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ABSTRACT 1 

 2 

The presence of methane hydrate in soil pores alters the stress-strain and volumetric behaviour 3 

of soil. The extent of this alteration is affected by the temperature and pore-pressure state of 4 

methane hydrate inside the thermodynamically stable region. In this paper, a state-dependent 5 

critical state model is developed for methane hydrate-bearing sediments (MHBS) within the 6 

theoretical framework of bounding surface plasticity. A phase parameter is newly introduced 7 

into the constitutive model to account for the coupled effects of temperature and pore pressure 8 

on the mechanical behaviour of MHBS. This unique feature of the proposed model enables it 9 

to capture the behaviour of MHBS inside the methane hydrate stability region. A non-10 

associated flow rule is adopted and a modified dilatancy expression is proposed considering 11 

the degree of hydrate saturation, morphology, phase parameter and stress state of MHBS. To 12 

verify the new model, computed results are compared to measured results of drained triaxial 13 

tests on MHBS with different morphologies and at different effective confining stresses, 14 

degrees of hydrate saturation and phase states inside the stability region. The comparison 15 

reveals that the model is capable of capturing the key features such as the evident strain 16 

softening behaviour due to hydrate degradation and the change in stress-strain and volumetric 17 

behaviour of MHBS at different initial conditions inside the stability region.  18 

 19 

 20 

 21 

 22 

 23 

KEYWORDS: Methane hydrate-bearing sediments; constitutive relations; methane hydrate 24 

stability  25 
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INTRODUCTION 26 

Methane hydrates are the most commonly occurring gas hydrates and are typically found in 27 

permafrost and marine soil sediments in areas such as Canada, the South China Sea, the Nankai 28 

Trough in Japan, and the Korean East Sea. (Waite et al., 2009). Their natural abundance makes 29 

them a potential source of energy for the future.  This has probed the interest of engineers and 30 

researchers to investigate the influence of methane hydrate on soil behaviour to ensure well-31 

designed off-shore infrastructure and safe extraction methods. A distinct characteristic of 32 

methane hydrates is that they are only stable under thermodynamically favourable conditions 33 

(i.e. relatively high pore pressures and low temperatures). The stability region for methane 34 

hydrate is shown in Fig. 1(a) (Sloan and Koh, 2007).     35 

Previous experimental studies have found that methane hydrate contributes significantly to the 36 

mechanical behaviour of the sediment bearing it (Miyazaki et al., 2011; Clayton et al., 2010; 37 

Hyodo et al., 2013b, Yun et al., 2007; Santamarina et al., 2015). The dependence of methane 38 

hydrate strength and stability on temperature and pore pressure might pose a challenge to the 39 

serviceability of offshore structures (Hovland & Gudmestad, 2001) or cause certain geohazards 40 

such as submarine landslides (Waite et al., 2009). This is an important aspect of the behaviour 41 

of methane hydrate-bearing sediments (MHBS) since experimental results have revealed that 42 

an increase in temperature from 1 to 10°C will result in a 19% decrease in peak shear strength 43 

for water-saturated MHBS (Hyodo et al. 2013b). The temperature dependence is even more 44 

pronounced for gas-saturated MHBS—a change in temperature from 1 to 5°C will lead to a 45 

29% drop in peak shear strength. On the other hand, an increase in pore pressure from 5 to 10 46 

MPa will cause the peak shear strength of water- and gas-saturated MHBS to rise by 6 and 40% 47 

respectively (Hyodo et al. 2013a; 2013b). Hence, it is crucial to simulate the complex 48 

behaviour of MHBS at different phase states inside the stability region. Over the past decade, 49 
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several constitutive models have been proposed for MHBS, some of which are discussed 50 

below. 51 

Klar et al. (2010) developed a model within the Mohr-Coulomb failure framework by 52 

considering the effects of hydrate saturation (i.e. the ratio of the volume of hydrate to the 53 

volume of voids) on the cohesion term. However, the Mohr-Coulomb models are unable to 54 

capture some of the key features of soil behaviour such as strain softening, volumetric yielding 55 

and plastic strains prior to failure. Uchida et al. (2012) showed that the limitations of the Mohr-56 

Coulomb models for MHBS can cause volume changes during the dissociation stage to be 57 

underestimated. The behaviour of Mohr-Coulomb models was later improved to account for 58 

the strain softening behaviour of MHBS by considering the degradation of the cohesion term 59 

with plastic deformation (Pinkert and Grozic, 2014; Pikert et al., 2015). 60 

A number of elastoplastic models have been developed within the critical state framework. 61 

Sultan and Garziglia (2011) incorporated the effects of hydrate saturation into the modified 62 

cam clay (MCC) model by expanding the yield surface solely due to increases in 63 

preconsolidation pressure. However, the cohesion produced by hydrate bonding and the 64 

softening behaviour due to hydrate degradation were not considered. The progressive hydrate 65 

degradation and the true cohesion imparted by the hydrate bonds are considered in the extended 66 

MCC model by Uchida et al. (2012). The model performance was validated using hydrates 67 

with two different morphologies in soil. However, an associated flow rule was assumed and 68 

the effects of internal state were not considered in the dilatancy function. This might pose 69 

challenges in simulating the mechanical behaviour of methane hydrates in sand sediments at 70 

different states and the associated flow rule is deemed unsuitable for the modelling of sand 71 

behaviour (Collins, 2002). The extended MCC model proposed by Yan and Wei (2017) 72 

incorporates a non-associated flow rule. One of the main features of this model is that it 73 
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considers the dependence of MHBS behaviour on the hydrate morphology. However, the 74 

model is not able to capture satisfactorily the dilative volumetric behaviour of sand without 75 

hydrate on the dry side of the critical state line. Shen et al. (2016) proposed a state-dependent 76 

critical state model which is able to capture the behaviour of MHBS at different levels of 77 

hydrate saturation, void ratio and effective confining stress with a single set of parameters. 78 

