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Abstract

In this paper, we analytically study the performance of two topologies of high-speed rail (HSR)
networks: isolated-corridors and grid networks. We evaluate how HSR configuration affects capacity
of newly developed infrastructure, profits and social welfare by considering a number of factors,
namely economies of traffic density, market size, operating cost and cost of capital. Our investigations
focus on a social welfare-maximizing entity which provides HSR train services as well as develops
infrastructure. We find that although the grid network allows for more new markets, the isolated-
corridors network may perform better in terms of social welfare when the cost of capital is high, the
demand in the new markets established by the isolated-corridors network is high, the operating cost
(excluding density effect) is high and the traffic density effect is weak. We also identify cases where
the optimal network configuration in terms of social welfare may not be optimal in other aspects,
such as capacity, consumer surplus and profits. For example, when the density effect is strong, grid
network is likely to be socially optimal, but it faces more difficulty in recovering the invest cost
comparing with the alterative network.
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1. Introduction

High-speed rail (HSR) has been a focal element of transport policies in many countries (Zhang et al.,
2019). According to the International Union of Railways (UIC, 2018a), in 2016 HSR systems have
carried over 715 billion passenger-km (see also Table 1). Up to October 2018, there are 9,230 km of
HSR lines in operation in Europe, 1,697 km under construction and 11,067 km being planned. Major
developments of HSR networks will take place in Spain and France, which already operate the widest
network in the European continent, i.e., 2,852 km and 2,814 km of lines respectively (UIC, 2018b).
In Asia, the leading investors in HSR are China and Japan. The Chinese HSR network (the largest in
the world) covers 27,684 km and is planned to cover an additional 11,551 km, with 10,026 km of
lines already under construction (UIC, 2018b). Japan, a pioneer in HSR investment with 3,041 km of
HSR lines in operation, is now constructing 402 km and plans to build additional 194 km by 2046
(UIC, 2018b).

xx Table 1 %

Three strategic models for HSR infrastructure development have been observed around the world
(Perl and Goetz, 2015): (i) exclusive corridors between megacities of more than 10 million
inhabitants, (ii) hybrid networks composed by a mix of newly developed HSR links and existing
conventional rail lines, which easily extend HSR services into smaller cities at a lower cost but a
lower average service speed, and (iii) comprehensive national grid networks mainly made up of a few
new and exclusive HSR lines which intersect with each other to link all major and middle-sized
communities across the country. The Japanese Tokaido Line can be considered as a dedicated HSR
corridor at its initial development. It originally linked Tokyo and Osaka with dedicated HSR tracks
(512 km), but it has been later expanded to serve smaller cities. Another example of dedicated corridor
is the Northeast Corridor (Boston - New York City - Washington DC) in the USA served by the
Amtrak’s Acela Express trains. On the other hand, China provides a pivotal example of
comprehensive grid network with a backbone of four major north-south and four major east-west
passenger dedicated lines. Another example of an HSR comprehensive grid is provided by Spain,
which has been developing a radial network centered on Madrid.

Obviously, the extension of an HSR infrastructure involves considering various tradeoffs between
service coverage, capital and operating costs. For instance, extension of an HSR infrastructure to form
a grid network provides greater service coverage due to the large number of city pairs connected but
incurs higher capital and operating costs, whereas a single isolated corridor has lower capital and



operating costs but offers less service coverage. On the one hand, network effects arising in grid
networks generate positive externalities which pivot on traffic density and the number of origin-
destination pairs served. On the other hand, investment costs as well as operating costs increase as
the number of markets served by HSR (and traffic) rises. These trade-offs shape consequently

incentives of capacity investment, profits and social welfare.

In this paper, we develop an analytical framework to study performance of two alternative topologies
of HSR networks: isolated-corridors and grid networks. We consider a set of cities, one existing HSR
corridor and a chance to build one new corridor. There are two options in developing the new corridor,
either having the new corridor intersect with the existing corridor to form a grid network, or making
the new corridor isolated from the existing corridor. We evaluate and compare capacity investment
levels, profits and social welfare of these two options and examine the role of various factors, namely
economies of traffic density, market size, operating cost and cost of capital. We finally investigate
the potential conflicts in determining the network structure based on social welfare and other

concerns, such as capacity level, consumer surplus and profits.

Our investigations focus on a social welfare-maximizing entity which not only provides the HSR
services but also invests in the infrastructure. Indeed, this circumstance is observed in several major
HSR projects. For instance, China State Railway Group (CR), previously known as China Railway
Corporation, is responsible for not only operating China’s passenger and freight train services, both
conventional and high-speed, but also planning, developing, financing and managing the national
railway network. CRC used to be part of the now-defunct Ministry of Railways and was converted to
an enterprise wholly-owned by the State in 2013. It is financed solely by the Ministry of Finance and
reports directly to the State Council (The World Bank, 2017, pp. 394). In France, SNCF is the state-
owned French National Railway Company. SNCF Mobilités is the transport division of SNCF which
is responsible for the provision of transport services, i.e., freight and passenger services including the
Train a Grande Vitesse (meaning "High-speed train™). SNCF Réseau is the infrastructure division of

SNCF and is responsible for infrastructure development, operations and maintenance.*

! Prior to 1997, SNCF managed both rail infrastructure and train operations. SNCF was restructured in 1997 to satisfy
the legal order of the European Union for railways, which required vertical separation of the accounts for rail infrastructure
and train operations. Ownership of the railway network was transferred to a separate company, named Réseau Ferré de
France (RFF). RFF focused on track improvement and development, network investment and financing, and contracted
with SNCF to undertake the maintenance and operation of railway infrastructure. On 1 January 2015, RFF and SNCF
were once again restructured and combined into the SNCF Group. (The World Bank, 2017, pp. 529).



