753 

The expected bus delay equals the above divided by the expected number of buses in a cycle, 754 
𝜆𝜆𝑏𝑏𝑇𝑇. Thus, we have equation (9) and (11): 755 

𝐸𝐸�𝑊𝑊𝐵𝐵,3� = 1
𝜆𝜆𝑏𝑏𝑇𝑇

��𝜆𝜆𝑏𝑏
2

(𝑇𝑇 − 𝐺𝐺𝑇𝑇)2 − (𝑇𝑇 − 𝐺𝐺𝑇𝑇) + 1
𝜆𝜆𝑏𝑏
� + 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 �𝑇𝑇 − 𝐺𝐺𝑇𝑇 − 𝑡𝑡𝑚𝑚 − 1

𝜆𝜆𝑏𝑏
��. 756 

Now we derive 𝐸𝐸[𝑡𝑡𝐿𝐿]  for the integrated design. Since a regular 𝐺𝐺𝑇𝑇  phase may contain a 757 
redundant time of 𝑡𝑡𝑅𝑅 = 𝐺𝐺𝑇𝑇 −

𝑔𝑔𝑇𝑇𝑛𝑛𝑇𝑇
𝑁𝑁−1

 (there are 𝑁𝑁 − 1 car lanes in the sorting area), there would be no 758 
capacity loss if 𝑡𝑡𝑒𝑒 ≤ 𝑡𝑡𝑅𝑅 . In particular, if 𝑡𝑡𝑅𝑅 ≥ 𝑡𝑡𝑚𝑚, we will always have 𝑡𝑡𝐿𝐿 = 0. 759 

On the other hand, if 𝑡𝑡𝑒𝑒 > 𝑡𝑡𝑅𝑅, the corresponding 𝑔𝑔𝑇𝑇 phase will be trimmed by (𝑡𝑡𝑒𝑒 − 𝑡𝑡𝑅𝑅) 𝑁𝑁−1
𝑛𝑛𝑇𝑇

. 760 
Hence, 761 
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𝑡𝑡𝐿𝐿 = 𝑁𝑁−1
𝑛𝑛𝑇𝑇

max{0, 𝑡𝑡𝑒𝑒 − 𝑡𝑡𝑅𝑅}. 762 

Thus, when 𝑡𝑡𝑅𝑅 < 𝑡𝑡𝑚𝑚, we have: 763 

𝐸𝐸[𝑡𝑡𝐿𝐿|𝑡𝑡𝑅𝑅 < 𝑡𝑡𝑚𝑚] = 𝐸𝐸�𝐸𝐸[𝑡𝑡𝐿𝐿|𝑘𝑘, 𝑡𝑡𝑅𝑅 < 𝑡𝑡𝑚𝑚]�  764 

= 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 ∙ 0 + ∑ 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 (𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚)𝑘𝑘

𝑘𝑘!
∙ 𝐸𝐸 �𝑁𝑁−1

𝑛𝑛𝑇𝑇
max{0, 𝑡𝑡𝑒𝑒 − 𝑡𝑡𝑅𝑅} �𝑘𝑘, 𝑡𝑡𝑅𝑅 < 𝑡𝑡𝑚𝑚�∞

𝑘𝑘=1   765 

= 𝑁𝑁−1
𝑛𝑛𝑇𝑇

∑ 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 (𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚)𝑘𝑘

𝑘𝑘!
∙ ∫ 𝑘𝑘 𝑠𝑠𝑘𝑘−1

𝑡𝑡𝑚𝑚𝑘𝑘
∙ (𝑠𝑠 − 𝑡𝑡𝑅𝑅)𝑑𝑑𝑠𝑠𝑡𝑡𝑚𝑚

𝑠𝑠=𝑡𝑡𝑅𝑅
∞
𝑘𝑘=1   766 

= 𝑁𝑁−1
𝑛𝑛𝑇𝑇

∑ 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 (𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚)𝑘𝑘

