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Abstract 9 

A novel Bayesian approach is proposed for estimating the maximum queue lengths of vehicles at 10 
signalized intersections using high-frequency trajectory data of probe vehicles. The queue length 11 
estimates are obtained from a distribution estimated over several neighboring cycles via a maximum a 12 
posteriori method. An expectation maximum algorithm is proposed for efficiently solving the 13 
estimation problem. Through a battery of simulation experiments and a real-world case study, the 14 
proposed approach is shown to produce more accurate and robust estimates than two benchmark 15 
estimation methods. Fairly good accuracy is achieved even when the probe vehicle penetration rate is 16 
2%.  17 
 18 
Keywords: Queue length estimation; Probe vehicles; Bayesian approach; Expectation maximum 19 
algorithm 20 

1. Introduction 21 

Traffic signals at intersections alternatively give right of way to vehicles travelling in different 22 
directions, leading to repetitive formation and dissipation of vehicle queues in each approach. The 23 
maximum distance that a vehicle queue propagates from the stop line, often termed the “maximum 24 
queue length” in the literature (e.g. Hao et al., 2014; Li et al., 2017), has been commonly used as a 25 
measure of signal’s performance and a key input for optimizing signal timing and offsets (Webster 26 
and Cobbe, 1966; Michalopoulos and Stephanopoulos, 1977a, b; Cronje, 1983; Gartner et al., 1991; 27 
Rao and Rao, 2012). Estimating this maximum queue length is a critical and challenging task for the 28 
management and control of urban traffic. In the rest of this paper, we use “queue length” to represent 29 
the maximum queue length for brevity. 30 
 31 
Early works on queue length estimation mainly used loop detector data. Two classes of estimation 32 
methods were proposed. The first class of methods exploited the cumulative input-output diagram of 33 
vehicles in an intersection approach (Newell, 1965; Cronje, 1983; Sharma et al., 2007; Vigos et al., 34 
2008). However, these methods overlooked the part of vehicle queues residing upstream of the 35 
detector(s). This problem was resolved by the second class of methods (Muck, 2002; Skabardonis and 36 
Geroliminis, 2008; Liu et al., 2009), which estimated queue lengths through the prediction of vehicle 37 
shockwaves. Unfortunately, loop detector measurements are known to have bias and errors (especially 38 
after many years of operation), which can greatly degrade the estimation accuracy. Worse still, failed 39 
detectors were usually not repaired or replaced in time due to the high costs (Coifman et al., 2003).  40 
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In recent decades, the growing use of probe vehicle trajectory data has created new opportunities for 41 
traffic state estimation. Probe vehicles, including connected buses, taxis and private cars, are equipped 42 
with mobile sensors that can provide high-frequency, real-time location information along their 43 
trajectories (Mei et al., 2015; Zheng and Liu, 2017; Li et al., 2017). These data are thus not 44 
constrained by location. Considering that probe vehicles usually account for only a small proportion 45 
of the traffic (termed the penetration rate, which is in the range of 1-10% at present), a number of 46 
queue length estimation methods have been proposed for queue length estimation. They are classified 47 
as deterministic methods and stochastic ones. 48 
 49 
Deterministic methods were often built upon the shockwave theory of traffic (Lighthill and Whitham, 50 
1955; Richards, 1956; Newell, 1993). Many of those studies estimated queue lengths by finding the 51 
intersection point between queue formation and discharging shockwaves in a signal cycle (Cheng et 52 
al., 2011; Cheng et al., 2012; Ramezani and Geroliminis, 2015; Li et al., 2017). However, the 53 
accuracy of this method is limited due to two reasons: (i) the intersection point between two 54 
shockwaves is sensitive to small estimation errors for the shockwaves; and (ii) the queue formation 55 
shockwave is difficult to predict accurately especially under low penetration rates, since it depends 56 
highly on the time-varying vehicle arrival headways. Other deterministic methods include Ban et al. 57 
(2011), Hao et al. (2014), and Hao and Ban (2015), in which queue lengths were derived from the 58 
travel times gauged by the probe vehicles. In addition, some works also developed data fusion 59 
methods for combining the use of loop detector data and probe vehicle data (Badillo et al., 2012; Li et 60 
al., 2013; Cai et al., 2014; Wang et al. 2017). Naturally, these deterministic methods cannot address 61 
the random factors embedded in the vehicle arrivals, penetration and distribution of probe vehicles 62 
among the traffic, driver behavior, etc. 63 
 64 
Stochastic methods were proposed to account for those random factors. Studies in this realm include 65 
the pioneer work by Comert and Cetin (2007) and its extensions (Comert and Cetin, 2009, 2011; 66 
Comert, 2013, 2016). Although closed-form formulas were derived in the above studies for the mean 67 
and variance of queue lengths, some of their assumptions (e.g., the Poisson vehicle arrivals) may not 68 
fit the real traffic very well (Manar and Baass, 1996). The Poisson arrival assumption was relaxed by 69 
Tiaprasert et al. (2015). Yet that work still assumed a given, constant penetration rate. Hence, its 70 
estimates may be inaccurate if the penetration rate varies significantly over time, or is difficult to 71 
estimate accurately (Zheng and Liu, 2017). Hao et al. (2014) further relaxed the assumption of a given 72 
penetration rate. They estimated the queue length distribution through a complicated Bayesian 73 
network model, which requires the training and calibration of a large number of parameters using 74 
historical data. Hence, the real-world application of this method is also limited. Recently, Yin et al. 75 
(2018) integrated the shockwave theory approach in a stochastic environment for queue length 76 
estimation. However, the queue length was still derived by finding the intersection point between 77 
queue formation and discharging shockwaves. The estimates are thus still sensitive to small errors that 78 
can easily occur in the estimation of formation shockwaves. 79 
 80 
In light of the above limitations in the literature, we propose a novel Bayesian approach for 81 
estimating vehicle queue lengths at signalized intersections. The proposed approach accounts for the 82 
stochastic and time-varying vehicle arrivals and driver behavior, instead of assuming a specific 83 
vehicle arrival process and a known penetration rate. It does not rely on the estimation of queue 84 
formation shockwaves due to the potentially large estimation errors. In addition, our approach is 85 
parsimonious and does not rely on frequent calibrations of many parameters. 86 
 87 
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In the proposed approach, the distribution of queue lengths is estimated using the lower and upper 88 
bounds of queue lengths developed for each signal cycle. A lower bound is obtained from the 89 
trajectory data of probe vehicles joining the queue, which are termed the stopped vehicles (Ramezani 90 
and Geroliminis, 2015). An upper bound is developed by using the data of probe vehicles that do not 91 
meet the queue (termed the non-stopped vehicles). Note that the upper bound of queue length was 92 
often overlooked by previous studies in this realm. Only Hao et al. (2014) and Tiaprasert et al. (2015) 93 
have exploited the upper bound information in queue length estimation, to our best knowledge. 94 
However, in the former work, the upper bound was developed with the help of a large amount of 95 
parameter training effort, while in the latter work only a loose upper bound was used. Our proposed 96 
upper bound, on the other hand, does not rely on any pre-training and is tighter than the one used in 97 
Tiaprasert et al. (2015), as we shall see momentarily. 98 
 99 
Through a large battery of simulation experiments and a real-world case study, we demonstrate the 100 
accuracy and robustness of our estimates under both stationary and time-varying traffic condition. We 101 
also show that our approach outperforms the other two similar methods developed in recent years 102 
(Ramezani and Geroliminis, 2015; Li et al., 2017).  103 
 104 
The rest of the paper is organized as follows: section 2 presents the estimation approach; section 3 105 
describes the simulation tests; section 4 presents a real-world case study; section 5 discusses the 106 
choice of key model parameters in real practice; and section 6 summarizes the key findings of this 107 
paper. 108 

2. Methodology 109 

The assumptions, data, and an overview of our approach are described in section 2.1. The details of 110 
the approach are presented in sections 2.2-2.6, respectively. 111 

2.1 Assumptions, data, and overview of our approach 112 

The following assumptions are made for the proposed approach. They also define the approach’s 113 
application scope: 114 

(i) For simplicity, in this paper we focus on the through-moving vehicle queues only. The 115 
left-turning vehicles are assumed to queue up in separate lane(s) and use a separate green 116 
phase to discharge.1 If there are more than one through-moving lanes in the approach, 117 
queued vehicles are assumed to be distributed evenly among those lanes. 118 

