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Abstract

Air damper DVA is modeled using Maxwell transformed element and coulomb element.
This damper serves to minimize vibration at resonant and operation of constant speed
machine. Its stiffness and damping factor are transformed from Maxwell to Voigt arrangement.
Meanwhile viscous equivalent Coulomb damping is expressed by absolute relative motion.
System transmissibility contours are plotted by min-max approach. Its optimal parameters are
determined using this approach. Contour operation minimization is obtained from minimum
system transmissibility. Moreover exact solution of fixed points and optimal natural frequency
ratio are obtained by a modified fixed point theory. Optimal design curve is derived by
Coulomb damping derivative and maximum condition. Operational vibration level is
minimized by 7% at the operation minimization using minimum condition. On the
experimental side, test platform of the air damper is constructed using linear slide block
system. Computational model of the air damper is established by its physical details and
experimental data. Linear relationship is obtained between viscous and Coulomb damping
angles. Modified fixed points are validated by frequency response function resonant peaks.
Experimental vibration level is minimized by 5% which being close to the minimization result.

The model is validated within 5% accuracy by its optimal experimental curve.

Keywords
air damper, Maxwell-VC DVA, Coulomb damping derivative, optimal design curve, operation

minimization, linear slide block test platform



1 Introduction

Air dampers are widely used in transport industries suchas railway, motor and electric
vehicles. Compared with other damper types i.e. oil and magnetic dampers, air dampers are
not dependent on temperature, less maintenance works and lower production costs. On the
other hand, manufacturing and construction may require higher precision works. In their
designs, these are essential needs for tuning their damper elements to achieve various
requirements. One of the most critical requirements is minimization of operation vibration.

For the damper arrangement, traditional models were of Voigt type in which air spring
and dashpot being arranged in parallel. Three-element dynamic vibration absorber (DVA) [1-4]
contained two spring elements in which one was connected to a viscous element in series and
the other was placed in parallel. In its optimal design, exact solution was not easy to be
obtained. In reality, spring constant and damping coefficient varies with the frequency. Also,
they interact with each other and cannot be tuned independently. Main reason being that the
dashpot interacts in series with the air spring. Thus the actual locations of the damping and
restoring forces interaction are better described by series arrangement, such as that analysed
by Asaim and Nishihara [5]. In work of Anha et al.[6], three-element DVA was attached to the
damped primary structure. Four-element hybrid air damper is constructed in our model
consisting of mechanical spring, Coulomb, and Maxwell elements. Air spring element is
connected in series with viscous element inside the Maxwell air cylinder.

In the damping terms of the damper, Hatada et al. [7] made use of separate element force
components to obtain the equations of motion. The damping term was generalized to arbitrary

exponential coefficients. Mathematical model was set up for three viscous and stiffness



elements only. Hydraulic actuator was used in lathe damper experiment. Moreover only
viscous fluid damper was employed in their model. Third-order differential equation was
established and solved by discrete time and numerical method. In its application, viscous
damper with brace was mounted on building frame to reduce vibrations during strong
disturbances like earthquakes. In the research of Love and Tait[8], peak factors for nonlinear
DVAs as function of the number of system cycles for several power-law damping exponents.
Statistical linearization was employed to represent the nonlinear damping as
amplitude-dependent viscous damping and predicted the rms system response. Krenk [9]
made use of dynamic amplification analysis and identification of the locus of the complex to
identify damping properties of the viscous tuned mass damper natural frequencies. He
analysed the dynamic amplification of the motion of the structural mass and the relative
motion of the damper mass to identify the optimal damping. Bhattacharyya et al.[10]
developed mathematical model of the sealed TLCD considering the pressure-volume relation
in the sealed air column as an isentropic process. The effect of linearization of the air spring
stiffness on damper performance was examined and found to be acceptable under certain
conditions. In our paper, air spring damping is viscous with constant damping ratio. It
becomes frequency dependent by transformation of series to parallel arrangement without

linearization. Meanwhile air spring stiffness remains constant.