This paper relates to two strands of literature.? The first strand discusses qualitatively HSR
performance according to the level of integration with the rest of the network, speed and type of
services (Givoni, 2006; Campos and De Rus, 2009; Perl and Goetz, 2015). Givoni (2006) concludes
that HSR is best designed to substitute conventional railway services on routes where more capacity
is needed, to reduce travel time to further improve the railway service, or to substitute other modes,
i.e., air. Campos and De Rus (2009) discuss the economic definition of HSR, showing that it is not
speed but the network exploitation model that determines this concept. The authors identify four
models: (i) exclusive exploitation (either high-speed trains on high-speed tracks or conventional trains
on conventional tracks), (ii) mixed high-speed (high-speed trains on high-speed and conventional
tracks), (iii) mixed conventional (conventional trains on high-speed or conventional tracks), and (iv)
fully mixed (high-speed and conventional trains on high-speed or conventional tracks). The exclusive
exploitation and the mixed high-speed models, for example, allow a more intensive usage of HSR
infrastructure and thus higher traffic capacity. The other models, however, must accommodate (with
the exception of multiple-track sections of the line) slower trains which frequently occupy a larger
number of slots and reduce the possibilities for providing HSR services. The exclusive exploitation
model has been adopted by the Japanese Tokaido Line which used standard gauge at its first
introduction in 1964, whilst the narrow gauge was used by a conventional line. Chinese HSR started
with the mixed HSR model by upgrading conventional lines, but then converted to an exclusive
exploitation model after developing the majority of the network with new lines dedicated to HSR
services. Perl and Goetz (2015) find HSR being generally profitable in heavily travelled corridors of
300-800 km between major population centers (i.e., Tokyo-Osaka line), while longer distance HSR

operations involving smaller population centers can struggle to cover their costs.®

2 Avast branch of literature focuses on the intermodality between HSR and air transport, namely airline-HSR competition
(e.g., Yang and Zhang, 2012; D’Alfonso et al., 2015, 2016; Jiang and Zhang, 2016; Wan et al., 2016) and airline-HSR
cooperation (e.g., Avenali et al., 2018; Jiang and Zhang, 2014; Jiang et al., 2017; Socorro and Viecens, 2013, Xia and
Zhang, 2016; 2017; Xia et al; 2018). In our paper, we abstract away from the discussion on the effects of HSR operations
over the competitiveness of air transport, in order to focus on the impact of network configuration on HSR investment
levels, profit and social welfare. Our analysis could inform about the pattern of HSR expansion; thus stakeholders
including substitute air transport operators can be better prepared for the challenges due to intermodality.

3 For instance, the Japanese Tokyo-Osaka line has been regarded as the most successful HSR operation in the world, but
the extension of the line to cities located in less densely populated areas lead to financial losses for Japan National
Railways. The expanded high-speed train network in China has started to make a profit in the populated east (China.com,
2016). In 2015, six high-speed rail lines made a profit, with the Beijing-Shanghai route topping the list at a net profit of
Y6.58 billion ($990 million), all connecting mega cities in populated areas with strong economies such as Beijing, Tianjin,
Shanghai, Hangzhou, Ningbo, Shenzhen and Guangzhou. Except for the Beijing-Tianjin HSR, the other five lines have
managed to turn from deficit to profit within five years of operations. Conversely, services running through the vast
central and western regions are still far from breaking even. Performance is closely related to the population and economic
strength of cities HSR serves.



The second strand of literature addresses the design problem of a rail transit line. In principle, the
basic parameters to be determined in planning a rail transit line include the rail line length, number
and locations of stations and fare. The design of these parameters depends very much on the
population density in the planning area. This is because the urban population density directly
influences the level of passenger demand. Li et al. (2012) provides a literature review of various
analytical models of transit service design and highlights main characteristics with respect to: (i)
decision variables, such as the location or spacing of transit routes and/or stations, and fare; (2) the
objective function, which is typically the minimization of the total system cost (i.e., the sum of
operator and user costs); (3) the geometry of transit lines, such as a linear structure or rectangular
grid; and (4) demand characteristics, including fixed or elastic demand. Such previous studies (e.g.,
Liu etal., 1996; Wirasinghe and Seneviratne, 1986; Li et al., 2011) mainly focus on how to optimize
the design variables of the transit services approximately and/or numerically, given a specified

network configuration.

None of these papers examines analytically how different network configurations affect the economic
performance of the transport system. Our paper is the first attempt in the literature to provide an
analytical framework to study the performance of alternative topologies of HSR networks. We aim
at providing guidance to shape future investments in HSR infrastructure by identifying the relevant
factors for the success of alternative topologies. In particular, we isolate relevant constellations of
parameters where a given network topology performs better in bringing higher capacity investments,

profits and social welfare.

The paper is organized as follows. Section 2 describes the model. Section 3 derives analytical results
for the case of grid networks and isolated-corridors networks. Section 4 derives policy implications
and presents numerical simulations on the impact of network configuration on traffic, capacity

investments, consumer surplus and social welfare. Section 5 concludes.
2. The model

Let consider a set of seven cities C ={A,B,C,D,H,E,F}. An HSR operator provides transport
services on one existing HSR corridor CD which consists of two links, CH and DH (Figure 1). The
existing corridor serves three origin-destination (OD) markets, OD¢ = {CD,CH,DH}. Let k be the
capacity of the existing links, i.e., the maximum number of HSR rides that can be provided on links
CH and DH. We assume k is sufficiently large, such that capacity constraints on existing links are

not binding.



*** Figure 1 ***

We evaluate two alternative scenarios:
1) building a new corridor AB that connects cities A, H and B and forms a grid with the existing
corridor (Section 2.1), and
2) building a new corridor EF that connects the cities E, B and F and forms two isolated corridors
(Section 2.2).
In both scenarios, the same HSR operator operates all the existing and new links in the network and
maximizes social welfare. We assume that the HSR operator is also the infrastructure developer. As
aresult, it chooses capacity on the new corridor, incurring related investment costs, and by determines

the traffic volume in each OD markets.
2.1 Grid network

The grid network is made up of four links (Figure 2), £9 = {AH,BH,CH, DH}. Each link has unitary
length. The network serves 10 OD markets, 0D9Y = {AB,CD,AD,AC,BD,BC,BH,CH,DH,AH}.
Compared to the case of one single CD corridor (Figure 1), the grid network generates seven new

markets.
*** Figure 2 ***

Since CD corridor already exists, the capacity investment costs are only relevant to AH and BH links
but not the CH and DH links. Then, equilibrium traffic in each OD market depends on whether the
new or existing links are involved. Therefore, let g, and p,, (q. and p,) indicate traffic and price
in markets involving one new (existing) link, i.e., markets AH and BH (markets CH and DH).
Similarly, let gq,, and p,, (q;. and p,.) indicate traffic and price in markets involving two new
(existing) links, i.e., market AB (market CD). Note that g,,, is along two high-cost new links, while
q,. 1S along two low-cost existing links. Finally, let g,,, and p,,, indicate traffic and price in
markets involving one existing link and one new link, i.e., markets AD, AC, BD and BC. The

subscript 2m stands for the mixed usage of one low-cost link and one high-cost link.

Following Singh and Vives (1984), we assume the representative consumer has a quadratic utility
function which is determined by the number of trips taken in all OD markets. This approach has been
used in transport literature (Jiang and Zhang, 2014; D’Alfonso et al., 2015, 2016). We assume all
markets are independent and hence there is no substitutability or complementarity among OD

markets. Based on this assumption and symmetry, we can write the utility function as:



1
U9 =a(qun+qze +4qom +2q,+2q,) _;(QZnZ +QZe2 +4‘q2m2 +2qn2 + 2%2) (1)

where the superscript g stands for the case of the grid network. The representative traveler’s
marginal utility in market i (i = n,2n,e,2e,2m) is a — q; and hence the marginal utility at zero

trips is the same across markets and indicated by a > 0.