(ii) Vehicle inflows do not exceed the intersection’s discharging capacity 2 , and the 119 
intersection is not blocked by any vehicle queue that spills over from downstream. 120 

(iii) The signal timing is known. 121 
(iv) The vehicle arrival rate to the intersection approach and the signal timing plan do not 122 

change significantly within an episode, defined as a short period of time consisting of one 123 
 

1 This assumption is valid if the left-turning queue does not spill over the left-turn pocket. If spillover occurs and 
the queued left-turning vehicles mix with the through-moving ones, the method introduced in this paper needs to 
be modified. Particularly, lane-specific vehicle position data are needed for estimating the mixed queue lengths 
since vehicle queues in different lanes may have different lengths. 
2 This assumption does not mean residual vehicle queues would never occur at the end of a signal cycle. Our 
approach can be applied as long as the queue is not ever-growing over cycles. In fact, it still performs well under 
near-saturated traffic, where residual queues appear frequently, as we shall see in section 3. 
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or several cycles.3 Further, the queue lengths in the cycles of a specific episode are 124 
assumed to be independent random variables following the same parametric distribution. 125 
Similar assumptions were often used in the literature for simplifying the modeling work 126 
(Comert and Cetin, 2009; Taylor and Heydecker, 2014; Yin et al., 2018). 127 

(v) Probe vehicle positions are updated at a relatively high frequency, as may occur thanks to 128 
the emerging connected vehicle technology (Zheng and Liu, 2017; Yin et al., 2018). 129 

 130 
The probe vehicle trajectory data are illustrated in Figure 1. The left part of the figure sketches an 131 
intersection approach (note that the turning traffic is omitted here). The right part is a time-space 132 
diagram showing the trajectories of probe vehicles (only) for a cycle 𝑖 in episode 𝑒. The cycles are 133 
indexed from the beginning of the study period, and we denote 𝕀$ as the index set of consecutive 134 
cycles that belong to episode 𝑒. The red bars located at the stop line represent effective red periods, 135 
and the gaps between the red bars represent the effective green periods. The effective red start and 136 
green start of cycle 𝑖 are denoted by 𝑟& and 𝑔&, respectively (𝑟& < 𝑔&). We define the space coordinate 137 
of the approach’s upstream end as 0, and that of the stop line as 𝐿. 138 
 139 

 140 
Figure 1. The intersection approach and a time-space diagram of probe vehicle trajectories 141 

 142 
The through-moving probe vehicle trajectories are plotted as thin, blue lines in the figure. These probe 143 
vehicles are numbered in chronological order by index variable 𝑗. For each probe vehicle, the data 144 
slices are numbered in chronological order by index variable 𝑘 . The 𝑘-th data slice of vehicle 𝑗 145 
contains a set of three variables: timestamp 𝑡-,/; vehicle location 𝑑-,/ (which is calculated by mapping 146 
the GPS position to the spatial coordinate system defined above); and instantaneous vehicle speed 147 
𝑣-,/. They are marked by the small squares along the trajectories. 148 
 149 
The queue length distribution in an episode is estimated via the maximum a posteriori (MAP) 150 
approach. The method takes the lower and upper bounds of queue lengths for the cycles in 𝕀$  as 151 

 
3 This is true even for adaptive signal control, since the transition from one signal plan to another usually takes 
several cycles to complete smoothly (Shelby et al., 2006). 
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inputs. The lower bound is determined using the stopping location of the last stopped vehicle in the 152 
cycle (vehicle 𝑗 + 1  for cycle 𝑖  in Figure 1); see the reverse triangle marker on that vehicle’s 153 
trajectory. The upper bound is determined by the first non-stopped vehicle in the cycle (vehicle 𝑗 + 2 154 
for cycle 𝑖  in Figure 1). Specifically, the bound is located a safety distance downstream of the 155 
intersection point between that vehicle’s trajectory and the queue discharging shockwave (the dashed 156 
line in the figure), as marked by the triangle marker. Note that this upper bound is much tighter than 157 
the one used in Tiaprasert et al. (2015), which is the instantaneous position of vehicle 𝑗 + 2 when the 158 
last stopped vehicle (𝑗 + 1) starts to discharge from the queue (see the black dot in the figure). 159 
 160 
The calculation of upper bound requires that we know the discharging shockwave stemming from the 161 
green start. Unlike the queue formation shockwave, the discharging shockwave can be fairly 162 
accurately estimated. We denote 𝑤 as the (negative) speed of discharging shockwave, which may vary 163 
over a small range due to the differences in vehicle lengths and driver behavior. The 𝑤  is also 164 
assumed to follow a parametric distribution, whose parameters are updated again via a Bayesian 165 
approach. 166 
 167 
The estimation procedure is summarized as the following five steps. They are detailed in sections 2.2-168 
2.6, respectively. 169 
Step 1. For episode 𝑒, identify the stopped vehicles and the non-stopped vehicles for every cycle 𝑖 ∈170 
𝕀$ (section 2.2). 171 
Step 2. Using the stopped vehicle trajectories in episode 𝑒, determine the posterior distribution of 172 
discharging shockwave speed 𝑤 for the episode (section 2.3). 173 
Step 3. Using the probe vehicle trajectories and the distribution of 𝑤 developed in Step 2, calculate 174 
the lower and upper bounds of queue length for each cycle 𝑖 ∈ 𝕀$ (section 2.4). 175 
Step 4. Using the bounds developed in Step 3, determine the posterior distribution of queue length for 176 
episode 𝑒  via the MAP approach. Estimate the queue length, 𝑞& , for each cycle 𝑖  in the episode 177 
(section 2.5). 178 
Step 5. Update the priors for episode 𝑒 + 1 using the posteriors obtained for episode	𝑒. Set 𝑒 → 𝑒 + 1 179 
and return to Step 1 (section 2.6). 180 

2.2 Identifying stopped and non-stopped vehicles 181 

In this preparation step, the stopped vehicles are separated from the non-stopped ones for each cycle. 182 
In principle, a stopped vehicle can be identified by checking if its speed is smaller than a given 183 
threshold, denoted by 𝜉. However, this may create false detections since a probe vehicle may also be 184 
stopped before joining a vehicle queue formed during red phases (only the vehicles joining those 185 
queues can be classified as stopped vehicles in our approach). This may occur when the vehicle 186 
encounters a dwelling bus, a pedestrian crossing the street, or a vehicle accident. To reduce these false 187 
detections, we propose to search for the stopped vehicles only in a subset of the time-space planar for 188 
each cycle. 189 
 190 
We first define the target zone of cycle 𝑖, 𝒮&, as the yellow shaded parallelogram in Figure 2. This 191 
zone is constructed by letting the line segment connecting <𝑟&, 𝐿= and <𝑟&>?, 𝐿= sweep in the time-192 
space diagram along a line of slope 𝑤@$ until reaching the start of intersection approach, where 𝑤@$ 193 
denotes the prior mean of discharging shockwave speed for episode 𝑒. The target zone is thus defined 194 
as: 195 
 196 
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𝒮& ≡ B(𝑡, 𝑑):max<𝑤@$<𝑡 − 𝑟&= + 𝐿, 0= ≤ 𝑑 ≤ min<𝑤@$<𝑡 − 𝑟&>?= + 𝐿, 𝐿=N.    (1) 197 
 198 
We then define 𝕍& as the set of probe vehicles with data slices contained in 𝒮&: 199 
 200 
𝕍& ≡ B𝑗:	∃𝑘	such	that	<𝑡-,/, 𝑑-,/= ∈ 𝒮&N.	 	 	 	 	 	 		 	 (2) 201 
 202 
We further define a subset of 𝒮&  as the discharging zone, 𝒟& , as illustrated by the green shaded 203 
trapezoid in Figure 2. This trapezoidal zone is constructed by setting its top base as a 2(𝜀 + 𝑜)-long 204 
segment centered at <𝑔&, 𝐿= , and the slopes of its left and right lateral sides as 𝑤Z  and 𝑤> , 205 
respectively (𝑤Z < 𝑤@$ < 𝑤>). Here 𝜊 denotes the data updating interval (which equals 1s if the 206 
updating frequency is 1 Hz, for example); 𝜀 denotes the error bound for vehicles’ start-up delay4; and 207 
𝑤Z  and 𝑤>  denote the minimum and maximum discharging shockwave speeds for the present 208 
episode. Specifically, in this paper we assume 𝑤 in episode 𝑒 follows a Gaussian distribution defined 209 
as 𝑝(𝑤) = 𝒩(𝑤|𝑤@$, 𝛼Z?), where 𝛼 is the prior precision (inverse of the variance). We then set 𝑤Z =210 
𝑤@$ − 3𝛼Z?/c and 𝑤> = 𝑤@$ + 3𝛼Z?/c, so that [𝑤Z,𝑤>] is a 99.7% confidence interval for 𝑤. The 211 
definition of 𝒟&  thus ensures that at least one data slice of each stopped vehicle is enclosed. The 212 
formulation of 𝒟& is given by: 213 
 214 
𝒟& ≡ B(𝑡, 𝑑):max<𝑤Z<𝑡 − 𝑔& + 𝜊 + 𝜀= + 𝐿, 0= ≤ 𝑑 ≤ min<𝑤><𝑡 − 𝑔& − 𝜊 − 𝜀= + 𝐿, 𝐿=N.		 	(3) 215 
 216 