Considering the computational solution of the model, an analytical approximate
constitutive relation was derived by Makris et al. [11] for a form of fluid damper which
exhibited viscoelastic behavior only. The damper was used for vibration isolation of piping

systems and industrial equipment, as well as for vibration and seismic isolation of building



structures. In the work of Chen and Chai[12], closed-form solutions were derived for the
simple structure. Brace stiffness and damper coefficient were related to the targeted reduction
in response displacement or acceleration. Generalized model of Pawlak and Lewandowski[13]
contained a number of Maxwell elements connected in parallel. The dynamic characteristics
of a structure with this damper were determined as a solution to the Laplace transformed
nonlinear eigenvalue problem. The solution to equations of motion in the frequency domain
was obtained using the continuation method. In the analysis of Asaim and Nishihara [5],
numerical solution and the approximated analytical solution were optimized. Anha et al.[6]
established equivalent linearization method to replace approximately the original damped
structure by an equivalent undamped one. Its optimal stiffness ratio and damping ratio are the
same as classical methods[5]. Its damper natural frequency ratio varies between the classical
optimal value according to the damping ratio of primary system. Meanwhile, its
transmissibility curves were significantly lower. For our model, only quadratic differential
equations are utilized instead of more complicated higher-order equations. Higher-order
equations may represent more complex model, while their solutions being more difficult to
obtain. Closed-form solutions of our quadratic equations are precise and obtainable in
frequency domain which being more simple to analyse than those in time domains.

In the experimental aspect of Lu et al.[14], the fluid damper model was in effect same as
our air damper. However, not the same as our model for which the excitation force was
transmitted through structural spring to the structure. In their model, fluid damper transmited
excitation force directly to the structure. SDOF quarter-car vehicle suspension system was

developed by Todkar[15]. In his air damper model, viscous damper was installed in parallel



connection. Air damper of cylinder-piston type and air-tank system were used in the
experiment. Semi-active friction damper (SAFD) was employed by Lu et al.[16] for the
seismic protection of structural systems. The LCFD system combines a traditional passive
friction damper and leverage mechanism with movable central pivot. By simply controlling
the pivot position, the damping force generated by the LCFD system can be adjusted in real
time. Our Coulomb damping device is of rotational screw type. Damping ratio varies directly
with the rotational angle. It processes tunable properties so that advanced design requirements

like operation vibration minimization becoming possible.

2 System Modeling of Structural System with Maxwell-VC DVA

Schematic model of the actual air damper is shown in Fig.1. It is composed of a Coulomb
element and a Maxwell viscous element (Maxwell-VC) as illustrated in Fig.2. By
transforming its Maxwell element into a VVoigt element, the analytical model is represented in
Fig.3. Its equivalent stiffness [5] is formulated as

_ (sza)) km2 1)
kr +(C,®)

\

with viscous damping factor C_, spring stiffness k, and forced frequency . Meanwhile,

its equivalent damping factor [5] is
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Using the transformed model, we can balance the forces acting on the structural system mass

M and damper mass m, to establish its equations of motion (E.O.M.s) in frequency form:
~MU @ +io(C, +C, )(U Uy )+ K(U =V )+(kq +k, )(U—-Uq)=0 ©)
-mU,0° +io(C, +C, U, —U)+(k, +k, U, -U)=0 (4)

where C, is viscous damping factor, C, is the equivalent Coulomb damping expressed by

e

relative motion as

4v3
C =— ""Ve 5
) 7rco|Ud—U| ©)

in which o is Coulomb friction coefficient, 3, is the normal force. Rewriting Egs.(1,2)

into matrix equation as

-Ma@® + K +kq +k, +io(C, +C,)  —(kg +k,)—io(C,+C,) {U}:{KV} ©)
—(kg +k,)—i@(C, +C,) ~mg@® +ky +k, +io(C, +C,) | Y4 0
Motion amplitude of M is obtained as
ky +k, —myo® +iw(C, +C,) [KV
U= [ d v d ( e v)] (7)

(K +ky +k, — Ma)z)(kd +k, —mdcoz)—(kd - k\,)2 +[K —(M +my )a)z}ia)(ce +C,)
Meanwhile, amplitude of m, can be represented by

[ky +k, +io(C, +C,) [KV
(K+k0| +k\,—Ma)2)(kd +k\,—ma)2)—(kd +k,) +[K—(M +md)a)2}ia)(Ce+Cv)

Now, we are going to derivate the transmissibility of the system. By Eq.(6), one can get



U2 Kz(kd+kv—mda)2)2+K2w2(Ce+Cv)2

v [(K+kd +kV—Ma)2)(kd +k\,—mda)2)—(kd +kv)2T+[K—(M +md)w2]2a)2(ce +C, )

