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Abstract 7 

Transit systems are designed in which access and egress can occur via a shared-bike service. Patrons 8 

may walk to shared-bike docking stations nearest their origins, and then cycle to their nearest transit 9 

stations where they deposit the bikes. The travel pattern is reversed when patrons cycle from their 10 

final transit stations on to their destinations. Patrons choose between this option and that of solely 11 

walking to or from transit stations. Shared bikes are priced to achieve the system-optimal assignment 12 

of the two feeder options. 13 

Transit trunk-line networks are laid-out in hybrid fashion, as proposed in Daganzo (2010a). 14 

Transit lines thus form square grids inside city centers, and radiate outward in the peripheries. As in 15 

Daganzo (2010a) and other studies, a set of simplifying assumptions are adopted that pertain primarily 16 

to the nature of travel demand. These enable the formulation of a parsimonious, continuous 17 

model. The model produces designs that minimize total travel costs, and is ideally suited for high-18 

level (i.e., strategic) planning. A similar model is developed for systems in which access or egress to 19 

or from transit can occur solely by walking, or by walking and riding fixed-route feeder buses in 20 

combination. The shared-bike and feeder-bus models both complement Daganzo’s original model in 21 

which access and egress occur solely by walking. 22 

Comparisons of these feeder options are drawn through numerical analyses. These are 23 

performed in parametric fashion by varying city size, travel demand, and economic conditions; and 24 

for trunk services that are provided either by ordinary buses, Bus Rapid Transit, or metro rail. Designs 25 

are produced for cases in which shared-bike and feeder-bus services are made to fit pre-existing and 26 

unchangeable trunk-line networks; and for cases in which trunk and feeder services are optimized 27 

jointly. 28 

Outcomes reveal that shared-bike feeder systems can often reduce costs over walking alone, 29 

with cost savings as high as 7%, even when the shared bikes are made to fit a pre-existing transit 30 

network. Shared-biking often outperforms feeder-bus service as well. We further find that the joint 31 

optimization of trunk and shared-bike feeder services can reduce costs not only to users, but also to 32 

the transit agency that operates these services. Savings to the agency can be used to subsidize shared-33 

bike services. We show that with or without this subsidy, shared-bike systems can always break even 34 

when they are suitably priced, and jointly optimized with trunk service. 35 
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1. Introduction 38 

Public transit services can be accessed by feeder bus and, less commonly by bicycle. Both options are 39 

speedier than walking. Bicycles are less expensive than buses, however, and are more 40 

environmentally-friendly (Pucher and Buehler, 2008, 2012). And for able-bodied travelers, bikes can 41 

be convenient to use, save perhaps in hilly cities and inclement weather. Little wonder that 42 

communities that deploy bike lanes and other bicycle-friendly facilities often find that ridership grows 43 

for transit as well as for bikes (Beatley, 2014; Bonnette, 2007; Hampshire and Marla, 2012; Martens, 44 

2007; Noland and Ishaque, 2006; Wieth-Knudsen, 2012). 45 

Shared bicycles that are rented by transit patrons seem a particularly promising means of 46 

feeder service (Goodyear, 2014; Gutman, 2017; Liu et al., 2012; Midgley, 2011; 2013; Shaheen et al., 47 

2009, 2010; Wang, 2013b); and one that surveys suggest is preferred by many cyclists (TNS Sofres, 48 

2009). Sharing relieves riders of having to purchase, maintain and protect their own bikes. And it 49 

conveniently solves transit’s first- and last-mile problem by enabling patrons to ride at one or both 50 

ends of their trips without carrying bicycles aboard buses or trains (Liu et al., 2012). This is 51 

something that both transit patrons and operating agencies find desirable. 52 

In practice, bike-sharing schemes are designed to fit existing transit systems, with little or no 53 

adjustments to the latter. Policy studies on the subject presume this separate approach to design (e.g. 54 

Cheng and Liu, 2012; Li and Loo, 2016; Muñoz et al., 2016). Empirical studies reflect this approach 55 

as well (e.g. Faghih-Imani et al., 2017; Ma et al., 2015; Martens, 2007; Midgley, 2009; Nadal, 2007; 56 

Yang et al., 2015). 57 

To our knowledge, the literature remains silent on the subject of jointly designing shared bike 58 

systems with the transit trunk-line networks they feed. This is surprising, since the higher access and 59 

egress speeds of bicycles (relative to walking) might justify trunk-line designs with greater spacings 60 

between routes and stops. These could lower operating costs for the transit agency, as well as trip 61 

times for its patrons. Both advantages were found when transit trunk networks were jointly optimized 62 

with feeder services furnished by buses (e.g. Chen and Nie, 2017a; Sivakumaran et al., 2014). 63 

In light of the above, the present paper explores (i) how shared-bike feeder systems might 64 

best be designed to fit existing (and unalterable) trunk-line transit networks; and (ii) how these same 65 

feeders and trunk networks might be optimized jointly. In both thrusts, shared bikes are accessed via 66 

docking stations. And in both thrusts, designs are optimized without the aid of discrete models of the 67 

kind in Ibarra-Rojas et al. (2015) and Kepaptsoglou and Karlaftis (2009), since these furnish solutions 68 

that are case-specific. 69 

We opt instead to formulate and use parsimonious, continuous models in line with Newell 70 

(1971) and Wirasinghe and Ghoneim (1981). Doing so required a host of simplifying assumptions. 71 

Most pertain to travel demands, which are assumed to be uniformly distributed over our networks, and 72 

invariant to network designs. Though these may be viewed as controversial in some circles, all of the 73 

assumptions have been adopted in previous works; e.g. see (Chen et al., 2015; Daganzo, 2010a, b; 74 

Estrada et al., 2011; Fan et al., 2018; Sivakumaran et al., 2014). The advantage of our approach lies in 75 

the general insights that it produces. 76 

Present insights pertain to both thrusts (i) and (ii) above, and were sharpened via parametric 77 

analyses. Our case studies collectively entail trunk networks that are served by ordinary buses, by bus 78 

rapid transit (BRT) and by metro rail. Each of these forms was explored under three feeder options in 79 

which patrons: walk to and from trunk stations sans other options; choose whether or not to ride fixed-80 

route feeder buses; and choose instead whether to ride shared bikes. We further parse each 81 

combination of trunk and feeder system by varying the city’s size, its travel demand, and its economic 82 

condition. 83 



 3 

In all these many cases, the trunk-line networks conform to the hybrid structure proposed in 84 

Daganzo (2010a), and briefly reviewed in the following section. The continuous models formulated 85 

for the three feeder options are presented in the following section as well. Parametric analyses are 86 

presented in section 3. Section 3 also explores how shared bikes can be priced so that transit agencies 87 

can always break even, with or without subsidies. Tailoring present findings to real-world 88 

environments is discussed in section 4. 89 

2. Methodology 90 

Section 2.1 reviews ideas in Daganzo (2010a) for designing transit networks accessed on foot. Our 91 

reiteration of these ideas is kept to a minimum, and is offered to justify new ideas that follow. These 92 

come in sections 2.2 and 2.3 and pertain to access via shared bicycles and feeder buses, respectively. 93 

A solution method is presented in section 2.4. Notations used throughout this section are provided in 94 

Appendix A. 95 

2.1. Accessing transit on foot 96 

Consider the square-shaped city of size 𝐷 × 𝐷 (km2) in Fig. 1 with a dense grid of streets throughout 97 

that are parallel to the city’s boundaries. As per assumptions in Daganzo (2010a), Chang and 98 

Schonfeld (1991), and Medina et al. (2013), demand for transit travel: is exogenous and inelastic to 99 

transit service; has an hourly rate of 𝜆𝑝 (trips/h/km2) during the peak period of duration 𝑡𝑝 (h/day), a 100 

lower rate 𝜆𝑜 (trips/h/km2) during the off-peak of duration 𝑡𝑜 (h/day); and has origins and destinations 101 

that are uniformly distributed over the entire city. The average demand density 𝜆 =
𝜆𝑝𝑡𝑝+𝜆𝑜𝑡𝑜

𝑡𝑝+𝑡𝑜
 will be 102 

used as a proxy for the city’s population density. The patrons’ value of time, 𝜇 ($/h), will serve as a 103 

proxy for the average hourly wage of city residents. 104 

 In further keeping with previous studies, a patron is assumed to: access and egress a transit 105 

system via the station nearest her origin and destination, respectively; arrive at her origin station 106 

randomly, regardless of the service schedule; choose the shortest-distance route; and choose between 107 

routes with equal probability, should multiple shortest routes exist. For simplicity, transit vehicles are 108 

assumed to stop at every station along a route, and dwell for time 𝜏 at each station.1 109 

 Transit routes collectively form the hybrid structure shown in Fig.1 in bold. In a (shaded) 110 

central area of size 𝛼𝐷 × 𝛼𝐷 (where 𝛼 is a decision variable), lines evenly spaced at 𝑆 (km) form a 111 

grid. The lines extend (and branch as needed) in the periphery, with stations again spaced at 𝑆. 112 

Vehicle headways in the central area are 𝐻𝑝  (h) and 𝐻𝑜  (h) during peak and off-peak times, 113 

respectively. 114 

 In formulating the cost-minimization problem for this hybrid network, the costs born to 115 

patrons and the agency will be expressed in units of time (Chen and Nie, 2017a, b, 2018; Daganzo, 116 

2010a, b), and with decision variables 𝑆, 𝐻𝑝, 𝐻𝑜, and 𝛼. The formulation is: 117 

min
𝑆,𝐻𝑝,𝐻𝑜,𝛼

 𝑡𝑝𝜆𝑝(𝑈𝐶𝑊,𝑝+𝐴𝐶𝑝)+𝑡𝑜𝜆𝑜(𝑈𝐶𝑊,𝑜+𝐴𝐶𝑜)

𝑡𝑝𝜆𝑝+𝑡𝑜𝜆𝑜
  (1a) 

subject to: 𝜆𝑘𝑆𝐷𝐻𝑘 ∙ max {
1−𝛼2

2𝛼
,
3+2𝛼2−3𝛼4

8𝛼
+
𝐷(1−𝛼2)

2

32𝑆
} ≤ 𝐾, 𝑘 ∈ {𝑝, 𝑜}  (1b) 

 𝐻𝑘 ≥ 𝐻𝑚𝑖𝑛, 𝑘 ∈ {𝑝, 𝑜}  (1c) 

 𝑆 > 0  (1d) 

 
1 With modest additions, the model can treat the dwell time at each stop as a linear function of its boarding 

patrons, as in Daganzo (2010a); Estrada et al. (2011); and Fan et al. (2018). 
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 𝑆 𝐷⁄ ≤ 𝛼 ≤ 1,  (1e) 

where  𝑈𝐶𝑊,𝑝  and 𝑈𝐶𝑊,𝑜  denote the patrons’ average trip costs in peak and off-peak periods, 118 

respectively; and 𝐴𝐶𝑝 and 𝐴𝐶𝑜 are the average peak and off-peak trip costs incurred by the transit 119 

agency. Constraint (1b) ensures that the number of patrons onboard a transit vehicle never exceeds its 120 

passenger-carrying capacity, 𝐾 , where the left-hand-side is the maximum onboard occupancy for 121 

period 𝑘; see Daganzo (2010a) for the derivation. Constraint (1c) prevents headways from falling 122 

below a minimum, 𝐻𝑚𝑖𝑛, as determined by safety considerations or the system’s vehicle-carrying 123 

capacity; and (1d) and (1e) are boundary constraints for the decision variables. 124 

 125 
Fig. 1. A hybrid transit network atop a grid street network in a square city (Daganzo, 2010a). 126 

The patrons’ average trip cost in period 𝑘 is formulated as: 127 

𝑈𝐶𝑊,𝑘 =
𝑆

𝑣𝑤
+ 𝐸𝑇,𝑘 , 𝑘 ∈ {𝑝, 𝑜}  (2a) 

𝐸𝑇,𝑘 = 𝐻𝑘 (
2+𝛼3

3𝛼
+
(1−𝛼2)