 217 
Figure 2. Vehicle identification Zones 218 

 219 
The index sets of stopped vehicles and non-stopped vehicles in cycle 𝑖, ℚ& and 𝕄&, respectively, are 220 
formulated as: 221 

 
4 The effective green start, 𝑔&, is the sum of the actual green start time and the first queued vehicle’s start-up 
delay (Kittelson et al. 2004). The latter is usually around 2s but varies between different vehicles. The 𝜀 is 
introduced to accommodate the error of this value. 
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 222 
ℚ& ≡ B𝑗: ∃<𝑡-,/, 𝑑-,/= ∈ 𝒟&	such that	𝑣-,/ ≤ 𝜉N	 	 	 	 			 	 	 (4)	223 
𝕄& ≡ 𝕍&\ℚ&.	 	 	 	 	 	 	 	 			 	 	 (5) 224 
 225 
Note that the above method cannot eliminate all the false detections of stopped vehicles. However, it 226 
can rule out most false detections in general because 𝒟& is much smaller than 𝒮&. 227 

2.3 Deriving the posterior distribution of 𝒘 228 

This step estimates the posterior distribution of 𝑤 in the present episode via Bayesian regression. To 229 
this end, we first find the discharging point, <𝑡-̅, 𝑑̅-=, for each stopped vehicle 𝑗 ∈ ℚ&, which indicates 230 
the time and location when vehicle 𝑗 starts to discharge from the queue in cycle 𝑖. These discharging 231 
points are illustrated by the solid green circles in Figure 2. The coordinates <𝑡-̅, 𝑑̅-= can be calculated 232 
using the vehicle’s last stopped data slice (𝑡-,/k, 𝑑-,/k, 𝑣-,/k) recorded in 𝒟& and its following moving 233 
slice (𝑡-,/k>?, 𝑑-,/k>?, 𝑣-,/k>?). Specifically: 234 
 235 

<𝑡-̅, 𝑑̅-= = (𝑡-,/k>? −
lm,nkopZlm,nk

qm,nkop
, 𝑑-,/k),																			 	 			 	 	 	 	(6) 236 

where 𝑘r = argmax
/
B𝑡-,/|<𝑡-,/, 𝑑-,/= ∈ 𝒟&, 𝑣-,/ ≤ 𝜉N. 237 

 238 
In practice, the discharging points in a cycle will scatter within a narrow stripe around the idealized 239 
discharging shockwave with slope 𝑤. Thus, we propose an adjusted Bayesian regression model that 240 
takes all the discharging points in the present episode as the data input: 241 
 242 
𝑑 = 𝑤<𝑡 − 𝑔&= + 𝐿 + 𝜖,          (7) 243 
where 𝜖 is a zero mean Gaussian random noise with precision 𝛽 (the value of 𝛽 is determined by 244 
experience).  245 
 246 
Model (7) implies that the location of a discharging point, 𝑑, follows a Gaussian distribution with 247 
mean 𝑤<𝑡 − 𝑔&= + 𝐿 and precision 𝛽, i.e., 𝑑~𝒩<𝑤<𝑡 − 𝑔&= + 𝐿, 𝛽Z?=, where 𝑡 is the timestamp of 248 
the discharging point. Hence, the likelihood function of observing all the discharging points 𝒞$ ≡249 
B<𝑡-̅, 𝑑̅-=|𝑗 ∈ ⋃ ℚ&

&∈𝕀z N is given by: 250 
 251 
𝑝(𝒞$|𝑤) ∝ exp ~−�

c
∑ ∑ <𝑑̅- − 𝑤<𝑡-̅ − 𝑔&= − 𝐿=

c
-∈ℚ�&∈𝕀z 	�.																 	 	 			 (8)	252 

 253 
Based on the Bayes’ theorem, the posterior probability density function (PDF) of 𝑤, 𝑝(𝑤|𝐶$), is 254 
proportional to the product of the likelihood function and the prior PDF, which is 𝑝(𝑤) =255 

𝒩(𝑤|𝑤@$, 𝛼Z?) = � �
c�
𝑒Z

�
�
(�Z��z)�. Hence, we have: 256 

 257 

 𝑝(𝑤|𝒞$) ∝ 𝑝(𝒞$|𝑤)𝑝(𝑤)∝ exp ~−�
c
∑ ∑ <𝑑̅- − 𝑤<𝑡-̅ − 𝑔&= − 𝐿=

c
-∈ℚ�&∈𝕀z − �

c
(𝑤 − 𝑤@$)c�.				 	(9) 258 

	259 
Due to the conjugate property of Gaussian prior, the posterior distribution is also Gaussian. We can 260 
therefore derive the posterior distribution of 𝑤 as follows: 261 
 262 



8 
 

𝑝(𝑤|𝒞$) = 𝒩 �𝑤|𝑤�$, <𝛼�$=
Z?�         (10) 263 

𝑤�$ = <𝛼�$=
Z?�𝛽 ∑ ∑ <𝑑̅- − 𝐿=<𝑡-̅ − 𝑔&=-∈ℚ�&∈𝕀z + 𝛼 ⋅ 𝑤@$�		 	 	 	 	 (11) 264 

<𝛼�$=
Z? = �𝛽∑ ∑ <𝑡-̅ − 𝑔&=

c
-∈ℚ�&∈𝕀z + 𝛼�

Z?
,       (12)			265 

where 𝑤�$ is the posterior mean and 𝛼�$ is the posterior precision. The detailed derivation is relegated 266 
to Appendix B. 267 

2.4 Calculating the lower and upper bounds of queue length 268 

The lower bound of queue length for cycle 𝑖, denoted by 𝑙& (in the unit of vehicles), is calculated from 269 
the location of the farthest discharging point: 270 
 271 
𝑙& = max

-∈ℚ�
B𝐿 − 𝑑̅-N /𝑠,          (13) 272 

where 𝑠 is the average jam spacing. 273 
 274 
On the other hand, the upper bound is calculated using the intersection point between the discharging 275 
shockwave and the first non-stopped vehicle’s trajectory. The first non-stopped vehicle can be 276 
identified by finding the closest data slice upstream of the shockwave, whose index is given by: 277 
 278 
<𝑗&, 𝑘&= = arg max

-∈𝕄�,/
B𝑑-,/|𝑑-,/ ≤ 𝑤�$<𝑡-,/ − 𝑔&= + 𝐿N.      (14) 279 

 280 
Note here that the posterior mean 𝑤�$ is used for the shockwave speed. We approximate vehicle 𝑗&’s 281 

trajectory stemming from data slice <𝑗&, 𝑘&=  by 𝑑 = 𝑣-�,/��𝑡 − 𝑡-�,/�� + 𝑑-�,/� . By geometry, the 282 

intersection point’s spatial coordinate is calculated as 
�⋅qm�,n�

qm�,n�Z�
�𝑡-�,/� −

lm�,n�

qm�,n�
− 𝑔& + �

�
�.  283 

 284 
Now considering that 𝑤 follows a posterior distribution, the upper bound of queue length in the unit 285 
of vehicles is derived as follows: 286 
 287 