However, the volumetric yielding cannot be captured given the yield surface employed in the 79 

model. Sanchez et al. (2017) developed a hierarchical single surface elastoplastic model for 80 

MHBS. They incorporated inelastic mechanisms which improved the modelling of MHBS 81 

during dissociation. Lin et al. (2015) developed a spatially-mobilized-plane subloading critical 82 

state model for MHBS. This model is able to capture the mechanical behaviour of MHBS with 83 

different levels of hydrate saturation and different hydrate morphologies. As far as the authors 84 

are aware, a constitutive model has yet to emerge that considers the dependence of hydrate 85 

strength on the hydrate state inside the stability region.  86 

In this study a new state-dependent critical state model for MHBS is developed. This is the first 87 

constitutive model incorporating the dependence of MHBS on the phase state inside the 88 

stability region. The model is based on the theoretical framework of bounding surface plasticity 89 

(Dafalias, 1986), which accounts for the plastic deformation inside the bounding surface. A 90 

modified state-dependent dilatancy is introduced to account for the hydrate saturation, stress 91 

level, internal state and phase state inside the stability region. The model formulation and 92 

calibration are presented in detail. Recently published experimental data on MHBS with 93 

different morphologies and at different effective confining stresses, degrees of hydrate 94 

saturation, temperatures, and pore pressures are adopted to evaluate the model performance.  95 

 96 
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MATHEMATICAL FORMULATIONS 97 

Basic relationships 98 

The model is formulated in the triaxial stress space and defined in terms of six constitutive 99 

variables: mean effective stress ( ')p , deviator stress ( )q , degree of hydrate saturation ( )hS , 100 

specific volume ( ) , temperature ( )T  and pore pressure ( )pp  as follows: 101 

1 3' 2 '

3
p

 
                       (1) 102 

1 3' 'q               (2) 103 

h
h

v

V
S

V
            (3) 104 

1 e              (4) 105 

h v

s

V V
e

V


            (5) 106 

where 1'  is major principal stress, 3'  is minor principal stress, hV  is the volume of hydrate, 107 

hV  is the volume of voids,   sV  is the volume of soil particles and e  is the void ratio. 108 

Experimental data reported in the literature (Hyodo et al., 2013a, 2013b; Song et al., 2010) 109 

revealed that the strength, dilatancy and stiffness of MHBS at constant effective stress and a 110 

constant degree of hydrate saturation will increase with pore pressure. On the other hand, as 111 

temperature rises, these mechanical properties will decrease. Jiang et al. (2014) introduced a 112 

distance parameter in a dimensionless temperature-pressure space. In their discrete element 113 
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method (DEM) simulations, the bond strength and stiffness of hydrate were related to the 114 

distance parameter through some empirical equations. In other words, one may relate the 115 

mechanical properties of hydrate in soil pores to the minimum distance of the current state of 116 

hydrate (in terms of pore pressure and temperature) from the phase change curve.  117 

As far as the authors are aware, none of the existing constitutive models considers changes in 118 

the mechanical properties of hydrate inside the stability region. In this study, the dependence 119 

of these mechanical properties on temperature and pore pressure is modelled with a phase 120 

parameter that is defined in the same way as the distance parameter (Jiang et al. 2014). This 121 

model aims to capture the behaviour of marine sediments at temperatures above 273 K. It is 122 

assumed that the pore space of soil contains hydrate-water (i.e. water-saturated MHBS) or 123 

hydrate-gas (i.e. gas-saturated MHBS) while permafrost MHBS with pore space containing 124 

gas, ice and hydrate are not considered. Dimensionless temperature and pore pressure values 125 

are obtained by normalising their actual values with respect to 245 K and 1 MPa, respectively. 126 

These normalisation values are adopted to more closely fit the phase change curve with a 127 

simple polynomial function of order 3 (Fig. 1b). The phase parameter  L  can be derived by 128 

minimizing the following function: 129 

21 1 2min ( ) (
245 1

)
T T pp pp

L
  

   
 

         (6) 130 

where 1T  (K) and 1pp  (MPa) are the temperature and pore pressure of the current state of 131 

MHBS, respectively; and pp is the pore pressure on the phase boundary and can be expressed 132 

as a third-order polynomial function of T (Fig. 1b). The coordinates of the point on the phase 133 

boundary curve with a minimum distance to the current temperature-pressure state can be 134 
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obtained by either differentiating the right-hand side of equation (6) with respect to T or using 135 

the Newton iterative method.  136 

Elastoplasticity 137 

The model is developed within the theoretical framework of bounding surface plasticity 138 

(Dafalias 1986). Unlike most elastoplastic models, the models within this framework allow for 139 

the progressive development of plasticity inside the yield surface. Consequently, development 140 

of both elastic and plastic strains inside the yield surface leads to a smooth transition between 141 

elastic and elastoplastic behaviour. The total incremental strains can be decomposed into elastic 142 

and plastic strains as follows: 143 

e p

v v vd d d              (7) 144 

e p

q q qd d d              (8) 145 

where vd  and qd  are the total incremental volumetric and shear strains, respectively; and 146 

the superscripts ‘e’ and ‘p’ denote the elastic and plastic components of strain, respectively. 147 

The thermal component of strain due to the expansion and contraction of soil particles, fluid 148 

and hydrate is not considered in the current model. This simplification may not affect the results 149 

of the current study significantly since the temperature range of the studied MHBS is limited 150 