Solving the representative passenger’s problem (i.e., maximizing (1) subject to the budget constraint),

we can obtain the inverse demand curve in each market i:
pi=a—gq;, Vi=n,2n,e 2e,2m (@)

Then, the parameter a can be interpreted as the strength of demand for travel as the demand
increases at any price level when a increases. We now turn to the supply side. Let k9 > 0 be the
capacity of the links AH and BH, i.e., the maximum number of HSR rides that can be provided on
links AH and BH. Let R; be the total number of rides offered by the HSR operator in OD market i.
We have q; = R; XS X LF, where S represents the number of train seats per ride and LF
represents the load factor. We assume that train size and load factor are fixed and hence S X LF is
constant and can be normalized to 1. Then, number of rides is equivalent to number of trips, and price
per seat, price per passenger and price per HSR ride are equivalent. We assume that the HSR
technology exhibits economies of traffic density®. Thus, the operating cost on each link decreases

with the traffic density ng of the link [ € £9 and for newly-built and existing links respectively:

Qg =qn+ Qnt+2qm (3)
Qéq =qet+ G2e + 2 Q2m

Following Brueckner and Spiller (1991), Zhang (1996), Brueckner (2001) and Bilotkach (2007) and
Jiang and Zhang (2014) we define the HSR cost function as follows:

c9=2(cQ? —dQ*)+2 (cQl —dQl)+2rke 4

where r > 0 is the marginal (capital) cost of building one unit of capacity on link AH or BH. d >
0 isthe density parameter and ¢ > 0 is the cost of serving one unit of traffic (one ride, one passenger
or one seat) on one link. The above setting leads to the following social welfare, profit and consumer

surplus functions:

4 Strong economies of traffic density have been identified in the railway industry (see Jiang and Zhang 2014).



SW‘gza(QZn+QZe+4QZm+ZQn+ZQe)
1 2 2 2 2 2 g g2
_E(QZn +QZe +4‘q2m +2qn +ZQe)_2(CQn _dQn)

—2 (chg —dez)—Zrkg

2
T[ogp:pZnCIZn-l'pZeCIZe+4p2mQ2m+2ann+2peqe_2 (CQeg _dQeg ) (5)

~2(cqf —ao)

2
T[g:pan2n+p2eq2e+4p2mQ2m+2ann+2peQe_2 (CQeg _ng)

~2 (co? —dQ;‘{Z)—Zrkg

€S9 = SW9 — 19

where social welfare (SW9) is defined as the difference between passenger utility and the total costs,

g

op @S

and w9 (nfp) is profit after (before) deducting the investment cost. We will refer to m

operating profit. €S9 is the consumer surplus.

The HSR operator decides the capacity, k9, of the links AH and BH and the amount of traffic q =
(921> 92e> Q2m> 9n» 9 ), SUbject to the capacity constraint on each link. That is, it solves the following

problem:

max SW9

k9.,q

s.t. Qz < k9 (6)
Q7 <k

For the sake of tractability, we focus on the case where Q7 < k is not binding. The optimal quantities

supplied in each market and optimal capacity are reported below.

g*

B (1-6d)(a—2c+2ad)—2(1—-10d)r

Tan (1 14d)(1 - 6d)

o9 = (1-6d)(a—2c+ 2ad) — 8dr @
ze (1-14d)(1 — 6d)
g a—2c+ 2ad —r

Tom =71 _1ad



gx*

B (1-6d)(a—c—6ad)— (1—10d)r

I (1— 14d)(1 - 6d)
g+ (1 —6d)(a—c—bad)—4dr
e = A —14d)(1 - 6d)
k9 = 09" = (1-6d)(4a —7c) — (5 —42d)r
n (1— 14d)(1 — 6d)

Note that the capacity constraint on the newly built corridor is always binding at the equilibrium, i.e.,
k9* = Q" always hold at the optimum. Let SW9*, 79", mJ; and CS9* denote the equilibrium

social welfare, profit, operating profit and consumer surplus in the grid network obtained by plugging

solution (7) into (5).

We remark that the equilibrium outcomes should satisfy a broader range of conditions, namely the
non-negativity conditions for optimal traffic volumes and ticket prices, the second-order concavity
conditions for the maximization problem, and the non-arbitrage conditions on prices, that is p,, <
2Des Pon < 2p, and py, < pe + pn. It is easy to prove that the non-arbitrage conditions are

always satisfied. The second-order concavity conditions hold when d < 1/14, and therefore all the

following analysis is based on d € [0, 1—14).

Lemma 1 clarifies some analytical properties of equilibrium quantities in each market. All proofs are

available in the Appendix.

Lemma 1. When a welfare-maximizing HSR operator invests in an HSR corridor to form a grid

network:

(i) Let 6 = ﬁ. At equilibrium, it results:
8. Gy, = Q3 = q3y, with g3, — qf, =26 and g3, —q3, =6

g* g* q‘g* - * qg* a g* g* qg* a

b. g2 =2q, >t with g, =22+ and g, =g, +0="2+2+0
C. 7 —dom =0zm—dmn=9c —dn =0

(i) Non-negative condition for quantities are satisfied if and only if q‘zg,’; > 0 holds. This is

(1—-6d)(a—2c+2ad)
2(1-10d)

equivalentto r <

(i) Quantity difference within two-link markets or within one-link markets (6) increases in r

and d.

_ g+ _ a—2c+2ad

. _ g* _ g+ gx _ a—c—6ad
(iv) When r =0, g3, = @3 = Gon = — 7,5 =—

g% _
and q, = q, YR



Lemma 1 highlights the asymmetry introduced by capacity costs. Since capacity costs are present on
AH and BH links, but not on the CH and DH links, qJ* > q7". Moreover, q,, involves two high-
cost links, while g, involves two low-cost links and g, involves one low-cost link and one high-
cost link, which is reflected by g3, = q3,, = q3,. When the marginal cost of capacity is zero
(equivalently, when we abstract away capacity investment on the new corridor), equilibrium traffic

is the same within one-link markets and within two-link markets.

Based on Lemma 1, Lemma 2 shows the impact of density parameter on traffic in each market.

Lemma 2. When a welfare-maximizing HSR operator invests in an HSR corridor to form a grid
network, equilibrium quantity supplied in each market increases as the density parameter d

increases.