𝑢& = �𝐿 − ∫
�⋅qm�,n�

qm�,n�Z�
�𝑡-�,/� −

lm�,n�

qm�,n�
− 𝑔& + �

�
�𝑝(𝑤|𝒞$)𝑑𝑤@

Z� − �𝑠 +
q
m�,n�
�

c�m�
�	� /𝑠,   (15) 288 

where �𝑠 +
q
m�,n�
�

c�m�
� is the safety distance that non-stopped vehicle 𝑗&  must keep from its preceding 289 

vehicle; and 𝑎-�  denotes the maximum deceleration rate of vehicle 𝑗& . A probe vehicle’s maximum 290 
deceleration rate is sometimes furnished in the dataset. If this value is not given, it can be derived by 291 
using the speed data of that vehicle collected during the vehicle’s deceleration processes.  292 
 293 
When there are multiple lanes in the intersection approach, sometimes one may find 𝑢& < 𝑙&. This is 294 
because when adjacent lanes have different queue lengths, a non-stopped vehicle may be observed to 295 
appear downstream of a stopped vehicle. To resolve this issue, we adjust the upper bound as follows 296 
so that it is always greater than the lower bound5: 297 

 
5 If the queue lengths in different lanes are substantially different (i.e., assumption (i) in section 2.1 is violated), 
the present method may fail to find a valid upper bound. In this case, lane-specific vehicle position data are 
needed to obtain valid upper bounds. 
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𝑢& = 𝑚𝑎𝑥 �𝑙& + 𝛿, ∫
�⋅qm�,n�

qm�,n�Z�
�𝑡-�,/� −

lm�,n�

qm�,n�
− 𝑔& + �

�
�𝑝(𝑤|𝒞$)𝑑𝑤@

Z� + 𝑠 +
q
m�,n�
�

c�m�
¡ /𝑠,				    (16) 298 

where 𝛿 is a small positive number, e.g. 0.01. The 𝛿 is added to ensure that the lower and upper 299 
bounds do not equal, so that the likelihood for observing the two bounds is not zero (note that the 300 
queue length is assumed to follow a continuous distribution). Readers may refer to the next section for 301 
details. We find from numerical experiments that the value of 𝛿  has only a trivial effect on the 302 
estimation results as long as it is sufficiently small. 303 

2.5 Estimating queue length 304 

In this step, we first derive the posterior PDF of the parameters of queue length distribution in the 305 
present episode from the bounds estimated in Step 3 (section 2.5.1). Those distribution parameters are 306 
then estimated using the MAP approach (section 2.5.2). Finally, the queue length estimate for each 307 
cycle in the episode is developed in section 2.5.3.  308 
 309 
2.5.1 Deriving the posterior PDF of distribution parameters 310 

We denote 𝑓(𝑥|𝜽) as the PDF of queue length in episode 𝑒 (for brevity, we omit the subscript 𝑒 in 311 
distribution functions in this section), where 𝑥 is the random variable representing queue length in the 312 
episode, and 𝜽 is the parameter vector. From a Bayesian point of view, 𝜽 is treated as a multivariate 313 
random variable. We assume its prior distribution is a multivariate Gaussian distribution given by 314 
𝑝(𝜽) = 𝒩(𝜽|𝝁@$, 𝚺), where 𝝁@$ is the prior mean, and 𝚺 is the covariance matrix.   315 
 316 
For cycle 𝑖 ∈ 𝕀$ , the likelihood function of observing the lower bound 𝑙&  and upper bound 𝑢&  is 317 
𝑃B𝑥& ∈ �𝑙&, 𝑢&�N = 𝐹<𝑢&¨𝜽= − 𝐹(𝑙&|𝜽), where 𝑥& is the queue length of cycle 𝑖, and 𝐹(⋅ |𝜽) is the CDF 318 
of queue length in episode 𝑒. Thus, the likelihood function of observing all the bounds in episode e is 319 
given by: 320 
 321 
𝑝(𝒀$|𝜽) = ∏ �𝐹<𝑢&¨𝜽= − 𝐹<𝑙&¨𝜽=�&∈𝕀z ,		 	 	 	 	 	 	 (17)	322 

where 𝒀$ = ⋂ B𝑥& ∈ �𝑙&, 𝑢&�N&∈𝕀z . 323 
 324 
Based on the Bayes' theorem, the posterior PDF of 𝜽 is proportional to the product of likelihood 325 
function and prior PDF, i.e., 326 
 327 
𝑝(𝜽|𝒀$) ∝ ∏ �𝐹<𝑢&¨𝜽= − 𝐹<𝑙&¨𝜽=�&∈𝕀z ⋅ 𝑝(𝜽).	 	 	 	 	 	 	 (18) 328 
	329 
2.5.2 Finding the MAP estimate of 𝜽 330 

One common method used for obtaining the expression of 𝑝(𝜽|𝒀$) is the Markov Chain Monte Carlo 331 
(MCMC) sampling method. However, the computational cost of this method can be very high. To 332 
ensure computational efficiency, we develop a point estimate of 𝜽  using the MAP approach. 333 
Specifically, we find the value of 𝜽 that maximizes the posterior probability: 334 
 335 
𝜽¬­®$ = argmax

𝜽
𝑝(𝜽|𝒀$) = argmax

𝜽
∏ �𝐹<𝑢&¨𝜽= − 𝐹<𝑙&¨𝜽=�&∈𝕀z ⋅ 𝑝(𝜽).   (19) 336 

The second equality of (19) holds because the ratio between 𝑝(𝜽|𝒀$)  and ∏ �𝐹<𝑢&¨𝜽= −&∈𝕀z337 

𝐹<𝑙&¨𝜽=� ⋅ 𝑝(𝜽) is a constant unrelated to 𝜽. 338 
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To solve for 𝜽¬­®$ , we first take the logarithm of the right-hand-side (RHS) of (19): 339 
 340 
𝜽¬­®$ = argmax

𝜽
∑ �ln �𝐹<𝑢&¨𝜽= − 𝐹<𝑙&¨𝜽=� + ln 𝑝(𝜽)�&∈𝕀z .     (20) 341 

 342 
The RHS of (20) can be solved via a gradient descent algorithm, in which the gradient of 𝜽 can be 343 
calculated numerically. If 𝜽 has only one or two elements, a brute-force search can also be used to 344 
rapidly find the optimal solution. 345 
 346 
In practice, queue length is often assumed to follow a distribution in the exponential family, e.g. 347 
negative binomial distribution, Gaussian distribution, and gamma distribution (Comert and Cetin, 348 
2009; Taylor and Heydecker, 2014). For these distributions, (20) can be solved efficiently using the 349 
expectation maximization (EM) algorithm. The details of this solution algorithm are relegated to 350 
Appendix C. 351 
 352 
2.5.3 Estimating queue lengths for each cycle 353 

The queue length estimate of cycle 𝑖, denoted as 𝑞&, is then obtained by the following equation: 354 
 355 
𝑞& = min<max<𝐸[𝑥|𝜽¬­®$ ], 𝑙&= , 𝑢&= ,				𝑖 ∈ 𝕀$,       (21) 356 
Equation (21) basically uses the two queue length bounds of cycle 𝑖 to correct the mean queue length, 357 
𝐸[𝑥|𝜽¬­®$ ], which is developed from the estimated distribution 𝑓(𝑥|𝜽¬­®$ ). 358 

2.6 Updating the priors 359 

For episode 𝑒 + 1, the prior mean shockwave speed is set to the posterior mean in episode 𝑒, i.e. 360 
𝑤@$>? = 𝑤�$. The prior precision of shockwave speed 𝛼 is unchanged. In addition, the prior mean of 𝜽 361 
is set to the posterior mean in episode 𝑒, i.e. 𝝁@$>? = 𝜽¬­®$ , while the covariance matrix 𝚺 is also 362 
unchanged. We choose not to update 𝛼  and 𝚺  because updating them will always increase the 363 
precision, or equivalently, reduce the (co-)variance. The smaller the variance of a prior distribution, 364 
the greater the prior’s effect on the estimation result will be (Bishop, 2006). Thus, after updating the 365 
prior precision or (co-)variance for a number of episodes, the estimates would depend heavily on the 366 
prior information, and thus fail to trace any changes in traffic state over time. 367 