(9)
Substituting Eq.(5) into Eq.(9), one can get
U2 Kz(kd +k, —mdw2)2ﬂ2w2 Ug ~U [ + K20? (405, +C 10U g —U|)2 (10)
vz 2
v [(K kg +k, =M o?) (kg +k, ~mgo?) - (kq +kv)2J 7%0*|Ug -U[*
[ K=(M +my)o? | 02 (403, +C,r0lU, ~U|))
Relative motion between U, and U is computed by Egs.(6,7),
’ma’3: =
2 2 22 5 o 2
[(K+ky +k, =M@?) (ks +k, ~mye?) = (k, +k, )" | 7°0|U, U] (11)
+[K —(M +m, )a)z]2 ’ ((41)3e +C,7w|U, —U|))2
By expressing this equation in quadratic non-dimensional form, one arrives at
2.3 2 2.3 2 23 2T
2 2|14 12 ﬂfigmi/m_/lz 2 /1§m7m_42 100 HATGhYm
wr [[ THTaT A%k 7d +1+/12g§1 al M 1+ 4%,
2 2

2 22 2 Aeari ) ||Ug -V 12

47 [1- 1+ )22 ] [yd +1+/{“2g:% v (12)
pA sore 2|uy -U 2

+160f7rﬁ[1—(1+1u)12:| Zd> +1602f2[1—(1+ ﬂ)ng _ 22342 =0

my . . .
where ﬂzﬁd is the mass ratio, @, =./k,/m, is the natural frequency of DVA,

o, =+/k,/m, is the natural frequency of viscous element, @, =./K/M is the natural
frequency of structural system, ¢, =C,,/k, is viscous damping ratio, y, =, /®, is

DVA natural frequency ratio, 7, =, /w, is viscous damper natural frequency ratio,



A=wm/w, is the forced frequency ratio, f =3,/KV is the force ratio. Solving this equation

to obtain the explicit solution of the transmissibility of relative motion,

Uy -U ‘—U2+,/u§—4u1u3||u4|

[H(Ug-U)|=

v =7 (13)

2
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m

U, =160% F 2[l— 1+ p)i2 [ — 222% 2
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L=
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Using this solution in the non-dimensionalized Eq.(8),

12032 2 21102
ﬂ2(7§+1 g;j;‘; —}LZJ 7r2|U4|2+( JU. |+ ny;,{” 4|J

H’U)=

2
gy givh 1 Mzgi%i 2
ﬂ{(lwyi 1+ A, _ﬂzj[yﬁlﬂzgm_f J “s * 1+ Vs il
2 12 3 2
+[1—(1+y>f]2[4gc|ul| g o 4|j

(14)

By EQ.(13), its system transmissibility is reduced to



AeaVm 2 222632\
\/(7/(1 +1+12§m AP+ 4§c/7w‘H (Ud _U)‘ :L_i_/lzgnz1

2
2.3 2 2.3 2 2 2
(1+’uyd+ﬂﬂgm;/m_12 [7d+ﬂ'gm7;m iZ]ﬂ(}/d_'_igmym]]

2

1+ %2

—

212
+[1—(1+ﬂ)/12]2(4g°/”“‘H(Ud_U)‘ l+/§?€y:j

(15)

3 Contour Plots using Min-Max Approach

3.1 Maximum system transmissibility to determine contour optimal.

. . . 1
From practical experience, one makes use of the mass ratio x#=0.2 and y, :1—:
+ U

0.8333. Same result was reported by Krenk[9] where only constant spring stiffness and

: . . . : k .
viscous damping element being used. Its stiffness ratio K, =—- can be optimal tuned near
d

7. =10y,, i.e. K, =410=3.16. Sequential tuning are carried out on the optimal damping
ratios, ¢,, and ¢.. For the y,, successive half reductions of 20% tuning range are applied
at its transmissibility curves. After five tunings, its optimal value is obtained as y, = 0.8073
with 3.12% decrement. Similarly, optimal y, is obtained to be 8.125 after three tunings with
2.50% decrement. From one of its tuning, its range is set to be [0.9y,,1.1y,] in 0.1y,
interval. From its curves, only two fixed points are observed at /fp,Q = 0.75, 1.02 respectively.
This agrees with the quadratic form of fixed points frequency equation. Subsequently, viscous

and Coulomb damping ratio plane is used in contour plots. Contour chart of ranges ¢ =

