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SUMMARY

Temporal variations in the Earth’s gravity field can be used for monitoring of lithospheric
deformations. The network of continuously operating gravity stations is required for this
purpose but a global coverage by such network is currently extremely sparse. Temporal
variations in long-wavelength part of the Earth’s gravity field have been, however, observed by
two satellite missions, namely the Gravity Recovery And Climate Experiment (GRACE) and
the GRACE Follow-On (GRACE-FO). These satellite gravity observations can be used to study
long-wavelength deformations of the lithosphere. Consequently, considering the lithosphere
as a spherical elastic shell and solving the partial differential equation of elasticity for it, the
stress, strain and displacement inside the lithosphere can be estimated. The lower boundary
of this shell is assumed to be stressed by mantle convection, which has a direct relation to the
Earth’s gravity field according to Runcorn’s theory. Changes in gravity field lead to changes
in the sublithospheric stress and the stress propagated throughout the lithosphere. In this study,
we develop mathematical models in spherical coordinates for describing the stress propagation
from the sublithosphere through the lithosphere. We then organize a system of observation
equations for finding a special solution to the boundary-value problem of elasticity in the way
that provides a stable solution. In contrast, models presented in previously published studies are
ill-posed. Furthermore, we use constants of the solution determined from the boundary stresses
to determine the strain and displacements leading to these stresses, while in previous studies
only the stress has been considered according to rheological properties of the lithosphere.
We demonstrate a practical applicability of this theoretical model to estimate the stress—strain
redistribution caused by the Sar-e-Pol Zahab 2018 earthquake in Iran by using the GRACE-FO
monthly solutions.
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1 INTRODUCTION

Studies of gravity field provide information about the Earth’s inner structure and processes. In geophysical studies, the focus is mainly given
to a gravimetric determination of density interface, such as modelling of a sediment basin architecture or Moho geometry. Considering
geodynamic studies that involve mantle convection and tectonic plate motions, the static gravity field has been used, for instance, to determine
stresses at the lithosphere—asthenosphere boundary (LAB) induced by a mantle convection flow. Both types of gravimetric solutions that
address either the Earth’s inner structure or processes are, however, non-unique because many density configurations inside the Earth can be
attributed to just one gravity field solution. To avoid this non-unique problem, different assumptions about the Earth’s inner structure have
to be adopted depending on a particular study. In geodynamic studies, the lithosphere is often approximated by a solid elastic spherical shell
buoyant over a viscous mantle. Mantle convection currents yield stresses at LAB.

A propagation of these stresses through the lithosphere could mathematically be described in terms of gravity field based on solving the
boundary-value problem of elasticity (Love 1944). Equivalent definitions could be given for the strain and displacements. When considering
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time-variable gravity field, these functional relations can be used to describe the stress—strain redistribution and crustal displacements.
Consequently, when focusing on gravity variations occurring within a relatively short time period, these functional models can be applied to
describe the stress—strain redistribution and crustal displacements caused by earthquakes.

Low-degree global gravitational models have been used to investigate a global mantle convection pattern and its relationship with a
tectonic plate configuration and lithospheric stresses. Kaula (1963) developed a gravimetric method based on minimizing the strain energy,
while also incorporating topographic information to estimate minimum stresses in an elastic Earth. McKenzie (1967) studied a mantle-heat
flow using gravity anomalies. Marsh & Marsh (1976) compiled a 2-D mantle convection pattern from a global gravitational model. Runcorn
(1964, 1967) formulated a functional relation between stress and gravity field based on solving Navier—Stokes’ equations for modelling
horizontal shear stresses. He then used low-degree spherical harmonics of the Earth’s gravity field to deduce a global horizontal stress pattern
and found their connection with convergent and divergent sites established by plate tectonic theory. Liu (1977, 1978) applied Runcorn’s
theory to study convection-generated stresses driving tectonic plates. McNutt (1980) used regional gravity data to interpret stresses within the
lithosphere. Fu & Huang (1983) extended Runcorn’s theory for the full stress tensor inside the lithosphere. In more recent studies, Eshagh
(2014) reformulated Runcorn’s theory for gravity gradiometry data; see also studies by Eshagh (2015, 2017), Eshagh & Romeshkani (2015),
Eshagh & Tenzer (2017) and Eshagh et al. (2016, 2018).

Phillips & Ivins (1979) argued that Runcorn’s theory does not describe realistically the actual global mantle convection pattern because
it assumes only a constant viscosity in the mantle. Hager & O’Connell (1981) solved mantle-flow equations by incorporating a plate velocity
model, radially variable viscosity as well as both poloidal and toroidal flows in the mantle. Ricard ez al. (1984) and Richards & Hager (1984)
proposed to use a global geoid model as information to constrain a radial viscosity structure for solving Hager and O’Connell’s theory. In
this way, gravity information is incorporated into a mantle-flow solution. Steinberger et al. (2001) applied Hager and O’Connell’s theory to
investigate a global lithospheric stress pattern induced by a global mantle circulation. Medvedev (2016) inferred a stress pattern within the
African tectonic plate based on combining methods for a modelling of thermal isostasy and gravitational potential energy.

In studies summarized above, the static gravity field was used to investigate geodynamic phenomena inside the Earth. Such link is possible
because mantle convection principally constitutes a lithospheric composition and its thermal state and governs global plate configuration.
Consequently, the mass density structure within the lithosphere reflects a global mantle flow and tectonic plate motions. Examples could be
given by a long-wavelength pattern in the Earth’s global geoidal geometry that reflects a deep mantle density composition. A medium-to-
shorter gravity spectrum, on the other hand, reflects mainly a topographic relief as well as lithospheric density heterogeneities. In the free-air
gravity anomaly map, for instance, gravity anomaly highs are typically distributed over orogens, while gravity anomaly lows are detected
along oceanic subductions (e.g. Tenzer ef al. 2009, 2012, 2015; Rathnayake et al. 2019).