2

4
) + 𝛿 (1 +

(1−𝛼2)
2

2
) +

𝐷

12
(
1

𝑣
+
𝜏

𝑆
) (12 − 7𝛼 + 5𝛼3 − 3𝛼5 + 𝛼7),

𝑘 ∈ {𝑝, 𝑜}  
(2b) 

where 𝑣𝑤 is walking speed, such that 
𝑆

𝑣𝑤
 is the average time spent accessing and then egressing transit 128 

stations; 𝛿 is the penalty cost per transfer (in hours); and 𝑣 is the transit vehicle’s cruise speed. The 129 

𝐸𝑇,𝑘 is the sum of: (i) average wait time per trip at the origin and transfer stations in period 𝑘; (ii) 130 

average transfer penalty per trip; and (iii) average in-vehicle travel time per trip. 131 

The agency cost consists of the infrastructure cost for the lines (rails or bus lanes) and the 132 

stations, and the operating costs based on vehicle-kms traveled (e.g. fuel) and vehicle-hours traveled 133 

(e.g. driver wages). The average agency cost per trip in period 𝑘 is formulated as: 134 

𝐴𝐶𝑘 =
1

𝜇𝜆𝑘
(
(1+𝛼2)𝐶𝐼

𝑆
+
𝐶𝑆

𝑆2
+
2(3𝛼−𝛼2)𝐶𝑉𝐷

𝑆𝐻𝑘
+
2(3𝛼−𝛼2)𝐶𝑉𝑇

𝑆𝐻𝑘
(
1

𝑣
+
𝜏

𝑆
)) , 𝑘 ∈ {𝑝, 𝑜},  (3) 

where 𝐶𝐼 , 𝐶𝑆, 𝐶𝑉𝐷, 𝐶𝑉𝑇 are unit cost parameters: 𝐶𝐼 ($/h/km) denotes the amortized monetary cost per 135 

km of transit line per hour of operation; 𝐶𝑆 ($/h/station) the amortized cost per station per hour; 𝐶𝑉𝐷 136 

($/km/vehicle) the unit distance-based operating cost; and 𝐶𝑉𝑇  ($/h/vehicle) the unit time-based 137 

operating cost. In the interest of brevity, further explanation and derivation of (2a-3) are omitted here. 138 

Readers can refer to Daganzo (2010a) for details. 139 
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2.2. Access via shared bikes 140 

For the sake of simplicity, ignore the possibility that some travelers (e.g. those with short commutes) 141 

might use bicycles for their entire trips, and assume instead that shared bikes are used solely for 142 

accessing and egressing transit. The assumption is conservative because it over-estimates the costs 143 

incurred by some short-distance travelers, and therefore obscures the full benefits of shared-biking. 144 

Our first order of business is to lay-out the docking stations where patrons check-out and 145 

return bicycles. Two types of stations are used: large docking stations that are placed next to transit 146 

stations to facilitate transit access and egress; and smaller docking stations that are uniformly 147 

distributed over a city at a density 𝑃 (station/km2). Layout of the latter stations is done per our first 148 

proposition below, with a proof relegated to Appendix B. 149 

Proposition 1. For a given 𝑃, the diamond-grid layout of small docking stations shown in Fig. 2 150 

(where the black dots represent the docking stations) minimizes the average walking distance between 151 

an average patron’s origin or destination and the nearest docking station. The resulting average 152 

walking distance is 𝑑𝑤 = √
2

9𝑃
. 153 

 154 
Fig. 2. The optimal layout of small bike docking stations. 155 

The joint optimization of the transit network and docking stations takes five decision 156 

variables and is formulated as follows: 157 

min
𝑆,𝐻𝑝,𝐻𝑜,𝛼,𝑃

       𝑡𝑝𝜆𝑝(𝑈𝐶𝐵,𝑝+𝐴𝐶𝑝)+𝑡𝑜𝜆𝑜(𝑈𝐶𝐵,𝑜+𝐴𝐶𝑜)

𝑡𝑝𝜆𝑝+𝑡𝑜𝜆𝑜
+ 𝐴𝐶𝐵  (4) 

subject to: (1b-e) and 𝑃 ≥ 0,  

where 𝑈𝐶𝐵,𝑘  (𝑘 ∈ {𝑝, 𝑜}) denotes the average patron’s cost in period 𝑘; and 𝐴𝐶𝐵  the bike-sharing 158 

agency cost per trip, to be defined in due course. The 𝐴𝐶𝑘 (𝑘 ∈ {𝑝, 𝑜}) is the same as defined in (3). 159 

The 𝑈𝐶𝐵,𝑘 is given by: 160 

𝑈𝐶𝐵,𝑘 = 𝐸𝐵,𝑘 + 𝐸𝑇,𝑘, for 𝑘 ∈ {𝑝, 𝑜}.  (5) 

 Note that a trip’s average access and egress time by walking, 
𝑆

𝑣𝑤
 in (2a), is replaced in (5) by 161 

𝐸𝐵,𝑘 to account for the costs of cycling. These costs depend on how patrons choose between walking 162 

and renting shared bikes. To model these choices, assume that only a proportion, 𝛽, of transit patrons 163 

are able-bodied and thus consider biking as a feeder option. These patrons choose between walking 164 

and cycling so as to lower their costs. The 𝛽 reflects patrons’ willingness to cycle, and can be used to 165 

capture the long-term effects of weather, terrain and the presence or absence of bike-friendly facilities 166 

and policies.2 The remaining (1 − 𝛽) of patrons access transit solely by walking (Nurworsoo et al., 167 

2012). 168 

 
2 More detailed choice models, such as probit or logit (Hausman and Wise, 1978; Taylor and Mahmassani, 1996; 

Wen and Koppleman, 2001) can be incorporated into our modeling framework too. 
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Consider an able-bodied patron in period 𝑘 ∈ {𝑝, 𝑜}. Define 𝑑 as the access distance from that 169 

patron’s origin to her nearest transit station, or as the egress distance between the patron’s destination 170 

and the transit station nearest that destination.3 Access or egress cost by riding a shared bike, 𝑢𝐵𝑘(𝑑), 171 

or by solely walking, 𝑢𝑊𝑘(𝑑), are formulated as: 172 

𝑢𝐵𝑘(𝑑) =
𝑑

𝑣𝑏
+ 𝑡𝑤 + 𝑡𝑑𝑝 + 𝑡𝑑𝑑 + 𝑡𝑓 +

𝜑𝑘(𝑑)

𝜇
  (6a) 

𝑢𝑊𝑘(𝑑) =
𝑑

𝑣𝑤
, (6b) 

where 𝑣𝑏 denotes the cycling speed; 𝑡𝑤 the walking time from the patron’s origin to the nearest bike 173 

station (from Proposition 1, we have 𝑡𝑤 ≈ 𝑑𝑤 𝑣𝑤⁄ = √
2

9𝑃
/𝑣𝑤); 𝑡𝑑𝑝 and 𝑡𝑑𝑑 the times for picking-up 174 

and dropping-off a bike at a docking station, respectively; 𝑡𝑓 the intermodal transfer penalty between 175 

the transit station and the nearby bike station; and 𝜑𝑘(𝑑) the distance-based bike rental fee in period 𝑘. 176 

We present the following two propositions concerning a patron’s choice of access or egress mode. 177 

Proposition 2. At system optimum, there exists a critical distance 𝑑𝑐𝑘 > 0 for each period 𝑘 ∈ {𝑝, 𝑜}, 178 

such that if a patron’s access or egress distance 𝑑 < 𝑑𝑐𝑘, she will choose to walk to or from the transit 179 

station, and if an able-bodied patron’s access or egress distance 𝑑 > 𝑑𝑐𝑘, she will choose to ride a 180 

shared bike. 181 

Proposition 3. The above system optimum can be attained by appropriately pricing the bike rental fee. 182 

Proofs of the above two propositions are relegated to Appendices C and D. Appendix D also presents 183 

a scheme that entails the system optimum mode choices, in which the bike rental fee increases linearly 184 

with distance. The derivation of the critical distance 𝑑𝑐𝑘  (𝑘 ∈ {𝑝, 𝑜}) is furnished in Appendix E. 185 

Understanding the proofs and derivations in the appendices requires additional notations regarding the 186 

agency cost of shared bikes to be defined. Specifically, we denote: 𝐶𝐵  ($/bike/day) and 𝐶𝐷 187 

($/dock/day) as the purchase, maintenance, and operating costs for each bike and each dock, 188 

respectively. These costs are amortized over the lifecycles of a bike and a dock. Further denote: 𝜉 as 189 

the fixed ratio between the numbers of docks and bikes for a bike-sharing system, which usually takes 190 

a value of 1.5~1.7 for real-world business solutions (Gauthier et al., 2013; Gleason and Miskimins, 191 

2012; Tang et al., 2011; Yang et al, 2015); and 𝜌 as the bikes’ peak-period utilization ratio, i.e., the 192 

average proportion of time when a bike is in use during peak periods (0 < 𝜌 ≤ 1). 193 

Parameter 𝜌 indicates how fast the bikes are circulated during peak hours, which is affected 194 

by the demand imbalance, randomness, and the performance of bike redistribution strategies. When 195 

𝜌 = 1, each bike will be checked out immediately after someone returns it to a docking station, as 196 

may occur when the incoming and outgoing demands at each station are perfectly balanced and 197 

deterministic. Low values of 𝜌 can be used to represent cases where the incoming and outgoing 198 

demands are highly stochastic and imbalanced between stations, and where no efficient bike 199 

redistribution strategy is implemented. Using low values of 𝜌 would be conservative because more 200 

bikes and docks are needed to satisfy the demand, entailing a higher agency cost. For simplicity, 201 

detailed modeling of the bike redistribution strategy is omitted in this paper, and its cost is assumed to 202 

be factored into the amortized costs for the bikes and the stations (Gleason and Miskimins, 2012; 203 

Wang, 2013a; Yang et al., 2015). 204 

 Following Proposition 2, denote the part of a catchment zone that is defined by 𝑑 < 𝑑𝑐𝑘 as 205 

the “walk-only” region, and the remaining catchment zone as the “cycling” region. We then have the 206 

following corollary of Proposition 2: 207 

Corollary 1. The 𝐸𝐵,𝑘 under the system-optimal choices of access modes is given by: 208 

 
3 An able-bodied patron may choose to ride a shared bike to access transit, or to egress transit, or to do both. 
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𝐸𝐵,𝑘 = (1 − 𝛽)
𝑆

𝑣𝑤
+ 2𝛽(

𝐴𝑏𝑤,𝑘

𝑆2
∙
𝑑𝑏𝑖𝑛,𝑘
𝑣𝑤

+ (1 −
𝐴𝑏𝑤,𝑘

𝑆2
) (

𝑑𝑏𝑜𝑢𝑡,𝑘
𝑣𝑏

+ 𝑡𝑤 + 𝑡𝑑𝑝 + 𝑡𝑑𝑑 + 𝑡𝑓)) , 𝑘 ∈ {𝑝, 𝑜},  (7) 

where 𝐴𝑏𝑤,𝑘 and 𝑑𝑏𝑖𝑛,𝑘 are the area and the average access distance of the walk-only region in period 209 

𝑘; and 𝑑𝑏𝑜𝑢𝑡,𝑘 is the average access distance in the cycling region in that period. 210 

Proof of Corollary 1 and derivations for 𝐴𝑏𝑤,𝑘, 𝑑𝑏𝑖𝑛,𝑘 and 𝑑𝑏𝑜𝑢𝑡,𝑘 are also presented in Appendix E.4 211 

Finally, following the price structures of real-world bike-sharing service vendors (e.g. 212 

Gauthier et al., 2013; Gleason and Miskimins, 2012), we formulate the bike-sharing agency cost 𝐴𝐶𝐵 213 

as: 214 

𝐴𝐶𝐵 =
𝐶𝑃∙(𝑃+

1

𝑆2
)+(𝐶𝐵+𝜉𝐶𝐷)