Intuitively, Lemma 2 holds because the operating cost of serving the same amount of traffic reduces

as the density effect becomes stronger.
2.2 Isolated-corridors network

The isolated-corridors case (Figure 3) also involves four links, each with unitary length, £¢ =
{CH,DH,EB, FB}. However, there are only six OD markets, 0D = {CD,CH,DH,EB,FB,EF}.

That is, only three new markets are generated after adding the EF corridor.

*** Figure 3 ***

Similar to the grid network case, only newly added corridor EF incurs capacity investment costs.
Then, the equilibrium traffic depends on the involvement of newly-added links and the number of
links used to serve the market. Therefore, following the previous notation, ¢q,, and p, (q. and p,)
denote traffic and price in new (existing) one-link markets, i.e., markets EB and FB (markets CH and
DH). Let g,, and p,, (g2, and p,.) indicate traffic and price in new (existing) two-link markets,
i.e., market EF (market CH).> The marginal utility derived by the representative traveler at zero
trafficis B = 0 in both one-link and two-link markets along corridor EF. This parameter £ can be
considered as a measure of the strength of demand for travel on one-link and two-link markets along

corridor EF as it shifts the demand curve. Then, the utility function is specified as:

1
US=a(2qe+ qze) + B (2qn + qzn) —5(q2n® + q2¢* + 2 n” + 2 q%) (8)

5 To save on notation, we shall use the same symbols g,, and p, aswellas g, and p, (g, and p,, aswellas g,
and p,.) as used in section 2.1. We will use different symbols for equilibrium values in the two scenarios.
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The total cost function is:

Cc=2(cQS —dQs®)+2(cQS —dQg*)+2rk® ©)
where

Qn=0qn+ qzn

Qe = qe + q2e

Note that Q5 and QS measure, respectively, traffic density on new links (EB or FB) and existing
links (CH or DH). k¢ > 0 is the capacity of the links EB or FB. The superscript ¢ stands for the
case of the isolated-corridors network. We may then write down social welfare, profits and consumer

surplus:

1
SWE=a(2qe+q2e) + B2 qn + qan) — E(QZnZ + G2 +240° +2q.%)

—2(cQ5 —dQs*)—2(cQS —dQs®) —2rke
T[gp:pan2n+pZque+2ann+2peQe_2(chC _ngz)_Z(CQrCL _erCLZ) (10)

T[C:p2nq2n+p2eQZe+2ann+2peqe_Z(CQg _ngz)_Z(CQrCL _dQﬁz)
—2rk9

CS¢ = SWe —n¢

The welfare-maximizing HSR operator decides the capacity, k¢, and the traffic volume in each
market q := (q2n, 92¢, Gn, ) SUbject to the capacity constraint on each link. Thus, it solves the

following maximization problem:

max SW°
kC.q
s.t. Qfl <kf (11)

QS <k

Again, we focus on the case where QS < k is not binding. The equilibrium quantity supplied in each

market is reported below:

o B—2c+2pd—2r

= 12
an 1 _6d ( )

11



_a—2c+2ad

qze T ¢d

e  B—c—2pd—r

™ =""1"6d

o a—c—2ad

Te =71 6d

o — Tcl*:2,8—3(c+r)
1—-6d

Again, the non-negativity conditions, second-order concavity conditions and non-arbitrage conditions
need to be satisfied.® The capacity constraint on the newly-built corridor is always binding at the
equilibrium, i.e., k= Qg" always hold at the optimum. Denote SW*<*, n°*, mgy, and CS* as
the equilibrium social welfare, profit, operating profit and consumer surplus in the isolated-corridors

network obtained by plugging (12) into (10).

Lemma 3 shows the impact of density parameter, d, on equilibrium traffic in each market.

Lemma 3. When a welfare-maximizing HSR operator invests in an HSR corridor to form an isolated-
corridors network, equilibrium quantity supplied in each market increases as the density parameter

d increases.

3. Impact of network configuration on traffic, capacity and social welfare

In this section, we compare the performance of grid and isolated-corridors networks in terms on traffic
and capacity. We first consider the case where capacity investment costs are suppressed, i.e., r = 0.

Lemma 4 compares equilibrium traffic in the two alternative networks.
Lemma 4. When capacity costs are suppressed, i.e., r = 0, at the equilibrium,

() q5*<4q3", q45; < q5, = q5,- The equal signs of the inequalities hold when d = 0.

2(a—c—-6ad)

(i) k9* <k if and only if B> f = —al otherwise, k9" > k* and the equal sign

holds when g = 8.
Lemma 4 suggests that in each market involving at least one existing link, the grid network tends to

generate more traffic than isolated-corridors network. However, despite that the grid network

generates more new markets, the newly developed capacity may be higher in the isolated-corridors

® The non-arbitrage conditions are automatically hold. The second-order concavity conditions hold when d<1/6.

12



network as long as the market size of these new markets is far much larger in isolated corridor network
than the grid network. Proposition 1 compares social welfares in the two networks when capacity

investment costs are suppressed.
Proposition 1. When capacity investment costs are suppressed, i.e., r = 0, at the equilibrium,

(i) when a =>p, SWI* > Swe,

4c

(i) when a<p ,  SWo>swe if and only if a<p<f=_—

+

21a%-72ac+64c%2-98a%2d+288acd—256c2d+188ad?—160acd?—88a%d3
(3—-2d)2(1-14d) ’

(iii) when B = B, SW9* < SW¢*,

When capacity investment costs are suppressed, and « > £, the inferiority of the isolated-corridors
network relative to the grid network can be seen immediately, since the grid model generates more
new markets. However, if the markets along the newly-built corridor EF is sufficiently larger than
those along the corridor AB, the result may be reversed. Moreover, when the two networks produce
the same capacity level on the newly-built corridors, the grid network generates less social welfare
than the isolated-corridors network. In the next section, Proposition 6 identifies, for any feasible

(B,r) combination, the behaviour of social welfare indifference curve.

We now consider the case where capacity investment costs play a role, i.e., r > 0. Proposition 2

compares traffic in the two networks.
Proposition 2. At the equilibrium, when r > 0, we have:

(i) q5, =qs5: and g7 = q5*, and the equal signs hold when d = 0.

(i) When a =B, q5. =q%, and q2" = q&*, and the equal signs hold when d = 0.

Proposition 2 suggests that in markets involving only existing links, a grid network tends to generate
higher traffic than isolated-corridors network. Such traffic difference vanishes when economies of
traffic density no longer plays a role. When the newly developed markets have the same size as the

existing markets, the above observation applies to newly developed markets as well.

We now compare equilibrium capacities of the two networks. Proposition 3 clarifies the impact of c,

r and d on capacity.

