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Abstract

Unpredictable disruptive events significantly increase the difficulty of the management of
automobile supply chains. In this paper, we propose an automobile production planning problem
with component chips substitution in a finite planning horizon. The shortage of one chip can be
compensated by another chip of the same type with a higher-end feature at an additional cost.
Therefore, the automobile manufacturer can divert the on-hand inventory of chips to product
lines that are more profitable in the event of shortages caused by supply chain disruptions. To
cope with this, we propose a max-min robust optimization model that captures the uncertain
supplies of chips. We show that the robust model has an MIP equivalence that can be solved by
a commercial IP solver directly. We compare the max-min robust model with the corresponding
deterministic and two-stage stochastic models for the same problem through extensive numerical
experiments. The computational results show that the max-min robust model outperforms the

other two models in terms of the average and worst-case profits.
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1 Introduction

The last three decades have witnessed the development of automobile supply chains that are more
complex and more geographically dispersed than ever before (cf. Manuj and Mentzer, 2008; Grant,
2014; JLT, 2019). The drivers for such changes include: (i) the global nature of the major vehicle
manufacturers; (ii) the progressive breakdown of barriers to free trade around the world; (iii)
the increasingly competitive nature of the vehicle manufacturing business; and (iv) the increasing
complexity and variety of the vehicles.

These developments have led to an increase in lead times. Simultaneously, cost cutting pressures
have resulted in diminished attention to alternate sourcing so that in many situations the number
of suppliers capable to provide a given commodity has decreased. As a result, it is now not
uncommon even for crucial classes of commodities to be manufactured by a single supplier at a
limited number of facilities. This has led to some well publicized disruptions, such as the 1996 strike
at a brake supplier factory that resulted in the idling of twenty-six General Motors (GM) plants,
i.e., a shutdown of nearly all of the GM’s North American production (cf. WSJ, 2007). After
the terrorist attack on September 11, 2001, Ford Motor and Toyota Motor suffered severe oversea
supply transportation disruptions (cf. Sheffi and Rice, 2005). In December 2001, Land Rover had
to suspend the Discovery vehicles production due to the bankruptcy of UPF-Thompson, the only
supplier for chassis frames of Discovery (cf. Sheffi and Rice, 2005). As also evidenced by Wagner
et al. (2009), it may not be helpful to mitigate the adverse consequences of supply disruptions by
enriching the supplier portfolio because these suppliers are not independent to each other. Indeed,
disruptions of this type have been experienced in industries other than automobile (e.g., electronics,
aerospace), as the respective supply chains have undergone developments similar to those described
above for the automobile industry. For example, the great East Japan earthquake on March 11,
2011 and then the catastrophic flooding in Thailand in October 2011, both events led to a series
of disruptions on electronics supply chains that caused huge losses of many companies (cf. Zhang,
2011; Tokui et al., 2017).

The detailed description of the part logistics steps and the decision problems involved in the
automobile industry can be found in Boysen et al. (2015). Extensive literature exists about
supply chain disruptions, see Kleindorfer and Saad (2005), Sodhi et al. (2012), and the references

therein for qualitative studies, and Snyder et al. (2016) and the references therein for quantitative



studies. Despite the vast volume of the studies, most of them adopt a conceptual framework with
empirical findings or a production/inventory optimization model that helps companies prepare for
and mitigate the adverse consequences caused by supply, demand, and cost disruptions, especially
in the area of automobile supply chain disruptions (cf. Tomlin, 2006; Wu et al., 2007; Thun and
Hoenig, 2011; MacKenzie et al., 2014; Matsuo, 2015; Simchi-Levi et al., 2015). A number of
authors have recently stressed the need for companies to pay more attention to the resiliency of
their supply chains; see, e.g., Christopher and Peck (2004), Sheffi and Rice (2005), Tang (2006),
and Ponomarov and Holcomb (2009). The resiliency may have impact on the competitiveness of
a firm and could influence its overall profit, especially when it faces disruptive events. Also at
a number of firms, efforts are under way to detect as early as possible events that may result in
supply chain disruptions (cf. Blackhurst et al., 2005; Qi et al., 2010). The cost of supply chain
disruptions could be tremendously high, which, if handled inadequately, can result in the inability
to serve the customer demand in time and the increase of substitution costs. Disruptions are,
however, often inherent and inevitable in a global supply chain context, especially for the automobile
industry which commonly pursues Just-in-Time (JIT) production enthusiastically. In this paper,
we consider the issue of optimally managing the consequences of a component commodity shortage
once a disruption has taken place in automobile supply chains.

The situation we model is the one where the shortage affects a class of commodities that are used
on several vehicle lines manufactured at different automobile assembly plants. For instance, the
shortage could be due to a major accident at a supplier production facility, e.g., a seat manufacturer.
Another possibility could be a situation where a large batch of work-in-process materials used to
produce a whole class of components (e.g., silicone wafers used in the production of engine control
chips) are found to be defective: this could easily result in supply shortages if production involves
long batch processes.

When a shortage due to supply chain disruptions occurs, it is possible to at least divert the
existing inventory to the product lines that are more profitable for the vehicle manufacturer. In
situations involving a whole class of commodities such as silicone chips, it may also be possible for
certain types of chips to be used for functions for which they were not originally intended. This
typically entails an added cost because chips with higher-end features can be used for low end

applications and not vice versa.



The parts experiencing shortages may not be very deeply embedded in the final product. If this
is the case, the vehicle manufacturer may consider continuing vehicle production and holding the
vehicles until the missing parts become available and can be installed. This option, however, can
become too costly especially in the case of a prolonged shortage. This is because of the cost and the
logistics difficulties of storing a large number of finished vehicles. Furthermore, the negative effect
on customer demand of first withholding and later releasing a large number of vehicles of the same
type has to be kept into account. Finally, it should be noted that while the operation of installing
the missing parts may have been easy to perform in the assembly plant, retrofitting may be an
altogether different matter (cf. Boysen et al., 2015). Therefore, here we consider a situation where
the only decision to be made is to choose the plants (or the lines of products) where production
will be continued and the shortages are substituted by other alternatives that will not influence the
function of the vehicle.

Motivated by these issues, we are going to study a production planning problem with compo-
nent parts substitution (PPCPS). In the PPCPS, we are given a fixed planning horizon which is
represented by a finite set of discrete time periods, a finite set of vehicle model lines, and a finite
set of component part types, each of which contains a finite set of component parts in which a
higher-end chip can be used to substitute a lesser one. In each time period, the automobile manu-
facturer targets a minimum market demand and has a production capacity for each vehicle model.
The manufacturer obtains a unit revenue by producing each unit of a vehicle model in each time
period. The contracted suppliers can supply the manufacturer with an amount of each chip of each
type at the beginning of each time period. This amount is possibly subject to uncertainty due to
disruptions. If necessary, the manufacturer can also receive the supply of each chip of each type
from the emergency supply channel in the market and the supply amount is assumed to be always
enough in each time period. In addition, there is an initial inventory for each chip of each type at
the beginning of the planning horizon. The production of each unit of a vehicle model consumes a

certain amount of each chip of each type. Four types of costs are considered in this problem:

e Substitution costs. When a chip with a higher-end feature is used to replace a lesser chip of

the same type, a substitution cost incurs for such a replacement.

e Inventory holding costs. Each chip of each type, which is not used in the current time period



and will be carried over to the next time period, incurs an inventory holding cost at a constant

rate.

e Acquisition costs. The manufacturer incurs a per unit acquisition cost for each chip of each

type provided by the contracted suppliers.

e Emergency supply costs. The manufacturer incurs a per unit emergency supply cost for each

chip of each type provided by the emergency suppliers.