(i.e. 274 K to 284 K). However, this strain component should be considered if the soil is 151 

subjected to high temperature changes after dissociation. The elastic components of strain 152 

increments for MHBS can be expressed as follows: 153 

e

v

sh

dp
d

K
             (9) 154 
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03

e

q

h

dq
d

G
                       (10) 155 

where shK  is the bulk modulus and 0hG  is the shear modulus at very small strains for MHBS. 156 

The effects of void ratio and stress state on a very small strain shear modulus ( 0sG ) and on the 157 

elastic bulk modulus ( sK ) for soil without hydrate are expressed by the following relationships: 158 

 
0.5

3

0 1s ref

r

p
G G e

p

  
   

 
                   (11) 159 

 

 

2 1

3 1 2
sK G









                    (12) 160 

where 0sG  is very small strain shear modulus of soil without hydrate;   refG is the soil parameter 161 

representing the shear modulus at the reference pressure; rp is the reference pressure (1 kPa), 162 

and  is Poisson’s ratio. The selection of equation (11) is based on extensive experimental 163 

results in previous studies on both fine-grained and coarse-grained soils without hydrate 164 

(Oztoprak & Bolton, 2013; Vardanega & Bolton, 2013).  165 

The presence of hydrate in soil pores enhances the shear modulus and its effects on cementing 166 

hydrate morphology are more pronounced than those of the pore-filling morphology (Clayton 167 

et al., 2005; Clayton et al., 2010; Dai et al., 2012). The contribution of gas hydrate to shear 168 

modulus can be expressed as follows: 169 

 
0.5

3 0
0

*( )

1 h
h ref

r

pp
G G e

p p

  



   

   



 
  

                 (13) 170 
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where 0hG   is the very small strain shear modulus of MHBS; 0hp   is the preconsolidation 171 

pressure of MHBS and the ratio of ( 0hp

p
 ) represents the effects of the apparent 172 

overconsolidation ratio on 0hG ; and   is a dimensionless soil parameter. The two indices of 173 

  and   will be presented later.  The elastic bulk modulus of MHBS ( shK ) can be obtained 174 

by replacing equation (13) into the shear modulus of soil without hydrate in equation (12). Note 175 

that the model assumes that Poisson’s ratio ( )  is independent of the degree of hydrate 176 

saturation. 177 

The incremental plastic strains are expressed as follows: 178 

p

v s sd D                        (14) 179 

p

q sd                        (15) 180 

where p p

s v qD d d   is the dilatancy index; and s is the nonnegative loading index. The 181 

dilatancy and loading indices can be obtained from the flow rule and the hardening law, 182 

respectively. These indices will be determined later. 183 

Critical state line  184 

Triaxial test results on MHBS suggest that the critical state line (CSL) in the lnp    plane 185 

shifts toward a higher void ratio (parallel to the CSL of soil without hydrate) as the degree of 186 

hydrate saturation increases (Hyodo et al. 2013b). Based on these observations, the CSL is 187 

modelled by the following expression: 188 
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* ln
r

p

p


 





    


                   (16) 189 

where   and *  are intercepts of the CSL in the lnp    plane at the reference pressure for 190 

MHBS and soil without hydrate, respectively;   is the gradient of the CSL in the lnp    191 

plane which is assumed parallel to the normal compression line and independent of hydrate 192 

saturation; and   represents the effect of hydrate saturation, temperature and pore pressure 193 

(i.e. the phase parameters) on the shift of the CSL. The extent of this shift is affected by the 194 

hydrate morphology as well as the current temperature and pore pressure (Hyodo et al., 2013a, 195 

2013b). The CSL of MHBS shifts towards a lower void ratio with an increase in temperature, 196 

a decrease in pore pressure and a decrease in the degree of hydrate saturation. The schematic 197 

of the typical experimental results for soil without hydrate and MHBS is qualitatively 198 

illustrated in Fig. 2. Thus, the following expression is proposed for the shift of the CSL:  199 

   1 exp 1
c

h hb L bS                        (17) 200 

where hb , c, and b are material parameters; and hS  is the actual degree of hydrate saturation 201 

defined in equation (3).  The change in the extent of the shift of the CSL can be obtained by 202 

differentiating equation (17) as follows: 203 

       
1

exp   1 exp 1
c

h h h h hd h L b b bS dS b c L bS dL

                          (18) 204 

where  h L  is a Heaviside function of phase parameter ( )L  with   0h L   for 0L   and 205 

  1h L   for 0L  . This function shows that while the temperature and pressure of MHBS are 206 

within the stability region, the change in  is affected by a change in the phase parameter and 207 

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



11 

 

the initial degree of hydrate saturation ( )hS . As the hydrate phase state reaches the phase 208 

boundary curve (dissociation induced by an increase in temperature or a decrease in pore 209 

pressure), the change in  becomes a function of a change in the degree of hydrate saturation. 210 

The CSL of the soil with hydrate in the p q   plane is expressed as follows: 211 

'q Mp                      (19) 212 

where M  is the gradient of the CSL in the p q   plane. Experimental data on MHBS suggest 213 

that the value of M  might be affected by the presence of hydrate in the pore space of the soil. 214 

The increase in M  is less than 8% as the degree of hydrate saturation increases from 0 to 53% 215 

(Hyodo et al. 2013a). Shen et al. (2016) proposed an expression considering the dependence 216 

of  M  on the degree of hydrate saturation. However, their analysed data of M  show large 217 

scattering and the effects of hydrate morphology, temperature and pore pressure on M  remain 218 

unknown. For simplicity, it is assumed that M is independent of the hydrate saturation in the 219 

current model. Similar simplification is made in a number of constitutive models in the 220 

literature (Uchida et al., 2012; Lin et al., 2015; Yan & Wei, 2017; Sanchez et al., 2017). 221 