The Gravity Recovery And Climate Experiment (GRACE, Tapley ef al. 2005) and the GRACE Follow-On (GRACE-FO, Kornfeld et al.
2019) gravity-dedicated satellite missions provide information not only about the static gravity field but importantly also its spatio-temporal
variations. GRACE and GRACE-FO monthly gravity solutions are the most common products prepared by different processing centres. A
monthly temporal resolution of gravity field could be facilitated to investigate short-period tectonic phenomena, such as crustal deformations
or stress—strain redistribution caused by large-magnitude earthquakes. This is particularly relevant in regions without a sufficient coverage by
continuous global positioning system (GPS) sites. Note that continuously operating GPS sites provide directly information about horizontal
and vertical displacements, while the GPS-derived stress and strain rate fields require additional information about rheological properties of
the lithosphere. Obviously, a relatively limited spatio-temporal resolution of the GRACE and GRACE-FO monthly solutions restricts more
detailed interpretations of seismic deformations, especially in the absence of GPS data.

An earthquake generates a mass redistribution inside the Earth, causing changes in gravity field. In turn, changes in gravity field could
be used to study a mass redistribution due to an earthquake. Using dislocation theory, Sun & Okubo (2004) concluded that—on average—
GRACE can detect a mass redistribution caused by earthquakes with a magnitude of 7.5 (at the Richter scale) or greater. Following this idea,
deformations in forms of surface displacements due to earthquakes have been investigated. Most of these studies are based on combining
GPS data with GRACE monthly gravity solutions to observe the co-seismic crustal vertical dilatation or subsidence (e.g. Tesmer et al. 2011;
Tanaka et al. 2015; Zou et al. 2015; Pan et al. 2016; Gu et al. 2017; Wang et al. 2017; Wu et al. 2017; He et al. 2018; Li et al. 2020).
Moreover, the effect of post-seismic deformations was investigated by Chen et al. (2007), or more recently by Xu et al. (2017). All these
studies used analytical models or observations to understand tectonic deformations caused by earthquakes, but do not provide any information
about changes in stress and strain rates that are useful to better understood the earthquake mechanism.

In this study, the approach applied by Liu (1983) and Fu & Huang (1983) is developed further. The system of equations that they derived
for solving the boundary-value problem of elasticity is not well conditioned and stable. Eshagh & Tenzer (2017) and Eshagh (2017) applied a
pseudo-inverse approach to solve this problem, yielding an oversmooth solution for the stress field. To address both aforementioned theoretical
deficiencies, we reformulated here a mathematical model is such a way that this system of equations becomes regular for all frequencies of
the solution. Moreover, in almost all published studies, the static gravity field has only been used for a stress modelling. A determination of
the corresponding strain and displacements from the modelled stress field has not been considered, especially for variable models of elasticity
parameters. We apply the newly developed models to study changes in the stress, strain and displacement caused by the Sar-e-Pol Zahab
earthquake that occurred in west Iran on 2018 November 25. The study begins with a derivation of theoretical models in Section 2, followed
by a numerical study in Section 3. Results are presented and discussed in Section 4. The study is concluded in Section 5.
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2 THEORY

In this section, we recapitulate basic definitions of the stress, strain and displacement theory. We then solve the spherical elasticity boundary-
value problem in order to establish functional relationships between the stress, strain and displacement changes and spatio-temporal variations
in gravity field. Thereafter, based on defining the boundary values, we develop a system of equations of which inverse solution is stable unlike
those presented in previous studies.

2.1 Displacement vector, strain and stress tensors

Assume that based on geodynamical activities some parts of the lithosphere move from one place to another. This corresponds to a change
in coordinates of points before and after movement, known as displacement. At a point this displacement can be described by changes of a
position vector before and after movement. Consequently, the displacement can also be described in a vector form. The displacement vector
s then reads

s(r,0,1) =s.e. +s.e +sye,, (1a)

where sy, s, and s. denote the displacement vector components; and e,, e, and e, are the unit vector components. The radial, meridional
and prime-vertical components of the displacement vector in eq. (1a) are defined in 3-D spherical coordinates (r, 6, A), where » denotes a
geocentric radius, 6 is spherical co-latitude and A is longitude. The displacement vector components s, sy, 5. and the unit vector components
e,, e,, . on the right-hand side of eq. (1a) are defined in the Local North-Oriented Frame (LNOF) of Cartesian coordinates with x-, y- and
z-axes, respectively, oriented northwards, eastwards and radially upward.

In LNOE the strain tensor E is defined by

Exx Exy Exz
E=|¢,e, 8|, (1b)

Exz Eyz €z

where ¢, €,, and .. are the normal strain elements; and ¢y, ;. and ¢,. are the shear strain elements.
The strain tensor elements and the displacement vector components are functionally linked by

.- (10
o=t (G +s). (10
&y = rsilné‘ (%—I—sz sinf + s, cos@), (le)
()
Exy = % (51% E;S}f + 882 -8y cot@) . (1h)

According to a linear elasticity theory, once the strain tensor is determined from the displacement vector, the stress tensor elements can
directly be obtained from the strain tensor elements.
A mathematical relationship between the strain tensor 7;; and the displacement vector s reads

T = X(s,._,-v s+ fte;; wherei, j =x,yandz. (2a)

The elasticity parameters A and /i in eq. (2a) describe mechanical properties of material, &; ; is the Kronecker delta and V - s denotes the
divergence of displacement vector s.