𝑛𝐵𝜆𝑝

𝜌

𝜇(𝜆𝑝𝑡𝑝+𝜆𝑜𝑡𝑜)
,  (8) 

where 𝐶𝑃 ($/station/day) denotes the fixed cost rate for the purchase, installation, and maintenance of 215 

a docking station, amortized over its lifecycle. For simplicity, we use the same unit cost rate for both 216 

large docking stations deployed near transit stations, and small docking stations distributed evenly 217 

over the city.5 The 
𝑛𝐵𝜆𝑝

𝜌
 is the number of bikes needed per km2 of service area; and 𝑛𝐵 denotes the 218 

average bike-hours used per patron during peak periods. The 𝑛𝐵 depends on the proportion of the 219 

cycling region and the average time that a bike user occupies a bike in peak periods. Derivation of 𝑛𝐵 220 

is also furnished in Appendix E. 221 

Although the bike rental fee affects a patron’s choice to walk or cycle, this fee is not a part of 222 

the generalized cost because it is a transfer of money from the bike users to the operating agency. 223 

2.3. Access via fixed-route feeder buses 224 

Consider the trunk and fixed-route feeder-bus network proposed in Sivakumaran et al. (2014), and 225 

shown in Fig. 3. The large, dark circle is a transit trunk station with a catchment zone bounded by 226 

dashed lines. The thick solid lines represent trunk lines as they would be laid-out in a grid network. 227 

(Note that in the peripheral area of a hybrid trunk-line network, only part of the two trunk lines shown 228 

in Fig. 3 may exist). The thinner solid lines with arrowheads (shown for illustration in the lower-right 229 

portion of the catchment zone) are feeder-bus lines. The small squares are feeder-bus stops. 230 

We use the continuous cost model formulated in Sivakumaran et al. (2014) to design the trunk 231 

and feeder network, but with two modifications. These (i) accommodate the hybrid trunk network 232 

previously shown in Fig. 1; and (ii) enable transit patrons to choose between walking and riding a 233 

feeder bus to and from trunk stations. The formulation has seven decision variables 234 

(𝑆, 𝐻𝑝, 𝐻𝑜, 𝛼, 𝑆𝑓 , 𝐻𝑓,𝑝, 𝐻𝑓,𝑜) and takes the form: 235 

min
𝑆,𝐻𝑝,𝐻𝑜,𝛼,𝑆𝑓,𝐻𝑓,𝑝,𝐻𝑓,𝑜

  𝑡𝑝𝜆𝑝(𝑈𝐶𝐹,𝑝+𝐴𝐶𝑝+𝐴𝐶𝐹,𝑝)+𝑡𝑜𝜆𝑜(𝑈𝐶𝐹,𝑜+𝐴𝐶𝑜+𝐴𝐶𝐹,𝑜)

𝑡𝑝𝜆𝑝+𝑡𝑜𝜆𝑜
  (9a) 

subject to: 
(1−

𝐴𝑓𝑤,𝑘

𝑆2
)∙𝜆𝑘∙𝑆𝑓∙𝑆∙𝐻𝑓,𝑘

4
≤ 𝐾𝑓 ,   𝑘 ∈ {𝑝, 𝑜}   (9b) 

 𝐻𝑓,𝑘 ≥ 𝐻𝑓𝑚𝑖𝑛,   𝑘 ∈ {𝑝, 𝑜}  (9c) 

 𝑆𝑓 > 0  (9d) 

 
4 A similar method was used in Chen and Nie (2017a) for the access mode assignment between walking and 

riding via a flexible-route feeder service. 
5 The size of each docking station can be determined from the proportion of incoming and outgoing bike flows. 

When space is limited, large docking stations can be designed as underground bike parking facilities, as in the 

Netherlands (Bicycle Dutch, 2018). 
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𝑆

𝑆𝑓
∈ {1,2,3,… }  (9e) 

 (1b-e),  

where 𝑈𝐶𝐹,𝑘 is the patrons’ average trip cost for period 𝑘; 𝐴𝐶𝐹,𝑘 is the agency cost for feeder-bus 236 

service; 𝐴𝑓𝑤,𝑘 is the area within a trunk station’s catchment zone where patrons access and egress 237 

trunk service on foot (see Appendix F for the derivation); 𝐻𝑓,𝑘 is the feeder-bus headway; 𝑆𝑓 is the 238 

spacing between feeder-bus lines and stops, which are assumed equal for simplicity; 𝐾𝑓 is a feeder 239 

bus’s passenger-carrying capacity; and 𝐻𝑓𝑚𝑖𝑛  is the minimum headway for a feeder-bus line. The 240 

agency cost for trunk-line service in period 𝑘, 𝐴𝐶𝑘 (𝑘 ∈ {𝑝, 𝑜}), is the same as in (3). Constraint (9b) 241 

reflects the limits in feeder-bus carrying capacity, where the left-hand-side is the maximum number of 242 

onboard passengers allowed for period 𝑘. Constraint (9c) specifies the minimum headway for feeder 243 

buses. Constraint (9e) requires trunk line spacing to be an integer multiple of feeder line spacing. 244 

 245 
Fig. 3. The feeder bus network in Sivakumaran et al. (2014). 246 

The user cost for feeder-bus service, 𝑈𝐶𝐹,𝑘, is formulated as: 247 

𝑈𝐶𝐹,𝑘 = 𝐸𝐹,𝑘 + 𝐸𝑇,𝑘, 𝑘 ∈ {𝑝, 𝑜},  (10) 

where 𝐸𝐹,𝑘  is the average access and egress cost per trip for period 𝑘. The 𝐸𝐹,𝑘  depends on how 248 

patrons choose between walking and riding a feeder bus, and is derived in a manner similar to 𝐸𝐵,𝑘 in 249 

section 2.2. The detailed derivation is relegated to Appendix F.  250 

The feeder agency cost, 𝐴𝐶𝐹,𝑘 (𝑘 ∈ {𝑝, 𝑜}), is formulated as:  251 

𝐴𝐶𝐹,𝑘 =
1

𝜇𝜆𝑘𝑆𝑓
(𝐶𝑓𝐼 +

𝐶𝑓𝑆

𝑆𝑓
+
3𝐶𝑓𝑉𝐷

𝐻𝑓,𝑘
+
𝐶𝑓𝑉𝑇

𝐻𝑓,𝑘
(
3

𝑣𝑓
+
2𝜏𝑓

𝑆𝑓
)) , 𝑘 ∈ {𝑝, 𝑜},  (11) 

where 𝐶𝑓𝐼  ($/h/km) denotes the amortized hourly cost per km of feeder line infrastructure; 𝐶𝑓𝑆 252 

($/h/stop) the amortized hourly cost for constructing and maintaining a feeder bus stop; 𝐶𝑓𝑉𝐷 253 

($/km/bus) and 𝐶𝑓𝑉𝑇 ($/h/bus) are the unit distance-based and time-based feeder bus operating costs, 254 

respectively; 𝑣𝑓 the cruise speed of feeder buses; and 𝜏𝑓 the feeder bus dwell time at a stop. Refer to 255 

Sivakumaran et al. (2014) for the derivation of (11). 256 

2.4. Solution method 257 

We first derive the closed-form optimal solution for trunk-line headway, 𝐻𝑘  (𝑘 ∈ {𝑝, 𝑜}), in (1), (4) 258 

and (9). The solution is the same for these three mathematical programs because the parts of their 259 
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objective functions and the constraints related to 𝐻𝑘 are the same for all three. All three programs are 260 

convex in 𝐻𝑘, and when the constraints are ignored the first-order condition with respect to 𝐻𝑘 yields: 261 

𝐻̃𝑘 = √
2(3𝛼−𝛼2)[𝐶𝑉𝐷+𝐶𝑉𝑇(

1

𝑣
+
𝜏

𝑆
)]

𝜇𝜆𝑘𝑆(
2+𝛼3

3𝛼
+
(1−𝛼2)

2

4
)

, 𝑘 ∈ {𝑝, 𝑜}.  (12) 

Constraints (1b-c) specify that 𝐻𝑘  is bounded from above and below by 262 
𝐾

𝜆𝑘𝑆𝐷∙max{
1−𝛼2

2𝛼
,
3+2𝛼2−3𝛼4

8𝛼
+
𝐷(1−𝛼2)

2

32𝑆
}

 and 𝐻𝑚𝑖𝑛, respectively. Thus, the closed-form solution for 𝐻𝑘 can be 263 

written as a function of 𝛼 and 𝑆 as follows: 264 

𝐻𝑘
∗ = mid(𝐻̃𝑘, 𝐻𝑚𝑖𝑛,

𝐾

𝜆𝑘𝑆𝐷∙max{
1−𝛼2

2𝛼
,
3+2𝛼2−3𝛼4

8𝛼
+
𝐷(1−𝛼2)

2

32𝑆
}

) , 𝑘 ∈ {𝑝, 𝑜},  (13) 

where the function mid(∙) takes the middle value among the three arguments. 265 

With (13), the number of decision variables is reduced to: two for walk-only access (𝑆, 𝛼); 266 

three for bike-sharing access (𝑆, 𝛼, 𝑃); and five for feeder-bus access (𝑆, 𝛼, 𝑆𝑓 , 𝐻𝑓,𝑝, 𝐻𝑓,𝑜). Thanks to 267 

the small number of decision variables, these reduced optimization models can be solved by a number 268 

of commercial solvers. We employ the “fmincon” tool with the sequential quadratic programming 269 

algorithm in MATLAB R2016b.6 270 

The above method cannot guarantee a globally-optimal solution, owing to the non-convex 271 

nature of the programs. Thus, we repeated the procedure 10 times for each case study examined in the 272 

paper. Each time the optimization started with an initial solution randomly selected from the feasible 273 

ranges of decision variables, which were defined as: 𝑆 ∈ [0.05, 2.5] km, 𝛼 ∈ [
𝑆

𝐷
, 1], 𝑃 ∈ [10, 1000] 274 

station/km2, 𝑆𝑓 ∈ [0.05, 0.5]  km, and 𝐻𝑓,𝑝, 𝐻𝑓,𝑜 ∈ [
1

60
,
1

3
]  h. We found that each repetition of the 275 

solution procedure always produced the same final solution, and are therefore confident in our 276 

solution. 277 

3. Numerical analysis 278 

Parameter values used in our numerical tests are presented in section 3.1. Feeder systems are designed 279 

to suit pre-existing transit networks in section 3.2. Trunk and feeder systems are optimized jointly in 280 

section 3.3. We examine how bike-sharing fees can ensure that agencies break even on fare revenues 281 

and costs in section 3.4. 282 

3.1. Parameter values 283 

We borrow from Daganzo (2010a) and Chen et al. (2015) and specify that the square city’s length 284 

(and width), 𝐷 ∈ [10, 30] km; demand density, 𝜆 ∈ [200, 3000] trips/h/km2; peak-period duration, 285 

𝑡𝑝 = 4 h; off-peak duration, 𝑡𝑜 = 14 h; and 𝜆𝑝 = 2.5𝜆. A low walking speed, 𝑣𝑤 = 2 km/h is used to 286 

account for delays at street junctions and for the inconvenience of walking (Daganzo, 2010a). A value 287 

of time 𝜇 = 5 $/h is used for low-wage cities, and 𝜇 = 25 $/h for high-wage ones. 288 

 
6 We solve the program for feeder-bus access by first ignoring the integer constraint (9e). If in the solution 

𝑆

𝑆𝑓
=

𝜅 is not an integer, we specify that 
𝑆

𝑆𝑓
 equals each of 𝜅’s two neighboring integers; separately solve the programs 

for both integer neighbors; and take the lower-cost solution to be optimal (see Chen and Nie, 2017a; Fan et al., 

2018; Nourbakhsh and Ouyang, 2012). 
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Cost and operating parameters for ordinary buses, BRT and metro rail trunk-line systems are 289 

furnished in Table 1. These are borrowed from Daganzo (2010a), Gu et al. (2016), Sivakumaran et al. 290 

(2014) and Fan et al. (2018). The 𝐶𝑉𝑇, 𝐶𝐼, and 𝐶𝑆 are formulated as linear functions of wage rate, 𝜇, to 291 

capture labor costs; see Gu et al. (2016) for details. 292 

Table 1 Operating and cost parameters for three transit technologies: bus, BRT, and rail. 293 

 

Operating Parameters  Cost Parameters 

  Operating cost rates  Infrastructure cost rates 

𝜏 
(s) 

𝑡𝑓 

(s) 