The problem is to determine the optimal production plan for each vehicle model, and sourcing and
substitution of each chip of each type in each time period so as to maximize the total revenues
minus the total substitution, inventory holding, acquisition, and emergency supply costs over the
predetermined planning horizon.

In the PPCPS, supply chain disruptions could induce the uncertain supplies of automobile
component parts. Both stochastic programming and robust optimization are commonly adopted
to deal with mathematical optimization problems that involve input uncertainties. We refer to the
references, e.g., Birge and Louveaux (1997), Shapiro et al. (2009), on stochastic programming. For
the important developments on robust optimization, and its applications in inventory and supply
chain management, we refer to Ben-Tal et al. (2005), Ben-Tal et al. (2009), and the review article
of Bertsimas et al. (2011), and the references therein. In a more general perspective, the PPCPS is
related to process flexibility models by adding flexibility into resource provision, i.e., the availability
of capacity or materials that can be used for more than one downstream process/product. We refer
to Jordan and Graves (1995) and subsequent papers for the stream of research on process flexibility.

The rest of the paper is organized as follows. In Section 2, we first propose a deterministic
mixed-integer programming (MIP) model for the production planning problem with component
parts substitution. Based on the deterministic model, we construct a max-min robust model for
the PPCPS that captures uncertainties in the contracted supply of chips. We also show how to
derive the MIP equivalence of the robust model, which can be solved by a commercial MIP solver
directly. In Section 3, we conduct a set of numerical experiments to demonstrate the advantage of
the max-min robust model by comparing with the associated deterministic and two-stage stochastic

models. Finally, we conclude the paper in Section 4.



2 Problem Description and Model Formulation

We start this section with the problem description and the development of the deterministic model
over a predetermined planning horizon. Built upon the deterministic model, we then proceed to

the max-min robust model that captures component parts supply uncertainties.

2.1 Deterministic Model

The production planning problem with component parts substitution (PPCPS) is optimized over
a pre-specified planning horizon. We assume that the planning horizon consists of T' disjoint time
periods, which is denoted by 7 = {1,2,...,T'}. Without loss of generality, these time periods are
of equal length, each of which can represent a week. The production planning consists of a set of
vehicle models and a set of component chip types, which are denoted by M = {1,2,..., M} and
N ={1,2,..., N}, respectively. Each component chip type n € N consists of a set of chips, which

n
ij

of type n (denoted by (n,)), i.e., the bill of material (BOM) ratio is af; for each i € P, and n € N.

is denoted by P, = {1,2,..., P,}. The assembly of one vehicle model j requires a}; units of chip i
Each chip (n, 7) with a higher-end feature can be used to replace chip (n, ') with a relatively low-end
feature at a unit cost of ¢}, in each period t € T for each component chip type n € A and i,7" € P,,.
We assume that all the chips in P, are ordered in such a way that chip (n,7) can substitute chip
(n,d") if and only if i > ¢/, Vi,i' € P,, for each n € N. We note that the PPCPS can be easily
generalized to accommodate any partial ordering of substitutability. We focus here on the more
common case of downward substitution, which allows for simpler notation. At the beginning of the
planning horizon, the initial inventory for chip (n,%) is y};. At the beginning of each time period ¢,
the manufacturer receives an amount of supply of each chip (n,4) from its contracted suppliers and
this amount is denoted by s,. The unit acquisition cost of each chip (n,i) amounts to 7} in each
period ¢. The manufacturer can also source each chip (n, ) from an emergency supply in the market
at the cost of 47, per unit in each period ¢. We assume that there is adequate emergency supply of
each chip (n,7) in each period t. There is a constant inventory holding cost rate h, for each chip
(n,1) at each time period t. We note that such rates at the last period of the planning horizon,
i.e., hlY,, can also be viewed as the unit salvage value of chip (n,i), for all i € P, and n € N.
We assume that the manufacturer has a minimum market demand forecast of D ,, i.e., these units

J

have already been committed to customers, and a production capacity of Ejt for each vehicle



model j in each period ¢. Because normally the production capacity is set to be larger than the
forecasted minimum possible market demand, we can safely assume that the production capacity
is always bigger than the minimum market demand, i.e., D, < Dji, Vj € M,t € T. In addition,
we assume that the demand of each vehicle model not satisfied is lost and the market demand
of each vehicle model exists for as many vehicles as the manufacturer can possibly produce. The
manufacturer can accumulate rj; revenue from the assembly of each unit of vehicle model j in period
t. In each period, the manufacturer first receives the committed chip supplies from the contracted
suppliers, then operates the emergency chip supplies and chip substitutions, and organizes the
production based on the minimum demand forecast and the production capacity. The problem is
to simultaneously determine the optimal number of each vehicle model to assemble in each period
(which, in turn, determines the number of each chip of each type required in each period), the
optimal inventory level of each chip of each type at the end of each period, the optimal amount of
each chip of each type obtained from the emergency supply, and the optimal chip substitution plan

in each period, for which we define the following decision variables:

e 1;;: integer variable representing the number of vehicle model j assembled in period ¢;
e d}: number of chip (n,%) required for assembly in period ¢;

e yii: inventory of chip (n,) at the end of period ¢;

e ¢l}: number of chip (n, ) received from the emergency supply in period ¢;

e z',,: number of chip (n,4) used to substitute chip (n,s’) in period ¢ for each pair (,7’) such

that i > i, i,i € P,.

The objective is to maximize the total revenues minus the total substitution, emergency supply,
inventory holding, and acquisition costs over the predetermined planning horizon, each of which
can be, respectively, formulated as follows:

T M

e Total revenues: g E Tt jt;
t=1 j=1

T N P,
e Substitution costs: Z Z Z c”/tzm,t,
t=1n=1i=2



T N P,
e Emergency supply costs: Z Z Z oners;

t=1 n=11=1
T N P,

e Inventory holding costs: Z Z Z hiiyiss
t=1 n=11i=1

T N P,

e Acquisition costs: Z Z Z TSty

t=1n=1i=1
We note that the contracted supply s} is a constant in the deterministic model, for each i € Py,

n € N, and t € T. Therefore, the acquisition cost Zt 1 Zn 1 Zl | THsh is a constant, which
is exogenous in our model development. Thus, we can ignore this cost component in the model

development. With these notations, the objective function can be formulated as follows:

T N P, T N P, T N P,
§ : E :r]txjt - E : § : E : § : czz’tzu’t § : E § 57,te’Lt E E E hltylt
t=1 j=1 t=1 n=1i=2 ¢/:1>¢/ t=1 n=1 =1 t=1 n=1 i=1

In each period, we should have the number of each chip of each type required for assembly

across all the vehicle models balance constraint, i.e.,
M
Salaj =dy, VieP,neN, teT. W

The number of each vehicle model assembled should be within the range of the minimum market

demand forecast and the production capacity of it in each period, i.e.,
D, <zjy<Dj, VjeM,teT. (2)

For each chip of each type in each time period, we have the flow conservation constraint for the

chips, i.e.,

yh—un A+ Y =Y Ay =shteh, Vi€Py, neN, teT. 3)
>4/ i'>1
Finally, we have the non-negativity and integrality requirements for all the decision variables, i.e.,

zje, A el oy 2, e LY, Yi> i, ii €ePp,neN, jeM, teT, (4)

where ZT represents the set of non-negative integers. To this end, the deterministic model of the

PPCPS becomeS'

T N P, T N P, T N P,
Maximize g E Tt — E g g g Chirg Ziiry — g E g djrers — g E E hiyyi
t=1 j=1 t=1 n=1 i=2 ¢/:1>7/ t=1 n=1 i=1 t=1 n=1 i=1 (5)

subject to (1), (2),(3), (4).