𝑘𝑘!
∙ �𝑡𝑡𝑚𝑚 − 𝑡𝑡𝑅𝑅 −

1
𝑘𝑘+1

�𝑡𝑡𝑚𝑚 − 𝑡𝑡𝑅𝑅
𝑘𝑘+1

𝑡𝑡𝑚𝑚𝑘𝑘
��∞

𝑘𝑘=1   767 

= 𝑁𝑁−1
𝑛𝑛𝑇𝑇

�(𝑡𝑡𝑚𝑚 − 𝑡𝑡𝑅𝑅)�1− 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚� − 1
𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚

∑ 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 (𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚)𝑘𝑘+1

(𝑘𝑘+1)!
∙ �𝑡𝑡𝑚𝑚 − 𝑡𝑡𝑅𝑅

𝑘𝑘+1

𝑡𝑡𝑚𝑚𝑘𝑘
�∞

𝑘𝑘=1 �  768 

= 𝑁𝑁−1
𝑛𝑛𝑇𝑇

�(𝑡𝑡𝑚𝑚 − 𝑡𝑡𝑅𝑅)�1− 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚� − 1
𝜆𝜆𝑏𝑏
∑ 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 (𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚)𝑘𝑘+1

(𝑘𝑘+1)!
∞
𝑘𝑘=1 + 1

𝜆𝜆𝑏𝑏
∑ 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚 (𝜆𝜆𝑏𝑏𝑡𝑡𝑅𝑅)𝑘𝑘+1

(𝑘𝑘+1)!
∞
𝑘𝑘=1 �  769 

= 𝑁𝑁−1
𝑛𝑛𝑇𝑇

�(𝑡𝑡𝑚𝑚 − 𝑡𝑡𝑅𝑅)�1− 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚� − 1
𝜆𝜆𝑏𝑏
�1 − 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚(1 + 𝜆𝜆𝑏𝑏𝑡𝑡𝑚𝑚)� + 1

𝜆𝜆𝑏𝑏
𝑒𝑒−𝜆𝜆𝑏𝑏(𝑡𝑡𝑚𝑚−𝑡𝑡𝑅𝑅) �1− 𝑒𝑒−𝜆𝜆𝑏𝑏𝑡𝑡𝑅𝑅(1 +770 

𝜆𝜆𝑏𝑏𝑡𝑡𝑅𝑅)��  771 

= 𝑁𝑁−1
𝑛𝑛𝑇𝑇

�𝑡𝑡𝑚𝑚 − 𝑡𝑡𝑅𝑅 −
1
𝜆𝜆𝑏𝑏
�1− 𝑒𝑒−𝜆𝜆𝑏𝑏(𝑡𝑡𝑚𝑚−𝑡𝑡𝑅𝑅)��. 772 

Combining the cases of 𝑡𝑡𝑅𝑅 ≥ 𝑡𝑡𝑚𝑚 and 𝑡𝑡𝑅𝑅 < 𝑡𝑡𝑚𝑚, we have equation (13): 773 

𝐸𝐸[𝑡𝑡𝐿𝐿] = max �0, (𝑡𝑡𝑚𝑚 − 𝐺𝐺𝑇𝑇) 𝑁𝑁−1
𝑛𝑛𝑇𝑇

+ 𝑔𝑔𝑇𝑇� −
𝑁𝑁−1
𝜆𝜆𝑏𝑏𝑛𝑛𝑇𝑇

�1 − 𝑒𝑒−𝜆𝜆𝑏𝑏max�0,𝑡𝑡𝑚𝑚−𝐺𝐺𝑇𝑇+
𝑔𝑔𝑇𝑇𝑛𝑛𝑇𝑇
𝑁𝑁−1 ��. 774 

E.1 Considering the prediction error of bus arrival time 775 

Now consider that a green extension will only serve those buses with predicted arrival time in [0, 𝑡𝑡𝑚𝑚 −776 
𝜖𝜖]. Thus, the probability of 𝑡𝑡𝑒𝑒 = 0 is 𝑒𝑒−𝜆𝜆𝑏𝑏(𝑡𝑡𝑚𝑚−𝜖𝜖), and the probability that 𝑘𝑘 > 0 buses are served during 777 