10



[0.09,0.13] and ¢.= [0.10,0.25] is illustrated in Fig.4. It appears as valley shaped optimal
zone embedded by curved contour lines using min(max|H(U]) approach. The most inner
contour is 3.4 level, where the optimal value is 3.325 (W) at ¢,=0.10 and ¢.= 0.22. From
its transmissibility curve (Fig.5), two resonant peaks are identified at Z’P,Q =0.78, 1.08. The
corresponding |H(U]z,,,q = 3.325, 3.162. As their difference is only 5.16%, the equal
transmissibility at global optimal is validated. Three-element model of Asaim and Nishihara
[5] is compared with our Maxwell model for further validation. Its system transmissibility is

listed as

K222_224221K 2 g2V
|H(U)= ryd(j/d ﬂ“)+ g;t((-i_ r)yd j’) (16)

K2p2(r2 -+ @+ w2 )2+ 24 +
462714 K, 2~ [+ @ )2+ K, 2 ]2+ 24 f

Their model is optimized by y, =\/i{1— /L) = 0.702, y,, = 74K o, = 0.9689,
1+ u 1+ u

1+r'—b—\/b2—ac

r a

= 0.3685

K
Kiop =2+l as)] = 1380, ¢=Snlete g0pt=\/

where r = vu _ 2450, a=-2-2r+5r>+4r®-2r°+r°= 1215 b=2-3r* —r*=
U

-52.0, c=—-2+2r+r*= 8.899. Transmissibility curve of its contour optimal is plotted in
Fig.5. The resonant peaks are obtained at A,,= 0.76, 1.14 for which their differences are
only 2.63% and 5.56% respectively from the developed model. As its fixed points frequency
ratio equation is in third-order, there are three fixed points. However, they not located at the

resonant peaks and on their 74% levels. For Krenk’[9] work, fixed optimal stiffness ratio

11



Kiow =2| s+ Ju(L+ p) | = 1380 s the same. Its goy = [4/2(1+p) =0.2887 is 21%

reduced from ¢, . Only optimal solution is obtained from his model which being

non-tunable.

3.2 Minimum system transmissibility to determine contour minimization.

Assume that system operation frequency ratio A, ranges between 3 to 7. In order to
check up the minimum vibration level at A= 3, min|H(UX contour is plotted in Fig.6. The
contour becomes straight line of 0.103 level where operation minimization line of ¢.=0.14 is
obtained across the whole range of ¢ . This operation minimization value is significantly
reduced 36.4% from that at W. Thus this level is pre-set during the design process. Above this
level, they increase concave upward from 0.103 to 0.112 level. Meanwhile, below this
minimization level, they increase from 0.103 to 0.113 level as slandered lines. This is

indicated by X on Fig.6.

Now suppose that the operation frequency increase to the higher limit at which A
becomes 7. From its contour minimization in Fig.6, the Coulomb damping ratio is 0.13.
Along the Maxwell optimal curve, minimum search is carried out to match up this
requirement. Ultimately, the minimization viscous damping ratio is attained at Y in Fig.6
where ¢, = 0.112. At this minimization setting, ¢, is slightly increased 12% from ¢ =
0.10. Utilizing this minimization setting, its transmissibility curve is plotted in Fig.5.

Minimization is effective over nearly the whole frequency ratio range except at the range near

A= 1.4 induced by the optimal Coulomb damping ratio. It is enhanced from contour optimal

12



value of 0.0187 to 0.0174 accounting for 6.93% vibration minimization. Comparing with the
three-element model in Fig.5, no minimization is induced near A= 1.4. Its optimal vibration
level at A.= 7 is 0.0209 with 11.8% increment from contour optimal. With the addition of

Coulomb element, the model can be tuned at different parameters such as K, . This brings

down the vibration levels substantially at various ranges above.

4 Optimal Resonant by Modified Fixed Point Theory

4.1 Exact solution of fixed points and optimal natural frequency ratio.

In order to compute the exact solutions of the fixed points P and Q, one can make use of

the cases where ¢.,¢,, =0 and ¢,,s, =. For the first case, we have

7/2 _2/2
HWU )= 17
L) W+ wy® =2 Ny* =2 )-wy* a7
For the second case, when ¢,,¢, =
HU) = (18)
1- @+ u)2?