We next show that df}, ef}, y%, and 27, in (4) can be relaxed to be continuous variables, i.e.,

zz’t

zj € LT, dYy ey 2, >0, Vi>id, i, €ePy,nelN, jeM, teT, (6)

and we can obtain the following equivalent formulation (7).

T N P, T N P, T N Py
Maxlmlze E E rjtmjt - E E E E C“/tZ“/t E E E 5ltelt E E E hltylt
t=1 j=1 t=1 n=1i=2 i/:i>7’ t=1 n=1 i=1 t=1 n=1i=1 (7)

subject to (1), (2),(3), (6).

Theorem 1 Formulation (5) is equivalent to formulation (7).

The proof of Theorem 1 is presented in Appendix A.1. Although formulation (7) significantly
reduces the number of general non-negative integer variables, it is still a very challenging problem.
As a matter of fact, it is NP-hard even when it is simplified to the single-period single-chip of
single-type problem without considering the inventory holding cost. The proof of it is presented in

Appendix A.2.

Theorem 2 The deterministic model, i.e., formulation (7), is NP-hard even if T = 1, N = 1,
P, =1, and h}; = 0.

2.2 Two-Stage Stochastic Model

In practice, it is hard to follow the deterministic model that assumes all the inputs are known a
priori. Because disruptive events are usually unpredictable, these can result in the random supply
of each chip of each type. In this part, we define a two-stage stochastic programming model to
capture this uncertainty based on the deterministic model.

The two-stage stochastic programming model is a two-stage model, for which the decisions in
the deterministic model is separated into two stages. The first stage concerns with the number of
each vehicle model j assembled in each planning period, i.e., z;, for each j € M and ¢t € 7. All the
input parameters associated with the first stage are assumed to be known as in the deterministic
model, i.e., 7, Dj;, and Dj; for each j € M and ¢t € 7. The second stage includes the rest of
the decisions and parameters in the deterministic model, in which we consider the following input

uncertainty:



e §I: Random supply of chip i of type n in period ¢, for alli € P,, n € N, and t € T.

The exact value of s}, will not be realized until the second stage. For ease of exposition, we use the
uncertain vector 8" to represent 57, for all ¢ € P, and t € 7.

The first stage decision variables represent the decisions that are implemented before the real-
ization of the uncertain parameters in the second stage. Furthermore, constraint (2) and the subset
of constraint (4) that only involves the first stage decision variables correspond to the constraints
in the first stage. All of the parameters that associate with the first stage decision variables and
the first stage constraints are deterministic.

The remaining decision variables in the deterministic model, which exclude the first stage de-
cision variables, are referred to as the second stage decision variables. Similarly, the remaining
constraints in the deterministic model, which exclude the first stage constraints, are the second
stage constraints. We note that the uncertain parameters s only appear in the right-hand-side of
the second stage constraints. All the other parameters are independent of the uncertain parameters
§™. All of the first stage decision variables have nonzero coefficients in the second stage constraints.
They connect the first and second stages, which reflect how the first stage decisions directly affect
the second stage decisions.

The second stage decisions are made after implementing the first stage decisions and observing
the realized values of the uncertain parameters in the second stage. In other words, the values
of the second stage decision variables depend on the values of the first stage decision variables as
well as the realized values of the second stage uncertain parameters. To this end, the two-stage
stochastic model that maximizes the first stage revenue minus the expectation of the second stage

cost among all realizations of 5™ for the PPCPS can be formulated as follows:

T M N
max erjtxjt - ZE§"[QH($a "]
n=1

t=1 j=1

s.t. th < < bjtv VieM,teT,
T €LY, VieM,teT,

10



where

T P, T P, T P,

5N J— M n n mn _n n_n

Qn(z,5") = min E E E Cii’tzii’t+§ E 5it€it+§ E hiryit
t=1 i=2 i'i> =1 i=1 =1 i=1

M
st. Y afwy=dj;, Vi€Pp teT,
j=1

Uh =y ALY al =Y 2l =8 e, ViePn teT,

>4’ >

dr e yn 2, >0, Vi>i, ii €Pp, teT.

For ease of exposition, we rewrite the two-stage stochastic model (8-9) in a compact form as

follows:

N ~

max 'z — Z Egg[gn(%’, b3)]
n=1 (10)
s.t. Ajxz < by,
x € 7T,
where
Qn(z, IN)S) = min chy”
st Az 4+ By = by, (11)

y" =0,
where the vector of the first stage decision variables and the cost coefficient vector corresponding
to the first stage decision variables are denoted by x and c;, respectively. The constraints that only
involve the first stage decision variables are represented by Ai;xz < by. All the first stage parameters
are deterministic. The second stage decision variables and the associated cost coefficients are
denoted by vectors y" and ¢4, respectively, for all n € N. The second stage constraints are
represented by Ajx 4+ B"y" = 5721 for each n € N. The uncertain parameters 53 only appear in
the right-hand-side of the second stage constraints, whereas A5, B", and ¢ are deterministic. The
specific distribution of 1372‘ is required so as to compute the expectation. In most cases, a finite

number of scenarios, e.g., b3, b2 ... ,bgK", are considered, and each of them happens with the

11



probability pit,Vk = 1,2,

max

s.t.

..., K. Then model (10-11) can be rewritten as

N K,
Az =Y presTy™
n=1 k=1
Az < by,
x € LT,
Ny + Brynk = pok, VneN, k=1,2,...,K,,
Y™k >0, VneN, k=1,2,..., K,.

(12)

Although (12) has been widely applied in various problems, the main difficulty to implement this

scenario-based approach is how to select the scenarios and calculate the probability for each scenario.

2.3 Max-Min Robust Model

The max-min robust model that we will define in this part is developed in the same way as the

two-stage stochastic model except that we consider that the uncertain vector s” can take any value

in an uncertainty set U» and the max-min robust model maximizes the first stage revenue minus

the worst-case second stage cost among all realizations of 5" € U for each n € N. Thus, the

max-min robust model for the PPCPS can be formulated as follows:

max
s.t.

where
Qn(x,8") = min

s.t.