By analogy with a definition of the strain tensor E in eq. (1b), we describe the stress tensor t in the following matrix form (e.g. Means
1976; Stuewe 2007; Zang & Stephenson 2010; Turcotte & Schubert 2014)

Tex Txy Taz
o (2b)
Txz tyz Tz

020z 1eqwiada( /0 uo Jasn Ausianiun d1uyoalhjod Buoy BuoH Aq 676£98G/6/€/1/Szz/191ue/16/woo dno-olwapese//:sdiy woly papeojumoq



382 M. Eshagh, F Fatolazadeh and R. Tenzer

where 1., 7,, and .. are the normal stress elements; and ,,, 7,. and 7, are the shear stress elements.

If i = j, the normal stress elements are linked with the normal strain elements as well as with the volumetric strain. Consequently, the
divergence of strain must be computed according to a functional model formulated for displacement field. Alternatively, the divergence of
strain could be computed numerically. This quantity is needed when normal stresses are desired because the shear stresses are directly related
to the shear strain without involvement of the divergence of displacement vector.

Substituting the strain tensor elements from eq. (2a) to the expressions in eqs (1c)—(1h), the stress tensor elements are defined in terms
of the strain tensor elements and the displacement vector components. We then write

. 3s.
.=V s+20°2, (20)
oar
~ 21 (s,
rxx:AV-s+—M > +s. |, (2d)
r a0
- 2 as,
T, =AV-s+ .,u i—|—szsin9 + s, cosO |, (2e)
- rsinf \ dA
1 0s. 0sy Sy
=i - -2, 2
B H (r 20 + ar r) @0
1 ds. 0s, s,
77: 0 T 9 2
bz 'u(rsinG 8A+ or r) e
/’:L 1 BSg BS)L
xy — o an to ). 2h
B = (sme an T ag O ) e

We note that mechanical properties of a lithospheric shell are considered through the elasticity parameters A and ji. In most of studies,
only constant values have been attributed to these parameters. Nowadays, however, laterally variable values of these parameters can be
computed from available seismic models, such as the CRUST1.0 (Laske et al. 2013) global crustal seismic model.

2.2 Solution to spherical elasticity boundary-value problem

Let us assume that the lithosphere is a thin elastic shell. The shell displacement can then be described by the following spherical elasticity
partial differential equation

(A+ ) V(V-8)+aV’s=0, (32)

where s is the displacement vector (see eq. 1a), and V? denotes the Laplacian operator.
A generalized solution to the spherical elasticity partial differential equation in eq. (3a) has been presented by Love (1944) and later by
Fu & Huang (1983) in the following form
oo
s=> [4(*Vo, +ra,o.e.) + B (r*Va, + ra,oe) + CV¢, + DV, ). (3b)
n=0
where 4, B, C and D are constant coefficients that can be determined from the boundary values. The parameters «, and &, in eq. (3b) read
(cf. Fu & Huang 1983)

nh+Gn+Di
n+3)ri+m+50

(o)

o, =

1) A+ @n+2)
6(,,:2(n+ ) ~+(n+ )~M’ (3d)
Q-—mr+@-—n)ir
and w,, ¢,, @, and ¢, are, respectively, the Laplace coefficients of scalar spherical functions w, ¢, @ and .
The Laplace coefficients w,, ¢,, @, and @, are related with the Laplace coefficients 7, of the disturbing gravity potential T (i.e. difference

between the actual and normal gravity potentials W and U respectively; 7 = W — U) as follows (cf. Fu & Huang 1990)

%=@=%GansR (3¢)

_ 1 Rl n+l
Wy = ¢y = *(*) T, with Ry = (R — DLith) =r, (Sf)
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where r is the geocentric radius of a point inside the lithosphere, Dy, is the lithospheric shell thickness, R is a radius of the upper bound of
lithospheric shell and R is a radius of the lower bound of lithospheric shell. The ratio (/R)" in eq. (3¢) is a damping factor, which attenuates
higher frequencies of 7, spectrally from the upper spherical boundary with a radius R to the one with a radius . Equivalently, (R, /)" reduces
higher frequencies from the lower spherical boundary.

Inserting from eqs (3e), (3f) to eq. (3b) and after some algebra, we write the following three identities

i N Ri\" } C/r\-!  Dm+1) (R \""
sZ=Z<A(R) (n+an>+B<7> (—m+D+a)+ (%) "‘W(ﬁ )Tn, Gg)

n=0

i N R\" C/r\-t D [(R\"?\oT,
&zZ(A(R) <5(5) + (%) +@(7> )ae’ G

n=0
ad n n+2
7\ ntl R 1 C 71 D Rl 1 9 Tn .
=2 (4(%) +B(5) + (%) LR , 3
» ,,Z( R " ( r ) * R2\R * (R)*\ r sinf A (€
The expressions in eqs (3g)—(3i) define the components s, s, and s. of the displacement vector s in terms of the disturbing potential

coefficients 7, and their horizontal (meridional and prime-vertical) derivatives a7, /06 and 97, /dA.
Note that the spherical harmonic expansions in eqs (3g)—(3i) are defined for n > 0. Nevertheless, the disturbing potential coefficients

T, typically do not involve the zero- and first-degree terms (meaning that the total mass of the reference ellipsoid equals the total mass of
the Earth including the atmosphere, and the origin of the coordinate system is identical to the mass centre of the Earth). In this case, the
summation starts from » = 2. In studies of mantle convection, long-wavelength spherical harmonics even up to higher degree are often
disregarded, as they are mainly attributed to a gravitational contribution from the core and lower mantle.