As the two fixed points must pass through these two spectra, one equals them in opposite

phases
2 2
y -2 -1
= 19
Wty =22 Np? =22 )-wp®  1-Q+ p)2? 49)
Simplifying this equation, the frequency ratio equation is obtained as
2+ )2t — 2P+ (4 p)y? 2 + 2% =0 (20)

13



This is a quadratic equation with two distinct real roots solved by

2 Lreply? —1-2% + (L4 )y 1)
P 2+ u

and

PRSIy 122 + (L4 )y 22)
- 2+ u

Substituting 4, , back to Eq.(18) and equating |H (4, )|= —‘H (4 )‘ we have

1 -1

= (23)
1-(+ @)% 1+ p)2d
which can be expressed as
A+ A= 2 (24)

A 7,
From the frequency ratio equation, the sum of roots is
1+ 0+ p)y?
R+ 7= 1+ 0+ i)ysom (25)
2+ u

Equating Egs.(23,24), both frequency ratios are eliminated at the same time. Thus one can get

the optimal gamma as

Yoo = (26)

+u

14



Hence this assumption in the contour analysis is validated. Similar approach is used by Wong

and Cheung[17] in their derivation of optimal gamma. Substituting e, to Egs.(20,21), the

optimal frequency ratios at the fixed points are

2{2 _ V2+/'l_\/;

p = (27)

L+ uN2+u
22 _\/m"'\/;

: (28)

L+ uN2+u

When the optimal x takes the value of s, =0.2, using Eq.(26) the optimal value of
Yaopt 1S 0.8333 which is deviated 3.12% from y, in contour analysis. The frequency ratios
are Ap= 0.7629 and 1,= 1.0414 at fixed points P and Q. Their percentage errors from

contour optimal in previous section are 2.24% and 3.71% only. Substituting these optimal

parameters into Eq.(18), one obtains the optimal [H(U) at 4,,

HU), = (29)

1
V2+u—u
L+ N2 +u

1-(L+ )

Considering its absolute value, it is reduced to

HU), =,/2+—” (30)
g H

Meanwhile for the second fixed point 4, , using optimal parameters in Eq.(18) one gets

HUY, - = (31)

“ NEEp
1_(1+ﬂ)(1+u/)i/ﬁ

Then its absolute value is

15



HU), =,/2+—” (32)
© N u

Notice that Eqgs.(30,32) are the same, proving that transmissibilities at both fixed points are at
equal level. For the Asami‘s air damper model, resonant peak|H (U )|max =2/u=3.162. Its

=3.317. Therefore these theoretical fixed points

P.Q

percentage error is 4.65% from ‘H (V)

are right at the resonant peaks. The analysis from Krenk[9] is the same as

< _ 2T 3317
N Rt

4.2 Coulomb damping derivative to derive optimal design curve.

HU)

Consequent step is to determine the optimal design curve using optimal damping ratios.
The full expression of Eq.(14) is used in the next computation. Not the same as traditional
approach, we make use of Coulomb damping derivative of this transmissibility. From the
contour plot, the optimal zone varies as higher-order curves in ¢, and ¢, . Putting a
cross-section at each fixed ¢., ¢, varies in valley shaped curve. In general, there is a
minimum at the bottom of this curve. At this minimum level, they become the stationary

points, such that

aHZ(U):(c2+DZBZ)255'—(A2+ZBZ)2DZBB' o @)
0G,, (CZ+D2|32)

)ngsj/z 22’2;372
where A=y2+22m/m 22 B_Ac /aulH (U, —U )|+ L2mim

2
ﬂngyZ 12g3}/2 12g372

C=|1+ 2+m_12 2,2 omim a2 | 2y Zomim |
[ SOy ATy ARETYEE:
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D=1-(1+ u)4?
By simplifying Eq.(33) as
(c?-A’D?BB =0 (34)

optimal damping conditions can be obtained. There are three essential components in this
equation, namely, damping component B, its derivative B and optimal parameter component
C?— A’D?. Notice that C*— A’D? is a function of optimal parameters except the damping
ratios. Therefore, it can be listed as non-zero constant. In order to satisfy Eq.(34), at least one
of the two components must be at zero value. Considering different conditions of component
B, when B =0, let B =c, one can integrate it to get a one order higher component
B= f(gc). Thus both Band B are non-zero, and condition of Eq.(34) is not satisfied. When
B =0, we can obtain B=c by integration which is a non-zero component. Hence the

optimal damping condition is satisfied. For the first condition, it gives

4/m|H ¢ —U)-4g.muoHU, -U)/og,

=0 35
2r?|H( d—u)| (39)

The Coulomb damping ratio is computed from this equation as

I LICHC) (36)
© oH(U,-U)|/og,
From the second condition, its equation is established as
247
B = dg, Jau|H (U, ~U )|+ 2l _ (37)

1+ A%

17



To obtain the unique optimal curve, the arithmetic means of specific coefficients in Eq.(37)

are used. Its equation can be expressed in fixed points solution as

3
nggm
=C, ———2==0 _ 38
gCOpt C 2(1+ﬂég§1) ( )
+C ,u72'H u,-u C +
in which C. :PTQ where C,, = H d4 JeqCe , gmczw where

Ay + g

Smpq = HAHU, —U), A ora, 22 = . Besides ¢, and ¢, , other terms in

Eq.(38) are considered to be invariant. Thus it is a third-order curve of optimal damping ratios.