𝑣 

(km/h) 

𝛿 

(h) 

𝐾 (passenger 

/veh) 

𝐻𝑚𝑖𝑛 

(min) 
 

𝐶𝑉𝐷 

($/km) 

𝐶𝑉𝑇 

($/h) 
 

𝐶𝐼 
($/h/km) 

𝐶𝑆 

($/h/station) 

Bus (including 

feeder bus) 
30 30 25 0.015 80 1 

 

0.59 2.66 + 3𝜇 

 

6 + 0.2𝜇 0.42 + 0.014𝜇 

BRT 30 30 40 0.015 160 1 0.66 3.81 + 4𝜇 162 + 5.4𝜇 4.2 + 0.14𝜇 

Rail 45 60 60 0.1 3000 1.5 2.20 101 + 5𝜇 594 + 19.8𝜇  294 + 9.8𝜇 

 294 

Values for 𝐶𝐵, 𝐶𝐷 and 𝐶𝑃 are furnished in Table 2 for bike-sharing systems in low- and high-295 

wage cities. These cost rates are derived in Appendix G. Table 2 also presents the values used for 𝑡𝑑𝑝, 296 

𝑡𝑑𝑑, 𝑣𝑏, and 𝜉, along with two values for 𝛽 to represent walk- and bike-friendly cities, and two values 297 

for 𝜌 to reflect low and high bike utilizations. All values were taken from the literature, as cited in the 298 

table. 299 

Table 2 Operating and cost parameters for bike-sharing systems. 300 

Operating Parameters 

𝑡𝑑𝑝 𝑡𝑑𝑑 𝑣𝑏 𝜉# 𝛽 

 
𝜌§ 

(s) (s) (km/h)  
Low 

(walk-friendly) 

High 

(bike-friendly) 

Low bike 

utilization 

High bike 

utilization 

30 30 12 1.5 0.3 0.5       0.3 0.5 

Cost Parameters 

𝐶𝐵 ($/bike/day)  𝐶𝐷 ($/dock/day)  𝐶𝑃 ($/station/day) 

Low-wage High-wage  Low-wage High-wage  Low-wage High-wage 

0.44 2.58  0.08 0.65  9.36 19.10 

# This value is taken from Gleason and Miskimins (2012). 301 
 The two values of 𝛽 are selected according to the bicycle ownership and mode share data in Gunn (2018) and 302 
Oke et al. (2015). 303 
§ The two values of 𝜌 are selected conservatively by referring to the empirical data of bike usage found in 304 
Hampshire and Marla (2012), Lane (2015) and Suzuki and Nakamura (2017). 305 

We devised a large set of case studies by endowing cities with the eight possible 306 

combinations of 𝜇, 𝛽 and 𝜌. Each of these eight city types was separately served by ordinary buses, 307 

BRT and metro rail. In separate analyses, the first of these trunk-line systems was accessed and 308 

egressed by walking (only) and by riding shared bikes. The latter two trunk-line systems were 309 

separately fed by all three options (walking, riding bikes and riding feeder buses). These 64 310 

combinations were separately examined under ranges of 𝐷 and 𝜆. 311 

3.2. Pre-existing transit service 312 

We explore whether shared-bikes or feeder-buses can reduce the costs of existing transit systems. 313 

Trunk-line networks were optimized to serve access on foot; i.e., the 𝑆, 𝛼, and 𝐻𝑘  (𝑘 = 𝑝, 𝑜) were 314 

obtained by solving (1). The resulting lines and stations are assumed to be immovable. This gives 315 

foot-access an advantage when drawing comparisons against the two other feeder options. For the 316 
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shared-bike option, the density of small docking stations, 𝑃, is optimized by solving (4) when 𝑆, 𝛼, 317 

and 𝐻𝑘 are fixed and determined by (1). The 𝑆𝑓, 𝛼 and 𝐻𝑓,𝑘  (𝑘 = 𝑝, 𝑜) are optimized for feeder-bus 318 

service using (9) in similar fashion. 319 

Consider first cities with a high wage of 𝜇 = 25 $/h, and that are more favorable to walking 320 

than to biking, such that 𝛽 = 𝜌 = 0.3. We find that shared-bikes can reduce generalized costs in most 321 

cases when transit service is provided by ordinary buses, save for those where 𝐷 and 𝜆 are both high. 322 

The contour lines in Fig. 4a show the percent reductions in costs for wide ranges of 𝐷 and 𝜆. Given 323 

our choices for 𝛽  and 𝜌 , the savings are modest and never reach 3%. They diminish as 𝐷  or 𝜆 324 

increases. This is because the transit vehicle capacity constraint (1b) is binding, and thus the optimal 325 

line and stop spacing, 𝑆, decreases as 𝐷 or 𝜆 grows. The shorter-spaced transit stations are better 326 

accessed via walking; see the top-right corner demarcated by the boldface contour line in the figure. 327 

Shared-bike access was also found to produce lowest costs for a greater range of 𝐷 and 𝜆 328 

when trunk-line services in these cities were provided by BRT. Fig. 4b shows that shared bikes result 329 

in lower costs than does walk-only access, save for the top-right corner, which is again demarcated by 330 

a boldface contour line. These savings are slightly greater than those when trunk-line transit service is 331 

provided by buses, because a BRT network has greater line and stop spacings than does a bus network 332 

under the same demand level, which favors access by bike.7 333 

Shared-bike access is invariably the lowest-cost means when trunk-line service is provided by 334 

rail. Thanks to the large line and station spacings required of rail, the cost savings brought by adding 335 

bikes can exceed 6%; see Fig. 4c. In all three figures, feeder-bus access is never the lower-cost option. 336 

Shared bikes can produce greater cost savings in low-wage cities. This becomes clear by 337 

visually comparing Fig. 5a with Fig. 4b. Savings grow to over 7% when circumstances are friendlier 338 

to cycling; i.e., under higher values of 𝛽 and 𝜌. This becomes clear by comparing Fig. 5b with Fig. 4b. 339 

3.3. Systems designed from the scratch 340 

Generalized costs diminished when trunk and feeder systems were optimally designed in joint fashion. 341 

When trunk services were provided by ordinary buses and BRT, shared bikes continued to be a lower-342 

cost feeder option than walking for the majority of the 𝐷 and 𝜆 examined. The cost savings were 343 

slightly greater as compared against those estimated in section 3.2. This was true for both low- and 344 

high-wage cities. Of note, in jointly-optimized designs, substantial savings were often achieved in the 345 

agency cost of transit service due to the increased transit line and station spacings. The transit agency 346 

cost savings can offset a large portion (and sometimes all) of the added agency cost for providing the 347 

bike-sharing service. 348 

When trunk services were instead provided by rail, however, feeder buses become the lowest-349 

cost option in most cases studied. Shared-bike access wins only when 𝐷 and 𝜆 are both small; see Fig. 350 

6. Higher-speed buses better suit the larger line and station spacings that metro-rail engenders. And 351 

economies of trip density are enjoyed by focusing higher demands onto those buses. Cost savings 352 

were substantial relative to access by walking; e.g. differences reached 20% for large 𝐷. As a practical 353 

matter, however, bike sharing might still be judged a preferred feeder option, since it imparts a lower 354 

cost to transit agencies. 355 

 We think it of further interest to examine how 𝐷 and 𝜆 affect lowest-cost designs when all 8 356 

combinations of trunk and feeder options are in play. To this end, Fig. 7a and 7b show outcomes for 357 

low- and high-wage cities that are not especially favorable to cycling; i.e., we set 𝛽 = 𝜌 = 0.3. The 358 

 
7 Before the capacity constraint becomes binding, the cost saving would increase with 𝐷. This is because longer 

trips in big cities require larger spacings between BRT lines and stations, which are better accessed by fast-

moving bikes. This was observed when 𝐷 ≤ 10 km, which is not shown in Fig. 4b. 
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contour lines demarcate cases in which certain trunk-feeder combinations produced the lowest 359 

generalized costs among all 8 options. 360 

 361 
(a) pre-existing ordinary bus networks                                    (b) pre-existing BRT networks 362 

 363 
      (c) pre-existing metro-rail networks 364 

Fig. 4. Percentage savings in generalized costs by adding share-bikes or feeder-buses to fit pre-existing transit 365 
networks in high-wage, walk-friendly cities with low bike utilization (𝜇 = 25 $/h, 𝛽 = 𝜌 = 0.3). 366 

  
(a) low-wage, walk-friendly cities with low bike 

utilization (𝜇 = 5 $/h, 𝛽 = 𝜌 = 0.3) 

(b) high-wage, bike-friendly cities with high bike 

utilization (𝜇 = 25 $/h, 𝛽 = 𝜌 = 0.5) 

Fig. 5. Percentage savings in generalized costs by adding shared-bikes to feed existing BRT networks. 367 

 Tellingly, access by walking is never the winner. Nor are rail and shared-bike combinations 368 

preferred. Fig. 7a and 7b show instead that ordinary buses and BRT fed by shared bikes are the low-369 

500 1000 1500 2000 2500

� (trips/h/km2)

3000

20

10

25

30

�
(k

m
)

15

1%

2%

Bus + bike-sharing

dominates

Bus + walking

dominates

500 1000 1500 2000 2500

� (trips/h/km2)

3000

2%

BRT + bike-sharing

dominates

1%

3%

20

10

25

30

�
(k

m
)

15

BRT + 

walking

dominates

500 1000 1500 2000 2500

� (trips/h/km2)

3000

6%

Rail + bike-sharing

dominates

20

10

25

30

�
(k

m
)

15

5.6%

6.4%

500 1000 1500 2000 2500

� (trips/h/km2)

3000

2%
1%

BRT + bike-sharing

dominates

BRT + 

walking

dominates

4%

3%

20

10

25

30

�
(k

m
)

15

500 1000 1500 2000 2500

� (trips/h/km2)

3000

7%

1%

4%
BRT + bike-sharing

dominates

20

10

25

30

�
(k

m
)

15

BRT + walking

dominates



 13 

cost options in smaller, less-populated cities. In large cities with high demand density, metro-rail fed 370 

by buses produces the lowest cost. BRT and rail as trunk options are more favorable in rich cities 371 

where patrons place a higher premium on their time. 372 

 373 
Fig. 6. Percentage savings in generalized costs for jointly-optimized metro-rail systems in high-wage, walk-374 

friendly cities with low bike utilization (𝜇 = 25 $/h, 𝛽 = 𝜌 = 0.3). 375 

  376 
       (a) low-wage cities with 𝜇 = 5$/h                               (b) high-wage cities with 𝜇 = 25$/h 377 

Fig. 7. Lowest-cost designs for walk-friendly cities with low bike utilization (𝛽 = 𝜌 = 0.3). 378 

3.4. Break-even fee schemes for the bike-sharing system 379 

This section explores how revenues generated by bike-sharing feeder systems can match their costs 380 

under system-optimal conditions. To look for insights, we continue to assume that travel demand, 𝜆, is 381 

exogenous to features of our trunk and feeder services; and focus on two piecewise-linear distance-382 

based fee rates in (D4) of Appendix D. These rates are 𝛾𝑝 and 𝛾𝑜 ($/km) for peak and off-peak periods, 383 

respectively. We assume that transit trunk and bike-sharing feeder systems are jointly optimized, and 384 

examine cases in which the cost savings brought by bike sharing are, and are not, used to subsidize 385 

feeder service. In both cases, bike-rental revenue, 𝑅 ($/day/km2), is calculated as: 386 

𝑅 = 𝛽 (𝜆𝑝𝑡𝑝∯𝑑𝜎∈𝐴𝑏,𝑝
𝜑𝑝(𝑑; 𝛾𝑝)𝑑𝜎 + 𝜆𝑜𝑡𝑜∯𝑑𝜎∈𝐴𝑏,𝑜

𝜑𝑜(𝑑; 𝛾𝑜)𝑑𝜎),  (14) 

where: the two surface integrals in parentheses are integrated over the cycling regions, 𝐴𝑏,𝑝 and 𝐴𝑏,𝑜 387 