From eqs (3g)—(31), the spherical divergence of displacement vector in eq. (3b) becomes

V.szZ{A[Zn—i—a,,(S—Fn)(%)nH]—|— B[—Z(n+1)+&n(2—n)(%> ]}% Gj)

n=0

From eqs (1c)—(1h), solutions to individual elements of the strain tensor could be found in the following generalized forms

1<,
£ =~ > KT, (4a)
n=0
! i KT, + K> 1, (4b)
Exx = — n s
s e " " 962
l & 1 9%, a7,
== KT, + K° “ to—= ) t, 4
&y rzo{ wln ”<s1n29 g T ae)} (40)
1 < 07,
Exz = — 4 s (4d)
2r " 90
n=0
B 3T,
.= K , 4
& 2r sin @ ; "9 (4e)
1 > 97T, aT,
_ K> " —cotd—= )1, 4
Exr 2rsin9n2_(;{ m (30% «© ax)} “h
where

K2= A(n+a)(n+1) (%)"+1

om0 (51) o= o)

D R n+2
o (14 1) (1 42) (7‘> : (42)
1
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Ky =A(n+a,) (%)n+l + Bla, — (n+1)] (%)

C /r\+1 D R\
—n(= - = DY = 4h

Kj: (%>n+1(2n+an)+3<%> (@, —2(n+1))

2C /7 \n-1 2D R\ ,
+F<E> (I’l— 1)— R—%(n+2) (7> B (41)

K5 _ A(r )n+l n B Rl n N C (}" )n—l + D Rl n+2 (4)
L R r R2\R RZ\ r ’ !

As evident from the expressions in egs. (4g)—(4j), the coefficients 4 and C are related to a signal frequency reduction from the upper
boundary of spherical shell, while B and D from the lower boundary. This means that both signal frequency reductions (i.e. from bottom and
top boundaries) occur in each strain element. The value of strain then depends on the distance from the upper and lower boundaries.

Combining eqs (4a)—(4f) and eqs (2¢)—(2h), the expressions describing the stress tensor elements are introduced by

1 -
= K, +20K7) T, 5
w= 2 (K +20K0) (2)
U [ 5 et 0 om g3 s O°T,
T = > (K) +21K)) T, + 21K, o (5b)
n=0
| RS 1 97 aT,
= - AK' 420K T, + 20K 1 to—= |1, 5
Ty =7 ;{( o +20K)) T, + 20K, Sin20 92 +co 90 )
i 40T,
xz — K 5 5d
E r; "90 ©d
B 00T,
z = . K s 5
& 7 sin @ ; "o (5¢)
B s 9T, T,
xy = — K —cot# . 5
B Sing 2:; "(aeax MY (59
The parameters K2, K3,K* and K> used in eqs (5a)—~(5f) are defined in eqs (4g)—(4j). In addition, we also define K in the following
form
. 7o n+l _ R\
Kj=daln+o,G+m) (%) +Bl20+D+ae-mI(-"). (52)

In definitions of the stress elements in eq. (2a), the diagonal elements involve the volumetric strain (or the divergence of displacement
field) and the elasticity parameter A . Consequently, it could be expected that values of diagonal elements of the stress tensor are larger than
the shear stress (off-diagonal) elements. Nevertheless, we consider that the stress values are limited by the upper and lower boundary values,
defined next.

2.3 Boundary values

Generalized solutions to the displacement vector and to the strain and stress tensors (given in Section 2.2) depend on the coefficients 4, B,
C and D. Their determination requires adopting certain boundary conditions. In our theoretical model, we assume that the radial, northward
and eastward forces F., Fy and F) acting at the topographic surface (approximated by the upper bound of lithospheric shell) are zero (cf. Fu
& Huang 1983). Hence, we write

F.=0, F,=0, F,=0 for r =R. (6a)
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This assumption is justified if we consider the stress due to mantle convection. In this case, the maximum stress occurs at LAB, attenuates
upward with an increasing distance from LAB, and vanishes at the surface.

We further consider that the radial force is zero, while only the shear stress is acting at LAB (approximated by the lower bound of
lithospheric shell). We then write

F.=0, F,=r1. F,=1. for r=R— Dy (6b)

By assuming that mantle convection drives the lithosphere, the assumption in eq. (6b) is not far from reality, as the shear stress between
the mantle and the lithosphere is a driving force. Here, we also assume that mantle convection does not generate a radial force. It is worth
mentioning, however, that the stress due to topographic loads can also be considered for a radial force at the lower boundary of spherical
shell. In this study, we only focus on spatio-temporal variations in the stress, strain and displacement. Therefore, such force remains constant
at least during a relatively short time period. This justifies that a radial force is disregarded. We then write

| 1 .
Tl =2 D) (K Ik +20K]18) T, = x D (K |r +20K] &) T, =0. (6¢)
n=0 n=0

Consequently, we have

- Rl n C D Rl n+2

*K! 20K? g = AH,,, + BH, ,| — — Hy,+ —Hy | — =0, 6d
o lr 20K |k I+ 2'<R>+R2 3,+R]2 4,<R> (6d)

MK | gy +20K] R, = AH, R n+l+BH +£H R H+2H =0 (6€)
n |Ri WA, Ry = Ln R 2.n R2 3.n R R% 4n = Y,

where

H,=pn2n+a,)+ {2n (5»—1—/1) + a, [(n +3)i+0 +2)/1]}, (61)

Hyy = [k (=2(n+ 1) +a 2—n)—2an[a, — (n+ D], (62)

Hs, =20 (n—1)n, (6h)