Normal compression line 222 

The compressibility of saturated bonded soils such as cemented and structured soils decreases 223 

significantly with increasing bonding (Burland, 1990; Cuccovillo & Coop, 1999). On the other 224 

hand, the development of plastic volumetric and shear strains results in the degradation of 225 

bonding and hence alters the mechanical properties such as strength, stiffness and 226 

compressibility (Cuccovillo & Coop, 1997).  There is a lack of data on the normal compression 227 

line (NCL) of MHBS but it may be described in a similar way to bonded soils owing to their 228 

similarities. Pore occupation by gas hydrates and particle bonding can contribute to a decrease 229 
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in compressibility. As illustrated in Fig. 2, it is assumed that the NCL of soil shifts to the same 230 

extent as the CSL when gas hydrates occupy pores. In addition, particle bonding shifts the NCL 231 

of MHBS (with hydrate inside the pores) towards a higher void ratio. Hence, the NCL of MHBS 232 

can be described by the following expression: 233 

* ln
r

p
N N

p
 

 
    

 


                   (20) 234 

where N  and *N  are intercepts of the NCL at the reference pressure in the lnp    plane for 235 

MHBS and soil, respectively; and   represents the shift of the NCL due to particle bonding. 236 

The initial shift of the NCL due to bonding ( 0 ) can be defined as: 237 

0 0*a                       (21) 238 

where a  is a material parameter and 0  is the initial shift of the CSL. The last term in equation 239 

(20), which is attributed to particle bonding ( ), can be degraded due to plastic deformation as 240 

well as the change in the phase parameter and the degree of hydrate saturation. The evolution 241 

of bonding is modelled as follows: 242 

 2 2 /p p

s vd x d d d                         (22) 243 

where x  is the degradation factor. The plastic shear and volumetric strains are considered to 244 

contribute equally to the degradation of the bonding structure. This assumption might be 245 

approximately true and equation (22) can be modified by the addition of a weighting factor to 246 

strain increments which require further experimental data. 247 

 248 
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Bounding surface 249 

By adopting the bounding surface plasticity theory of Dafalias (1986), a similar expression to 250 

that for the bounding surface, which has been widely used for soil without gas hydrate under 251 

isothermal (Yu et al., 2007; Kan et al., 2014) and non-isothermal (Zhou & Ng, 2015) 252 

conditions, can be defined for the bounding surface of MHBS as follows: 253 



   0ln /

( ln

n

b h b

b

p p p pq
F

M p p r

          


                (23) 254 

where n  is the model parameter controlling the shape of the bounding surface; r is the spacing 255 

ratio controlling the point of intersection of the CSL  and the bounding surface in the p q   256 

plane; 0hp  is the yield stress of MHBS, and bp is the bonding stress defined as follows: 257 

0b bp p                        (24) 258 

where 0bp  is a material parameter. Parameter r  can be deduced from the vertical spacing of 259 

the CSL and NCL as follows:  260 

* *( )
exp

N
r



 

  
  

 
                   (25) 261 

This parameter is constant and set to 2.718 and 2.0 in the original Cam-clay model and modified 262 

Cam-clay model, respectively. The variations in the shape of the bounding surface with respect 263 

to the change in parameters r  and n are illustrated in Zhou & Ng (2015). The typical shape of 264 

the bounding surface for MHBS and soil without gas hydrate is shown in Fig. 3. The size and 265 

location of the bounding surface for MHBS are controlled by the two parameters representing 266 
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the yield stress ( 0hp ) and the bonding stress ( bp ), respectively. An increase in the degree of 267 

hydrate saturation and the phase parameter will cause the bounding surface to expand. This is 268 

reflected in equations (20) and (21) by increasing 0hp  and 0 . Degradation of hydrates is 269 

modelled through the decrease in  , which causes the bounding surface to contract. The effects 270 

of different hydrate morphologies on the bounding surface are reflected by the parameters   271 

and heS  (different CSLs and NCLs) as well as a change in the initial bonding stress ( 0 0bp  ).  272 

Mapping rule 273 

For any given stress state inside the bounding surface, dilatancy, plastic moduli and the loading 274 

index are all dependent on the image stress state (Dafalias, 1986). The image stress state is in 275 

essence the projection of the actual stress state onto the bounding surface (Fig. 4). A proper 276 

mapping rule is required for the models developed within the theoretical framework of 277 

bounding surface plasticity. It specifies the plastic moduli at the actual stress state in terms of 278 

both the plastic moduli on the bounding surface and the distance between the actual and image 279 

stress states (Dafalias, 1986). The radial mapping rule is employed in the current model due to 280 

its simplicity and versatility for a wide range of stress paths (Dafalias 1986). As illustrated in 281 

Fig. 4, the mapping origin MO ( bp , 0) is defined as the left intersection point of the bounding 282 

surface with the p -axis. A similar mapping origin is defined for cemented soils by Yang et al. 283 

(2008) using a translated coordinate system. The image stress state B ( 'p , q ) is determined by 284 

the projection of the actual stress state  A ,p q  onto the bounding surface with respect to the 285 

mapping origin. The two Euclidean distances of the actual and image stress states from the 286 

mapping origin can be expressed as follows: 287 

 2 2)( ' bq p p                        (26) 288 
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2 2)( ' bq p p                        (27) 289 

where   and   are the Euclidean distances of the actual and image stress states, respectively. 290 