(see Appendix E), and 𝜑𝑝(𝑑; 𝛾𝑝) and 𝜑𝑜(𝑑; 𝛾𝑜) are given by (D4). 388 
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 In the absence of subsidies, the system-optimal range of (𝛾𝑝, 𝛾𝑜) is given by 0 ≤ 𝛾𝑝, 𝛾𝑜 <389 

𝜇 (
1

𝑣𝑤
−

1

𝑣𝑏
); see Appendix D. This range is plotted as a rectangle in Fig. 8 for a low-wage city with 390 

𝜇 = 5 $/h that is small (𝐷 = 10 km) and walk-friendly (𝛽 = 𝜌 = 0.3), and has trunk service provided 391 

by BRT. The break-even fee schemes are plotted as dashed, solid and dotted lines for the 𝜆 shown in 392 

the figure’s legend. For a given 𝜆, the agency can presumably reap a profit by pricing the bike-sharing 393 

service at a point above the corresponding break-even line, and suffer a loss by setting the fee below 394 

that line. 395 

 Interestingly, the figure shows that break-even fees increase as 𝜆  grows. This is because 396 

optimal spacings between trunk stations decrease under larger 𝜆 , and the mode share for bikes 397 

diminishes owing to the smaller access and egress distances. Similarly, since trunk-station spacings 398 

increase with diminishing 𝜇, break-even fees decrease accordingly. In contrast, break-even fees for 399 

small, high-wage cities could be unacceptably high, especially in walk-friendly cities with small 𝛽 400 

and 𝜌 and in those with large 𝜆. Figures for these results are not shown for brevity. 401 

 402 
Fig. 8. Feasible ranges of break-even bike-rental fees for BRT trunk-feeder systems in a low-wage, small, walk-403 

friendly city with low bike utilization (𝜇 = 5 $/h, 𝐷 = 10 km, 𝛽 = 𝜌 = 0.3) 404 

 Break-even fees diminish in the presence of subsidies. In these cases, we find that the entire 405 

system-optimal range of (𝛾𝑝, 𝛾𝑜) is profitable in nearly all cases studied. Bike-rental fees can thus be 406 

set as low as a fixed rate 𝜑𝑝(𝑑) =
𝐶𝐵+𝜉𝐶𝐷

𝜌𝑡𝑝
(
𝑑𝑐𝑝

𝑣𝑏
+ 𝑡𝑑𝑝 + 𝑡𝑑𝑑) during the peak periods, and 𝜑𝑜(𝑑) = 0 407 

during the off-peak. (The former entails only $0.023 per bike trip in a low-wage, walk-friendly, small 408 

city with low bike utilization, 𝐷 = 10km and 𝜆 = 2000 trips/h/km2.) Those lowest fees are obtained 409 

by setting 𝛾𝑝 = 𝛾𝑜 = 0 in (D4), though details of this are omitted from the present paper again in the 410 

interest of brevity. 411 

4. Conclusions 412 

A battery of tests has revealed that shared bikes can be a cost-effective means to access or egress 413 

public transit. When designed to fit pre-existing transit networks, shared-bike feeder systems reduced 414 

generalized costs by as much as 7% over networks accessed on foot. Bike sharing turned out to be the 415 

lowest-cost feeder option for the lion’s share of cases studied. The walk-only feeder option won-out 416 

only in large-sized cities with high travel demands that were served by ordinary buses or BRT, even 417 

though the pre-existing transit networks were designed to suit access and egress on foot. The feeder-418 

bus option never attained the lowest cost among the cases examined.  419 

 Not surprisingly, greater benefits could be achieved by optimizing trunk and feeder systems 420 

jointly. In these cases, shared bikes continued to be the lowest-cost feeder option for ordinary bus 421 
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systems, and for BRT systems, in small-sized or low-demand cities. Feeder buses were winners in 422 

large-sized or high-demand cities with metro-rail systems. It bears noting that shared-bike feeder 423 

service might still be preferable in these latter cases, as it often imposed lower costs to the transit 424 

agency than did feeder buses. Savings in transit-agency cost could be used to subsidize shared-bike 425 

systems. In practice, subsidies could be achieved by discounting transit fares to shared-bike riders. 426 

 The numerical results presented in this paper are limited, partly due to the large number of 427 

parameters in our models. Still, we believe that the experiments are sufficient to show that accessing 428 

transit via shared bikes is often worth considering. For a specific city, the applicable scope and 429 

benefits of a transit network fed by shared bikes can be derived from our model, should key parameter 430 

values (e.g., the intermodal transfer penalty 𝑡𝑓) of that city be available. 431 

Of further note, the present findings came by means of simplified models for idealized cases. 432 

In some instances, the simplifications are conservative; e.g. recall that some short-distance commuters 433 

might enjoy greater cost savings by using shared bikes to cover their entire trips. This might justify 434 

trunk designs with larger line and station spacings (to serve longer-distance trips). The benefits might 435 

trigger favorable modal shifts, which could benefit transit, and was likewise not considered in the 436 

present study. New models are presently being developed to explore optimal system designs under 437 

more realistic operating scenarios that account for mode choice and spatially heterogeneous demand. 438 

Consideration of demand heterogeneity may entail the use of continuum approximation techniques 439 

(e.g. Chien and Schonfeld, 1997; Ouyang et al., 2014). In addition, our modeling framework can be 440 

tuned to analyze transit systems fed by other access modes, e.g., scooters, e-bikes, and autonomous 441 

cars. Work in this regard is also underway. 442 
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Appendix A. Table of notation 450 

Notation Description Unit 

Decision variables 

𝛼  Ratio between the sides of central square and the city in the hybrid 

transit network 

- 

𝑃  Density of small bike docking stations station/km2 

𝐻𝑘  Trunk-line transit headway in period 𝑘, 𝑘 ∈ {𝑝, 𝑜} h 

𝐻𝑓,𝑘  Feeder-bus headway in period 𝑘, 𝑘 ∈ {𝑝, 𝑜} h 

𝑆  Trunk-line transit station spacing km 

𝑆𝑓  Feeder-bus line and stop spacing km 

   

Other variables and parameters 

𝛽  Percentage of able-bodied persons in the city’s transit patrons - 

𝜌  Bike utilization ratio during peak periods - 

𝜇  Patrons’ value of time $/h 

𝑡𝑘  Peak/off-peak period duration of a day, 𝑘 ∈ {𝑝, 𝑜} h 

𝜆  Average demand density during the service hours of a day trips/h/km2 
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Notation Description Unit 

𝐷  Length (and width) of the square city km 

𝑣  Trunk-line transit vehicle cruise speed km/h 

𝑣𝑓  Feeder-bus cruise speed km/h 

𝑣𝑤  Walking speed km/h 

𝑣𝑏  Cycling speed km/h 

𝛿  Equivalent walking time for a transfer between two perpendicular trunk 

transit lines 

h 

𝑡𝑓  Intermodal transfer penalty h 

𝜏𝑓  Feeder-bus dwell time per stop h 

𝜏  Trunk-line transit vehicle dwell time per station h 

𝑡𝑑𝑝  Bike pick-up delay at the origin docking station h 

𝑡𝑑𝑑  Bike drop-off delay at the destination docking station h 

𝐶𝐼  Amortized hourly cost rate of trunk-line transit infrastructure $/h/km 

𝐶𝑆  Amortized hourly cost rate of trunk-line transit station $/h/station 

𝐶𝑉𝐷  Distance-based operating cost rate of trunk-line transit $/vehicle-km 

𝐶𝑉𝑇  Time-based operating cost rate of trunk-line transit $/vehicle-h 

𝐶𝑓𝐼  Amortized hourly cost rate of feeder-bus line infrastructure $/h/km 

𝐶𝑓𝑆  Amortized hourly cost rate of a feeder-bus stop $/h/stop 

𝐶𝑓𝑉𝐷  Distance-based operating cost rate of feeder bus $/bus-km 

𝐶𝑓𝑉𝑇  Time-based operating cost rate of feeder bus $/bus-h 

𝐶𝐵  Daily cost per bike $/bike/day 

𝐶𝐷  Daily cost per dock $/dock/day 

𝐶𝑃  Daily cost per docking station $/station/day 

𝑛𝐵  Average bike hours used per patron during peak periods h 

𝜉  Ratio between the numbers of docks and bikes - 

𝑈𝐶𝑊,𝑘  Average patron cost per trip in period 𝑘 for access solely by walking, 

𝑘 ∈ {𝑝, 𝑜} 
h 

𝑈𝐶𝐵,𝑘  Average patron cost per trip in period 𝑘  for access by cycling and 

walking, 𝑘 ∈ {𝑝, 𝑜} 
h 

𝑈𝐶𝐹,𝑘  Average patron cost per trip in period 𝑘 for access by feeder buses and 

walking, 𝑘 ∈ {𝑝, 𝑜} 
h 

𝐸𝑇,𝑘  Sum of average wait, in-vehicle travel time and transfer penalty per trip 

in period 𝑘, 𝑘 ∈ {𝑝, 𝑜} 
h 

𝑡𝑤  Average walking time to the nearest bike docking station for each 

cycling trip 

h 

𝑡𝑟  Average in-vehicle travel time by feeder bus for each feeder-bus trip h 

𝐸𝐵,𝑘  Average access and egress time per trip via bike in period 𝑘, 𝑘 ∈ {𝑝, 𝑜} h 

𝐸𝐹,𝑘  Average access and egress time per trip via feeder bus in period 𝑘, 𝑘 ∈
{𝑝, 𝑜} 

h 

𝐴𝐶𝑘  Average trunk-line transit agency cost per trip in period 𝑘, 𝑘 ∈ {𝑝, 𝑜} h 

𝐴𝐶𝐵  Average bike-sharing agency cost per trip h 

𝐴𝐶𝐹,𝑘  Average feeder-bus agency cost per trip in period 𝑘, 𝑘 ∈ {𝑝, 𝑜} h 

𝐾  Trunk-line transit vehicle’s passenger-carrying capacity passenger/vehicle 

𝐾𝑓  Feeder bus’s passenger-carrying capacity passenger/bus 

𝑀𝐶𝐵−𝑊  Marginal generalized cost when a patron switches from walking to 

cycling at one end of her trip 

h 

𝑀𝐴𝐶𝐵  Marginal bike-sharing agency cost when a patron switches from walking 

to cycling at one end of her trip 

$ 

𝑀𝐶𝐹−𝑊  Marginal generalized cost when a patron switches from walking to 

feeder bus at one end of her trip 

h 

𝑀𝐴𝐶𝐹  Marginal feeder-bus agency cost when a patron switches from walking 

to feeder bus at one end of her trip 

$ 
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Notation Description Unit 

𝑑𝑤  Average distance to the nearest bike docking station km 

𝑑𝑐𝑘  Critical distance between walking and cycling in period 𝑘, 𝑘 ∈ {𝑝, 𝑜} km 

𝑑𝑐𝑘1  Critical distance between walking and taking feeder bus in the non-stop 

direction in period 𝑘, 𝑘 ∈ {𝑝, 𝑜} 
km 

𝑑𝑐𝑘2  Critical distance between walking and taking feeder bus in the 

passenger-collection direction in period 𝑘, 𝑘 ∈ {𝑝, 𝑜} 
km 

𝜑𝑘  Distance-based bike rental fee in period 𝑘, 𝑘 ∈ {𝑝, 𝑜} $ 

𝛾𝑘  Bike rental rate in period 𝑘, 𝑘 ∈ {𝑝, 𝑜} $/km 

𝐴𝑓𝑤,𝑘  Area of the walk-only region in period 𝑘 for access by feeder buses and 

walking, 𝑘 ∈ {𝑝, 𝑜} 
km2 

𝐴𝑏𝑤,𝑘  Area of the walk-only region in period 𝑘  for access by cycling and 

walking, 𝑘 ∈ {𝑝, 𝑜} 
km2 

𝑑𝑏𝑖𝑛,𝑘  Average access distance in the walk-only region in period 𝑘 for access 

by cycling and walking, 𝑘 ∈ {𝑝, 𝑜} 
km 

𝑑𝑏𝑜𝑢𝑡,𝑘  Average access distance in the cycling region in period 𝑘, 𝑘 ∈ {𝑝, 𝑜} km 