Hyp =201 (n+1)(n+2). (61)

In eqgs (6d) and (6¢), we introduced two linear equations from boundary values, but two more are needed to find values for the all four
coefficients 4, B, C and D. For this, we consider the existence of shear stress at both boundaries.
For the topographic surface, we have

> aT,
S P K4 "l —0. 7
Ty IR ;{M n|Rr89} (7a)
From eq. (7a), the third equation is found in the following form
Kilw = 4G, + 862, (5) + Sa,+ Lo, (B " (7b)
n IR — 1,n 2.n R R2 3.n R% 4.n R )

where

Gl.n = [L (21’1 + an) ) (7C)
G2,n = /1 (_2 (n + 1) +5[,1), (7d)
Gyw =20 (n—1), (7e)
Gan =20t (n+2). (7

For LAB, we adopt Runcorn’s definition of the shear stress induced by a mantle convection flow. The northward shear stress element
is then considered, but it could be demonstrated that the consequence is the same if the eastward shear stress is applied as well. Setting the
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northward shear stress element at LAB (eq. 5d) equal to the northward shear stress presented by Runcorn (1967), we get

00 00 —(n+1)
aT, g 2n+1( R aT,

S P— KY L | = — , 8
T ln =21 ; " rag 47G (R — Dya) = n+ 1 <R1> 30 (82)
where G denotes the Newtonian’s gravitational constant, and g is gravity.

From eq. (8a), we get
Rl n+l C R] n—1 D
K; |R = A(*) Gin+BGy+ — | — Gsn+ —Gun- (8b)
mi R R\ R R?

The expressions in eqs (6d), (6e), (7b) and (8b) are now used to establish the system of observation equations for finding the parameters
A, B, Cand D.
The system of observation equations is written in the following vector-matrix form

Ax, =1,, (98.)

where the design matrix A,, the vector of observations 1, and the vector of unknown parameters x,, read

n n+2
Hl.n HZ,n(%) H3.n H4,n(%) "
o | HB)T i ()T H,
n — n n+2 | »
G nt1 Gz’"(%) G n—1 G“(%)
R R\~
Gia(%) Gon_ Gsu(F) Gan (9b)
0 A
0 B
ln == 5 X, =
0 C’
F, D’
Moreover, we define F,,, C’ and D’ as follows
2n4+1/R\"" c D
L= 8 PRy oS p= (9¢)
4rGR; n+1 \ R, R? R;

The solution to find the parameters 4, B, C and D in the vector x reads
X = AL, (9d)

where A, ! is the regular inverse of A, .

It is worth emphasizing here that the matrix A, is regular and the system of equations in eq. (9a) is stable, unlike those presented in
former studies. Eshagh (2017) and Eshagh & Tenzer (2017) solved this problem by applying a pseudo-inverse in order to find the parameters
A, B, C and D but, as mentioned above, the final solution is too smooth. The solution presented in this study mitigate both these problems.

3 NUMERICAL STUDY

Here, we demonstrate an applicability of theoretical models (derived in Section 2) in seismic studies. The methodology is explained on a
numerical example that involves modelling of displacement, strain and stress changes caused by the earthquake occurring in 2018 November
25 with the magnitude of 6.3. The earthquake epicentre (34.361° N, 45.744° E) was located near the town Sarpol-e-Zahab in West Iran close
to the border with Iraq. We situated our study area between geographical latitudes 15° and 50° N and longitudes 30° and 75° E. Tectonic
configuration of the study area and input data acquisition are briefly reviewed next.

3.1 Tectonic setting

From a global tectonic point of view, Iran is part of the Alpine-Himalayan orogenic belt, formed by a collision and convergence of the African,
Arabian and Indian plates with Eurasia that caused major crustal shortening and thickening along the Iranian-Himalayan active fold-thrust
mountain belt (cf. Stocklin 1968; Zamani & Hashemi 2004; Zamani ef al. 2013). It resulted in a formation of the Iranian plateau that is an
extensive area of intraplate tectonic deformations trapped between the rigid, old Arabian and Turan Cratons. The most pronounced tectonic
feature in Iran is the Zagros Fold and Thrust Belt. It covers most of the western part of Iran, and consists of two major segments divided by
the Kazeroun Fault Zone (Alavi 2004; Kaviani ef al. 2009; Zamani et al. 2013). The Alborz Mountain Range separates the South Caspian
Sea Basin from the central Iran (Zamani & Hashemi 2000; Zamani & Agh-Atabai 2009), while extending north towards the Kopeh Dagh
Mountain Belt that separates central Iran from the Turan Platform (Zamani et al. 2008).

The Iranian plateau is recognized as one of the most seismically active area in the world. It has experienced several major and destructive
earthquakes in the recent past. Berberian (1976) has divided Iran into four major seismo-tectonics zones, namely the Zagros Fold and Thrust
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Figure 1. Tectonic setting of the study area superimposed on the solid topography. Tectonic margins between the Arabian and Eurasian plates are indicated
by a thick red line. Thin red lines indicate a more detailed tectonic configuration within Iran including its geological provinces according to Pollastro et al.
(1997). Black dots indicate selected locations of earthquakes occurred up to 2016 (Heidbach et al. 2018). Black star indicates a location of the Sar-e-Pol Zahab
earthquake (on 2018 November 25).