At the optimal condition, |H (Uq —U)| becomes maximum. Using Eq.(13), its U, attains

-U,-\UZ-4uU
the maximum value when U, = —2 22 —2 =-U,,i.e 4UU,=0. This condition is

obtained when either U, =0 or U, =0. One can observe that U, contains ¢, as variant
only under the optimal condition. Substituting the optimal parameters in previous section into
U,, the fixed points ¢, are obtained. Their arithmetic mean is ¢, =0.00296. Similarly,
U, contains ¢, as the only variant under the optimal condition. U, =0 is the correct
equation to obtain the optimal value of ¢, . Using the optimal parameters in previous
section to solve this optimal condition, the fixed points ¢ are obtained. ¢, is computed
as 0.388 by their arithmetic mean. As [gc,gm ]U = [0.388, 0.00296] is close to the intercept
point, one obtains C. =¢,, . Using its definition in Eq.(38), the optimal value of c. is

determined to be 0.36. Substituting the optimal parameters of ', 740y K., 1

rr PQr Scopt:

Smopt N0 EQ.(38), the optimal design curve is plotted in Fig.7. Compared with contour
optimal, larger percentage errors are 2.22% and 7.38% around ¢, = 0.08 and 0.10. To analyse

the deviation along the whole curve, mean absolute deviation ratio is used as

18



n

E(s.)=

i=1

(GCEi - chpti )/GCOpti ‘/n (39)

which is calculated to be E (g, )= 0.092. Using contour chart of max|H (U, -U)| in Fig.8, a
large portion of optimal curve follows similar contour pattern at max|H (Ug-U )| = 10. Thus

the invariant property of |H (U, -U)| along the optimal curve is validated.

5 Minimization of Operational Vibration Response

On the other hand, one determines the operation minimization min|H(U ) at operation
frequency A, instead of fixed points frequencies A, . Not the same as the optimal curve of
Eq.(38), it appears to be a straight line with nearly constant value of ¢ . Instead, we make
use of the first condition in Eq.(36) to seek its exact solution. One can observe that this
equation contains two variables only, namely, ¢, and |[H(U,-U),. Thus they are

rearranged separately into

96 :6|H(Ud _U)hs (40)
Ses |H(Ud_U11s

Integrating this equation on both sides simultaneously, one gets its logarithmic form
Ing,,—Ing, =HU, -U), -InH{U, -U) (41)

which is further simplified by

g _|HU,-UJ, (42)

gcl |H(Ud _Ulﬂl

19



Assume that |H(Ud —U)|ﬂ1 becoming zero at an arbitrary ¢, we can solve ¢, directly

|H(Ud _U)|

from |H(U, —U ), =0. Substituting this back to Eq.(41), one gets Sos _ #‘S To
gcl
avoid singular solution, this is rearranged as
0x e
|H(Ud _U)|u= =0 (43)

gcl

Making use of Eq.(13), this minimization equation becomes U, =0. Equating one of its

quadratic root to zero, one gets —U, +,/UZ —4U,U, =0. To solve for ¢_, the necessary

condition is U, = 0. Substituting minimization parameters into this condition, one gets

1652 [1- (0 + )22 ~ 222 p? =0 (44)
Under invariant operation speeds A, one obtains its corresponding Coulomb damping ratio
as

' A2

A+ )i -1 (45)

Ses =

As the operation frequency A, is pre-set to be 3, ¢ is generated as 0.1443. Comparing
with the contour minimization of ¢ = 0.14, its percentage error is 0.69%. As the error is
within 1% accuracy level, Eq.(44) is precise in determining the Coulomb damping ratio. As
min|H(U)| is constant along this design line, the operation minimization is tuned by
Coulomb damper solely. Fixed points minimization is obtained by interception of two design
curves in Fig.6 at X. Comparing its |H(UX with contour minimization of 0.265, the
min|H(U) of 0.278 in Fig.5 is 4.46% reduced. Meanwhile by optimal curve in Eq.(38),
minimization viscous damping ratio is generated at ¢,,= 0.112 with slight reduction from
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fixed points optimal. Therefore viscous damping ratio can be reduced by adding Coulomb
damper in the DVA. From its relative transmissibility curve at Fig.9, there is a spur drop to
2.04x10™ level indicated by dotted circle right at A = 3. Hence the assumption of
|H(Ud _Ulﬂs becoming zero is validated at fixed point minimization. DVA completely
separated from the machine system, no interaction between the dampers and the system. The
spur shaped drop try to shift the DVA towards the operation frequency A, once it is deviated.
This guarantees stable operation of the machine at operation frequency. Comparing Figs.7 and
8, one can observe that they follow nearly the same contour pattern at the Maxwell optimal
curve. For the |H(Ud _ULS contour plot, its optimal curve enter the 10 level at ¢, = 0.07.