𝑑𝑓𝑖𝑛,𝑘  Average access distance in the walk-only region in period 𝑘 for access 

by feeder buses and walking, 𝑘 ∈ {𝑝, 𝑜} 
km 

𝑑𝑓𝑜𝑢𝑡1,𝑘  Average access distance in the non-stop direction in the feeder-bus 

region in period 𝑘, 𝑘 ∈ {𝑝, 𝑜} 
km 

𝑑𝑓𝑜𝑢𝑡2,𝑘  Average access distance in the passenger-collection direction in the 

feeder-bus region in period 𝑘, 𝑘 ∈ {𝑝, 𝑜} 
km 

𝑅  Bike rental revenue $/day/km2 

Appendix B. Proof of Proposition 1 451 

First note that when small docking stations are placed at the grid points of a diamond-grid layout, a 452 

station’s catchment zone has a diamond shape as shown in Fig. B1. In this case, the average access 453 

distance is equal to the 𝐿1-distance (Manhattan distance) between the docking station and the centroid 454 

of the shaded triangle (i.e. a quarter of the catchment zone) in the figure. One can easily verify that 455 

this average access distance is √
2

9𝑃
. (Recall that the streets are parallel to the city’s boundaries.) 456 

To see why this diamond grid layout is optimal, note in Fig. B2 that under this layout the 457 

boundary of a station’s catchment zone are the isodistance lines in the 𝐿1-metric for the distance  √
1

2𝑃
. 458 

Thus, a catchment zone of the same area (
1

𝑃
 km2) but with a different shape (see the one enclosed by a 459 

solid black boundary in the figure) will always have a larger average access distance to the docking 460 

station. Note that the cross-hatched parts in Fig. B2, which belong to an arbitrary-shaped catchment 461 

zone but not to the diamond zone, are located outside of the isodistance lines, and thus have an 462 

average access distance greater than √
1

2𝑃
. In contrast, the linear-hatched parts, which belong to the 463 

diamond zone but not to the arbitrary-shaped one, have an average access distance less than √
1

2𝑃
.  464 

Appendix C. Proof of Proposition 2 465 

Consider an able-bodied patron whose access distance is 𝑑 (0 ≤ 𝑑 ≤ 𝑆). The marginal generalized 466 

cost to the system when the patron switches from walking to cycling is: 467 

𝑀𝐶𝐵−𝑊 = (
𝑑

𝑣𝑏
+ 𝑡𝑤 + 𝑡𝑑𝑝 + 𝑡𝑑𝑑 + 𝑡𝑓 +

𝑀𝐴𝐶𝐵

𝜇
) −

𝑑

𝑣𝑤
,  (C1) 
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where 
𝑑

𝑣𝑏
+ 𝑡𝑤 + 𝑡𝑑𝑝 + 𝑡𝑑𝑑 + 𝑡𝑓 is the patron’s access time by bike; and 𝑀𝐴𝐶𝐵 denotes the marginal 468 

bike-sharing agency cost (in $) for serving this additional patron. The 𝑀𝐴𝐶𝐵 is formulated as: 469 

𝑀𝐴𝐶𝐵 = {
(𝐶𝐵 + 𝜉𝐶𝐷)

1

𝜌∙𝑡𝑝
(
𝑑

𝑣𝑏
+ 𝑡𝑑𝑝 + 𝑡𝑑𝑑) , for a peak-period patron

0, for an off-peak-period patron.
  (C2) 

 470 
Fig. B1. A diamond grid network of bike docking stations. 471 

 472 
Fig. B2. An arbitrary catchment zone versus a diamond zone with the same area. 473 

Recall that 𝜌  is the bike utilization ratio during peak periods. Thus, 
1

𝜌∙𝑡𝑝
(
𝑑

𝑣𝑏
+ 𝑡𝑑𝑝 + 𝑡𝑑𝑑)  is the 474 

number (fraction) of bikes the additional cycling patron occupies during peak hours. The marginal 475 

bike-sharing agency cost is zero during off-peak hours because there are always redundant bikes. 476 

Note now that 𝑀𝐶𝐵−𝑊 is a linear function of 𝑑. Thus, the equation 𝑀𝐶𝐵−𝑊 = 0 has a unique 477 

solution of 𝑑 for each 𝑘 ∈ {𝑝, 𝑜}. We denote this solution as 𝑑𝑐𝑘  (the critical distance) for period 𝑘, 478 

and have: 479 

(i) if 𝑑 < 𝑑𝑐𝑘, then 𝑀𝐶𝐵−𝑊 > 0, and thus the able-bodied patron will choose to walk to or from 480 

the nearest transit station; 481 

(ii) if 𝑑 > 𝑑𝑐𝑘, then 𝑀𝐶𝐵−𝑊 < 0, and the able-bodied patron will choose to rent a bike; and 482 

(iii) if 𝑑 = 𝑑𝑐𝑘, then 𝑀𝐶𝐵−𝑊 = 0, and the able-bodied patron is indifferent between walking and 483 

riding a shared bike.          484 

Appendix D. Proof of Proposition 3 485 

Equations (6a) and (6b) reveal that an able-bodied patron in period 𝑘 ∈ {𝑝, 𝑜} with access distance 𝑑 486 

will choose walking if 𝑢𝐵𝑘(𝑑) − 𝑢𝑊𝑘(𝑑) = (
𝑑

𝑣𝑏
+ 𝑡𝑤 + 𝑡𝑑𝑝 + 𝑡𝑑𝑑 + 𝑡𝑓 +

𝜑𝑘(𝑑)

𝜇
) −

𝑑

𝑣𝑤
> 0, and will 487 

choose cycling otherwise. From Proposition 2, we know the following conditions should be satisfied 488 

for system-optimal pricing: 489 

Catchment zone of a docking station

Centroid

Bike docking stations

An arbitrary catchment zone of 

1 ∕ � km2

Isodistance lines

Bike docking station
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{
 
 

 
 
𝑑

𝑣𝑤
< (

𝑑

𝑣𝑏
+ 𝑡𝑤 + 𝑡𝑑𝑝 + 𝑡𝑑𝑑 + 𝑡𝑓) +

𝜑𝑘(𝑑)

𝜇
, 𝑖𝑓 0 ≤ 𝑑 < 𝑑𝑐𝑘

𝑑𝑐𝑘

𝑣𝑤
= (

𝑑𝑐𝑘

𝑣𝑏
+ 𝑡𝑤 + 𝑡𝑑𝑝 + 𝑡𝑑𝑑 + 𝑡𝑓) +

𝜑𝑘(𝑑𝑐𝑘)

𝜇
, 𝑖𝑓 𝑑 = 𝑑𝑐𝑘

𝑑

𝑣𝑤
> (

𝑑

𝑣𝑏
+ 𝑡𝑤 + 𝑡𝑑𝑝 + 𝑡𝑑𝑑 + 𝑡𝑓) +

𝜑𝑘(𝑑)

𝜇
, 𝑖𝑓 𝑑𝑐𝑘 < 𝑑 ≤ 𝑆

  𝑘 ∈ {𝑝, 𝑜}.  (D1) 

Mathematically, the middle equation of (D1) does not need to hold for a system-optimal 490 

pricing scheme; i.e., at the critical distance, a patron can choose either walking or cycling, and the 491 

costs of the two access modes do not have to be equal. However, we keep this equation for the 492 

simplicity of derivation. Since 𝑑𝑐𝑘 is the root of 𝑀𝐶𝐵−𝑊 = 0 (see Appendix C), we have: 493 

𝜑𝑘(𝑑𝑐𝑘) = 𝑀𝐴𝐶𝐵 = {

𝐶𝐵+𝜉𝐶𝐷

𝜌𝑡𝑝
(
𝑑𝑐𝑘

𝑣𝑏
+ 𝑡𝑑𝑝 + 𝑡𝑑𝑑) , for 𝑘 = 𝑝

0, for 𝑘 = 𝑜.
      (D2) 494 

By subtracting the middle equation of (D1) from the first and third inequalities of (D1), we have: 495 

{

𝑑−𝑑𝑐𝑘

𝑣𝑤
<

𝑑−𝑑𝑐𝑘

𝑣𝑏
+
𝜑𝑘(𝑑) −𝜑(𝑑𝑐𝑘)

𝜇
     if  0 ≤ 𝑑 < 𝑑𝑐𝑘  

𝑑−𝑑𝑐𝑘

𝑣𝑤
>

𝑑−𝑑𝑐𝑘

𝑣𝑏
+
𝜑𝑘(𝑑) −𝜑(𝑑𝑐𝑘)

𝜇
     if  𝑑𝑐𝑘 < 𝑑 ≤ 𝑆.

       (D3) 496 

We only need to show that there exists 𝜑𝑘(𝑑) for period 𝑘 ∈ {𝑝, 𝑜} that satisfies (D2) and 497 

(D3). In addition, a feasible fee scheme, 𝜑𝑘(𝑑), should generally be: (i) non-negative for all the 𝑑 ∈498 
[0, 𝑆]; and (ii) non-decreasing as 𝑑 increases. To show the existence of a feasible system-optimal fee 499 

scheme, we consider a special case: a scheme where the fee increases linearly with the distance 500 

traveled. This linear fee scheme is expressed by 𝜑𝑘(𝑑)  − 𝜑𝑘(𝑑𝑐𝑘) = 𝛾𝑘(𝑑 − 𝑑𝑐𝑘) (𝑘 ∈ {𝑝, 𝑜}) , 501 

where 𝛾𝑘 is a non-negative constant rate for period 𝑘, and 𝜑𝑘(𝑑𝑐𝑘) is given by (D2). This linear fee 502 

scheme is non-decreasing as 𝑑 grows and satisfies (D3) if 0 ≤ 𝛾𝑘 < 𝜇 (
1

𝑣𝑤
−

1

𝑣𝑏
). To ensure 𝜑𝑘(𝑑) is 503 

non-negative for all the 𝑑 ∈ [0, 𝑆], we modify the definition of 𝜑𝑘(𝑑) to the following: 504 

𝜑𝑘(𝑑) = max{0, 𝛾𝑘(𝑑 − 𝑑𝑐𝑘) + 𝜑𝑘(𝑑𝑐𝑘)}, 0 ≤ 𝛾𝑘 < 𝜇 (
1

𝑣𝑤
−

1

𝑣𝑏
) , 𝑘 ∈ {𝑝, 𝑜}.  (D4) 

The above modification will not alter any patron’s access choice, because a negative 𝛾𝑘(𝑑 −505 

𝑑𝑐𝑘) + 𝜑𝑘(𝑑𝑐𝑘) may occur only when 𝑑 < 𝑑𝑐𝑘 (i.e. in the walk-only region).     506 

Appendix E. Derivation of 𝒅𝒄𝒌, 𝑬𝑩,𝒌 (𝒌 ∈ {𝒑, 𝒐})  and 𝒏𝑩 507 

We first derive the critical distance, 𝑑𝑐𝑘  (𝑘 ∈ {𝑝, 𝑜}), by solving the equation 𝑀𝐶𝐵−𝑊 = 0. From (C1) 508 

and (C2), we know that for off-peak periods: 509 

𝑑𝑐𝑜 ≡

1

𝑣𝑤
√
2

9𝑃
+𝑡𝑑𝑝+𝑡𝑑𝑑+𝑡𝑓

1

𝑣𝑤
−
1

𝑣𝑏

 ;         (E1) 510 

and for peak periods when 
1

𝑣𝑤
>

1

𝑣𝑏
+
𝐶𝐵+𝜉𝐶𝐷

𝜇𝜌𝑡𝑝𝑣𝑏
: 511 

𝑑𝑐𝑝 =

𝐶𝐵+𝜉𝐶𝐷
𝜇𝜌𝑡𝑝

(𝑡𝑑𝑝+𝑡𝑑𝑑)+
1

𝑣𝑤
√
2

9𝑃
+𝑡𝑑𝑝+𝑡𝑑𝑑+𝑡𝑓

1

𝑣𝑤
−
1

𝑣𝑏
−
𝐶𝐵+𝜉𝐶𝐷
𝜇𝜌𝑡𝑝𝑣𝑏

 .       (E2) 512 

For peak periods when 
1

𝑣𝑤
≤

1

𝑣𝑏
+
𝐶𝐵+𝜉𝐶𝐷

𝜇𝜌𝑡𝑝𝑣𝑏
, 𝑀𝐶𝐵−𝑊 > 0 for all non-negative values of 𝑑. In this case, 513 

we set 𝑑𝑐𝑝 = 𝑆. 514 
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In each period (peak or off-peak), the isodistance lines at 𝑑𝑐𝑘 divide the catchment zone of a 515 

transit station into the walk-only region (𝑑 ≤ 𝑑𝑐𝑘) and the cycling region (𝑑 > 𝑑𝑐𝑘). Only the able-516 

bodied patrons originating in or destined for the cycling region will access or egress transit via shared 517 

bikes. The rest of the patrons will choose walking. Depending on the value of 
𝑑𝑐𝑘