the green extension is 𝑒𝑒−𝜆𝜆𝑏𝑏(𝑡𝑡𝑚𝑚−𝜖𝜖) �𝜆𝜆𝑏𝑏(𝑡𝑡𝑚𝑚−𝜖𝜖)�
𝑘𝑘

𝑘𝑘!
. 778 

When 𝑘𝑘 > 0, let 𝑡𝑡𝑒𝑒′ = 𝑡𝑡𝑒𝑒 − 𝜖𝜖, we have 𝑡𝑡𝑒𝑒′ = max
1≤𝑚𝑚≤𝑘𝑘

{𝑡𝑡𝑚𝑚𝑚𝑚} = 𝑡𝑡𝑚𝑚𝑘𝑘, where 𝑡𝑡𝑚𝑚𝑚𝑚 is the predicted arrival 779 

time of the 𝑖𝑖-th bus (1 ≤ 𝑖𝑖 ≤ 𝑘𝑘). Then, 𝑓𝑓𝑡𝑡𝑒𝑒′ |𝑘𝑘(𝑠𝑠) = 𝑘𝑘 𝑠𝑠𝑘𝑘−1

(𝑡𝑡𝑚𝑚−𝜖𝜖)𝑘𝑘
 , 𝑠𝑠 ∈ [0, 𝑡𝑡𝑚𝑚 − 𝜖𝜖]. 780 

Note now that a bus that is predicted to arrive in [𝑡𝑡𝑚𝑚 − 𝜖𝜖,𝑇𝑇 − 𝐺𝐺𝑇𝑇 + 𝑡𝑡𝑒𝑒′ + 𝜖𝜖] will have to wait 781 
until 𝑇𝑇 − 𝐺𝐺𝑇𝑇 + 𝑡𝑡𝑒𝑒′ + 𝜖𝜖  to discharge into the intersection. Thus, the average delay per bus for these 782 
delayed buses is 1

2
(𝑇𝑇 − 𝐺𝐺𝑇𝑇 + 𝑡𝑡𝑒𝑒′ + 2𝜖𝜖 − 𝑡𝑡𝑚𝑚) , and the expected total delay of those buses is 783 

𝜆𝜆𝑏𝑏
2

(𝑇𝑇 − 𝐺𝐺𝑇𝑇 + 𝑡𝑡𝑒𝑒′ + 2𝜖𝜖 − 𝑡𝑡𝑚𝑚)2. (However, some buses that are predicted to arrival after 𝑡𝑡𝑚𝑚 − 𝜖𝜖 may 784 
arrive earlier due to the uncertainty and catch up with the extended green period. Ignoring these buses 785 
would overestimate the bus delays. This makes our estimation of expected bus delay conservative.) 786 

Comparing 𝐸𝐸 �𝜆𝜆𝑏𝑏
2

(𝑇𝑇 − 𝐺𝐺𝑇𝑇 + 𝑡𝑡𝑒𝑒′ + 2𝜖𝜖 − 𝑡𝑡𝑚𝑚)2�  in this section against 𝐸𝐸 �𝜆𝜆𝑏𝑏
2

(𝑇𝑇 − 𝐺𝐺𝑇𝑇 + 𝑡𝑡𝑒𝑒 −787 

𝑡𝑡𝑚𝑚)2� in Appendix E, we find that the former comes from the latter when 𝑇𝑇 − 𝐺𝐺𝑇𝑇  and 𝑡𝑡𝑚𝑚 are replaced 788 
by 𝑇𝑇 − 𝐺𝐺𝑇𝑇 − 𝜖𝜖  and 𝑡𝑡𝑚𝑚 − 𝜖𝜖 , respectively. Thus, using the result derived previously, we have (14) 789 
immediately: 790 
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𝐸𝐸�𝑊𝑊𝐵𝐵,3�, 𝐸𝐸�𝑊𝑊𝐵𝐵,4� = 1
𝜆𝜆𝑏𝑏𝑇𝑇

��𝜆𝜆𝑏𝑏
2

(𝑇𝑇 − 𝐺𝐺𝑇𝑇 + 𝜖𝜖)2 − (𝑇𝑇 − 𝐺𝐺𝑇𝑇 + 𝜖𝜖) + 1
𝜆𝜆𝑏𝑏
� + 𝑒𝑒−𝜆𝜆𝑏𝑏(𝑡𝑡𝑚𝑚−𝜖𝜖) �𝑇𝑇 − 𝐺𝐺𝑇𝑇 + 2𝜖𝜖 −791 