13



Proposition 3. Let (r) be the cut-off value of B which makes k9* = k¢*. Then, f decreases in
¢ and r,while itincreasesin d. That is, at equilibrium, the isolated-corridors network may generate
more capacity than the grid network with large S when: (i) the cost of capital » or operating cost ¢

is at the high end, or (ii) density effect d is weak.

The idea of Proposition 3 can be shown graphically (Figure 4) by writing the equilibrium capacity as

a(4—24d)+42cd-7c . (5-42d)r
(1-14d)(1-6d) (1-14d)(1-6d)

2[5’ 3c-3r
—-6d

a function of capital cost: k9*(r) = and k¢ (r) =

*** Figure 4 ***

By comparing the slopes of k9*(r) and k€*(r), one can prove that k9*(r) is steeper than k¢*(r),

(5-42d) 3 _ 2
(1-14d)(1-6d) 1-6d  (1-14d)(1-6d) —

ie., > 0. In other words, capacity investment in grid network

IS more sensitive to capital cost than in the case of isolated-corridors network. When £ increases,
k¢ (r) shifts upward while keeping k9*(r) unchanged. Since k°*(r) has a negative but smaller
slope in magnitude, the intersection with k9*(r) will occur at larger r values first. That is, with a
sufficiently large £, isolated-corridors network may generate more capacity than grid network when
the cost of capital » is at the high end. Applying the similar logic, one can show that with a
sufficiently large £, isolated-corridors network may generate more capacity than grid network when

the operating cost ¢ is at the high end, or the density parameter d is at the low end.

We now compare the performance of grid and isolated-corridors networks in terms of social welfare.
Since social welfare is maximized at equilibrium and the capacity constraints of newly-added

Z oSw* dq;*
dx L dx

asw

corridors are always binding,

asw* aSW*
ax ox

, for x = ¢, d. Propositions 4 and 5 discuss the impact of r, c and d on social welfares.

aswe*

. R g*
Proposition 4. At the equilibrium, ‘md—M: <0 and < 0. Moreover, as capital cost r increases,

the social welfare tends to decrease faster in the grid network than the isolated-corridors network if

aswg*  dswe . .
= g*
= < 0 ifand only if k9* >

and only if the grid network generates larger capacity, i.e.

ke

aswe* aswy*

<0 and < 0, but >0 and

Proposition 5. At the equilibrium, in both networks,

aswe*
dad

> 0. Moreover, as operating cost ¢ (density parameter d) increases, the social welfare tends to

14



decrease (increase) faster in the grid network than the isolated-corridors network unless the capacity

of the isolated corridor network is substantially larger than that of the grid network.

Proposition 5 states that, as operating cost, c, increases, the grid network tends to become less
preferred than the isolated-corridors network in terms of social welfare due to the fact that the grid
network serves more OD markets. However, if the isolated-corridors network generates substantially
larger capacity and hence substantially higher traffic than grid network, an increase in operating cost
will disadvantage isolated-corridors network. The impacts of density parameter, d, on social welfares

are opposite to the impacts of an increase in operating cost.

4. Discussion and policy implications

In this section, to better understand the difference of these two networks and provide further policy
implications, we analyze the indifference curves of social welfare, capacity, profit and consumer
surplus. In particular, let SWdiff be the indifference curve composed of all the (5, ) combinations
which make SW9* = SW¢* hold. Similarly, let Kdiff, ndiffl, ndiff2 and CSdiff be the indifference
curves which shows all feasible (4, r) combinations when both networks result in the same
equilibrium capacity, operating profit, profit and consumer surplus, i.e. k9% = k¢, n;,g; = Tgp,
n9* =, and CS9* = CS**, respectively.

Figure 5 illustrates the shape of a typical SWdiff curve. Indeed, an increase in # (moving from point
1 to point 2) improves utility and traffic density of the isolated-corridors network, while having no
impact on the grid network. Moreover, as the cost of capital, r, increases (from point 1 to point 3),
both networks generate lower utility and less operating cost, but grid network’s utility drops faster

while cost reduces slower. As a result, SWdiff is downward sloping, leading to Observation 1.
*** Figure 5 ***

Observation 1. The grid network generates higher social welfare than the isolated-corridors network
when the cost of capital, r, is small and the size of new markets in isolated-corridors network, g, are

small, or one of them is small.

Observation 1 can be easily seen from Propositions 3 and 4. That is, two factors may cause the
isolated-corridors network to outperform the grid network in social welfare. First, when grid network

has larger capacity, the social welfare of the grid network decreases faster than isolated-corridors
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network as the capital cost r increases (Proposition 4). Second, as capital cost increases, it makes the
isolated-corridors network more likely to generate higher capacity at a given level of g, as the
threshold B (r) decreases in r (Proposition 3). These two factors suggest that isolated-corridors are

more likely to generate higher social welfare when capital cost is high.

Note that the indifference curve of capacity, Kdiff, is also downward sloping, which can be easily
proved. Based on Lemma 4(ii) and Proposition 1(iii), we can prove the following key relationship

between SWdiff and Kdiff as stated in Proposition 6 and illustrated in Figure 6.
Proposition 6. For any feasible (5, ») combination, Kdiff is always to the right of SWdiff.

As illustrated by the shaded area in Figure 6(a), Proposition 6 implies that at any given level of capital
cost, r, there is a range of median level g in which the grid network generates more capacity
investment but lower social welfare. This is a special parameter range where the investment cost of
grid network outweighs the benefit of larger capacity and hence higher traffic. However, as long as
the isolated-corridors network generates more capacity, it also produces higher social welfare.

*** Figure 6 ***

Note that Proposition 6 holds when one-link markets and two-link markets have the same sizes, i.e.
market size indicator « applies to all markets in the grid network and g applies to all the markets along
the EF corridor in the isolated-corridors network. However, as demand for travel can reduce as travel
distance increases, one may assume that one-link markets tend to have a larger size than the two-link
market. Then, Kdiff and SWdiff may have an intersection in certain constellations when operating
cost c is very high. Figure 6(b) illustrates such cases. Note that there is a small parameter range (dark
shaded area) where the isolated-corridors network generates more capacity investment but lower

social welfare.

We observe the following relationship between SWdiff and the other indifference curves (Figure 7).
In general, CSdiff and =diff2 seem to be located to the right of SWdiff. Note that the grid network
generates higher profit than isolated-corridors in the area on the right-hand of ndiff2. Therefore, the
area in-between SWdiff and ndiff2 represents the cases where isolated-corridors are preferred in terms
of both social welfare and profit. However, this never happens to the grid network. That is, when grid
network is preferred in terms of social welfare (on the left-hand side of SWdiff), the isolated-corridors
network is preferred in terms of profit; when grid network is preferred in terms of profit (on the right-

hand side of ndiff2), the isolated-corridors network is preferred in terms of social welfare. The
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comparison between SWdiff and CSdiff suggests that network choice based on consumer surplus
tends to be consistent with the choice based on social welfare. There only exists a small area between
SW(diff and CSdiff in which grid network generates lower social welfare but higher consumer surplus.
The indifference curve of operating profit before deducting of investment costs (ndiffl) has two
branches.” The grid network generates higher operating profit in the area above the left branch or
below the right branch. Observation 2 summarizes the potential inconsistency in preferred network

structure when aspects other than social welfare are taken into account.