𝑆
, the walk-only 518 

region can take one of the three shapes as shown in Fig. E1a-c. In each figure: the black dot represents 519 

the transit station; the solid lines are the isodistance lines at 𝑑𝑐𝑘; the dashed lines are the boundary of 520 

the catchment zone; and the walk-only region is marked by shading. 521 

 522 
                  (a) when 

𝑑𝑐𝑘

𝑆
≤

1

2
                    (b) when 

1

2
<

𝑑𝑐𝑘

𝑆
< 1                (c) when 

𝑑𝑐𝑘

𝑆
≥ 1   523 

Fig. E1. The walk-only region in the catchment zone of a transit station in period 𝑘 ∈ {𝑝, 𝑜}. 524 

For each of the three cases shown in Fig. E1a-c, we define 𝐴𝑏𝑤,𝑘 as the area of the walk-only 525 

region in period 𝑘, 𝑑𝑏𝑖𝑛,𝑘 as the average access distance for the origins and destinations in the walk-526 

only region, and 𝑑𝑏𝑜𝑢𝑡,𝑘 as the average access distance in the cycling region in period 𝑘. The 𝐸𝐵,𝑘 can 527 

be calculated by averaging the access and egress costs for the walkers and the cyclists: 528 

𝐸𝐵,𝑘 = (1 − 𝛽)
𝑆

𝑣𝑤
+ 2𝛽 (

𝐴𝑏𝑤,𝑘

𝑆2
∙
𝑑𝑏𝑖𝑛,𝑘

𝑣𝑤
+ (1 −

𝐴𝑏𝑤,𝑘

𝑆2
) (

𝑑𝑏𝑜𝑢𝑡,𝑘

𝑣𝑏
+ 𝑡𝑤 + 𝑡𝑑𝑝 + 𝑡𝑑𝑑 + 𝑡𝑓)) , 𝑘 ∈ {𝑝, 𝑜} (E3) 529 

The average bike-hours used per peak-period patron, 𝑛𝐵, is calculated as follows: 530 

𝑛𝐵 = 2𝛽 (1 −
𝐴𝑏𝑤,𝑘

𝑆2
) (

𝑑𝑏𝑜𝑢𝑡,𝑘

𝑣𝑏
+ 𝑡𝑑𝑝 + 𝑡𝑑𝑑).       (E4) 531 

The 𝐴𝑏𝑤,𝑘 and 𝑑𝑏𝑖𝑛,𝑘(𝑘 ∈ {𝑝, 𝑜}) are developed for each case in Fig. E1a-c as follows: 532 

(i) When 
𝑑𝑐𝑘

𝑆
≤

1

2
, the walk-only region has a diamond shape (see Fig. E1a). Thus we have:  533 

𝐴𝑏𝑤,𝑘 = 2𝑑𝑐𝑘
2 ;  534 

𝑑𝑏𝑖𝑛,𝑘 =
4∫ 𝑑𝑥

𝑑𝑐𝑘
0 ∫ (𝑥+𝑦)𝑑𝑦

𝑑𝑐𝑘−𝑥

0

𝐴𝑏𝑤,𝑘
=

2

3
𝑑𝑐𝑘. 535 

(ii) When 
1

2
<

𝑑𝑐𝑘

𝑆
< 1, the walk-only region is an octagon (see Fig. E1b). By geometry, we 536 

have: 537 

𝐴𝑏𝑤,𝑘 = 2𝑑𝑐𝑘
2 − 4(𝑑𝑐𝑘 −

𝑆

2
)
2
; 538 

𝑑𝑏𝑖𝑛,𝑘 =

2

3
𝑑𝑐𝑘∙2𝑑𝑐𝑘

2 −8∫ 𝑑𝑥
𝑑𝑐𝑘−

𝑆
2

0 ∫ (𝑥+𝑦)𝑑𝑦
𝑑𝑐𝑘−𝑥
𝑆
2

𝐴𝑏𝑤,𝑘
=

2

3
𝑑𝑐𝑘∙2𝑑𝑐𝑘

2 −8(
2

3
𝑑𝑐𝑘+

𝑆

6
)∙
1

2
(𝑑𝑐𝑘−

𝑆

2
)
2

𝐴𝑏𝑤,𝑘
 ; 539 

(iii) When 
𝑑𝑐𝑘

𝑆
≥ 1, the walk-only region fills up the entire catchment zone (see Fig. E1c). 540 

Thus, 𝐴𝑏𝑤,𝑘 = 𝑆
2; 𝑑𝑏𝑖𝑛,𝑘 =

𝑆

2
. 541 

Walk-only region

�

�
�

�
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In all the three cases, 𝑑𝑏𝑜𝑢𝑡,𝑘 =
𝑆

2
∙𝑆2−𝑑𝑏𝑖𝑛,𝑘∙𝐴𝑏𝑤,𝑘

𝑆2−𝐴𝑏𝑤,𝑘
. Specifically, in case (iii), 𝑑𝑏𝑜𝑢𝑡,𝑘 = 0. 542 

Appendix F. Derivation of 𝑨𝒇𝒘,𝒌 and 𝑬𝑭,𝒌 (𝒌 ∈ {𝒑, 𝒐}) 543 

We again consider a patron whose access distance is 𝑑 (0 ≤ 𝑑 ≤ 𝑆). The marginal generalized cost 544 

incurred to the system when the patron switches from walking to riding a feeder bus is: 545 

𝑀𝐶𝐹−𝑊 = (
𝑆𝑓

2𝑣𝑤
+
𝐻𝑓,𝑘

2
+ 𝑡𝑟 + 𝑡𝑓 +

𝑀𝐴𝐶𝐹

𝜇
) −

𝑑

𝑣𝑤
,  (F1) 

where 
𝑆𝑓

2𝑣𝑤
 denotes the (average) walking time from the patron’s origin to the nearest feeder bus 546 

station; 
𝐻𝑓,𝑘

2
 the (average) time spent to wait for a feeder bus at the origin station; 𝑡𝑟 the travel time in 547 

the feeder bus; 𝑡𝑓 the intermodal transfer penalty between feeder bus and trunk transit; and 𝑀𝐴𝐶𝐹 the 548 

marginal feeder bus agency cost (in $) added to the system for serving this additional feeder passenger. 549 

At the system optimum, the patron will choose a feeder bus if and only if 𝑀𝐶𝐹−𝑊 < 0, and will 550 

choose walking otherwise. Therefore, we can again obtain the system-optimal access mode 551 

assignment by solving 𝑀𝐶𝐹−𝑊 = 0. To solve this equation, we need to derive 𝑀𝐴𝐶𝐹 and 𝑡𝑟. 552 

To simplify the derivation of 𝑀𝐴𝐶𝐹 , we assume that a feeder bus always has sufficient 553 

capacity to accommodate its patrons. This is usually true because a feeder bus serves a small local 554 

zone only (and we have verified in all the numerical instances in this paper that the feeder bus 555 

capacity constraint (9b) is never binding). Under this assumption, adding a new passenger to the 556 

feeder network will not incur any extra agency cost, which means 𝑀𝐴𝐶𝐹 = 0. Note that this also 557 

means the system-optimal feeder-bus fare can be set to zero. 558 

The 𝑡𝑟 is the sum of two parts: the in-vehicle travel time along the non-stop route segment, 559 

𝑡𝑟1 =
𝑑1

𝑣𝑓
, and the in-vehicle travel time along the route segment when collecting passengers, 𝑡𝑟2 =560 

𝑑2 (
1

𝑣𝑓
+
𝜏𝑓

𝑆𝑓
). Here 𝑑1 and 𝑑2 are the patron’s access distances along the two perpendicular segments, 561 

respectively; 𝑣𝑓 denotes the feeder bus’s cruise speed; and 𝜏𝑓 denotes the bus dwell time at a feeder 562 

bus stop. Hence, two critical distances will be developed by solving 𝑀𝐶𝐹−𝑊 = 0: by setting 𝑑2 = 0, 563 

we find the critical distance, 𝑑𝑐𝑘1 (𝑘 ∈ {𝑝, 𝑜}), in the non-stop travel direction; and by setting 𝑑1 = 0, 564 

we find the critical distance, 𝑑𝑐𝑘2 (𝑘 ∈ {𝑝, 𝑜}), in the passenger-collection direction. They are: 565 

{
 
 

 
 𝑑𝑐𝑘1 =

𝑆𝑓

2𝑣𝑤
+
𝐻𝑓,𝑘

2
+𝑡𝑓

1

𝑣𝑤
−
1

𝑣𝑓

𝑑𝑐𝑘2 =

𝑆𝑓

2𝑣𝑤
+
𝐻𝑓,𝑘

2
+𝑡𝑓

1

𝑣𝑤
−
1

𝑣𝑓
−
𝜏𝑓

𝑆𝑓

,   𝑘 ∈ {𝑝, 𝑜}.  
 (F2) 

This means that the isodistance lines from the trunk station form an anisotropic diamond, as 566 

shown by the thin, solid lines in Fig. F1a-d. (Note that 𝑑𝑐𝑘1 is always smaller than 𝑑𝑐𝑘2.) As a result, 567 

four cases may arise regarding the shape of the walk-only region, as illustrated in Fig. F1a-d. They are: 568 

when 
𝑑𝑐𝑘1

𝑆
,
𝑑𝑐𝑘2

𝑆
≤

1

2
; when 

𝑑𝑐𝑘1

𝑆
≤

1

2
,
𝑑𝑐𝑘2

𝑆
>

1

2
; when 

𝑑𝑐𝑘1

𝑆
,
𝑑𝑐𝑘2

𝑆
>

1

2
 and 

𝑑𝑐𝑘1𝑑𝑐𝑘2

𝑑𝑐𝑘1+𝑑𝑐𝑘2
≤

𝑆

2
; and when 569 

𝑑𝑐𝑘1𝑑𝑐𝑘2

𝑑𝑐𝑘1+𝑑𝑐𝑘2
>

𝑆

2
. In each figure, the trunk station is marked by the black dot and its catchment zone is 570 

bounded by the dashed square; the thick solid lines represent the trunk lines as they would be laid-out 571 

in a grid network; and the walk-only region is shaded. 572 
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                573 
                       (a) when 

𝑑𝑐𝑘1

𝑆
,
𝑑𝑐𝑘2

𝑆
≤

1

2
                                           (b) when 

𝑑𝑐𝑘1

𝑆
≤

1

2
,
𝑑𝑐𝑘2

𝑆
>

1

2
 574 

  575 
             (c) when 

𝑑𝑐𝑘1

𝑆
,
𝑑𝑐𝑘2

𝑆
>

1

2
 and 

𝑑𝑐𝑘1𝑑𝑐𝑘2

𝑑𝑐𝑘1+𝑑𝑐𝑘2
≤

𝑆

2
                            (d) when 

𝑑𝑐𝑘1𝑑𝑐𝑘2

𝑑𝑐𝑘1+𝑑𝑐𝑘2
>

𝑆

2
 576 

Fig. F1. The walk-only region in the catchment zone of a trunk station in period 𝑘 ∈ {𝑝, 𝑜}. 577 

For each of the four cases shown in Fig. F1a-d, we define 𝐴𝑓𝑤,𝑘  (𝑘 ∈ {𝑝, 𝑜}) as the area of the 578 

walk-only region in period 𝑘; and 𝑑𝑓𝑖𝑛,𝑘 as the average access distance in that region during 𝑘. In the 579 

feeder-bus region, we define two average access distances, 𝑑𝑓𝑜𝑢𝑡1,𝑘 and 𝑑𝑓𝑜𝑢𝑡2,𝑘, for the non-stop trip 580 

portion and the passenger-collection portion, respectively. The 𝐸𝐹,𝑘 is calculated as: 581 

𝐸𝐹,𝑘 = 2(
𝐴𝑓𝑤,𝑘

𝑆2
∙
𝑑𝑓𝑖𝑛,𝑘

𝑣𝑤
+ (1 −

𝐴𝑓𝑤,𝑘

𝑆2
) (

𝑑𝑓𝑜𝑢𝑡1,𝑘

𝑣𝑓
+ 𝑑𝑓𝑜𝑢𝑡2,𝑘 ∙ (

1

𝑣𝑓
+
𝜏𝑓

𝑆𝑓
) +

𝑆𝑓

2
+
𝐻𝑓,𝑘

2
+ 𝑡𝑓)) , 𝑘 ∈

{𝑝, 𝑜}.  