Suppose that we know the lower bound s

T M N
. P =N
D> rieie = 3 s [Qn(a, 8"
t=1 j=1 n=1
thﬁl’jtﬁﬁjt, VieM,teT,
zj € 2T, VieM, teT,
DD D it YD G+ Y b
t=1 i=2 i'5i>i/ t=1 i=1 t=1 i=1

M
> afwp=dj, Vi€P,, teT,
j=1

U —un AL+ Y g — Y A =S e, Vi€ Pa, teT,

1> >

dr, el yn 2t >0, Vi>i, i, eP,, teT.

nL
it

(14)

the upper bound S?tU, and the most likely value

SZ;M for each uncertain supply 8, Vi € P,, n € N, t € T. Without loss of generality, we suppose

12



sil < "M < 2V for each i € P, n € N, t € T. For each 8%, we measure its deviation from the

most likely value S;;M by 7t € [0,1] which is defined as follows:

(snM — gn)/(snM — gnLy if gn < gnM
7735 _ it it it it /o it it Vi € Pn, ne N, reT. (15)
(87 — s )/ (s — i), i & > s

Based on the deviation measurement 1" = [nfy, 0y, ..., 0% ]’ defined in (15), we define the

uncertainty set Un for each n € N as follows:

) M = a (M = siE, i s < s
U 5" € RPnXT it = Vi€ Pn, t €T,

M=y € (5% — i)/ (st — s, if 87, > spM
§noe[shl sV Vie P, teT, Diep, et My <1

(2

(16)
Proposition 1 shows that the uncertainty set U~ is a bounded polytope and completely char-

acterizes the extreme points of it. The proof of Proposition 1 is presented in Appendix A.3.

Proposition 1 Define sV = [shww ghaow - gmuow]T g = 12 ... Py, v =1,2,...,T, w =

1,2, such that

- sgL, ifi =u,t=w, ‘ )
st = Vie Py, teT, ifw=1,
SZM, otherwise,
and
o stV ifi=ut =, . ,
st = ViePp, teT, ifw=2.
ng, otherwise,
The extreme points of the uncertainty set U are {s™* 1 u =1,2,..., Py, v=1,2,...,T, w =
1,2}.

For ease of exposition, we rewrite the max-min robust model (13-14) in a compact form as

follows:
N
max clx— Y max [Q,(x,5"))
— sneUsn
(17)
sit. Az < by,
Tz €L,

13



where

Qn(r,3") = min GTyn
s.t. Az 4+ By = 3", (18)
y™ > 0.

where z, y", c1, ¢y, A1, A}, B"™, and b; are those that are defined in the development of the
two-stage stochastic model (10-11).

Given the values of x and §", by taking the dual of (18), we have

Qn(r,8") = max (5" — Ajz)TA"

st. BnTA™ < (.

Therefore, maxzn ey, [Qn (7, 5")] = max{ (5" — Azz)TA"|E" € Upn, B"TA™ < ¢}, As a result, (17)

can be rewritten as:

N
max clx— Z max{ (5" — A%z)T\"|5" € U, BT A" < B}
n=1

(19)
s.t. Alx < bl,

xeZt.

Theorem 3 shows that Model (19) has a linear MIP equivalence. The proof of it is presented in
Appendix A.4.

Theorem 3 Model (19) with the uncertainty set Upn defined in (16) has an equivalent linear MIP

formulation as follows.

T N n
max CjT— ), g2

s.t. Alw § bl,

x € 7T, (20)
2" > cpTynuwow Vu€e Py, neN,veT, w=1,2,
Ay + Brymivw = gmuvw - Ny e Ppone N, veT, w=1,2,
Y >, Vu€Pp,neN,veT, w=1,2.

For any n € N, the uncertainty set U« in (16) considers the case that the total deviation of the

supplies 5}, for all 7 and ¢ does not exceed 1. As a generalization, we can consider the case that the

14



total deviation is bounded by a given parameter I', which leads to the following uncertainty set:

M _ ¢ M Ly iz M
ey -y, e <
U o cpPaoxr | T Vi€ Pn, t €T,
"=y € (85 = si™)/(si = si), i 5 > st
spoelsit splIVie P, t €T, Yiep, Yoper iy <T
(21)
Upn in (21) remains a polytope, but the number of its extreme points grows exponentially in
I'. Therefore, the robust model (19) cannot be equivalently reformulated as a compact MIP. In
response, we propose the following cutting plane algorithm to solve model (19) with the uncertainty

set Usn defined in (21).

Step 0. For any n € N, choose a finite set L{}n such that U}n C Uyn.

Step 1. Solve the following master problem

T N _n
max T =), 2

s.t. Ayx < by,

x € 7T,

2" > Ty (s"), VYneN, s" e Z/{jn,
Br+ Bhy"(s") = s", VneN, s" €U,

y"(s™) >0, VneN, s" €U,

to obtain an optimal solution (7, 2", y"(s")) for all n € N and s" € Uj..

Step 2. For any n € N, solve the following separation problem

sn = =n
2" = max 9,(7,5s
§"€Z/{fn n( ’ )

to obtain the optimal value 2" and an optimal solution §". If 2" > z"™ add §" to the set I/I}n.
Step 3. If 2" < 2" for all n € N, T is an optimal first-stage solution to the robust model (19);
otherwise, go to Step 2.
Note that the robust model (19) is equivalent to
max clx— 27]:7:1 2"
s.t. Ajx < by,
x € LT,

ZnZQn(:E,gn), VTLG/\/’, gnGZ/{fn,
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while the master problem in Step 1 is equivalent to
max clx— Zf:[:l 2"
s.t. Ajx < by,
x € 7T,
> Qu(z,5), VnEN, & €U,
which is a relaxation of the original robust model. The solution obtained in Step 1 is feasible to

the original model if and only if

z" > max Q,(z,s§")

- §"€u/n
for all n € N. Therefore, we need to solve the separation problem in Step 2. Note that Q,(z, ")
is defined as a minimization problem in (18). Thus, the separation problem itself is a max-min

problem. If we consider the dual of (18), then the separation problem can be written as

max (3" — Afx)T A"
st. BT < b,
s"eUsn,
which has a non-linear objective function. The following theorem shows that the separation problem
in Step 2 has an equivalent linear MIP formulation. For notational simplicity, we use K™ to denote
the number of columns in the matrix B™. Then y" is a K" x 1 vector of decision variables. Let B}

be the kth column of the matrix B™. The proof of it is given in Appendix A.5.

Theorem 4 For any n € N and any feasible first-stage solution x,

- = T
maxzreyn Qn(?,5") = max cj’ y"

s.t. Ajx 4 B"y" = 3§",

0<ch—BrAr < M(r, Vk € {1,2,..., K"},
0<yp < M-, Vk e {1,2,..., K"},
¢r e {0,1}, Vk e {1,2,..., K"},

n > (siM —3n)/(stM —sil) Vie P, teT,
n > (3% — stM) /(Y — s2M) ) Vie P, teT,
51 € [snk, sn], Vie Py, teT,
Y iep, 2oter Mt < T,

where M is a sufficiently large number.
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3 Computational Results

The purpose of this section is to compare the performance of the max-min robust model with those
of the deterministic and two-stage stochastic models proposed in Section 2. We first describe how
we generate the test instances and the implementation procedure of the experiments. We then
demonstrate that the max-min robust model outperforms the other two models in both optimal-
ity and robustness through extensive numerical experiments. All the randomly generated MIP
instances are solved by the CPLEX 12.4 MIP solver. All the test instances are implemented on a
Dell workstation with 3.20 GHz Intel i7 CPU and 16G memory. The maximum CPU time needed
among all the instances solved does not exceed 3,600 seconds. Because the models are proposed
to make the strategic production decision for each future period, one hour solution time will not

discount the potential practical usefulness of the proposed models.