*** Figure 7 ***
Observation 2. There exist areas of (5, ) combinations in which the following cases occur:
(a) SW9* < SW°* but K9* > K°*
(b) SW9* < SW°* but CS9* > CS**
(c) SW9* > SW® but m9* < n¢*, and SW9* < SW but m9* > n¢*
(d) Sw9* > Swe* but nf; < mgy, and SWI* < SW°* but n(;"; > oy,

Observation 2 implies that there exist a wide parameter range where the network choice based on
social welfare is different from the network choice based on consumer surplus, profit or operating

profit.

We then discuss the impact of the operating cost ¢ by presenting simulation outcomes with & = 1000,
d = 0.01 and varying levels of ¢.® Figure 8 suggests that both SWdiff and Kdiff shift to the left as ¢
increases. The former is proved by Proposition 3 and the latter can be immediately seen from

Propositions 4 and 6. As both indifference curves fall into cases where k" — k9* < 0 (Proposition

g* C* .
ds:: — ‘Lgd—vz < 0 (Proposition 4). In a word, the parameter range of SW9* >

6), this leads to

SWe* shrinks as c increases. One may observe that Kdiff shifts faster than SWdiff. The same
rationale applies to the indifference curves of consumer surplus (CSdiff) and profit (ndiff2) as well

and these two curves move closer to SWdiff as ¢ increases.

" The right branch may not appear in all the figures presented in this paper, since only a limited range of B is shown in
the figures. The right branch will appear as long as the the g-axis is extended.

8 To save space, we only present a typical case, the observations presented hold qualitatively with a wide range of o
and d parameters.
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*** Eigure 8 ***

Based on the above discussion, Observations 3 and 4 state a few main observations from the

numerical simulation and the ideas are summarized in Figure 8.
Observation 3. When the operating cost, c, increases, the following tend to occur:

Q) The grid network becomes less likely to generate higher social welfare, consumer surplus
and capacity than isolated-corridors network.
(i)  The grid network becomes more likely to generate higher profit (after deducting the

investment cost) than the isolated-corridors network.

Observation 4. The (5, r) parameter ranges of the following inconsistent cases shrink as ¢ increases:
(@) SWI9* < SW*e* but K9* > K¢, (b) SW9* < SW¢ but CS9* > €S, and (c) SWI* > SW*<*
but 9" < rw¢ . The (B, r) parameter range of SW9* < SW but w9* > n¢ expands as c

increases.

Observations 3 and 4 suggest that although an increase in operating cost helps the isolated corridor
network outperform in social welfare, it may be disadvantaged in terms of profit. Although the
inconsistency between social welfare and consumer surplus reduces as c increases, the chance of
having grid network generate higher social welfare but lower profit increases at a high level of g. This
implies that when the operating cost is high, the policy maker may end up choosing the isolated-
corridors case due to the consideration of profit and investment cost recovery even though the grid
network generates higher social welfare and is more beneficial to consumers. This finding seems
consistent with the real-life difference in China and the USA in network choice. China (grid network
with lower operating costs) seems to care about social welfare and consumer surplus more than cost
recovery while the USA (isolated-corridors network with higher operating costs) has a strong concern

on cost recovery.

We now turn to the impact of the density parameter d based on simulation analysis which assumes «
= 1000, ¢ = 400 and varying d (Figure 9). Figure 9 suggests that although SWdiff, Kdiff, CSdiff and
ndiff2 all shift to the right as d increases, SWdiff shifts slower than the other indifference curves,
enlarging the gap between SWdiff and the other curves. These shifts of indifference curves lead to

Observations 5-6.

*** Figure 9 ***
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Observation 5. When the density parameter, d, increases, the following tend to occur:

Q) The grid network becomes more likely to generate higher social welfare, consumer surplus
and capacity than isolated-corridors network.
(i) The grid network becomes less likely to generate higher profit (after deducting investment

cost) than isolated-corridors network.

Observation 6. The (5, ) parameter ranges of the following inconsistent cases expand as d increases:
(a) SW9* < SWe* but K9* > K¢, (b) SW9* < SW¢ but CS9* > CS*, and (c) SWI* > SW¢*

but m9* < €. The (8, r) parameter range of SW9* < SW¢* but m9* > ¢ shrinks as d increases.

In general, the impact of increasing density effect is opposite to the impact of increasing operating

cost.
5. Concluding remarks

In this paper, we have developed an analytical framework to study investment levels and performance
of two alternative topologies of HSR networks: grid and isolated-corridors networks. We evaluate
how network configuration affects capacity investment levels, profits and social welfare and how the

traffic density effect, operating cost, market size and cost of capital play a role.

Our main findings are as follows. The difference in capacity investment is mainly driven by the
relative market size. If the market size of OD markets along the isolated (EF) corridor is sufficiently
large, the isolated-corridors network may generate more capacity than the grid network. Indeed, an
increase in the size of markets along the isolated corridor improves utility and traffic density of the
isolated-corridors network while having no impact on the grid network. Moreover, high capital cost,
high operating cost and a weak density effect may also contribute to higher capacity in the isolated-
corridors network than the grid network. Similarly, the isolated-corridors network becomes more
likely to outperform the grid network in terms of social welfare if capital cost increases, operating
cost increases, or the density effect decreases. These results hinge on tradeoffs between service
coverage and investment, and between the density effect and operating costs faced by individual
network structures. Adding new HSR links to form a grid network provides greater service coverage
(hence higher traffic density) but incurs higher capital and operating costs. On the other hand, a single
isolated corridor requires lower capital and operating costs given similar market size but offers less

service coverage.
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We further investigate whether the network generating higher social welfare requires higher capacity
investment and generates higher consumer surplus and profit. In most of the cases, more capacity
investment is consistent with higher social welfare. However, the exceptional case may happen when
the market size along the isolated corridor is at medium level, and then it is possible to have grid
network generate higher capacity but lower social welfare, leading to a case of overinvestment. We
also observe parameter ranges where network choice based on social welfare would conflict with the
choice based on consumer surplus or profit. Contrary to the impact of increasing operating cost, an
increase in the density effect may in general increase the chance of these conflicts, calling for more

extra government policies to balance the interests of different stakeholders.