The ratio of the two distances will later be employed to define the plastic moduli, dilatancy and 291 

the loading index inside the bounding surface. 292 

Flow rule 293 

A non-associated flow rule is assumed and the following general form of the state-dependent 294 

dilatancy expression (Li & Dafalias, 2000) is adopted: 295 

 , , ,s sD D e Q C                     (28) 296 

where   is the stress ratio; Q  denotes internal state variables and C denotes a set of intrinsic 297 

material constants. Following equation (28), Li & Dafalias (2000) expressed the dilatancy for 298 

a clean sand as follows: 299 

  0 exps

d
D M m

M
                      (29) 300 

where 0d  and m  are two material parameters;   is the stress ratio defined as /q p    ; and 301 

  is the state parameter representing the vertical distance of the soil state from the CSL in the 302 

lnp    plane (Fig. 5) with 0   (State B) and 0  (State A) for contractive and dilative 303 

tendencies, respectively. In the current model, the following dilatancy expression is proposed 304 

for MHBS to incorporate the effects of gas hydrate, phase parameter and mapping rule: 305 
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1 exp( )

DS

s d m

m

d
D M n M

M







  
   

   

                 (30) 306 

where 1d , dn  and DS  are material parameters; and mM  is the stress ratio defined as 307 

'/ ( )m bM q p p  . The term  /   belongs to the group Q in the general dilatancy 308 

expression (equation 28) representing the internal state variables other than the void ratio (Li, 309 

2002) and it equals 1 when the stress state reaches the bounding surface.  310 

Hardening law and consistency condition 311 

The evolution of the size of the bounding surface is dependent on the change in plastic 312 

volumetric strain as well as the change in phase parameter and degree of hydrate saturation. By 313 

using Fig. 2, the hardening law can be expressed as follows: 314 

0 0

1 1
  p

h h vdp p d d d


 
    




 
   

   
                (31) 315 

Note that d  and d  in equation (31) can be substituted by equations (18) and (22). 316 

The consistency condition is derived as follows: 317 

0 0 0

0 0 0

' 0
'

ph h h b
vp

h h h v b

p p p pF F F F F F F r
dp dq d d d d d

p q p p p p r
    

   

          
      

           
318 

                      (32) 319 

Substituting equations (14), (15) and (22) into equation (32) yields: 320 
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                      (33) 321 

According to Dafalias (1986) the plastic modulus can be derived from the consistency 322 

condition as follows: 323 

20 0

0 0

1h h b
p s sp

h v h b

p p pF F F F r
K D x D

p p p r


   

        
                 

           324 

                      (34) 325 

Likewise, the loading index can be obtained as follows: 326 

0 0

0 0

1
' /

'

h h b
s

p h h b

p p pF F F F F F r
dp dq d d

K p q p p p r  
  



          
                    

             (35) 327 

Detailed derivations of the terms in equations (34) and (35) are presented in the Appendix. 328 

The plastic modulus is obtained from equation (34) when the stress state of MHBS is on the 329 

bounding surface.  The mapping rule is incorporated into the plastic modulus expression to 330 

take into account the reduction in the plastic modulus when the MHBS stress state is inside the 331 

bounding surface. Hence, equation (34) takes the following form: 332 
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             (36) 333 

where  kp  is a material parameter. When the stress state reaches the bounding surface, the 334 

ratio of 




 
 
 

 approaches unity and equation (34) is recovered. 335 

CALIBRATION OF PARAMETERS 336 

The constitutive equations are integrated by the Euler forward (explicit) method with a sub-337 

stepping scheme.  In order to achieve a high accuracy, the size of each sub-step is determined 338 

by the procedure proposed by Sloan (1987). The phase parameter  L , which defines the 339 

minimal distance from the phase boundary curve, is determined using the Newton iterative 340 

method. 341 

In summary, the model consists of 18 parameters. Eleven of them are for soil without hydrate 342 

which enables the model to account for state-dependant dilatancy. Eight of the parameters 343 

* *

1, , , , )( , , , d refM N n d G    can be calibrated following the procedure proposed by Li & 344 

Dafalias (2000). The other three soil parameters , ,( )Ds kp n   are determined through back-345 

analysis of drained triaxial test on Toyoura sand. In addition, there are seven parameters 346 

 0,  ,  ,  ,  ,  , h ba b b c p x   for MHBS considering the temperature-pressure dependence of hydrate, 347 

degradation of hydrate with deformation, hydrate morphology and dissociation. All of these 348 

parameters can be obtained from experimental data. The parameters ,  hb b  and c in equation 349 

(17) are calibrated from the following CSLs of MHBS: CSLs at different degrees of hydrate 350 
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saturation under the same temperature-pressure conditions (i.e. phase parameter) and at two 351 

different temperatures (or pore pressure) but with the same degree of hydrate saturation. The 352 

parameters a  and x can be obtained from a NCL of MHBS at a known degree of hydrate 353 

saturation. The initial bonding stress ( 0 0bp  ) in equation (24) can be calculated from the results 354 

of an unconfined compression test on MHBS following the procedure by Yan & Li (2011). The 355 

parameter   can be obtained by fitting equation (13) to the results of resonant column or 356 

bender element tests on shear modulus at different degrees of hydrate saturation. The 357 

parameters 0,  , ba p x  and   were obtained from back-analysis of three triaxial tests, two 358 

drained triaxial tests on MHBS (with different degrees of hydrate saturation) and one drained 359 

triaxial test with different phase parameters (either at different temperature or pore pressure 360 

change), and a single set of parameters is used to capture the MHBS at various states. The soil 361 

parameters without hydrate and MHBS for different morphologies are summarised in Table. 1. 362 