𝑡𝑡𝑚𝑚 − 1
𝜆𝜆𝑏𝑏
�� . 792 

Regarding the T-car capacity for the integrated design, equation (12) still holds. The only 793 
difference may occur in the calculation of 𝐸𝐸[𝑡𝑡𝐿𝐿]. However, note that: 794 

𝐸𝐸[𝑡𝑡𝐿𝐿|𝑡𝑡𝑅𝑅 < 𝑡𝑡𝑚𝑚] = 𝐸𝐸�𝐸𝐸[𝑡𝑡𝐿𝐿|𝑘𝑘, 𝑡𝑡𝑅𝑅 < 𝑡𝑡𝑚𝑚]�  795 

 = 𝑁𝑁−1
𝑛𝑛𝑇𝑇

∑ 𝑒𝑒−𝜆𝜆𝑏𝑏(𝑡𝑡𝑚𝑚−𝜖𝜖) �𝜆𝜆𝑏𝑏(𝑡𝑡𝑚𝑚−𝜖𝜖)�
𝑘𝑘

𝑘𝑘!
∙ ∫ 𝑘𝑘 𝑠𝑠𝑘𝑘−1

(𝑡𝑡𝑚𝑚−𝜖𝜖)𝑘𝑘
∙ �𝑠𝑠 − (𝑡𝑡𝑅𝑅 − 𝜖𝜖)�𝑑𝑑𝑠𝑠𝑡𝑡𝑚𝑚−𝜖𝜖

𝑠𝑠=𝑡𝑡𝑅𝑅−𝜖𝜖
∞
𝑘𝑘=1 . 796 

Comparing the above formula against the one in Appendix E, we find that the former can be 797 
obtained by replacing 𝑡𝑡𝑚𝑚 and 𝑡𝑡𝑅𝑅 by 𝑡𝑡𝑚𝑚 − 𝜖𝜖 and 𝑡𝑡𝑅𝑅 − 𝜖𝜖 in the latter. Hence, the result is: 798 

𝐸𝐸[𝑡𝑡𝐿𝐿|𝑡𝑡𝑅𝑅 < 𝑡𝑡𝑚𝑚] = 𝑁𝑁−1
𝑛𝑛𝑇𝑇

�(𝑡𝑡𝑚𝑚 − 𝜖𝜖)− (𝑡𝑡𝑅𝑅 − 𝜖𝜖) − 1
𝜆𝜆𝑏𝑏
�1− 𝑒𝑒−𝜆𝜆𝑏𝑏�(𝑡𝑡𝑚𝑚−𝜖𝜖)−(𝑡𝑡𝑅𝑅−𝜖𝜖)��� = 𝑁𝑁−1

𝑛𝑛𝑇𝑇
�𝑡𝑡𝑚𝑚 − 𝑡𝑡𝑅𝑅 −799 

1
𝜆𝜆𝑏𝑏
�1− 𝑒𝑒−𝜆𝜆𝑏𝑏(𝑡𝑡𝑚𝑚−𝑡𝑡𝑅𝑅)��.  800 

This means equation (13) also holds true when prediction errors in bus arrival time are 801 
accounted for. 802 

Appendix F. Derivation of (15) 803 

Denote 𝛾𝛾 as the coefficient of variation of the car discharge headways from a queue. Xuan et al. (2011) 804 
showed that if a lane in the sorting area is blocked by a left-behind car, then: i) the following cycle will 805 
be fully wasted for that lane; and ii) the other lanes in the sorting area are not affected, given that cars 806 
do not change lanes once sorted. Our following analysis is inspired by Xuan et al. (2011). 807 