Our investigation is based on a social welfare-maximizing entity who operates HSR services and
invests in HSR infrastructure. Indeed, this circumstance is observed in some major developments of
the HSR network (e.g., China, France, Spain). In general, further developments of this work may
investigate whether the above results hold qualitatively with a profit-maximizing decision maker.
Finally, in this paper, the passenger transport market is monopolistic. However, when the rail
transport market is fully liberalized, competition occurs on some city-pairs, among different operators
(e.g., in Italy, Trenitalia, the incumbent, and Nuovo Trasporto Viaggiatori, the new entrant, provide
HSR services). Then, further developments of this work may investigate whether the above results

hold qualitatively with different market structures in the passenger transport market.
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Figures

Figure 1 Network structure: existing corridor
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Figure 2 Grid network. The dashed line represents the new corridor.
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Figure 3 Isolated-corridors. The dotted line represents the new corridor.
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Figure 4 Equilibrium capacity in grid and isolated-corridors networks
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Figure 5 Illustration of the social welfare indifference curve
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Figure 7 Illustration of social welfare, capacity, consumer surplus and profit indifference curves
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Figure 8 The impact of ¢ on social welfare, capacity, consumer surplus and profit indifference curves (a = 1000, d = 0.01,
¢ =200, 300, 400). The feasible range of r and hence the indifference curves shrink as c increases.
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Table
Table 1 Data of high-speed rail passenger-km (billion passenger-km). Source: UIC (2018a)
Year 2010 | 2011 | 2012 2013 | 2014 2015 2016
China (Chinese Railways) 46.3 | 105.8 | 144.6 2141 | 2825 386.3 464.1
Japan (JR group) 76.9 | 79.56 | 84.2 87.4 89.2 97.4 98.6
Korea (Korail) 11.0 13.6 141 14.5 14.4 15.1 16.3
Taiwan High Speed Rail Corp. | 7.5 8.1 8.6 8.6 8.6 9.7 10.5
Italy (Trenitalia) 116 | 123 12.3 12.8 12.8 12.8 12.8
Spain (Renfe Operadora) 11.7 | 112 11.2 12.7 12.8 141 15.1
Germany (DB AG) 239 | 233 24.8 25.2 24.3 25.3 27.2
France (SNCF) 51.9 | 52.0 51.1 50.8 50.7 50.0 49.1
Other European Companies 7.3 10.5 14.8 15.2 18.2 20.0 22.0
Total 248.2 | 316.6 | 365.7 | 441.3 | 630.6 241.2 717.7
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Appendix

Proof of Lemma 1

*

g
since 2q;" — q3y = @ > 0, we have q" > .

Since q3, — q3 = :Zd > 3> = q3> and the equal sign holds only when r = 0.

*

Since q7* — q?* = —/— > 0 and the equal sign holds only when r = 0, we have ¢?* > ¢q7* > %n

1-6d 5
Since ng an = T > 0 and the equal sign holds only when r = 0, we have qu > q
o - r
Moreover, it is straightforward to see that g5, — g5, = =0

Therefore, as long as qf,’; > 0, all the other quantities are non-negative. Then, items (i)-(ii) and (iv)

are proved.

61 a0 1
Item (iii) is straight-forwarder since ﬁ = ey >0, —= ea)?

> 0.

Q.E.D.

Proof of Lemma 2

In the AB market:
0qy, 4(4a—7c) 4(5—84d + 420d%)r
ad  (1-14d)? (1-14d)%(1 - 6d)?
_4{(1 - 6d)?(4a — 7c) — [(5 — 42d)(1 — 6d) — 12d(1 — 14d)]r}
(1— 14d)%(1 — 6d)?
4[(1 — 6d)2(4a — 7¢) — (5 — 42d)(1 — 6d)r + 12d(1 — 14d)r]
(1 — 14d)%(1 — 6d)?
4k 9" 48d(1 — 14d)r
S O-12d) T =142 =6d)?

g*
Then, from Lemma 1(i), Lemma 1(iii) and the above inequality, we have ;;e = % + Zz—z >0,

aqz;z _ 6q2n 6qn _ 16q2n aqe 16q2n 26
ad + >0, ad ~ 2 ad > ad ~ 2 ad + > 0.

Q.E.D.
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Proof of Lemma 3
In CD and CH (DH) markets it results:

9q5s _ 4(2a—3c)
ad  (1-6d)2 >0

dqs” _ 2(2a—3c)

ad  (1-6d)2 > 0.

In EF market, as non-negativity condition of g5, implies 8 —2c+28d —r >0 and d < 1/14,

we have 4(28-3(c+1))=88—12c—12r>p—2c+28d—r>0 . Then ~ 2Ln_

—_ C* —
428-3(c+n) > 0. In the EB and FB market, it results %an _ 2(2p-3(c+n) > 0.
(1-6d)2 ad (1-6d)2
Q.E.D.
Proof of Lemma 4
; _ : cx _ g% _ _ 4d(a—2c+2ad) = 4d g« .
(i) When r =20, it results qs* —q; = nrdt—ed) —  1-ea Tze <0 since 0<d<1/14

and ¢35, is non-negative. Moreover, from Lemma 1(iv), q5;—q5 = q5e —q3n, =

_ 8d(a—2c+2ad) _ Z(C[g* _ qeg*) <0.

(1-14d)(1-6d)

(i) When 7 =0, k9" — e = Ga7IUOD-CI39AD g jf gng only if g > 200D
(1-14d)(1-6d) 1-14d
B. B—a=qd, >0.
QED.

Proof of Proposition 1
Items (i) and (ii):

—7a+24ac-16c?+28ad—-80acd—44a®d?—F(8c—112cd)+B?(3—44d+28d?) The

When r =0, SW9* —SW* =
2(1-14d)(1-6d)

sign of SW9* — SW¢* depends on the sign of the numerator which is positive if and only if g <

= (. When 8 =a, SW9* —

4c n 21a2—-72ac+64c%2-98a2d+288acd—256c2d+188ad?—160acd?—88a?d3
d (3-2d)2(1-144d)

SWe = 2q§;q§e* > 0 and therefore 8 > a always holds. Then, SW9* — SW¢* > 0 holds if and
only if B < B (including B < a).

Item (iii):

When r =0, replace 8 with § obtained from Lemma 4(ii) into g<* and g$;. so as to obtain the
quantities expressed as a function of a« when k9* = k“* holds. Then, one can show:
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(a+2ad-20)[(5-36d+164d%)a—2(3-2d)c]
2(1-14d)?(1-6d)

SWC'* |r=0,B=B - SWg'* |r=0;ﬁ=ﬁ

at2ad—-2c
As g9r =—"—"—"=
92n 1-14d

show:

>0, a> % (since k9*|,—, > 0)and 5 —36d + 164d? > 0 hold, one can

qJr(11-82d)c

R 0, since d < 1/14.