The two studies by Hyodo et al. (2013a; 2013b) provide complete experimental data on MHBS 363 

and are selected for the calibration and validation of the proposed model. Hyodo et al. (2013b) 364 

performed a series of drained triaxial compression tests on pure Toyoura sand and water-365 

saturated MHBS. Partially water-saturated specimens of Toyoura sand were pressurized with 366 

methane gas (i.e. the excess gas method) and kept within the stability region of methane hydrate 367 

to initiate hydrate formation. The excess gas method is well known to result in forming a 368 

cementing morphology of hydrate in the sand (Waite et al. 2009). The subsequent saturation 369 

with water dissociates the hydrate at the grain contacts resulting in a change in the morphology 370 

of pore-filling hydrate with a weaker bonding (Hyodo et al., 2013).  The MHBS specimens 371 

were prepared at different degrees of hydrate saturation (ranging from 0 to 60%) and 372 

isotropically consolidated to effective confining pressures of 1, 3 and 5 MPa and an average 373 
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void ratio of 0.65. The drained triaxial compression tests were conducted at different 374 

temperatures (1, 5 and 10°C) and pore pressures (5 and 10 MPa).  375 

The second set of drained triaxial tests on gas-saturated MHBS are retrieved from Hyodo et al. 376 

(2013a). Methane hydrate was formed in Toyoura sand by the excess gas method while the 377 

subsequent water saturation causing hydrate dissociation at the grain contacts was not 378 

performed. The dominant methane hydrate morphology in this method was inferred to be 379 

cementing and confirmed by Yoneda et al. (2016) using X-ray computed tomography. The 380 

volume change of the gas-saturated specimens was measured using a double-cell system since 381 

the volume change could not be measured from the amount of water drained in the experiments. 382 

Tests were conducted on specimens with an average void ratio of 0.66. The test conditions such 383 

as the effective confining pressure, degree of hydrate saturation, temperature and pore pressure 384 

are presented in each figure. 385 

COMPARISON BETWEEN MEASURED AND COMPUTED RESULTS 386 

Effects of hydrate saturation on MHBS behaviour 387 

Fig. 6 compares the measured and computed drained triaxial test results of water-saturated 388 

MHBS with different degrees of hydrate saturation. The effective confining pressure, 389 

temperature and pore pressure were kept constant in these experiments and their values are 390 

presented in the figure. As illustrated in the figure, soil with initially contractive tendency might 391 

dilate due to methane hydrate formation since the CSL of MHBS shifts towards a higher void 392 

ratio. This results in a change in the state parameter and hence the dilatancy through equation 393 

(30). The stiffness enhancement due to the presence of hydrate is reflected in equation (13) 394 

through the apparent overconsolidation ratio and the shift of the NCL. The agreement between 395 

the measured and computed results demonstrates the effectiveness of the proposed model 396 
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formulation at capturing the enhancement of shear strength, stiffness and dilatancy with 397 

increasing hydrate saturation. The calibrated parameters for MHBS are summarised in Table 1 398 

and a single set of parameters is used for all computed results on water-saturated MHBS with 399 

pore-filling morphology.  400 

Fig. 7 compares the measured and computed drained triaxial test results on gas-saturated 401 

specimens with different degrees of hydrate saturation. As stated earlier, the MHBS specimens 402 

with cementing and pore-filling morphologies have different stress-strain and volumetric 403 

behaviours even at the same degree of hydrate saturation. Hence, the two specimens with 404 

different morphologies may be treated as different materials with different sets of methane 405 

hydrate parameters. A similar approach is adopted in all existing constitutive models for MHBS 406 

with the ability to capture the hydrate morphology. The same set of parameters as in the 407 

previous section is used for the host sand (Toyoura sand) and a new set of parameters for the 408 

cementing morphology is calibrated and summarised in Table 1.  The computed results agree 409 

satisfactorily with the measured results in terms of stress-strain and volumetric behaviours at 410 

different degrees of hydrate saturation (Fig. 7). The experimental evidence suggests that 411 

stiffness enhancement is more significant for the cementing morphology than for the pore 412 

filling morphology (Clayton et al. 2010). This behaviour is captured by the proposed model by 413 

introducing an apparent overconsolidation ratio in equation (13). The strain softening 414 

behaviour of the cementing morphology is more pronounced than that of the pore-filling 415 

morphology since the degradation of bonding due to plastic strains contributes to a decrease in 416 

the shear strength. Hence, a higher initial bonding stress ( 0 0bp  ) in equation (24) and a higher 417 

mechanical degradation factor ( x ) in equation (22) are adopted for the modelling of the 418 

cementing morphology. This enables better capturing the more significant strain softening 419 

behaviour of MHBS with cementing hydrate. 420 
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Effects of effective confining pressure on MHBS behaviour 421 

The measured and computed results on water-saturated MHBS at different effective confining 422 

pressures are presented and compared in Fig. 8. The experiments were conducted on specimens 423 

with an average degree of hydrate saturation of 53% and a void ratio of 0.65. The temperature 424 

and pore pressure of the specimens were kept constant at 5°C and 10 MPa, respectively.  The 425 

model captures the clear strain softening behaviour at an effective confining pressure of 1 MPa 426 

using the proposed state-dependent dilatancy (equation (30)) and the degradation in equation 427 

(22). The shift of the CSL to a higher void ratio due to the presence of hydrate increases the 428 

state parameter in equation (30) resulting in a dilatancy enhancement. On the other hand, the 429 

increase in dilatancy results in higher plastic volumetric strains and hence a greater degradation 430 

of hydrate through equation (20). These two aspects enable the proposed model to capture the 431 