3.1 Instance Generation

In this part, we describe how we generate the inputs in each numerical experiment. We use U (a, b)
and U(A) to denote a uniform distribution in the closed interval [a,b] and a discrete uniform
distribution that takes values in the finite set A, respectively. In addition, we use N(u,0) to
represent a normal distribution with mean p and standard deviation o. Then, we use N(u,0,a,b)
to represent a truncated normal distribution that is based on N(u, o), in which [a, b] specifies the
truncation interval. Furthermore, we use T'(a,b,c) to denote a triangular distribution with lower

bound a, most likely value b, and upper bound c.

3.1.1 Planning Horizon, Time Periods, Type of Vehicles, Capacities, and Demands

We assume that the automobile manufacturer has a fixed planning horizon. In each week of the
planning horizon, the top management of the automobile manufacturer determines the minimum
target market demand and the assembly line capacity for each vehicle type. Therefore, the length
of one period is set to be one week. We generate the number of time periods, the number of vehicle
types, and the minimum target demand and the production capacity of each vehicle type of each

time period as follows.

e Number of time periods: We set the number of time periods T € {2,4,6,8,10,12, 16, 20,24},
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e Vehicle types: We generate the number of vehicle types M ~ U({3,5,10});

e Minimum demand: We generate the minimum target market demand of each vehicle type at

each time period as D;; ~ U({0,1,...,1000}), Vj € M, t € T;

e Production capacity: We generate the production capacity of each vehicle type at each time

period as Dj; = 5000(1 + ¢;;) where ¢;; ~ U(—0.2,0.2) for each j € M, t € 7.

3.1.2 Type of Chips, Number of Chips of Each Type, BOM Ratio, and Initial Inven-

tory

We generate the number of chip types, the number of chips of each type, the BOM ratio of each
chip of each type for each vehicle type, and the initial inventory level of each chip of each type as

follows.

e Chip types: We generate the number of chip types N ~ U({3,5,7});

e Number of chips of each type: We generate the number of chips of each type P, ~ U({3,4,5}),
Vn € N

e BOM ratio: We generate the BOM ratio af; ~ U({1,2,3,4}), Vi € P, n € N, j € M;

e Initial inventory: We implement with three sets of initial inventory levels, i.e., high, medium,
and low. We let ) ~ U(—0.2,0.2), Vi € P,, n € N. The generation of high, medium,
and low initial inventory levels corresponds to yjy ~ 5000(1 + &), vl ~ 2500(1 + &), and
ylh ~ 100(1 + &), respectively, Vi € Py, n € N.

3.1.3 Supplies of Chips

The numerical experiments adopt two approaches to generate the supplies of chips, i.e., an autore-
gressive chip supply value approach and a healthy level of the chip supply chain approach.

The first approach is based on the AR(1) model. Suppose that {3}},Vi € P,,t € T} are
independent across n. The following notations are employed to define the joint distribution for
{85,,Vi € Pp,t € T} used in our numerical experiments. First, for any ¢ € P,,, we generate p]" and

o' uniformly in the intervals [5000, 15000] and [1000, 3000], respectively. These two parameters
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denote the mean and standard deviation of 5}; for all ¢ € T, respectively. For any 4,5 € Py, let o
be a number uniformly generated in [0, 1]. Let ey for all j € P, and ¢ € 7 denote independent
standard normal random variables. In addition, let p™ be a number generated uniformly in [0.2, 0.8].

The joint distribution for {57}, Vi € P,,t € T} is defined as follows.

e Consider t = 1. For any i € P,, let

. o'te™
=l + U?M' (22)

2 jep, ()

It is straightforward to see that {5}},Vi € P,} follows a multivariate normal distribution

where E[5%] = ul for all i € P, Var(sh) = (o)? for all i € P,, and

Cov(8}y,80,) =F ”M n Z]ep o€
Z ) 7, P !
Zjep" (a?j)Q ZjePn (az’/j)Q
"Zjepn Zjlepn Bl Eﬂal,]/ﬁj/l] — oo ZyePn OéuOéZ/J

:O"O'i/

Z

\/Zjepn(a%)z\/z]‘e?n az] \/Zjepn ij \/ZJEPn ZJ)

for any 7,17 € Pp.

e Consider t =2,3,...,T. For any 7 € Py, let

~n __ m=~n 1 ny, n 1 2 n Zje’Pn a?je?t 2
Sit = P8+ (L= ") + V1= (p") UlW >
jePn \Qij

We can see that 8], follows an AR(1)-process. Furthermore, {3]},Vi € P,} follows a multi-

variate normal distribution where E[37%] = u? for all i € P, Var() = (o)? for all i € Py,

and
. el
Cov(5,30,) = E | | p" (5741 — u) + 1—<pn>2-a?M
2 jep, (i)
n ZjePn O‘%E?t

N W C . RV PO
| > jep, (@l)?
n J

( ) pZ/CO’U( Sit— 1759,1&—1) + (1 _( ) )COU( 11751’1) COU( 51,8 z’l)

for any 7,1 € Pp,.

19



Based on the joint distribution for {57}, Vi € P,,t € T } defined above, we generate the forecasted

supply and the realized supply as follow.

e Forecasted supply: For each test instance, we generate 100 random samples according to (22)
and (23) for each n € . Let SZL, SZM , and s?tU be the minimum, average, and maximum of
the 100 samples, respectively, for each i € P, and t € 7. The three models are implemented
by (i) The deterministic model: We replace s?. with s%. (ii) The stochastic model: For each
n € N, we consider 100 scenarios, i.e., K, = 100, Vn € N. Each scenario is sampled by
T(sik,stM snU) for all i € P, and t € T. We assume p} = 0.01, Vk € {1,2,...,100}. (iii)

nM .nU )

The robust model: For each n € N, the uncertainty set Uy is defined using (s?tL LS, S

foralli e P, and t € 7.

e Realized supply: We generate 1,000 realizations of 5}, using (22) and (23).

The generated supply parameters are then truncated to [0, 00) to ensure that the supplies are
always nonnegative.
In the second approach, we introduce a parameter H that represents the healthy level of the

chip supply chain. H is assumed to be uniformly distributed in [0, 1]. sy, is set to
% = alH + b, (24)

where a' > 0 is a given parameters and IN)Z is a random variable independent across ¢ and (n, ).
Thus, conditional on the supply chain health H , the chip supplies are independent random variables.
For example, the outbreak of COVID-19 can be viewed as a scenario where the health level H is
very low. This would generally reduce the supplies of all chips during the planning horizon, i.e., 5}
for all ¢ and (n,i) are very likely to take small values. As al' > 0, (24) obviously leads to such a
result. In this study, a] is generated uniformly in [0.2, 2]. lN)Zt is normally distributed with mean ,ul;{i
and standard deviation o' drawn uniformly from the intervals [0,1] and [1,10], respectively. As
in the AR(1)-based first approach, we can generate the forecasted and realized supplies according

0 (24). These generated supplies are also truncated to [0, 00).