3. Simulation Experiments 368 

The performance of our approach is first examined via a battery of simulation experiments. Section 369 
3.1 describes the simulation setup; section 3.2 presents the estimation results; and section 3.3 370 
compares the performance of our approach against two similar methods proposed in previous studies. 371 

3.1 Simulation set up and parameter values 372 

All the simulation experiments were conducted in Aimsun 8.1 on a personal computer with Intel Core 373 
i7-4970 CPU @ 3.60 GHz and 16G RAM. A signalized intersection with a 300m two-lane approach 374 
was created in the simulation. Only through-moving traffic was assumed. The signal’s cycle length 375 
and effective green period were fixed at 100 and 40 seconds, respectively.  376 
 377 
Aimsun generated stationary Poisson vehicle arrivals at the start of the approach, and adjusted their 378 
arrival times to ensure the headway between consecutive vehicles in each lane is never less than 2s. 379 
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Given a 2s saturation headway, the saturation flow for the intersection approach is ±@²
?@@²

× ´µ@@²
c²/¶·¸¹º»·

×380 

2lanes = 1440 vehicles/hour. Three Poisson arrival rates were considered in our experiments, which 381 
are equal to 40% (light traffic), 70% (medium traffic), and 97% (heavy traffic) of the saturation flow, 382 
respectively. Note that when the arrival flow is 97% of saturation flow, residual queues will frequently 383 
occur at the end of green periods. In addition, we specified seven penetration rates for probe vehicles: 384 
2%, 4%, 6%, 8%, 10%, 15% and 20%. We simulated all the 21 scenarios combining the three vehicle 385 
flows and the seven penetration rates. In each scenario, 20 simulation runs were executed using 386 
different random seeds. Each simulation run contains 100 signal cycles (i.e., about 2 hours and 46 387 
minutes). 388 
 389 
Table 1 summarizes the other parameter values used in the simulation experiments. Particularly, the 390 
initial prior mean and the prior precision of 𝑤 are set as 𝑤@? = −5 m/s and 𝛼 = 1 (m/s)-2, respectively, 391 
to represent the realistic range of 𝑤 for typical urban traffic (Izadpanah et al., 2009). The 𝛽 is set to 392 
0.01 m-2, meaning that the standard deviation of the noise term 𝜖 in (7) is 10m. For the parametric 393 
distribution of queue lengths, we choose the gamma distribution, which has a shape parameter and a 394 
scale parameter. The initial prior mean vector of the two distribution parameters, 𝝁@? , is set 395 

speculatively to ¾51¿, ¾
10
1 ¿, and ¾151 ¿ for scenarios with light, medium, and heavy traffic, respectively 396 

(meaning that the average queue length would be 5, 10, and 15 vehicles, respectively). Speculative 397 
values are used since we assume there is not much prior knowledge about the traffic state. The prior 398 
variances of the two parameters are set to some intermediate-level values (52 and 12, respectively, 399 
appearing in the diagonal of matrix 𝚺). More will be discussed in section 5 on how the choices of 𝝁@? 400 
and 𝚺 affect estimation results. In addition, 𝜀 is conservatively set to 5s. 401 
 402 

Table 1. Parameter values for simulation experiments 403 
Parameter Value Definition 

𝑤@? -5 m/s Initial prior mean of discharging shockwave speed. 
𝛼 1 (m/s)-2 Prior precision of discharging shockwave speed. 
𝛽 0.01 m-2 Precision of the noise term 𝜖 in regression model (7). 

𝝁@? ¾51¿ , ¾
10
1 ¿ , ¾

15
1 ¿ 

Initial prior mean vector of queue length distribution parameters for light, 
medium, and heavy traffic. 

𝚺 ¾5
c 0
0 1c

¿ Prior covariance matrix of queue length distribution parameters.  

𝜀  5 s Error bound for vehicles’ start-up delay. 
𝑠 6.5 m Vehicle jam spacing. 
𝜉 1 m/s Speed threshold for stopped vehicles. 
𝜊 1 s Data updating interval. 

 404 
We further specified that each episode consists of 5 cycles. More analysis on the choice of episode 405 
length is also furnished in section 5. 406 
 407 
Estimations were performed in Python 3 on the same computer. The estimation for each episode took 408 
less than 1s to complete. 409 

3.2 Estimation results 410 

Figures 3a and 3b illustrate the estimation results in time-space diagrams for two typical episodes with 411 
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different penetration rates, 20% and 2%, respectively. The saturation ratio is set to 70% for both 412 
figures. The blue lines in the figures represent probe vehicle trajectories. The dotted lines represent 413 
estimated discharging shockwaves. The large, green dots on the shockwaves mark the discharging 414 
points of stopped vehicles, and the black squares mark the intersection points between the discharging 415 
shockwave and the first non-stopped vehicle trajectory in each cycle. The yellow shaded boxes 416 
indicate the range between the lower and upper bounds in each cycle. The black solid bars indicate the 417 
estimated queue lengths, and the magenta dashed bars represent the ground truth queue lengths. 418 
 419 

 420 
(a) High penetration rate (20%) 421 

 422 
(b) Low penetration rate (2%) 423 

Figure 3. Queue length estimates of two typical episodes 424 
 425 
Figure 3a shows that the estimates are very close to the ground truth for the 1st, 2nd, 3rd and 5th cycles, 426 
with errors less than a vehicle. The only large error (about three vehicles) occurs in the 4th cycle. 427 
Specifically, in the 1st cycle the lower bound almost overlaps with the upper bound since a non-428 
stopped vehicle is observed to follow closely the last stopped vehicle. In the 2nd and the 4th cycles, the 429 
estimated queue length is equal to the episode’s expected queue length since the latter is contained 430 
between the lower and upper bounds. In the 3rd and 5th cycles, however, the estimate is attained at the 431 
lower and upper bounds, respectively, because the expected queue length resides beyond the bounds. 432 
Note in the last cycle that the estimated upper bound is a little smaller than the ground truth. This false 433 
estimation occurred because the queue lengths in the two lanes were slightly unequal, and a non-434 
stopped vehicle in one lane happened to be detected to appear downstream of a stopped vehicle in the 435 
other lane.  436 
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In Figure 3b, on the other hand, only two probe vehicles are contained over 5 cycles. The first one 437 
provides an upper bound for the 2nd cycle and a lower bound for the 3rd cycle, and the second one 438 
provides an upper bound for the 4th cycle. All the other bounds in this episode are attained at the ends 439 
of the intersection approach. Note that all the queue length estimates in this episode are the same since 440 
the expected queue length lies within all the bounds. Compared against the ground truth, these 441 
estimates are still fairly good, although not as accurate as those in Figure 3a. Also note that the 442 
expected queue length largely depends on the two tight bounds: the lower bound in the 3rd cycle and 443 
the upper bound in the 4th cycle. This means that some rough estimates can still be obtained by our 444 
approach even if only a few probe vehicle trajectories are captured. 445 

3.3 Comparison against two previous methods 446 

We compare the estimation errors of our method against two previous methods proposed in Ramezani 447 
and Geroliminis (2015) and Li et al. (2017), respectively. They are similar to our method in that they 448 
did not rely on assumptions regarding the vehicle arrival process and a known penetration rate. Thus, 449 
the three methods are more suitable to be applied under more dynamic traffic conditions. In Ramezani 450 
and Geroliminis, the queue length was estimated by the position of the last stopped vehicle in a cycle; 451 
i.e. their estimate is the lower bound in our method. In Li et al., the estimate was obtained by 452 
calculating the intersection point between discharging shockwave and queue formation shockwave. 453 
Non-stopped vehicles were ignored in both methods, and no estimate is derived if no stopped vehicle 454 
is detected in a cycle.  455 
 456 
The following three performance metrics are used for comparison between the three methods under 457 
each of the 21 scenarios: 458 

i) The success rate, defined as the proportion of cycles for which a queue length estimate is 459 
successfully obtained.  460 

ii) The mean absolute error (MAE), defined as MAE = ∑ ¨Ã�ZÃÄ�¨�∈𝕊
|𝕊|

, where 𝑞&  and 𝑞Ä&  denote the 461 

queue length estimate and the ground-truth queue length of cycle 𝑖 , respectively; and 𝕊 462 
denotes the index set of cycles for which a queue length estimate is obtained. The smaller the 463 
MAE, the more accurate the estimates are. 464 

iii) The standard deviation of absolute error (SDAE), defined as SDAE = È∑ <¨Ã�ZÃÄ�¨ZÉÊË=
�

�∈𝕊
|𝕊|Z?