We first consider the case where the green extension scheme is not implemented. For simplicity, 808 
here we deviate slightly from the modeling framework of this paper, by assuming that the pre-signal is 809 
adaptive, and it can control the exact number of vehicles released into the sorting area in each phase 810 
(Xuan et al., 2011). When no lane is blocked, the pre-signal sends exactly 𝑘𝑘(𝑁𝑁 − 1) T-cars into the 811 
sorting area in each 𝑔𝑔𝑇𝑇 phase, so that 𝑘𝑘 T-cars enter each lane of the sorting area. If a lane is blocked, 812 
the pre-signal sends enough cars in the following cycle to fill in the remaining lanes only, so that no 813 
more vehicle will be stranded in the blocked lane. According to the central limit theorem, the time 814 
needed to discharge all the 𝑘𝑘 cars roughly follows a normal distribution with mean 𝑘𝑘

𝑞𝑞𝑆𝑆
 and standard 815 

deviation √𝑘𝑘 𝛾𝛾
𝑞𝑞𝑆𝑆

. Thus, the probability that a lane is blocked at the end of a 𝐺𝐺𝑇𝑇 phase is approximately 816 

1 −Φ�
𝐺𝐺𝑇𝑇−

𝑘𝑘
𝑞𝑞𝑆𝑆

√𝑘𝑘 𝛾𝛾
𝑞𝑞𝑆𝑆

�, where Φ(∙) is the cumulative distribution function of the standard normal distribution. 817 

Let 𝛼𝛼 =
𝐺𝐺𝑇𝑇−

𝑘𝑘
𝑞𝑞𝑆𝑆

√𝑘𝑘 𝛾𝛾
𝑞𝑞𝑆𝑆

. The 𝛼𝛼 should be set to a fairly large value to ensure that lane blockages rarely occur. 818 

For example, if 𝛼𝛼 = 2, the probability of lane blockage is 2.5%; while if 𝛼𝛼 = 3, that probability is only 819 
0.14%. 820 

In other words, to ensure the lane blockage probability is no more than 1 −Φ(𝛼𝛼), 𝑘𝑘 must 821 

satisfy 𝛼𝛼 ≤
𝐺𝐺𝑇𝑇−

𝑘𝑘
𝑞𝑞𝑆𝑆

√𝑘𝑘 𝛾𝛾
𝑞𝑞𝑆𝑆

. This means 𝑘𝑘 + 𝛼𝛼𝛾𝛾√𝑘𝑘 − 𝑞𝑞𝑆𝑆𝐺𝐺𝑇𝑇 ≤ 0. Solving this inequality, we have 𝑘𝑘 ≤ 𝑘𝑘𝑚𝑚 =822 
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�−𝛼𝛼𝛾𝛾+�𝛼𝛼
2𝛾𝛾2+4𝑞𝑞𝑆𝑆𝐺𝐺𝑇𝑇
2

�
2

= 𝛼𝛼2𝛾𝛾2+2𝑞𝑞𝑆𝑆𝐺𝐺𝑇𝑇−𝛼𝛼𝛾𝛾�𝛼𝛼2𝛾𝛾2+4𝑞𝑞𝑆𝑆𝐺𝐺𝑇𝑇
2

. Thus, without considering the impact of BSP, the 823 

T-car capacity is approximately bounded by 𝑘𝑘𝑚𝑚(𝑁𝑁−1)
𝑇𝑇

∙ Φ(𝛼𝛼). Recall that for every lane blockage, a full 824 
lane-cycle will be wasted. 825 

Now by considering the effect of green extension, the above bound can be modified to  826 
𝑘𝑘𝑚𝑚(𝑁𝑁−1)

𝑇𝑇
∙ Φ(𝛼𝛼) ∙ �1− 𝐸𝐸[𝑡𝑡𝐿𝐿]

𝑔𝑔𝑇𝑇
�, where 𝐸𝐸[𝑡𝑡𝐿𝐿] is given by (13). This modification is conservative. To see 827 

why, note that 𝑔𝑔𝑇𝑇 would be redundant when the per-cycle number of T-cars entering the sorting area is 828 
further limited by 𝑘𝑘𝑚𝑚(𝑁𝑁 − 1). Thus, reducing a 𝑔𝑔𝑇𝑇 by 𝑡𝑡𝐿𝐿 due to a green extension may not reduce the 829 
number of T-cars admitted into the sorting area proportionally. 830 

Combining this capacity bound with (12), we have (15). 831 
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