3.1.4 Revenues and Cost Parameters

The revenue and cost related parameters are generated as follows.
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Unit revenue: We generate rj; = (1 +9;;)j x 10°, where 9j; ~ U(—0.1,0.1), Vj € M, t € T;

Unit substitution cost: We generate ¢}/, = (i — i/)(1+0;;/t) x 103, where 67, ~ U(—0.1,0.1),

Vi>1, i, €Pp,neN, teT;

e Emergency chip supply cost rate: We generate 6% ~ 2(1+€%)ix 103, where €7 ~ U(—0.2,0.2),
Vie Py, neN, teT;

Inventory holding cost rate: We generate hll ~ (1 + €l)i x 102, where €l ~ U(-0.2,0.2),
Vie Py, neN,teT.

3.2 Numerical Experiments

In the numerical experiment, we generate 100 random instances for each time period length T that
correspond to the high, medium, and low initial inventory levels, respectively. For each instance,
each value of T', and each type of the initial inventory level, we compare the deterministic model
(7), the two-stage stochastic model (12), and the max-min robust model (20). We solve all the
instances to optimality and obtain the optimal first stage solution, i.e., the number of vehicle model j
assembled in period t for each j € M, t € T, for each of the three models. For each of the first stage
decision variable solutions obtained in the implementation of the deterministic, two-stage stochastic,
and max-min robust models and each of the realizations, we solve the corresponding second stage
problem (9) and compute the cost of both the first and second stages for this realization.

For each model of each value of T" and each type of the initial inventory level implemented, we
calculate the average and the minimum among the profits corresponding to the 1,000 realizations,
which are denoted by P’S”e and P,%\f " for the deterministic model, Pé“”e and Pé” i for the two-stage
stochastic model, Pﬁ”e and Pg”” for the max-min robust model, respectively. We evaluate the
performances of the deterministic, two-stage stochastic, and max-min robust models based on the
comparison of the average and minimum profits because they approximate the expectation and the
worst-case profits associated with implementing the corresponding first stage solution under the
true distribution of the uncertain supplies of chips. The improvements of the max-min robust model
with respect to the deterministic and two-stage stochastic models in terms of the average profit are

calculated by Pﬁ”e / Pg’”e —1 and Pﬁ”e / Pg}ve — 1, respectively. Similarly, the improvements of the
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max-min robust model with respect to the deterministic and two-stage stochastic models in terms

of the minimum profit are calculated by PA™/PAn — 1 and PAn/PMin — 1, respectively.
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Figure 1: Improvement comparison: robust model with I' = 1 vs. deterministic model (approach
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Figure 2: Improvement comparison: robust model with I" = 1 vs. stochastic model (approach I)

Figures 1 & 2 illustrate the average improvements of the 100 instances in terms of the average
profit and the worst-case profit for different types of the initial inventory level using the first
approach to generate the forecasted supply. Figures 1 & 2 show that the max-min robust model
(I' = 1) outperforms both the deterministic and two-stage stochastic models. In particular, the
worst-case and average profit improvements of the max-min robust model (I"' = 1) are 8.60% and
7.06% higher than those of the two-stage stochastic model, respectively, for the high initial inventory

level. These two improvements are 9.45% and 8.65%, respectively, for the medium initial inventory
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level. These two improvements increase to 10.77% and 9.66%, respectively, for the low initial
inventory level. When we compare the max-min robust model (I' = 1) with the deterministic
model, these two improvements reach to 11.80% and 11.14%, respectively, for the high initial
inventory level. Similarly, these two improvements increase to 12.08% and 11.09%, respectively,
for the medium initial inventory level. For the low initial inventory level, the two improvements
further increase to 15.99% and 14.62%, respectively. The computational results show that the
improvements of the max-min robust model (I' = 1) comparing with the deterministic model are
higher than those of the max-min robust model (I' = 1) comparing with the two-stage stochastic
model. This translates directly into the fact that the two-stage stochastic model performs better
than the deterministic model. This is because the two-stage stochastic model considers the input
uncertainties, whereas the deterministic model completely ignores them. In addition, the max-min
robust model (I' = 1) has a better improvement in terms of the worst-case profit than it in terms
of the average profit. This is due to the fact that the max-min robust model (I' = 1) takes into
account the worst-case profit among all possible realizations within the uncertainty set. Moreover,
the max-min robust model (I' = 1) performs better in terms of both the average and worst-case
profits when the initial inventory level decreases. Similar observations can be obtained from Figures
3 & 4 by comparing the robust model (I' = P, T') with the deterministic and the two-stage stochastic
models, respectively. Figures 5, 6, 7, & 8 exhibit similar results when we use the second approach

to generate the forecasted supply.
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Figure 6: Improvement comparison: robust model with I' = 1 vs. stochastic model (approach II)

| Min | Min | Min
m Average Average Average
10.00
~~ —~ ~—~ "
& s &
< < <
P o 5
g 8 g
8 g 3
2 e 3
o o o
= = =
=% =5 =
£ = |
2 4 6 8§ 10 12 16 20 24 2 4 6 8§ 10 12 16 20 24 2 4 6 § 10 12 16 20 24
# Periods # Periods # Periods
(a) H: Robust vs. Deterministic (b) M: Robust vs. Deterministic (c) L: Robust vs. Deterministic

Figure 7: Improvement comparison: robust model with I' = P,,T vs. deterministic model (approach

1)

25



| Min | Min | Min

Average Average Average
4.00 4.00 4.00
= 3.50 = 350 ~ 3.50
€300 £ 3.00 € 3.00
| K| |
g 2.50 g 250 g 250
g 2.00 g 2.00 - g 200
2 150 & 1.50 A - 5150 -
ot - —
E 1.00 - 51.00 7 - 54 1.00 -
= 0.50 - 5050 A - F 050 -
0.00 - 0.00 - 0.00
2 4 6 8 10 12 16 20 24 2 4 6 8 10 12 16 20 24 2 4 6 8 10 12 16 20 24
# Periods # Periods # Periods
(a) H: Robust vs. Stochastic (b) M: Robust vs. Stochastic (c) L: Robust vs. Stochastic

Figure 8: Improvement comparison: robust model with I' = P,T" vs. stochastic model (approach
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4 Conclusions

In this paper, we propose a max-min robust optimization approach for the production planning
problem with component parts substitution that arises from automobile supply chain disruptions.
The PPCPS is defined on a fixed planning horizon with multiple periods. The robust model of
the PPCPS is a two-stage profit maximization model that optimizes the decision on the number of
each vehicle model to assemble before the realization of the uncertain supplies of chips of each type
in each planning period. The decisions on the chip substitution, emergency sourcing, consumption,
and inventory flow are made after implementing the decision of the number of each vehicle model
to assemble and observing the realized values of the uncertain supplies of chips of each type in
each planning period. The uncertainty set for the possible realizations of the uncertain supply
of each chip of each type is a bounded polytope that is defined based on the lower bound, the
most likely value, and the upper bound of this uncertain parameter. The proposed robust model
protects against any disturbance of the uncertain parameter that falls into the uncertainty set. We
analyze the structural properties of the robust model and give its computationally tractable MIP
equivalence. We evaluate the performance of the proposed robust model by comparing it with the
corresponding deterministic and two-stage stochastic models for the same problem via extensive

numerical experiments. The computational results show that the average improvements of the
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robust model in comparison with the other two models are non-neglectable.