	. 465 

The smaller the SDAE, the more robust the estimates are. 466 
 467 
The success rate, MAE, and SDAE are plotted against the penetration rate for heavy, medium, and 468 
light traffic in Figures 4a-i. In each of the nine figures, our estimation results are shown by green 469 
curves with circular markers; results of Ramezani and Geroliminis’ method are shown by blue curves 470 
with triangular markers; and results of Li et al.’s method are shown by orange curves with square 471 
markers.  472 
 473 
First note in Figures 4a-c that our approach renders a 100% success rate for all the scenarios tested, 474 
while the two previous methods have much low success rates especially under low penetration rates. 475 
For example, under 2% penetration, Ramezani and Geroliminis’ method generated estimates for only 476 
20-60% of the cycles, and Li et al.’s method has an even lower success rate of only 0-15%. This is 477 
because the latter method requires at least two stopped vehicles to be detected in a cycle.6 478 

 
6 One may argue that the two previous methods can also be modified such that when a cycle does not contain 
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(a) Success rate under heavy traffic (b) Success rate under medium traffic (c) Success rate under light traffic 

   
(d) MAE under heavy traffic (e) MAE under medium traffic (f) MAE under light traffic 

   
(g) SDAE under heavy traffic (h) SDAE under medium traffic (i) SDAE under light traffic 

Figure 4. Comparison of three methods under various vehicle flows and penetration rates 479 
 480 
Despite the 100% success rate, the estimation accuracy is not compromised. See in Figures 4d-f that 481 
the MAE of our estimates is consistently low, regardless of the traffic volume. In contrast, Ramezani 482 
and Geroliminis’ method yielded slightly lower MAE only under light traffic, while Li et al.’s method 483 
performed well only under heavy traffic. This is as expected. For example, when the traffic is light, 484 
the ground-truth queue length is usually small and close to Ramezani and Geroliminis’ lower bound 485 
estimate, if a stopped vehicle is detected (note however that the success rate under light traffic is quite 486 
low for that method; see Figure 4c). On the other hand, vehicle arrivals are by-and-large uniform 487 
under heavy traffic, and thus the queue formation shockwave estimated by Li et al.’s method would be 488 
fairly accurate. 489 

 
enough probe vehicle data, the queue length is estimated using the average of estimates in some neighboring 
“successful” cycles. However, this may render the estimation accuracy of their methods considerably lower than 
that shown in Figures 4d-f. Nevertheless, this possibility was not discussed and tested in the cited works. 
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Finally, Figures 4g-i reveal that the SDAE of our method is also consistently lower than that of the 490 
two previous methods, save for the light traffic case where our SDAE is slightly higher than that of 491 
Ramezani and Geroliminis’. Our low SDAE is also insensitive to both traffic volume and penetration 492 
rate. This manifests that our method can produce more reliable and robust queue length estimates 493 
across all the cycles under various operating conditions. 494 

4. A Real-world Case Study 495 

To examine the performance of our method under more dynamic traffic scenarios with time-varying 496 
signal timing, vehicle flow and penetration rate, a case study is conducted using traffic data collected 497 
at a real intersection approach. The site is the southbound approach of the intersection of Fuzhong Rd. 498 
and Huanggang Rd. in Shenzhen, China, as shown in Figure 5a. We focus on the four through-moving 499 
lanes in the approach. The left-turning and right-turning traffic use separate lanes. The signal timing 500 
and probe vehicle trajectory data were collected from 9:30AM to 12:30PM on Thursday, April 13, 501 
2017 by Didi Chuxing Technology Co. Ltd. The 3-hour study period consists of 65 adaptively 502 
controlled signal cycles, and their green and red periods are plotted in Figure 5b. Figure 5c illustrates 503 
the traffic volume of each cycle, counted from a video taken on-site during the same period. The 504 
traffic volume waned over time, showing the transition from a morning peak period to an off-peak 505 
period. 506 
 507 

  

 
(b) Signal timings 

 
(a) Bird’s-eye view of the intersection approach (c) Traffic volumes 

Figure 5. The case study site 508 
 509 
The penetration rate of probe vehicles varied in the range of 5-10% during the study period, resulting 510 
in an average of 10 probe vehicles per cycle. The vehicle positions were updated every 3 seconds (i.e. 511 
𝑜 = 3s). We still specify that each episode contains 5 cycles (thus there are totally 13 episodes), and 512 
that the queue length in an episode follows a gamma distribution. The initial prior mean of queue 513 

length distribution parameters, 𝝁@?, is set as ¾181 ¿. Other parameters are set to the same values as in 514 

Table 1. 515 
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Figure 6 compares the estimates (the orange solid curve) against the ground-truth queue lengths (the 516 
blue dashed curve, which are also measured from the on-site video) for all the 65 cycles. The ground-517 
truth queue length fluctuated roughly between 20-30 vehicles during the first 45 cycles, and then 518 
dropped to 10-20 vehicles in the last 20 cycles. The figure shows that our estimates match the true 519 
queue lengths fairly well. No significant bias is found. The MAE of our estimates is only 1.7 vehicles. 520 
 521 
Due to the highly dynamic feature of this case study, it is interesting to know how the priors in our 522 
method update over time to capture the changing traffic state. Figure 7a plots the prior mean 523 
shockwave speed 𝑤@$ over the 13 episodes, showing that 𝑤@$ fluctuates only in a small range from -5.1 524 
to -4.1 m/s. On the other hand, the prior mean queue length 𝐸[𝑥|𝝁@$] exhibits a clear decreasing trend 525 
after episode 10, as shown in Figure 7b. Note how this decreasing trend closely matches that of the 526 
ground-truth queue length curve in Figure 6. For example, a peak of the ground-truth queue length 527 
curve occurs in cycles 41-45 (i.e. episode 9) in Figure 6, which is echoed in Figure 7b by a peak of the 528 
prior mean queue length curve in episode 10. 529 
 530 

 531 
Figure 6. Comparison between the queue length estimates and the ground truth 532 

 533 
The good estimation accuracy may be partially attributed to the high frequency of probe vehicles 534 
(about 10 probe vehicles per cycle). Thus, to examine our method’s performance for real traffic with 535 
low probe vehicle frequencies, we conducted a sensitivity analysis using the same dataset of the 536 
studied case. Specifically, we kept the signal timings and traffic volumes unchanged, and assumed 537 
that only a randomly sampled proportion, 𝜌, of the actual probe vehicles were observed. The sampling 538 
rate 𝜌 was set to 10%, 20%, 40%, 60%, and 80%. For each sampling rate, the sampling was repeated 539 
for 20 times with different random seeds. We then estimated the queue lengths using our method and 540 
the two previous methods for each sampling rate. The resulting success rate, MAE and SDAE are 541 
plotted against the average number of probe vehicles per cycle in Figures 8a-c, respectively. Note that 542 
the points for 10 probe vehicles per cycle are for the real case (i.e.	𝜌 = 100%). The figures reveal that 543 
our method performed fairly good even when only one probe vehicle is detected per cycle: the MAE 544 
is only 3.0 and the SDAE is 2.4. They also show that our method prevailed over the previous two 545 
consistently and significantly.  546 
 547 
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 548 
(a) The prior mean shockwave speed, 𝒘@

$ 549 

 550 
(b) The prior mean queue length, 𝑬[𝑥|𝝁@$] 551 

Figure 7. Updating of the prior means 552 
 553 

   
(a) Success rate (b) MAE (c) SDAE 

Figure 8. Comparison of three methods under various probe vehicle frequencies 554 