Therefore the invariant property of [H(U, -U), along the optimal design curve is

validated.

Its |H(U)|curve Is compared with that of fixed points optimal in Fig.5. There are larger
discrepancies near A, =0.65 and toggled between A, =0.70 during start-up. Then they are
near A, =1.40 and toggled between operation frequency A, = 3.0. Keeping only the A, as

variant in Eq.(43), it is reduced to

S
A =2 cs 46
S J4gcs<1+u'>w- (40)

Using previous obtained ¢ =0.1443, two minimization frequency ratios, namely A= 3.000
and A, =0.661 are obtained. A is the original required operation frequency, while A, is
an extra frequency from minimization condition. This explains the additional minimum zone
before the fixed points frequency A,. Using its |H(Ud —U)| curve in Fig.9, one can locate

the extra A, =0.66 inside the first range. Meanwhile A, is suited near the second range.
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On the other hand, at the contour optimal ¢, = 0.22 two minimum frequency ratios, namely
As=0.723 and A, = 1.434, are obtained which rightly fit into the large discrepancy ranges.
Hence the discrepancies in various A, are fully explained by the minimum frequency
equation of Eq.(45). By continuous increment of A , the Coulomb damping ratio converges

to 0.131. As further increase in A, does not change this ¢, this becomes the termination

point of optimal design curves as in Figs.7,8.

6 Experimental Validation by Linear Slide Block Platform

Test platform of vibration absorber is designed and installed for adjustable mass, spring
and damping effect. Linear slide block system is established for linear horizontal motion of
DVA system consisted of slide blocks, linear guide rail and support rail as demonstrated in
Fig.10. Ground motion is transmitted from the shaker to the system through ground spring.
Vibration signals on slide block and shaker are captured by accelerometers. These signals are
conditioned at the spectrum analyser. Details of the air damper are shown in Fig.11. Using
these data, damping coefficient, spring constant and coefficient of discharge resistance are
computed as follows[5]. First, the damping coefficient C_ is determined by the coefficient

of discharge resistance «,, diameter and area of piston d_ , A/, air chamber factor N;.

p i)

A h
Nl=u (47)
7 Po

where h, is height from bottom of cylinder to the piston, y is the ratio of air specific heat,
P, P, are the atmospheric air density and pressure. Second, spring constant is computed

using
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_ 7pOAp
" h

p

K (48)

Third, coefficient of discharge resistance is calculated by

_ \H/popos/hp (49)

“Th(CA A

where b, is coefficient constant, c,,c, are the flow coefficients, A , A, are the areas of

clearance and orifice. Ultimately, viscous damping factor

oAl 1N -1 (50)

Ny x107° 2

m
Viscous damping ratio is computed by its definition ¢, =C_ ,/k, along the optimal
design curve. Effort is tried to regulate the ¢, wusing measured &, . As
0< A, <3.85x10°m* varies linearly with 0<#, <120° along the optimal experimental
curve, they are related by A, =c,6, where ¢, =3.2x107" m?/deg is the viscous angle factor.
Its corresponding Coulomb damping ratio is calculated by ¢, =3,/KV in which Coulomb
damping force 3, =03, . As the variation of ground motion is kept low at the optimal curve,
one can assume that KV to be constant. Fastening screw tuning Coulomb damping angle
6, is related to I, with Coulomb angle factor c, and residual damping force c,,

ie.c, =(c0,+c,)/KV . In the line fitting of Coulomb force test, c,= 0.0178 N/deg and

c, =0.622N from Fig.12. These two damping ratios are optimal tuned to measure the

optimal |H(U)|,

at each data set. The data set of these angles form the optimal curve in

P.Q

Fig.13. Using the spectrum analyser, frequency response functions (FRFs) at ¢, -axis
intercept Ve, optimal We and minimization Ye are obtained at Fig.14. Their maximum peaks
are recorded in Fig.15. They drop gradually from Ve to minimum at We and raise to Ye