Acknowledgments

We would like to thank the DE, the AE, and the referees for their constructive comments that led

to this improved version. This research was supported by the National Natural Science Foundation

of China (Grants 72091213, 71922901, 71831004, and 71525001), the Jiangsu Provincial Six Talent

Peaks Project (Grant TD-RJFW-001), the Jiangsu Province “333” Project (Grant BRA2018068),

and Hong Kong Research Grants Council General Research Fund (Grant PolyU 15240816E).

References

[1]

Ben-Tal A., Ghaoui L.E., and Nemirovski A. (2009). Robust Optimization, Princeton Univer-

sity Press, New Jersey.

Ben-Tal A., Golany B., Nemirovski A., and Vial J.P. (2005). Retailer-Supplier Flexible Com-
mitments Contracts: A Robust Optimization Approach. Manufacturing € Service Operations

Management 7(3) 248-271.

Birge J.R. and Louveaux F.V. (1997). Introduction to Stochastic Programming, Springer
Verlag, New York.

Bertsimas D., Brown D.B., and Caramanis C. (2011). Theory and Applications of Robust
Optimization. SIAM Review 53(3) 464-501.

Blackhurst J., Craighead C.W., Elkins D., and Handfield R.B. (2005). An Empirically Derived
Agenda of Critical Research Issues for Managing Supply-Chain Disruptions. International

Journal of Production Research 43(19) 4067-4081.

Boysen N., Emde S., Hoeck M., and Kauderer M. (2015). Part Logistics in the Automotive
Industry: Decision Problems, Literature Review and Research Agenda. Furopean Journal of

Operational Research 242(1) 107-120.

Christopher M. and Peck H. (2004). Building the Resilient Supply Chain. The International
Journal of Logistics Management 15(2) 1-14.

27



8]

[13]

Grant D.B. (2014). Trends in Logistics and Supply Chain Management: A Focus on Risk.
Journal of Supply Chain Management: Research € Practice 8(2) 1-12.

Jordan W. and Graves S. (1995). Principles on the Benefits of Manufacturing Process Flexi-
bility. Management Science 41(4) 577-594.

JLT (2019). The Automotive Sector at Risk 2019. Retrieved November 6, 2019, from

https://www.jlt.com/insights

Kleindorfer P.R. and Saad G.H. (2005). Managing Disruption Risks in Supply Chains. Pro-
duction and Operations Management 14(1) 53-68.

MacKenzie C.A., Barker K., and Santos J.R. (2014). Modeling a Severe Supply Chain Dis-
ruption and Post-Disaster Decision Making with Application to the Japanese Earthquake and
Tsunami. [IE Transactions 46(12) 1243-1260.

Matsuo H. (2015). Implications of the Tohoku Earthquake for Toyota’s Coordination Mech-
anism: Supply Chain Disruption of Automotive Semiconductors. International Journal of

Production Economics 161 217-227.

Manuj I. and Mentzer J.T. (2008). Global Supply Chain Risk Management Strategies. Inter-
national Journal of Physical Distribution and Logistics Management 38(3) 192-223.

Nemhauser, G.L. and Wolsey L.A. (1988). Integer and Combinatorial Optimization. John
Wiley & Sons.

Ponomarov S.Y. and Holcomb M.C. (2009). Understanding the Concept of Supply Chain
Resilience. The International Journal of Logistics Management 20(1) 124-143.

Qi L., Shen Z.-J.M., and Snyder L.V. 2010. The Effect of Supply Disruptions on Supply Chain

Design Decisions. Transportation Science 44(2) 274-289.

Shapiro A, Dentcheva D, and Ruszczyniski A. (2009). Lectures on Stochastic Programming:
Modeling and Theory. MPS-SIAM Series on Optimization 9, Philadelphia, PA.

Sheffi Y. and Rice J.B. (2005). A Supply Chain View of the Resilient Enterprise. MIT Sloan
Management Review 47(1) 41-48.

28



[20]

21]

[22]

[23]

[24]

[26]

[27]

[28]

[29]

[30]

Simchi-Levi D., Schmidt W., Wei Y., Zhang Y.P., Combs K., Ge Y., Gusikhin O., Sanders M.,
and Zhang D. (2015). Identifying Risks and Mitigating Disruptions in the Automotive Supply
Chain. Interfaces 45(5) 375-390.

Snyder L.V., Atan Z., Peng P., Rong Y., Schmitt A.J., and Sinsoysal B. (2016). OR/MS
Models for Supply Chain Disruptions: A Review. IIE Transactions 48(2) 89-109.

Sodhi M.S., Son B.-G., and Tang C.S. (2012). Researchers’ Perspectives on Supply Chain Risk

Management. Production and Operations Management 21(1) 1-13.

Tang C.S. (2006). Robust Strategies for Mitigating Supply Chain Disruptions. International
Journal of Logistics Research and Applications 9(1) 33-45.

The Wall Street Journal (WSJ) (2007). Timeline: GM Walkouts. Retrived December 11, 2019,
from https://www.wsj.com/articles/SB119066907769737845

Thun J.-H. and Hoenig D. (2011). An Empirical Analysis of Supply Chain Risk Management
in the German Automotive Industry. International Journal of Production Economics 131(1)

242-249.

Tomlin B. (2006). On the Value of Mitigation and Contingency Strategies for Managing Supply
Chain Disruption Risks. Management Science 52(5) 639-657.

Tokui J., Kawasaki K., and Miyagawa T. (2017). The Economic Impact of Supply Chain

Disruptions from the Great East-Japan Earthquake. Japan and the World Economy 41 59-70.

Wagner S.M., Bode C., and Koziol P. (2009). Supplier Default Dependencies: Empirical
Evidence from the Automotive Industry. FEuropean Journal of Operational Research 199(1)

150-161.

Wu T., Blackhurst J., and O’grady P. (2007). Methodology for Supply Chain Disruption
Analysis. International Journal of Production Research 45(7) 1665—1682.

Zhang F. (2011). Thailand Flood Exerts Broad Impact on Electronics Supply Chain. IHS

Technology Press Release.

29



Appendix A Proofs

A.1 Proof of Theorem 1

Proof: Firstly, because z;; is integral, d, must be integral by constraint (1). As shown in Figure 1,
constraint (3) is a standard network flow constraint that satisfies the totally unimodular property
(cf. Nemhauser and Wolsey, 1988). Thus, e};, yi}, and z[,, correspond to integral flows in the

network. O

A.2 Proof of Theorem 2

Proof: Consider the case with T =1, N = 1, and P = 1. We let 4}, := maxjeM{ } +1
1]

so that the optimal emergency supply eh* = 0. Then, the objective of formulation (7) becomes
> jem Tt — hliyi;. In addition, constraint (3) becomes yi; + di; = s}; by further imposing
yip = 0. This implies that d}; = s}; — yi; < si; by yi; > 0. Due to this, constraint (1) becomes
Zj]\/i1 alj:cjl = d}, < s}, in which s}, is a constant. Together with hi; = 0, formulation (7) is
reduced to the knapsack problem by further imposing D;; = 0 and Dj; =1 for all j € M, which

proves the NP-hardness of the deterministic model. ]