5. Choice of Episode Length and Prior Parameter Values  555 

In this section we discuss how to set the values for some key model parameters, including the number 556 
of cycles in an episode, the queue length distribution parameters’ initial prior mean vector, 𝝁@?, and 557 
prior covariance matrix, 𝚺. 558 
 559 
The appropriate episode length depends on the number of probe vehicles that are contained in an 560 
episode, and how fast the traffic state changes. If an episode is too short and contains only few probe 561 
vehicle trajectories, the estimation accuracy may be low. On the other hand, in a too long episode, 562 
assumption (iv) in section 2.1 may be violated, and our method would fail to capture the change of 563 
traffic state over time. For illustration, we compare the MAE of estimation results when each episode 564 
contains 1, 5, and 10 cycles for simulation experiments under the heavy-traffic scenario in Figure 9a, 565 
and for the real-world case in Figure 9b.  566 
 567 
The two figures reveal different results. In Figure 9a, estimates with 10-cycle episodes (the blue 568 
curve) exhibit the lowest MAE, followed by estimates with 5-cycle episodes (the orange curve), and 569 
then by those with 1-cycle episodes (the green curve). This is because the simulated scenario has a 570 
fixed signal plan and a stationary traffic flow, and hence the distribution of queue length does not vary 571 
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largely over time. As a result, a longer episode containing more probe vehicles will yield more 572 
accurate estimates. In Figure 9b, however, estimates with 10-cycle episodes have the greatest MAE, 573 
because in the real case the traffic condition varied over time, and a 10-cycle episode cannot capture 574 
this time-varying traffic condition well. In practice, we recommend using episodes of 3-8 cycles long. 575 
Practitioners can also calibrate this value using historical data to attain a better estimation 576 
performance. 577 
 578 

  
(a) Simulated scenarios under 97% saturation ratio (b) The real-world case (with different sampling rates) 

Figure 9. Effect of episode length on the estimation accuracy  579 
 580 
Sensitivity analyses were also conducted with respect to 𝝁@? and 𝚺. Figure 10a plots, for a randomly 581 
generated simulation experiment under medium traffic and 2% penetration, how the queue length 582 

estimates vary over cycles when different values of 𝝁@? are used. Here 𝚺 is set to Ð5
c 0
0 1c

Ñ. The figure 583 

shows that notable differences between the queue length estimates under the three 𝝁@?  values 584 
examined are mostly observed only for the first a few cycles. For the remaining cycles in the 585 
estimation period, the difference is usually less than 1 vehicle. Similar results were also observed for 586 
other simulation experiments and the real-world case study. This is as expected, since the effect of 587 
initial prior mean information is diluted quickly during the iterative estimation process. Figure 10b 588 
plots the MAE against the average number of probe vehicles per cycle for different values of 𝚺 in the 589 

real-world case, where 𝝁@? is set to ¾181 ¿. The figure reveals that the difference in MAE produced with 590 

various values of 𝚺 is also modest (no greater than 0.5 vehicle in the figure). Therefore, the accuracy 591 
of our approach seems to be quite robust to the two prior parameters. In practice, we recommend 592 
using similar values as we used in this paper for those parameters (if gamma distribution is used for 593 
queue lengths) in the absence of further knowledge about the traffic condition. The prior covariances 594 
can be set relatively higher if the traffic condition is known to vary quickly (so as to reduce the impact 595 
of prior means), and relatively lower if the traffic is stationary. One can also calibrate 𝝁@?  and 𝚺 596 
together with the episode length if the historical data are available. 597 

6. Conclusions 598 

A Bayesian method is developed to estimate the maximum queue lengths in a signalized intersection 599 
approach. We propose a MAP formulation for estimating the distribution of queue lengths in an 600 
episode consisting of several neighboring cycles, which takes the lower and upper bounds of queue 601 
lengths as inputs. The prior means of queue length distribution parameters are updated episode by 602 
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episode to capture the time-varying traffic condition. Both the queue length and the discharging 603 
shockwave speed (which is used to derive the upper bounds of queue lengths) are modeled 604 
stochastically. An EM algorithm is proposed to find the solution to the MAP problem efficiently. 605 
 606 

  
(a) Effect of 𝝁𝟎𝟏 (for a simulation experiment under 

medium traffic and 2% penetration) 

(b) Effect of 𝚺 (for the real-world case) 

Figure 10. Effects of prior queue length distribution parameters 607 
 608 
Our method does not rely on any assumption regarding vehicle arrivals. Instead, we assume the queue 609 
lengths in an episode follow a parametric distribution. In practice, using a common distribution of the 610 
exponential family is recommended, for instance a Gaussian or gamma distribution. 611 
 612 
Through a large array of simulation experiments and a real-world case study, the performance of our 613 
method is shown to be pretty good. In most cases tested in this paper, our estimates exhibit a MAE of 614 
only 1-3 vehicles, superior to two previous methods reported in the literature; see Figures 4d-f and 8b. 615 
Recall that the low MAE is achieved when estimates were obtained for all the cycles, no matter 616 
whether a cycle contains probe vehicle data or not. In contrast, the two previous methods have quite 617 
low success rates especially under low penetration rates. In addition, our method furnishes more 618 
robust estimates, as manifested by the consistently low MAE and SDAE for varying traffic condition 619 
and probe vehicle frequencies; see Figures 4d-i and 8b-c. The real-world case study also verified that 620 
our approach works well under highly dynamic real traffic condition. 621 
 622 
For practical applications, the episode length, the initial prior means and the prior covariance matrix 623 
of queue length distribution parameters should be selected by the practitioners. Calibration is not a 624 
must, but is recommended if historical data are available.  625 
 626 
Limitations of our approach are also noted. For example, it cannot be directly applied to the scenario 627 
where a left-turning vehicle queue spills over its storage bay to mix with the through-moving queue, 628 
or when different lanes have significantly different queue lengths. We are currently developing novel 629 
algorithms to address these problems. In addition, our approach may not perform well when the 630 
vehicle inflow varies largely over cycles with a low penetration rate. In this case, using long episodes 631 
would overlook the temporal variation in traffic, while using short episodes would produce inaccurate 632 
estimates due to the low probe vehicle frequency. Potential solutions to this issue are also under 633 
exploration (a promising one is to integrate nearby intersections’ probe vehicle data into the 634 
estimation approach). Another potential extension of the present work is to integrate the signal timing 635 
estimation (Hao et al., 2012, and Du et al., 2019) into our queue length estimation approach, so that 636 
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the integrated approach can be applied where the signal timing information is unavailable. 637 
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Appendix A. Table of notation 643 

Notation Description 
𝐿 Length of the intersection approach 
𝑒 Episode number 
𝑖 Cycle number 
𝑗 Probe vehicle number  
𝑘 Data slice number of a specific vehicle  
𝑑 Vehicle location 
𝑡 Time 
𝑑-,/ Vehicle location in data slice 𝑘 for vehicle 𝑗  
𝑡-,/ Timestamp in data slice 𝑘 for vehicle 𝑗 
𝑣-,/ Instantaneous speed in data slice 𝑘 for vehicle 𝑗 
𝑗& Number of the first non-stopped vehicle in cycle 𝑖 
𝑘& Number of the data slice used to identify the first non-stopped vehicle 𝑗& 
𝑎-� Maximum deceleration rate of vehicle 𝑗& 
𝑠 Jam spacing 
𝑑̅- Location of discharging point for stopped vehicle 𝑗 
𝑡-̅ Timestamp of discharging point for stopped vehicle 𝑗 
𝑟& Effective red start time of cycle 𝑖 
𝑔& Effective green start time of cycle 𝑖 
𝑙& Lower bound of queue length in cycle 𝑖 
𝑢& Upper bound of queue length in cycle 𝑖 
𝒮& Target zone of cycle 𝑖 
𝒟& Discharging zone of cycle 𝑖 
𝒞$ Set of all the discharging points in episode 𝑒 
𝕀$ Set of numbers of cycles that belong to episode 𝑒 
𝕍& Set of numbers of probe vehicles in cycle 𝑖 
ℚ& Set of numbers of stopped vehicles in cycle 𝑖 
𝕄& Set of numbers of non-stopped vehicles in cycle 𝑖 
𝕊 Set of numbers of cycles for which queue lengths are successfully estimated 
𝑤 Discharging shockwave speed 