MHBS behaviour at different stress states. Despite some discrepancy between the measured 432 

and computed peak shear strengths at effective confining pressures of 3 and 5 MPa, the overall 433 

stress-strain and volumetric behaviours of MHBS are captured satisfactorily. 434 

Effects of phase parameter (temperature and pore pressure) on water-saturated MHBS 435 

behaviour 436 

Figures 9 compares the measured and computed results on water-saturated MHBS at different 437 

temperatures. The specimens were tested at the same effective confining pressure of 3 MPa 438 

and an average void ratio of 0.65. The degree of hydrate saturation for each test is presented in 439 

the corresponding figure. The experimental data on the stress-strain and volumetric behaviours 440 

of MHBS reveal an evident dependence of hydrate structure on temperature and pore pressure. 441 

This behaviour cannot be captured by existing models in the literature. The effects of 442 

temperature and pore pressure on the mechanical behaviour of MHBS are reflected by a single 443 
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dimensionless phase parameter  L . As stated earlier, parameter “c” can be calibrated with two 444 

triaxial test data by either changing the temperature or the pore pressure. In the current study, 445 

the parameter “c” is calibrated for the tests at temperatures of 5 and 10°C with a constant pore 446 

pressure of 10 MPa. The other three tests at different temperatures and pore pressures are 447 

predicted with the same set of parameters. An increase in temperature (a decrease in the phase 448 

parameter  L ) results in a shift of the CSL to a lower void ratio (equation (17)). Consequently, 449 

the dilatancy of MHBS decreases due to a decrease in the state parameter ( ) . The effects of 450 

temperature on stiffness are reflected in equation (13) through an apparent overconsolidation 451 

ratio. The proposed model captures the increasing trend in stiffness and peak shear strength 452 

due to a decrease in temperature (Fig. 9). However, the dilatancy of the specimen at the 453 

temperature of 1°C is overestimated. Despite the different stress-strain behaviours, the 454 

measured volumetric strains of the specimens at the temperatures of 1 and 5°C are nearly 455 

identical. In the proposed model, it is assumed that the decrease in temperature contributes to 456 

the peak shear strength and dilatancy of MHBS. This assumption is based on analysis 457 

conducted by Jiang et al. (2015) on extensive experimental data on pure methane hydrate 458 

specimens at different temperatures and pore pressures. Thus, the observed discrepancy 459 

between the measured and computed results is unavoidable. The observed trend in the 460 

volumetric behaviour due to changes in temperature is further shown in the results on gas-461 

saturated MHBS with cementing morphology.  As illustrated in Fig. 10, the model predictions 462 

agree well with the measured results at different pore pressures. It should be pointed out that 463 

the two constitutive variables (i.e. the degree of hydrate saturation and pore pressure) are 464 

different in these experiments but the model is able to capture the behaviour with a single set 465 

of parameters. This is a unique feature of the proposed model compared to current existing 466 

models (Uchida et al., 2012; Lin et al., 2015; Yan & Wei, 2017; Sanchez et al., 2017). 467 
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Effects of phase parameter (temperature and pore pressure) on gas-saturated MHBS behaviour 468 

As illustrated in Fig. 11, the increasing trend in dilatancy, stiffness, and peak shear strength 469 

with a decrease in temperature for gas-saturated MHBS can be captured by the proposed 470 

formulation. Due to the limited experiments on gas-saturated MHBS at different temperature-471 

pore pressures, the parameter ‘c’ is calibrated through the drained triaxial tests conducted at 472 

different temperatures and the test results at different pore pressures are predicted by the model. 473 

The observed dilatancy enhancement due to the decrease in temperature supports the earlier 474 

stated assumption on the trend of the volumetric behaviour. A comparison of the results for the 475 

water-saturated (pore filling morphology) and gas-saturated (cementing morphology) 476 

specimens reveals that the gas-saturated MHBS are more dependent on temperature (Figs. 9 477 

and 11). The more significant increase in the peak shear strength, stiffness and dilatancy of 478 

gas-saturated specimens with an increase in the phase parameter  L is captured by equation 479 

(17) representing the extent of the shift of the CSL. 480 

Figure 12 compares the measured and computed results at the temperature of 5°C and different 481 

pore pressures of 5 and 10 MPa. The same set of parameters are used and the new phase 482 

parameter  L  is calculated from the minimum distance from the current temperature-pore 483 

pressure state to the phase transformation boundary.  The model can well capture the strain 484 

softening due to the enhanced dilation and the bonding degradation.  Similar to the triaxial 485 

results at different temperatures, the higher dependence of the gas-saturated MHBS than the 486 

water-saturated MHBS is well captured by the proposed model (Figs. 9 and 11). The results of 487 

Figs. 9, 10, 12, and 13 suggest that the selection of phase parameter  L  is an effective 488 

approach to predicting the coupled effects of temperature and pore pressure on the mechanical 489 

behaviour of MHBS. 490 
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SUMMARY AND CONCLUSIONS 491 

A new state-dependent critical state model is developed within the theoretical framework of 492 

bounding surface plasticity. This model can account for the hydrate saturation, stress level, 493 

temperature and pore pressure. A phase parameter is introduced to include the coupled effects 494 

of temperature and pore pressure on the mechanical behaviour of MHBS. This unique feature 495 

enables the model to capture the behaviour of MHBS when the temperature-pore pressure is 496 

inside the stability region and it is useful for the prediction of seabed settlement and the 497 

serviceability of pipelines and platform foundations on shallow MHBS.  498 

The capability and accuracy of the model are demonstrated by comparing the computed results 499 

with measured drained triaxial experiments on MHBS. Two different morphologies, cementing 500 

and pore filling, were considered at different levels of effective confining pressure, hydrate 501 

saturation, and pore pressure under different temperatures. The comparison between the 502 

measured and computed results reveal that the newly proposed model is able to predict the 503 

shear strength, stiffness and dilatancy at different temperatures and pore pressures inside the 504 

stability region. The more pronounced softening behaviour in cementing hydrate than in pore-505 

filling hydrate is well captured by the newly proposed degradation of hydrate bonding due to 506 

plastic strains. Moreover, the model is able to capture the enhanced peak shear strength, 507 

stiffness and dilatancy due to a decrease in temperature and an increase in pore pressure inside 508 

the stability region. 509 
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APPENDIX 517 