A.3 Proof of Proposition 1

Proof: For any §" € Uyn, consider 0" = [}y, 0y, ..., 0% 7|7 € [0,1]7T. Let us define o}
1,2,....P,, v=12,...,T, w=1,2, such that

uvw? u =

1-|In" Il 535_5%” if § n < SnM

an ] Tt RIS i
1=

u 1y 2 sl ifan > n

P, T snU—snl> UU ’
and

1= Im™ 1 531];\/[_321]7 if §n < SnM
n PnT SnU_SnLJ uv — “uv
G2 = LSS g s g
nuv + SnU s#}j , if Suv =~ Suv -

Because ||n"|1 = Zﬁl Zthl ny < 1 by the definition in (15), we have o}, > 0, Yu =
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1,2,...,P,, v=1,2,...)T, w=1,2. Furthermore,

P, T 2 P, T

DD D A = DD (5 + o)
u=1v=1w=1 u=1v=1
Y (o L st st — s
A A T T
P, T
— uv PnT

For any i € P,, t € 7, by the definition of s we have s%ifl = snil gnit2 — gnU and

it

_ M -
s = s for any u # 1, v # t. Therefore,
T 2
§ : E : ghuvw nU n n nM
auvw it - altlszt + a'LtQS + (1 — Qi — azt2)
u=1v=1w=1
_ n nL n U n —[n"™ 1\ nM
= apsy +ogesy + (- — p T o)si
n nM nL nM
If 57 < s7M . adopting nlf = (55 — siM)/(siE — siM), we have

§ :2 :2 : ghuvw
auvw it

w=1u=1v=1

_ no 1=l spl—spM \ nr | 1=lln”ll s —spE n_ ="l \ .nM
= (77it+ T ;?tU an Sit T —pT ;nU fLLSn +\l=my— =757 )si

n

nU n]W M

_ n nL 1-|In"™llx | sz —si nL nU n —[ln" |1 nM
- nlt it + P,T SZ;LU nL S'Lt + ILU nL Szt + 1 - nit P T S’Lt
_ n nL ||77 |E nM n 1=[In™1 nM

= NSt ‘|‘ +(1—mi— P.T ) Sit

n nL

= NS + (1 - nZ)SnM

nL
s —spM SnL + s =85 SnM 3n
SnL nM it S"L nIVI it it
it Sit it

Similarly, we can also obtain

2 P, T

n nuovw __ nM
E E E Qo Sit = &y, if 87, > siy.

w=1u=1v=1
To this end, we have shown that any s§" € U= can be represented as a convex combination of
{s" = 1,2,...,Py, v=1,2,...,T, w=1,2}. We next show that any convex combination
of {s"" :u=1,2,...,P,, v=1,2,...,T, w=1,2} is in the set Ujn.
Consider o), > Oforanyu =1,2,...,P,, v=1,2,...,T, w = 1,2 such that 2121;:1 Zfil f 100w =

L Let 5" =32, Z w1 Qs For any i € Py, t € T, the definition of s™*" gives rise

to
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ghuvw _ n nlL n _nU n n nM
8 = E E E QupwSit = Qg Sip + Qgasiy + (1 — agyy — agio)si -

u=1v=1w=1
If 57 < siM_ (15) gives rise to

nM n nL n nU_ nM
o= th Sth — Q1% +ait23i£ (A}[tl—’_am)s
(3 n n nlL _.n

Sit Sz't . Sit ‘i&t

n n n n n n n
< Q15 tagiesiy —(ag Tafy)sh ot 4+ an

s’-ltL S7 tM itl it2s

K i

where the inequality follows from s7} L < S5 U and s% — szt < 0. Similarly, if s}, > s} M we have
3 M U M
,'7' — ’SZL:‘,_SZ — aztlszt +azt25n _( 7,t1+a7,t2)sn
it SZUfs?tM SZ:U7'SZ]M
a?, stV tan, stV —(al, +al,)siM
< 1t1°4t ztinzt EL }tl 'LtQ) it — zltl + Oén

it it

Therefore, we have nj, < aj}; + ajyy for any i € P,, t € 7. Because nj; > 0 for any ¢ € P,
and t € 7T, it follows immediately that ||n"|1 = Zf:"l Zle iy < ZiP:nl Z?zl all + ally
ZZI-DZ"I Zthl vazl al,, = 1, which implies that 5" € Upn.

So far we have shown that the uncertainty set U= is the convex hull of {s™** 1 v =1,2,..., P,, v =
1,2,...,T, w=1,2}. We now proceed to show that {s"“*" :u=1,2,...,P,, v=1,2,...., T, w=
1,2} are the extreme points of Uyn.

We note that sF < s2M < 52U for alli € P, and t € 7. Any s""% where u = 1,2,..., P, v =
1,2,...,T, w =1 cannot be represented as a convex combination of {5"“/“,“’ cu'=1,2,...,P,, v\ =
1,2,...,T, w=1,2, u' #u, v # v}, because s"! = snb < "M < gnuvw for any o/ £ u, v/ # v.

Similarly, any s™“**

where u = 1,2,...,F,, v =1,2,...,T, w = 2 cannot be represented as a
convex combination of {s"*V'% : o/ = 1,2,... P, v/ = 1,2,....T, w = 1,2, v # u, v # v}

either, so we complete the proof. O

A.4 Proof of Theorem 3

Proof: In (19), if the value of A" is given, max{(5" — A5z)T\"|5" € U, B"T A" < ¢} becomes
an LP. The optimal solution to this maximization problem can be attained at an extreme point of
Ujn, which is given by Proposition 1. Therefore, (19) with the uncertainty set U= is equivalent to
max clx— 27]:[:1 2"
s.t. Ajxz < by,
i (25)
> max{(s"uvw — Aga)T Am | BrT A < cg}, VuePy, neN,veT, w=1,2

xeZt.
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Moreover, the dual of max {(sm“’w — Apz)T an |BMTA™ < ¢ } is
min CrzzTynuvw
S-t. Agm + Bnynuvw — STL’U/U’U),

ynuvw > 0.

Substituting into (25), we can obtain the linear MIP equivalence of (19) with the uncertain set ¢/~
as (20).

According to the max-min approach, this model protects any change inside the uncertainty set
Ujn for all n € N. That is, the total profit will never be below the optimal value of (20) as long as

§" € Upn for all n € V. O

A.5 Proof of Theorem 4
Proof: For any given " € U, we have
Qn(w,3") = 5Ty"
if y™ and A" are feasible to the primal and dual problems, respectively, i.e.,
Sr+ B"y" =3", y" >0, and BT < ch,

and satisfy the complementary slackness conditions, i.e.,
(B — B XYy =0, Vke{l,2,...,K"}.

Let ¢;' be a binary variable such that (' = 1 if and only if ;' = 0. Then the complementary

slackness conditions can be written as
- BpTAT < M¢P and  yp < M(1-¢P),  Vke{1,2,...,K"}.
Thus, Q,(z,3") is equal to c4Ty™ given that
5r+B"y" =3§",0< cg—B,?T)\" <M, 0<yp <M(1-¢;), and(; € {0,1}, Vke{l,2,...,K"}.

Also note that U= in (21) can be equivalently defined as

nfy > (s = 35)/(siM — siF), Vi€ P, t €T,
Upn = (5" €R™T | > (35 — i) /(s — siM), Vi€ Pa, t €T,

spoelsit spUIVie P, t €T, Yiep, Yoper iy <T

This immediately yields the desired result. O
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