SWC*lT:O"Bz:g - SWg*lT:O,Bzﬁ >
Therefore, whenr=0and g = B, SW¢ > SW9*,

Q.E.D.

Proof of Proposition 2

8dla—2c+2ad-r] _ 8dqy, .
(1-14d)(1-6d)  (1-6d) —

Item (i): q3, —q5s =

0 and the equal sign holds when d =0.

4d[a—2c+2ad-r] _ 4dq3,
Moreover, q7" — q5* = [ I _ 29%m

G isd — e =Y and the equal sign holds when d = 0.

16ad?+8d(a—2c—r)
(1-14d)(1—-6d)

Item (ii): Let B = a,and then q5, — q%; = >0 since a > 2c + r and the equal

sign holds when d = 0.
Q.E.D.

Proof of Proposition 3

2a—-2c—-12ad-r

We can solve for cut-off S(r) = which makes k9* = k°*. Then, taking derivatives

1-14d
of S, we have B _ __2 B___1 g Regarding the impact of d on [, we have
! dc (1-14d) " oor (1-14d) ) !

3 _ 2(8a=7(2c+1))

0= (o14d) . Since a —2c—r>0, then 8a —14c —7r > 8a —16¢c — 8r = 2(a — 2c —

)
r) > 0, that is 22> 0.

Q.E.D.
Proof of Proposition 4
Taking derivatives of equilibrium social welfares w.r.t. r, we get:
aswags * dswe ek
—— =20, <0 and —— = —20," <0
AW _ AW o _2(k9* — k) < 0 ifand only if k9* > k¢,
ar dar
Q.E.D.
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Proof of Proposition 5

Taking derivatives of equilibrium social welfares w.r.t. ¢, we get:

dSw9* .
dC = _z(qe + qu + zq‘m ) - Z(q‘n + an + 2q2m - _Z(Qe + Qn ) < 0
dSWC* C* C* C* C* C* C*
dc = _Z(Qe + QZe) - Z(Qn +qzn) = —2(Q¢" + Q7)) <0

From Lemma 1(i), we have:

dsw9*  dSwer
dc dc
- oYk, e

=-2(q7" +q3, +2q57) — 2(q5* + q53) — 2(k9* — k°*)

(1-6d) (1-6d) + 2615‘7;) —2(k9* — k)

= -2 (z + 2(k9* — k)

(2—6d)) CIzm

aswag*  dsw

That is, _3WT 0 ifand only if kS — k9* >
dc dc

(1-6d) q2m:

Taking derivatives of equilibrium social welfares w.r.t. d, we get:

dswar . « x
= 2(af +al +2a5y) +2(ag +af +245,) =2(Qf7 +07) >0
aswe
S = 2007 + a5)% + 2(a8" + 05007 = 205" + Q¢*) > 0

Then, it results:

dS;/Zg de]/ZC* _, [( 9+2 g*Z) (QC*Z n Qg*z)] — 9 [< ég*z n kg*z) Q5% + kc*z)]

—9 [( g*z _ Qg*z) + (kg*z _ kc*Z)]

aswa*  dsw¢*

ad dad

That is,

C*
e -

< 0 if and only if k¢** > (Qe*2 — g*z) + k9% > k9% since QI >

Q.E.D.

Proof of Proposition 6
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We first prove that there exists no feasible pair of (B, r) such that both SW9* —SW* =0 and
k9* — k°* = 0 hold, together with the satisfaction of the following concavity and non-negativity
conditions:

(C1) SW¥9 isconcave while the newly built capacity constraint is binding. That is, its Hessian matrix
is negative definite, and it is equivalent to have d < 1/14.

(C2) All quantities are non-negative. From the proof of Lemma 1 and q5;, < 2q5* and g5, < 2q§”,
we know that as long as 5> =0, g5; >0 and g5; >0, all the other quantities will be non-
negative.

Suppose there exists (B, r) such that both SW9* —SW =0 and k9" — k°* = 0 hold. Solving
these two equations for (B, r), we can get the following two sets of solutions:

_ (164d%-36d+5)a—(6—4d)c
{r =1+ 2d)a - 2c and r= 7_s8d

ﬁ =a B _ (9-38d)a—8c¢
7—-58d

With the first set of solution, we can rewrite g5, = % < 0. Thus, the first set of solution is outside
of the feasible range.

With the second set of solution, substituting the solution into expressions of quantities, we can get:

cx _ (Q+2d)a-2¢ . _ (52d—1-404d*)a—(10-92d)c g+ _ (44d—3-284d%)a—(2—44d)c
26 ™ 1-6qa ' 12n T (7-58d)(1-6d) v 2n (7-58d)(1-6d)

q5s — g5t = %, where 7 —58d > 0 holds as (C1) holds. Suppose g&* = % >0

holds. Then, since 1 —6d > 0 due to (C1), we can show 2(1 —6d)a —c > (1 —2d)a —c > 0.
Thatis, g5. > q55 andhence g5z > 0 holds iff g5;, > 0. Then, the main focus is to check the non-
negativity conditions of g$; and g¢5..

g* _ 2[(1+10d)a—4c

C* ] .
AS Qon — Gpq = =i there are two cases:

4c

Case 1: Suppose g5n — g5, =0, it implies (1 + 10d)a — 4c = 0. That is, a > 1od Moreover,

it is easy to show that 44d —3 —284d? <0 as (Cl) holds. Then, we have g3 <
(44d—3-284d2%)4c—(1+10d)(2—44d)c _  —2c <0
(7-58d)(1-6d)(1+10d) ~ (1+10d) :

(1+10d)a

Case 2: If g5 —q3» <0, itimplies (1 + 10d)a — 4c < 0. That is, ¢ > . Moreover, it is

easy to show that 10—92d >0 as (Cl) holds. Then, we have g¢5; <
4(52d—1-404d?)a—(10-92d)(1+10d)a
4(7-58d)(1-6d)

=—<o.
2
In both Case 1 and Case 2, at least one quantity will be negative and (C2) fails to hold. Thus, the

second set of solution is also outside of the feasible range. As a result, there exists no (B, r) such that
SWdiff and Kdiff intersects within the feasible range.
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Then, the only remaining step is to prove that when k9* = k¢*, one of the points on the Kdiff curve
is on the right-hand side of SWdiff curve, i.e. SW°* > SW9* holds at that point. Since r = 0 is within
in the feasible range, we focus on the point when r = 0 and k9* = k¢*. From Lemma 4(ii) and
Proposition 1(iii), we know that when r=0and g = §, both k9* = k¢* and SW¢ > SW9* hold.

Q.E.D.
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