Belt, Central Iran, Alborz and Koppeh Dagh (Fig. 1). The Alpine-Himalayan belt in Iran is defined by a broad band of diffused seismicity
and contains several mobile belts surrounding small, relatively stable blocks. Major zones of mobility in decreasing order of activity are
Zagros, Alborz, East Central Iran and the Caucasus and Eastern Turkey, although some small aseismic blocks in central Iran, Azerbaijan
and the south Caspian Sea exhibiting noticeable stability have also been identified. A distribution of epicentres indicates that seismicity of
the Zagros Fold and Thrust Belt (Fig. 1) is very high, characterized by a large number of shocks in the magnitude ranging from 5 to 6 and
a small number of shocks with the magnitude 7 or higher. Central Iran has scattered seismic activity with large magnitude earthquakes.
Earthquakes in Central Iran are generally shallow (<70 km) with a few intermediate (70-300 km) earthquakes. A seismic pattern in the
Alborz region is discontinuous but with gaps filled in gradually by relatively large events. Most of strong earthquakes occurred in eastern
and central Alborz. Earthquakes in Alborz Mountains are mostly shallow or intermediate. Koppeh Dagh is seismically active and the shocks
have a shallow focus (Berberian 1976). The southern limit of this activity is not well defined and extends south to the Alborz and Central
Iran.

3.2 Data acquisition

3.2.1 Input data and models

We used global topographic and bathymetric data sets from SRTM30 (Farr ez al. 2007) to generate the coefficients of solid topography with
a spectral resolution up to degree of 180. We then used these coefficients to generate a smooth solid topography within the study area with
the same spectral resolution (up to degree 180). As seen from regional tectonic plate configuration (see Fig. 1), the earthquake occurred at
the convergent tectonic margin separating the Arabian plate from the Iranian block. We used the lithospheric thickness model from Conrad &
Lithgow-Bertelloni (2006) to define LAB (Fig. 2a). We see a significant regional lithospheric deepening to about 250 km beneath the Persian
Gulf and surrounding parts of the Arabian plate (central part of the Arabian Platform) and the Iranian block. Elsewhere beneath these two
tectonic blocks, the lithospheric thickness is roughly 100 km.

The stresses inside the lithosphere depend on mechanical properties of the lithosphere that are defined by the elasticity parameters &
and i. We derived these two parameters from seismic velocities and uppermost mantle densities taken from the CRUST1.0 (Laske et al.
2013) global seismic crustal model (using the Matlab code provided by Dr Michael Bevis https://igppweb.ucsd.edu/~gabi/crust1.html; see
MATLARB section). Since the density and velocity of seismic waves are given in the CRUST1.0 model, it is rather straightforward to compute
the elasticity parameters ji and Afrom them. The elastic coefficients ji and A are shown in Figs 2(b) and (c), respectively. Both coefficients
have a very similar spatial pattern, with maxima of both coefficients detected within the lithosphere of the Turan Platform. A regional anomaly
of relatively large values of both these parameters is also seen beneath the Persian Gulf and the central Arabian Platform. These maxima
coincide with regional maxima of the lithospheric elastic thickness (cf. Eshagh et al. 2019), confirming a high strength of the Turan and
Arabian Platform.
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Figure 2. Regional maps of: (a) the lithospheric thickness (km), (b) the elastic coefficient ji and (c) the elastic coefficient 4.

3.2.2 Hydrological signal

In order to use the GRACE-FO monthly solutions to investigate a response of the lithosphere to an earthquake, the hydrological signal has to
be removed from a time-variable gravity field. For this purpose, we used the newest version of the land surface model (NOAH V2.1) related to
the Global Land Data Assimilation System (GLDAS, Rodell ez al. 2004) to compute gravitational contributions of soil moisture, snow water
equivalent and canopies. This model provides information from 2000 to present. It is available at (https://hydrol.gesdisc.eosdis.nasa.gov/dat
a/GLDAS/GLDAS_NOAH10-M.2.1/). It should be noted that the GLDAS model does not provide any information about groundwater and
inland waters including lakes, wetlands, rivers and man-made reservoirs. However, we computed these components using other hydrological
models and observed that variations of these components are negligible within our study area.

We removed contributions of the three aforementioned components from the GRACE-FO monthly solutions. This computation was
realized according to expressions given, for instance, by Wahr et al. (1998). Results of a hydrological signal modelling are shown in Fig. 3. We
note that our intention is to show the absolute value of these effects in the month before earthquake and then to observe how these components
changed after the earthquake. For this purpose, we presented results for the 2018 October and then shown their differences between 2018
December and October. In Fig. 3(a), we plotted the gravitational contribution of hydrological signal in terms of equivalent water heights for
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Figure 3. Regional maps of: (a) the gravitational contribution of hydrological signal (in terms of the equivalent water height [mm]) in 2018 October, and (b)
its differences (mm) in months after (2018 December) and before (2018 October) the earthquake.
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Figure 4. Regional maps of: (a) the GRACE-FO geoid solution (m) for 2018 October, and (b) the geoidal height differences (mm) between the GRACE-FO
monthly solutions for 2018 December and October.

the month (2018 October) before the earthquake. In Fig. 3(b), we plotted differences between this gravitational contribution for months after
(2018 December) and before (2018 October) the earthquake. Despite the hydrological signal is relatively large (Fig. 2a), exceeding even
20 mm (in absolute sense) in the vicinity of the epicentre, corresponding changes before and after the earthquake are rather small. Within the
whole study area these differences are mostly + 1 mm.