The partial derivatives of the bounding surface with respect to constitutive variables in equation 518 

(34) can be obtained as: 519 
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NOTATION 

 

a, b, bh, c material parameters in equations (17) and (21) 

C a set of intrinsic material constants 

d0 material parameter in equation (29) 

d1 material parameters in equation (30) 

Ds dilatancy  

dεq, dεq
e, dεq

p total, elastic and plastic incremental shear strains 

dεv, dεv
e, dεv

p total, elastic and plastic incremental volumetric strains 

e void ratio 

G0s, G0h very small strain shear modulus of soil and MHBS 

Gref shear modulus at reference pressure 

h(L) Heaviside function of phase parameter ( )L  

Ks, Ksh bulk modulus of soil and MHBS 

L phase parameter  

M gradient of the CSL in the p q   plane 

m material parameter in equation (29) 

Mm stress ratio defined as 
'/ ( )m bM q p p   

n parameter controlling the shape of the bounding surface 

N, N* intercepts of NCL at the reference pressure in plane for MHBS and 

soil 

nd material parameter in equation (30) 

𝑝′  mean effective stress  
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p0h yield stress of MHBS 

pb bonding stress 

pb0 material parameter in equation (24) 

pp pore pressure 

pr reference pressure (1 kPa) 

Q internal state variables 

q deviator stress 

r spacing ratio controlling the intersection position of the critical state 

line  and the bounding surface in the p q   plane 

Sh degree of hydrate saturation 

T temperature  

T1(K),  pp1(MPa) temperature and pore pressure of the current state of MHBS 

v Poisson’s ratio 

Vh, Vv, Vs volume of hydrate, void and soil particles, respectively 

x degradation factor 

βDS, βKp material parameters in equations (30) and (36) 

Γ, Γ* intercepts of CSL in lnp   plane at reference pressure for MHBS 

and soil without hydrate, respectively 

ζ shift of NCL due to bonding 

ζ0 initial shift of the NCL due to bonding  

η stress ratio defined as /q p     

ϑ material parameter in equation (13) 

λ gradient of CSL in lnp    plane 

Λs loading index 

ρ, 𝜌 Euclidean distances of the actual and image stress states, respectively 

𝜎′1, 𝜎′3 Major and minor principal stresses, respectively 

υ specific volume  

χ shift of CSL due to the effects of hydrate saturation and phase 

parameter 

χ0 initial shift of CSL 

ψ state parameter representing the vertical distance of the soil state from 

CSL in lnp    plane 
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Table 1. Summary of model parameters 

 

Sand Methane Hydrate 

 

Parameter 
Value Parameter 

Value  

(Pore-filling) 

Value  

(Cementing) 

  0.127 a  1.5 0.7 

  0.05 b  3.05 3.61 

M  1.3 hb  0.025 0.016 

*N  2.982 c  10 45 

*  2.702 0bp  2500 40000 

dn  1.6 x  6 12 

1d  1.4   0.3 0.3 

n  2 --- --- --- 

Ds  0.01 --- --- --- 

kp  1.5 --- --- --- 

refG  22000 --- --- --- 

Table Click here to download Table Table.docx 

http://www.editorialmanager.com/geo/download.aspx?id=189221&guid=eb644df2-4588-4f2f-90ad-e2c32b8e1431&scheme=1
http://www.editorialmanager.com/geo/download.aspx?id=189221&guid=eb644df2-4588-4f2f-90ad-e2c32b8e1431&scheme=1


 

 

 

Fig. 1. Phase transformation boundary of methane hydrate: (a) actual temperature and pore 

pressure plane (Sloan and Koh, 2007); (b) normalised temperature and pore pressure plane 
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Fig. 2. Normal compression lines and critical state lines of MHBS and soil without hydrate 
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Fig. 3. Typical bounding surface of MHBS and soil without hydrate 
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Fig. 4. Mapping rule for the bounding surface plasticity 
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Fig. 5. Critical state line and state parameter of MHBS and soil without hydrate 
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Fig. 6. Comparison of the measured and computed results of water-saturated MHBS with 

different degrees of hydrate saturation: (a) stress-strain behaviour; (b) volumetric 

response 
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Fig. 7. Comparison of the measured and computed results of gas-saturated MHBS with 

different degrees of hydrate saturation: (a) stress-strain behaviour; (b) volumetric 

response 
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Fig. 8. Comparison of the measured and computed results of water-saturated MHBS at 

different effective confining pressures: (a) stress-strain behaviour; (b) volumetric response 
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Fig. 9. Comparison of the measured and computed results of water-saturated MHBS at 

different temperatures: (a) stress-strain behaviour; (b) volumetric response 
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Fig. 10. Comparison of the measured and computed results of water-saturated MHBS at 

different pore pressures: (a) stress-strain behaviour; (b) volumetric response 
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Fig. 11. Comparison of the measured and computed results of gas-saturated MHBS at 

different temperatures: (a) stress-strain behaviour; (b) volumetric response 
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Fig. 12. Comparison of the measured and computed results of gas-saturated MHBS at 

different pore pressures: (a) stress-strain behaviour; (b) volumetric response 
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