(F3) 

The 𝐴𝑓𝑤,𝑘, 𝑑𝑓𝑖𝑛,𝑘, 𝑑𝑓𝑜𝑢𝑡1,𝑘 and 𝑑𝑓𝑜𝑢𝑡2,𝑘 (𝑘 ∈ {𝑝, 𝑜}) are developed for each case shown in Fig. 582 

F1a-d as follows: 583 

(i) When 
𝑑𝑐𝑘1

𝑆
,
𝑑𝑐𝑘2

𝑆
≤

1

2
, the walk-only region has a diamond shape (see Fig. F1a). Thus, we 584 

have: 585 

𝐴𝑓𝑤,𝑘 = 2𝑑𝑐𝑘1𝑑𝑐𝑘2; 586 

𝑑𝑓𝑖𝑛,𝑘 =
4∫ 𝑑𝑥

𝑑𝑐𝑘2
0 ∫ (𝑥+𝑦)𝑑𝑦

𝑑𝑐𝑘1−
𝑑𝑐𝑘1
𝑑𝑐𝑘2

𝑥

0

𝐴𝑓𝑤,𝑘
=

𝑑𝑐𝑘1+𝑑𝑐𝑘2

3
; 587 

𝑑𝑓𝑜𝑢𝑡1,𝑘 = 𝑑𝑓𝑜𝑢𝑡2,𝑘 =
𝑆2+2𝑑𝑐𝑘1𝑑𝑐𝑘2

4𝑆
. 588 

(ii) When 
𝑑𝑐𝑘1

𝑆
≤

1

2
,
𝑑𝑐𝑘2

𝑆
>

1

2
, the walk-only region is a hexagon (see Fig. F1b). Thus, we 589 

have: 590 

𝐴𝑓𝑤,𝑘 = 𝑆 ∙ (2𝑑𝑐𝑘1 −
𝑑𝑐𝑘1∙𝑆

2𝑑𝑐𝑘2
); 591 
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𝑑𝑓𝑖𝑛,𝑘 =

2𝑑𝑐𝑘1𝑑𝑐𝑘2∙(
𝑑𝑐𝑘1+𝑑𝑐𝑘2

3
)−4∫ 𝑑𝑥

𝑑𝑐𝑘2−
𝑆
2

𝑆
2

∫ (𝑥+𝑦)𝑑𝑦
𝑑𝑐𝑘1−

𝑑𝑐𝑘1
𝑑𝑐𝑘2

𝑥

0

𝐴𝑓𝑤,𝑘
  592 

           =
2𝑑𝑐𝑘2(𝑑𝑐𝑘1+𝑆)−(𝑑𝑐𝑘2−𝑆)(𝑆−

𝑑𝑐𝑘1
2𝑑𝑐𝑘2

𝑆−
6𝑑𝑐𝑘2
2

𝑆
+
6𝑑𝑐𝑘1𝑑𝑐𝑘2

𝑆
)

3𝑑𝑐𝑘2(2−
𝑆

2𝑑𝑐𝑘2
)

; 593 

𝑑𝑓𝑜𝑢𝑡1,𝑘 =

(𝑑𝑐𝑘1+
𝑆
2
)

2
+
(𝑑𝑐𝑘1−

𝑑𝑐𝑘1
𝑑𝑐𝑘2

∙
𝑆
2
+
𝑆
2
)

2

2
=

2𝑑𝑐𝑘1−
𝑑𝑐𝑘1
𝑑𝑐𝑘2

∙
𝑆

2
+𝑆

4
; 594 

𝑑𝑓𝑜𝑢𝑡2,𝑘 =
(
𝑆

2
+
𝑆

4
)

2
∙

𝑑𝑐𝑘1
𝑑𝑐𝑘2

∙
𝑆

2

(
𝑆

2
+
𝑑𝑐𝑘1
𝑑𝑐𝑘2

∙
𝑆

2
−𝑑𝑐𝑘1)

+
𝑆

4
∙

(
𝑆

2
−𝑑𝑐𝑘1)

(
𝑆

2
+
𝑑𝑐𝑘1
𝑑𝑐𝑘2

∙
𝑆

2
−𝑑𝑐𝑘1)

  595 

              =

3𝑆2∙𝑑𝑐𝑘1
16𝑑𝑐𝑘2

+
𝑆2

8
−
𝑆

4
∙𝑑𝑐𝑘1

(
𝑆

2
+
𝑑𝑐𝑘1
𝑑𝑐𝑘2

∙
𝑆

2
−𝑑𝑐𝑘1)

 . 596 

(iii) When 
𝑑𝑐𝑘1

𝑆
,
𝑑𝑐𝑘2

𝑆
>

1

2
 and 

𝑑𝑐𝑘1𝑑𝑐𝑘2

𝑑𝑐𝑘1+𝑑𝑐𝑘2
≤

𝑆

2
, the walk-only region is an octagon (see Fig. F1c). 597 

Thus, we have: 598 

𝐴𝑓𝑤,𝑘 = 2𝑑𝑐𝑘1 ∙ 𝑆 −
𝑑𝑐𝑘1∙𝑆

2

2𝑑𝑐𝑘2
+ 2𝑑𝑐𝑘2 ∙ 𝑆 −

𝑑𝑐𝑘2∙𝑆
2

2𝑑𝑐𝑘1
− 2𝑑𝑐𝑘1𝑑𝑐𝑘2; 599 

𝑑𝑓𝑖𝑛,𝑘 =

2𝑑𝑐𝑘1𝑑𝑐𝑘2∙(
𝑑𝑐𝑘1+𝑑𝑐𝑘2

3
)−4∫ 𝑑𝑥

𝑑𝑐𝑘2−
𝑆
2

𝑆
2

∫ (𝑥+𝑦)𝑑𝑦
𝑑𝑐𝑘1−

𝑑𝑐𝑘1
𝑑𝑐𝑘2

𝑥

0
−4∫ 𝑑𝑥

𝑑𝑐𝑘2−
𝑑𝑐𝑘2∙𝑆
2𝑑𝑐𝑘1

0
∫ (𝑥+𝑦)𝑑𝑦
𝑑𝑐𝑘1−

𝑑𝑐𝑘1
𝑑𝑐𝑘2

𝑥

𝑆
2

𝐴𝑓𝑤,𝑘
  600 

         =
𝑑𝑐𝑘1𝑑𝑐𝑘2(4𝑆−4𝑑𝑐k1−2𝑑𝑐𝑘2+3𝑑𝑐𝑘2∙𝑆)+𝑆(2𝑑𝑐𝑘1

2+2𝑑𝑐𝑘1∙𝑆−3𝑑𝑐𝑘2
2∙𝑆)+

𝑑𝑐𝑘1∙𝑆

𝑑𝑐𝑘2
(
𝑑𝑐𝑘1∙𝑆

𝑑𝑐𝑘2
−𝑑𝑐𝑘1−𝑆

2)+
𝑑𝑐𝑘2∙𝑆

2

4𝑑𝑐𝑘1
(𝑑𝑐𝑘2∙𝑆+6𝑑𝑐𝑘2−𝑆)

3(2𝑑𝑐𝑘1∙𝑆−
𝑑𝑐𝑘1∙𝑆

2

2𝑑𝑐𝑘2
+2𝑑𝑐𝑘2∙𝑆−

𝑑𝑐𝑘2∙𝑆
2

2𝑑𝑐𝑘1
−2𝑑𝑐𝑘1𝑑𝑐𝑘2)

; 601 

𝑑𝑓𝑜𝑢𝑡1,𝑘 =
𝑆

2
+

(
(𝑑𝑐𝑘1−

𝑆
2
)∙𝑑𝑐𝑘2

𝑑𝑐𝑘1
+
𝑆
2
)

2

2
=

3𝑆

2
∙𝑑𝑐𝑘1+(𝑑𝑐𝑘1−

𝑆

2
)∙𝑑𝑐𝑘2

4𝑑𝑐𝑘1
; 602 

𝑑𝑓𝑜𝑢𝑡2,𝑘 =
𝑆

2
+
(
𝑆
2
−
𝑑𝑐𝑘1
𝑑𝑐𝑘2

∙
𝑆
2
+𝑑𝑐𝑘1)

2

2
=

3𝑆−
𝑑𝑐𝑘1
𝑑𝑐𝑘2

∙𝑆+2𝑑𝑐𝑘1

8
. 603 

(iv) When 
𝑑𝑐𝑘1𝑑𝑐𝑘2

𝑑𝑐𝑘1+𝑑𝑐𝑘2
>

𝑆

2
, the walk-only region fills up the entire catchment zone of the transit 604 

station (see Fig. F1d). Thus, we have: 𝐴𝑓𝑤,𝑘 = 𝑆
2, 𝑑𝑓𝑖𝑛,𝑘 =

𝑆

2
 and 𝑑𝑓𝑜𝑢𝑡1,𝑘 = 𝑑𝑓𝑜𝑢𝑡2,𝑘 =605 

0. 606 

Appendix G. Bike-sharing cost rates 607 

Cost rates for bike-sharing systems were derived by considering both the capital and the operating 608 

costs. The former include the purchase and installation fees for bikes, individual docks, and bike 609 

docking stations; and the latter consist of maintenance, repair and replacement, system management 610 

(including bike redistribution), and insurance fees for bikes and docking stations (Gleason and 611 

Miskimins, 2012). In this paper, we provide cost rates for low- and high-wage cities. 612 

We derive these rates by combining data from multiple sources. Capital cost rates for high-613 

wage cities were calculated by fitting a linear regression model to real-world data obtained from the 614 

B-cycle systems in 14 US cities, and from the Capital Bikeshare system in Arlington, Virginia 615 

(Arlington, 2010). Operating cost rates for high-wage cities were calculated using financial analysis 616 
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data collected from the Nice Ride public bike-share program in Minnesota’s Twin Cities (City of 617 

Minneapolis, 2008). Capital and operating cost rates for low-wage cities were taken from the 618 

Hangzhou (China) public bike system (Wikipedia, 2017). The above cost parameters are summarized 619 

in Table G1. 620 

We then calculated the daily costs per bike, per dock, and per docking station for both high- 621 

and low-wage cities. The daily cost for each item is the sum of the capital cost amortized over the 622 

item’s lifecycle (assumed to be 5 years) and the operating cost. We assumed that each year had 365 623 

days. Calculation results are also shown in Table G1. 624 

Table G1 Cost rate breakdown for bike-sharing systems. 625 

  High-wage cities Low-wage cities 

Capital cost ($/item) 

Bike 1,118 57 

Dock 1,195 149 

Docking station 19,434 10,401 

    

Operating cost 

($/item/year) 

Bike 719.6 148.6 

Dock - - 

Docking station 3,084 1,337 

𝐶𝐵 ($/bike/day) 
(1118 5⁄ )+719.6

365
= 2.58  

(57 5⁄ )+148.6

365
= 0.44  

𝐶𝐷 ($/dock/day) 
(1195 5⁄ )

365
= 0.65  

(149 5⁄ )

365
= 0.08  

𝐶𝑃 ($/bike/day) 
(19434 5⁄ )+3084

365
= 19.10  

(10401 5⁄ )+1337

365
= 9.36  
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