[𝑤Z,𝑤>] 99.7% confidence interval of discharging shockwave speed 
𝑤@$ Prior mean of discharging shockwave speed of episode 𝑒 
𝑤�$ Posterior mean of discharging shockwave speed of episode 𝑒 
𝛼 Prior precision of discharging shockwave speed 
𝛼�$ Posterior precision of discharging shockwave speed in episode 𝑒 
𝜊 Data updating interval 
𝜀 Error bound for vehicles’ start-up delay 
𝜉 Speed threshold to identify stopped vehicles 
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𝜖 Zero-mean Gaussian random noise for regression of discharging shockwave speed 
𝛽 Precision of the Gaussian noise 𝜖 
𝛿 A small positive number to ensure the lower and upper queue length bounds do not equal 
𝜽 Parameter vector of the queue length distribution 

𝜽¬­®$  MAP estimator of 𝜽 in episode 𝑒 
𝝁@$ Prior mean of 𝜽 in episode 𝑒 
𝚺 Covariance matrix of 𝜽  

𝑓(𝑥|𝜽) PDF of queue length 
𝐹(𝑥|𝜽) CDF of queue length 
𝑥 Random variable representing a queue length in an episode 
𝑥& Random variable representing the queue length in cycle 𝑖 
𝑿$ The set of true queue lengths in episode 𝑒 
𝒀$ The set of observed lower and upper queue length bounds in episode 𝑒 
𝑁$ The number of cycles in episode 𝑒 
𝑞& Queue length estimate in cycle 𝑖 
𝑞Ä& Ground-truth queue length in cycle 𝑖 
𝜌 Sampling rate 

Appendix B. Derivation of the posterior distribution of 𝒘 644 

To find the explicit form of the posterior distribution 𝑝(𝑤|𝒞$), we take the logarithm of the PDF: 645 
 646 
 ln<𝑝(𝑤|𝒞$)= = −�

c
∑ ∑ <𝑑̅- − 𝑤<𝑡-̅ − 𝑔&= − 𝐿=

c
-∈ℚ�&∈𝕀z − �

c
(𝑤 − 𝑤@$)c + 𝐶@,  (B1) 647 

where 𝐶@ is a constant. 648 
 649 
For Gaussian distribution, the variance (inverse of the precision) can be obtained by checking the 650 
second-order term’s coefficient in the logarithm. The second-order term of the logarithm is 651 
−?
c
�𝛽 ∑ ∑ <𝑡-̅ − 𝑔&=

c
-∈ℚ�&∈𝕀z + 𝛼�𝑤c. Hence the posterior precision is given by: 652 

 653 

<𝛼�$=
Z? = �𝛽∑ ∑ <𝑡-̅ − 𝑔&=

c
-∈ℚ�&∈𝕀z + 𝛼�

Z?
.       (B2)	654 

	655 
Similarly, the posterior mean can be found by checking the first-order term’s coefficient, which is 656 
�𝛽 ∑ ∑ <𝑑̅- − 𝐿=<𝑡-̅ − 𝑔&=-∈ℚ�&∈𝕀z + 𝛼 ⋅ 𝑤@$�. The mean is then calculated by multiplying the above 657 
coefficient with the precision: 658 
 659 
𝑤�$ = <𝛼�$=

Z?�𝛽 ∑ ∑ <𝑑̅- − 𝐿=<𝑡-̅ − 𝑔&=-∈ℚ�&∈𝕀z + 𝛼 ⋅ 𝑤@$�.                   (B3)	660 

Appendix C. The EM algorithm for solving for 𝜽𝑴𝑨𝑷𝒆  661 

We write the queue length PDF following the definition of exponential-family distributions (Bishop, 662 
2006): 663 
 664 
𝑓(𝑥|𝜽) = ℎ(𝑥)𝑔(𝜽) exp{𝜼(𝜽)Ý𝑻(𝑥)},       (C1) 665 
where 𝜼(𝜽) represents the natural parameters of the distribution; ℎ(𝑥) and 𝑻(𝑥) are functions of x; 666 
and 𝑔(𝜽) is added to ensure the PDF integrates to 1. 667 
 668 
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To apply the EM algorithm, we first note that the true queue lengths in episode 𝑒, 𝑿$ = B𝑥&|𝑖 ∈ 𝕀$N, 669 
can be regarded as latent variables. The logarithm of the complete-data likelihood function (i.e. the 670 
likelihood of observing both 𝑿$ and the bounds 𝒀$) can be written as: 671 
 672 
ln 𝑝(𝑿$, 𝒀$|𝜽) = ∑ ln 𝑓<𝑥&¨𝜽=&∈𝕀z = 𝑁$ ln 𝑔(𝜽) + ∑ �ln ℎ<𝑥&= + 𝜼(𝜽)Ý𝑻<𝑥&=�&∈𝕀z ,  (C2)  673 
where 𝑁$ = |𝕀$| is the number of cycles in episode e. 674 
 675 
The EM algorithm recursively executes the expectation (E) step and the maximization (M) step until 676 
the solution converges. The E step first finds the posterior distribution of the latent variables when the 677 
parameter vector 𝜽 is fixed as 𝜽àál: 678 
 679 

𝑝<𝑿$¨𝒀$, 𝜽àál= = ∏ â<ã�|𝜽äåæ=�∈𝕀z

∏ �ç<è�|𝜽äåæ=Zç<á�|𝜽äåæ=��∈𝕀z
.        (C3) 680 

 681 
This posterior distribution is used to calculate the expectation of the complete-data log likelihood with 682 
respect to 𝑿$. This expectation, denoted as 𝑄<𝜽, 𝜽àál=, is given by: 683 
  684 
𝑄<𝜽, 𝜽àál= = 𝑬𝑿z~�<𝑿z|𝒀z,𝜽äåæ=[ln 𝑝(𝑿

$, 𝒀$|𝜽)] = 𝑁$ ln 𝑔(𝜽) + 𝜼(𝜽)Ý ∑ 𝜸&&∈𝕀z + 𝐶?,   (C4) 685 

where 𝜸&  is the conditional expectation of 𝑻(𝑥&) , given by 𝜸& =
∫ 𝑻<ã�=ë�
å� â<ã�|𝜽äåæ=lã�

ç<è�|𝜽äåæ=Zç<á�|𝜽äåæ=
; 𝐶? =686 

∑ ∫ »ìí<ã�=ë�
å� â<ã�|𝜽äåæ=lã�

ç<è�|𝜽äåæ=Zç<á�|𝜽äåæ=&∈𝕀z  is a term unrelated to 𝜽. 687 

 688 
In the M step, we maximize the sum of 𝑄<𝜽, 𝜽àál= and the logarithm of 𝑝(𝜽) (prior PDF) with 689 
respect to 𝜽, while 𝜸&’s are fixed; i.e., 690 
 691 
𝑄<𝜽, 𝜽àál= + ln 𝑝(𝜽) = 𝑬𝑿z~�<𝑿z|𝒀z,𝜽äåæ=[ln 𝑝(𝑿

$, 𝒀$|𝜽)] + ln 𝑝(𝜽)  692 

= 𝑁$ ln𝑔(𝜽) + 𝜼(𝜽)Ý ∑ 𝜸&&∈𝕀z − ?
c
(𝜽 − 𝝁@$)Ý𝚺Z?(𝜽 − 𝝁@$) + 𝐶c,                (C5) 693 

where 𝐶c is also a term unrelated to 𝜽. 694 
 695 
Maximization of the RHS of (C5) is usually tractable, even though the original problem may not be. 696 
Specifically, the first order condition of the RHS of (C5) with respect to 𝜽 yields the following 697 
equation for the optimal solution 𝜽∗: 698 
 699 
𝚺Z?(𝜽∗ − 𝝁@$) − 𝑁$ ?

ï(𝜽∗)
ðï(𝜽∗)
ñ𝜽

= ð𝜼(𝜽∗)
ñ𝜽

∑ 𝜸&&∈𝕀z .      (C6) 700 

For common distributions in the exponential family, e.g. negative binomial, Gaussian, and gamma, the 701 

partial derivatives ðï(𝜽)
ñ𝜽

 and ð𝜼(𝜽)
ñ𝜽

 can be derived analytically. Thus 𝜽∗  can be easily computed 702 
numerically or analytically (Bishop, 2006). 703 
 704 
The EM algorithm then sets 𝜽àál = 𝜽∗ and proceeds to the next iteration. The algorithm stops when 705 
the values of 𝜽∗ converge under a certain tolerance level. 706 
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