3.2.3 GRACE-FO model and its changes

The GRACE-FO monthly solutions are provided by sets of spherical harmonics complete up to degree 60. Temporal monthly models provided
by the Centre for Space Research (CSR) have been extracted. These data sets are available at: (ftp://icgem.gfz-potsdam.de/01 _GRACE/CSR
/CSR%20Release%2006%20(GFO)/unfiltered/). Filtering and localization of these coefficients were done based on the method explained in
Fatolazadeh ez al. (2017). We used the GRACE-FO monthly solutions for 2018 October and December. In Fig. 4(a), we plotted the GRACE-FO
geoid solution for 2018 October. In Fig. 4(b), we plotted the geoidal height differences between the GRACE-FO monthly solutions for 2018
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Figure 5. Lithospheric shear stress components: (a) 7y, and (b) 7,, (MPa) computed at LAB using the GRACE-FO monthly solution (from degree 10 to 60)
for 2018 October.

December and October. Within the Iranian block, we see maximum changes in geoid heights between these two monthly solutions to about
3.5 mm in the northwest part.

4 RESULTS

Input data and models presented in Section 3 were used to compute the displacement, stress and strain changes. Results are presented next.

4.1 Sublithospheric shear stresses

As explained above, coefficients describing generalized solutions to the displacement, strain and stress are derived from boundary values. At
LAB, we considered only the shear stress induced by a mantle convection flow and computed it according to formulae derived by Runcorn
(1967). We used the GRACE-FO monthly solution (from degree 10 to 60) for 2018 October corrected for the GLDAS hydrological signal
to compute the shear stress at LAB. The LAB depth was computed from topographic heights and bathymetric depths and the lithospheric
thickness (Fig. 2a). The stress components 7. and 7,. computed at LAB are shown in Fig. 5.

We note that the long-wavelength contribution (below degree 10) does not significantly affects the shear stress at LAB because it mostly
reflects the Earth’s deep structure within the core and lower mantle. Furthermore, the main objection to Runcorn’s theory is the dependence
of the long-wavelength portion of gravity field on a mantle viscosity structure. Liu (1970), for instance, used degrees between 13 and 25 for
this computation by applying Runcorn’s theory to address this issue. Similarly, Stewart & Watts (1997) removed degrees below 15 in their
computations to estimate the lithospheric elastic thickness. More recently, Bowin (2000) demonstrated that low-degree spherical harmonics
below degree 10 represent mostly the contribution from beneath the lithosphere. Therefore, the contribution of mantle radial viscosity structure
is reduced by removing low-degree spherical harmonics from the GRACE-FO monthly solutions.

As seen in Fig. 5(a), the northward shear stress component t,, reaches large negative values (meaning that the shear stress vector
component 7,, has a southern orientation) along the active convergent tectonic margin between the Arabian plate and the Iranian block.
Elsewhere, this shear stress component is typically positive. As seen in Fig. 5(b), the eastward shear stress component 7. along the active
convergent tectonic margin between the Arabian plate and the Iranian block reaches large positive values (meaning in this case that the shear
stress vector component 7. has a eastward orientation). A prevailing southeast orientation of the shear stress vector is generally parallel to
the orientation of this active convergent margin.

4.2 Lithospheric stress tensor

We used the lithospheric shear stress components (shown in Fig. 5) and the elasticity parameters ji and A (shown in Figs 2b and ) to compute
the stress tensor elements at a constant depth of 18 km that is equivalent to depth of the Sar-e-Pol Zahab earthquake hypocentre. The stress
tensor elements are shown in Fig. 6. As seen in Fig. 6(a), the stress tensor element 7., reaches negative values within the Arabian Platform
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Figure 6. Stress tensor elements: (a) Ty, (b) Tyy, (¢) T, (d) T4, (€) 7). and () 7., (MPa) computed from the GRACE-FO monthly solution (from degree 10
to 60) for 2018 October.

characterized by a significant lithospheric strength (cf. Chen et al. 2015; Eshagh et al. 2019). Large negative values are also detected beneath
the Caspian Sea Basin that is underlain by a rigid lithospheric block as well as within a stable and rigid lithosphere of the Turan Platform.
Positive values apply along the Zagros Fold and Thrust Belt (and other orogenic formations) characterized by a low lithospheric strength. The
stress tensor element 7., has a very similar spatial pattern (Fig. 6b). Values of the stress tensor element 7. (Fig. 6¢) are considerably smaller
than the corresponding values of 7, and t,,. This finding is not surprising because we assumed that the radial stress at LAB equals zero. The
shear stress tensor elements 7. 7,. Ty, (Figs 6d—f) reflect the normal stress pattern.

4.3 Lithospheric strain tensor

The strain tensor elements computed from the GRACE-FO monthly solution (from degree 10 to 60) for 2018 October are shown in Fig. 7.

Spatial patterns of the shear strain tensor elements of ¢,,,, €. and &, are similar to spatial patterns of the shear stress tensor elements 7,
7, and 7,.. On the other hand, spatial patterns of ¢,,, &,, and &_. differ from spatial patterns of 7., 7,, and 7... This is explained by involving
of the volumetric strain in the computation of the normal stress elements.

4.4 Displacement vector

The displacement vector components computed from the GRACE-FO monthly solution (from degree 10 to 60) for 2018 October are shown
in Fig. 8. Along active tectonic margin between the Arabian plate and the Iranian block we see prevailing eastward displacements in the map
of the component s, (Fig. 8a). We note that positive values of this component indicate eastward deformations, while negative values westward
deformations. As seen in Fig. 8(b) for the component s, southward deformations prevail along this active tectonic margin. Nevertheless, we
see also some small northward deformations along this margin in northwest Iran. A spatial pattern of the displacement vector component s,
reveals a prevailing uplift along the Zagros and Kopeh Dagh Fold and Thrust Belts, while the Arabian and Turan Platforms are characterized
by a subsidence.
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Figure 7. Strain tensor elements: (a) exy, (b) &), (¢) &2z, (d) &xz, (€) &2 and (f) &y, computed from the GRACE-FO monthly solution (from degree 10 to 60)
for 2018 October.
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Figure 8. Displacement vector components: (a) sy, (b) s, and (c) s; (mm) computed from the GRACE-FO monthly solution (from degree 10 to 60) for 2018
October.