afterwards. Using Fig.14, one can observe that there is a minimization zone near A, = 2
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caused by the induced Coulomb friction on the slide blocks. Beyond this zone, the

minimization norm ratio H‘H(U )WHH(U )Y‘

/IH @), || = 0071 between 2 =3 to 5.
Hence operation vibration level is minimized around 7%. The frequency ratios are 15=0.80
and Ag5=1.10 at fixed points P and Q. Comparing the FRF resonant peaks with that of fixed

points in Fig.6, the errors of A,, are 4.86% and 6.01%. These are accurate within 7%

accuracy. Meanwhile for the errors in \H (U )/1 , they are -3.75% and -3.32% respectively.
Q

P

By this relationship, the optimal experimental curve is furnished in Fig.16. On the ¢, -axis
intercept, ¢, = 0.395 which is 1.8% larger than ¢ = 0.388. On the other hand, their
percentage errors are 2.0% and 1.8% at experimental optimal ¢, = 0.098 and minimization
Gy = 0.110 respectively. These deviations are mainly due to the misaligned spring,
non-smooth sliding motion, part clearance, induced Coulomb friction, simplified air damper
model, slide block-DVA interaction, etc. To analyse the deviation along the whole curve,

mean absolute deviation ratio is used as

(C;CEi - chpti )/GCOpti ‘/n (51)

n

E(s)=2

i=1

which is calculated to be E (g, )= 0.0453. As the mean deviation is within 5% accuracy, the

air damper model is validated by its measured data.

7 Conclusions
Four-element hybrid DVA is constructed using Coulomb and Maxwell transformed
elements. Optimal parameters of its system transmissbility are obtained using modified fixed

points theory which are validated by three-element model. Two fixed points are located at the
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resonant peaks. Using viscous damping derivative conditions, its third-order optimal design
curve deviates slightly within 8% from the contour analysis. Operation minimization is highly
effective by tuning the damping elements along this design curve. Vibration level is reduced
19% from the three-element model. Its operation range is well suited between A =3 to 7 and
can be extended to higher frequency ratio. By both optimal and minimization Coulomb
damping ratios, four minimization zones are created to further bring down vibration levels.
Test platform of the air damper is constructed. Linear relationship is obtained between 6,
and &_. Model fixed points are validated by FRF resonant peaks. Optimal experimental curve
is computed using developed model and compared with the optimal design curve within
acceptable accuracies. At operation range A, = 3 to 5, vibration level is effectively minimized
by 5% close to the model predicted. The percentage errors of measured ¢ are within 2.0%
accuracy. Using mean deviation of optimal curve, the air damper model is validated in 5%

accuracy by the test platform.
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Figure Captions

Fig.1 Air damper model using Maxwell element.

Fig.2 Modeling of structural system by Maxwell-VC DVA.

Fig.3 Air damper model using transformed Voigt element.

Fig.4 Contour chart of max|H(U] on ¢.—¢, Pplane with design optimal[gc,gm]W =[0.22,

0.10], contour minimization [¢,,¢, ], =[0.14, 0.11], design minimization [¢,,¢, ], =[0.13,
0.112].

Fig.5 |H(UX comparison of contour optimal W( ), contour minimization Y( = = =)
and three-element optimal (— —).

Fig.6 Contour chart of min|H (U)| at 2,=3.00on ¢, —¢, plane (u,=0.20, y,=0.8073, y, =
8.125).

Fig.7 Comparison of optimal design curve (——) and contour optimal ( ===) on
max|H(U ) contour.

Fig.8 Optimal design curve( = = =) on max|H (U, -U))| contour.

Fig.9 |H(U,-U)| of fixed points minimization at 1,= 3.

Fig.10 Test platform of Maxwell VC-DVA: air damper, linear slide block system and
spectrum analyzer computer system.

Fig.11 Schematic diagram of air damper.

Fig.12 Coulomb damping force 3. against 6, (& Forcetest — — Line fit).

C

Fig.13 Optimal experimental data set of &, against 6, .

Fig.14 Frequency response functions of experimental optimal We( ), minimization
Ye(=== =)and ¢, interceptVe(====-).

Fig.15 Variation of |H (U] along optimal experimental curve.
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Fig.16 Comparison of optimal design curve ( = = =) and optimal experimental curve(

with [g,.¢, ] =[0.395,0.002], [s,.5n ), =[0.22,0.098] and [,.s, ] =[0.13, 0.11].
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Fig.1 Air damper damped system model using Maxwell element.
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