4.5 Shear stress changes

Changes in the shear stress components 7. and 7,. at LAB between 2018 December and October are plotted in Fig. 9. As seen in Fig. 9(a),
the earthquake trigged only very minor changes in the horizontal shear stress components within the Arabian plate and the Iranian block.
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Figure 9. Changes in the shear stress components: (a) 7. and (b) 7,. (Pa) computed at LAB between 2018 December and October.
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Figure 10. Changes in the stress tensor elements: (a) Txy, (b) 7)), (¢) 72, (d) Tx, (€) 7,2 and (f) 7, (Pa) between 2018 December and October computed from
the GRACE-FO monthly solutions (from degree 10 to 30).
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Figure 11. Changes in the strain tensor elements: (a) &xy, (b) &), () 2z, (d) &y, (€) &, and (f) &, between 2018 December and October computed from the
GRACE-FO monthly solutions.

4.6 Stress tensor changes

Changes in the stress tensor elements between 2018 December and October computed from the GRACE-FO monthly solutions (from degree
10 to 30) are shown in Fig. 10. In Fig. 10(a), we detected large changes in ., in the vicinity of earthquake hypocentre, meaning that
the earthquake pressed this area eastward. We also observed large changes of 7., in the vicinity of earthquake hypocentre, indicating an
upward pressure (Fig. 10c). The corresponding changes in t,, are minor (Fig. 10b). A spatial pattern of changes in the normal stress tensor
components (Figs 10a—c) indicate that the earthquake trigged a prevailing eastward and upward pressure that should also be recognized in
the corresponding displacement changes (see Section 4.8). Changes in the shear stress components 7., 7. and 7, are mainly manifested by
their differences between the Arabian plate and the Iranian block (see Figs 10d-f).

4.7 Strain tensor changes

Changes in the strain tensor elements between 2018 December and October computed from the GRACE-FO monthly solutions are shown in
Fig. 11. Comparing Figs 10 and 11, we could recognize that spatial patterns of changes in the stress and strain elements are generally similar.
Some regional differences are more pronounced in the normal strain elements due to the fact that the volumetric strain was used to compute
the normal stress elements according to eqs (5a)—(5c). Nevertheless, the earthquake caused quite large changes in the strain tensor elements
& and €., in the vicinity of earthquake hypocentre.

4.8 Displacement vector changes

The northward, eastward and upward displacement changes are visualized in Figs 12(a)—(c). Displacement changes due to the earthquake
are relatively small, with maxima typically less than 1 mm. In agreement with large changes in the vertical normal stress 7. and strain ¢,
elements (Figs 10c and 11c¢), we detected relatively significant uplift in the vicinity of earthquake (Fig. 12¢). A possible presence of eastward
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Figure 12. Changes in the displacement vector components: (a) sy, (b) s, and (c) s; (mm) between 2018 December and October computed from the GRACE-FO
monthly solutions (from degree 20 to 30).

motion is, on the other hand, not recognized. Instead, we see that the earthquake likely caused some horizontal divergence along the active
tectonic margin between the Arabian plate and the Iranian block (Figs 12a and b).

5 SUMMARY AND CONCLUDING REMARKS

We have developed a theoretical model for inferring changes in the stress, strain and displacement fields from spatio-temporal gravity field
variations. Functional relationships between changes in the stress, strain and displacements rates and gravity field variations were formulated
based on solving the boundary-value problem of elasticity. The solution of this boundary-value problem requires adopting boundary conditions
at the upper and lower boundary of the lithosphere approximated by a spherical shell. By analogy with Fu & Huang (1983), in our solution
we assumed zero forces at the upper bound. We also assumed that the radial force is zero at the lower bound. By analogy with Runcorn’s
(1967) theory, we only assumed that the shear stress induced by a mantle convection flow is acting at LAB (approximated by a lower bound
of lithospheric spherical shell). We then established the linear functional model for finding the coefficients 4, B, C and D required to compute
the displacement vector components (eqs 3g—3i), the strain tensor elements (eqs 4a—4f) and the stress tensor elements (eqs 5a—5f).

The solution to the boundary-value problem of elasticity for detecting changes in the stress, strain and displacement rates from spatio-
temporal gravity variations required additional information about elastic parameters and thickness of the lithosphere. The depth of LAB was
obtained from topographic and bathymetric data sets and a lithospheric thickness model. Elastic parameters of the lithosphere were derived
from seismic velocities and mass densities within the lithosphere.

We applied developed theoretical models to detect changes in the stress, strain and displacement rates caused by the Sar-e-Pol Zahab
earthquake that occurred on 2018 November 25 along active convergent tectonic margin between the Arabian plate and the Iranian block. For
this purpose, we used the GRACE-FO monthly solutions corrected for the hydrological signal that was modelled from the GLDAS products.

Our results revealed that the earthquake caused changes in vertical displacement around its epicentre and divergent movements in the
west—east direction and convergence in the north—south direction. Results also show that the earthquake mainly affected the normal stress
elements t,, and 7., and the normal strain elements ¢,, and ¢, in the proximity of the earthquake hypocentre, while corresponding changes
in 7,, and &, were minor. We also find similarities in spatial patterns of changes between the shear stress and strain tensor elements. In
general, spatial changes in the shear stress and strain rates relatively closely mimic active convergent tectonic margins, reflecting different
displacements of the Arabian plate and the Iranian block caused by the earthquake.
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