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Single-sided acoustic beam splitting based on parity-time symmetry
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Unidirectional reflectionless resonance observed in parity-time-symmetric systems suggests a promising
strategy to produce extremely asymmetric scattering. Inspired by such a unique feature, we propose a single-
sided acoustic beam splitter that splits sound incident from a specific side but is totally transparent for sound
incident from the opposite side. The unidirectional response is due to a parity-time-symmetric refractive index
distribution. At the exceptional point when the real-part index and gain/loss modulations are balanced, it interacts
with obliquely incident waves in a single-sided manner. In addition, by engineering the sidewall boundaries
within an acoustic waveguide, we provide a general approach for obtaining the required complex refractive index,
in which we show that the resistive or reactive component of the sidewall impedance can independently modulate
the gain/loss or the real-part index. Based on this, a planar waveguide implementation of the single-sided acoustic
beam splitter is demonstrated. Our study presents opportunities enabled by exploiting parity-time-symmetric
systems in a higher-dimensional space and could find applications such as sensing and communication in a wide
range of wave systems including but not limited to acoustics.
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I. INTRODUCTION

A beam splitter can separate an incident beam into two or
more beams that inherit the basic properties of the original
beam (e.g., polarization, phase, and wavelength, etc.). It is
frequently used as a key and primary element in applica-
tions such as interferometers and autocorrelators across a
wide range of classical wave systems from electromagnetic
waves to acoustic waves. Recent advances in acoustic artificial
structures have stimulated a series of studies towards effi-
cient splitting of sound, including designs based on conven-
tional [1–3] or topological [4–6] phononic crystals, zero-index
metamaterials [7,8], and acoustic metasurfaces [9–11]. Sev-
eral related functional devices, for instance, acoustic Mach-
Zehnder interferometer [12] and logic gates [13], have also
been developed. However, it is still challenging to switch off
the splitting effect on one side while keeping the other one
unchanged. Such single-sided beam splitting requires extreme
asymmetry in the scattering behavior, not available with pre-
vious symmetric configurations. The only existing work in
this direction, although creative, is built around unidirectional
mode conversion (from even to odd mode) and selection [14].
This gives rise to a difference in mode shape between the input
and output that requires additional devices to recover the field
pattern in practice.

The unique scattering properties of parity-time-symmetric
(PT-symmetric) systems with exceptional points indicate a
possible solution to the problem. PT symmetry is a concept
that originated from non-Hermitian quantum theory, which
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describes a class of non-Hermitian Hamiltonians that com-
mute with the combined parity and time-reversal operators
[15]. It has been extensively explored in various classi-
cal wave systems through carefully engineered gain and/or
loss [16–20], including the emerging PT-symmetric acous-
tics [21–39]. Remarkably, the existence of non-Hermitian
degeneracies in this type of system, namely the so-called
exceptional points where two or more eigenstates coalesce
into one, leads to a variety of exotic phenomena and valu-
able functionalities. Among them, unidirectional invisibility
or reflectionlessness (also known as anisotropic transmission
resonance) is a hallmark of PT-symmetric scattering systems
[40–42], in which vanishing reflection from one side together
with strong or even enhanced reflection from the other side
takes place near exceptional points defined by the generalized
conservation relation. This effect has been theoretically and
experimentally investigated as well in the realm of acoustics
[21–23,27,28,43–49]. It could potentially serve as an ideal
strategy for single-sided acoustic beam splitting when the
input and output ports are arranged along different directions.

In this work, by taking advantage of the unidirectional
reflectionless resonance supported by PT-symmetric systems,
we report a multilayered structure that behaves as an acoustic
beam splitter for sound incident from one side yet is fully
transparent for opposite incidence, which distinguishes it from
previous works that totally block the unsplit side. This struc-
ture has a PT-symmetric complex refractive index distribution.
When an exceptional point is reached under balanced real and
imaginary part modulations, it offers a unidirectional wave
vector, thereby leading to extremely asymmetric scattering
for oblique incidence. We then propose a general strategy
exploiting sidewall impedance of an acoustic waveguide to
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FIG. 1. Exceptional-point-induced extremely asymmetric scattering for oblique incidence. (a) Schematic of the PT-symmetric multilayered
structure. The structure is transparent to incident acoustic waves from I2 (blue and white arrows) but works as a beam splitter for those from I1

(red arrows). (b) PT-symmetric refractive index distribution along the x direction. (c) Scattering properties as a function of the imaginary-to-real
part ratio with fixed θ = 45◦ and (d) as a function of the incident angle with fixed δ = 1. Upper panels: absolute value of the eigenvalues of
the beam-splitter matrix. Lower panels: reflection and transmission coefficients. The dashed lines indicate the position of the exceptional
pint. The background medium is air with ρ0 = 1.21 kg/m3 and c0 = 343 m/s; other parameters used in the calculation are n′ = 0.02n0, 4l =
50 mm, Nm = 6, and k0 = π/4l cos 45◦m−1 that satisfies the wave-vector matching condition q + ki = kr with |ki| = |kr | = k0 when δ = 1
and θ = 45◦.

modulate the effective refractive index in the complex plane. It
is subsequently applied to a planar waveguide implementation
and demonstration of exceptional-point-induced single-sided
acoustic beam splitting. Our results provide a possible route
towards practical application of acoustic PT-symmetric sys-
tems, which may also benefit other classical wave systems.

II. THEORETICAL MODEL

As depicted in Figs. 1(a) and 1(b), the proposed single-
sided acoustic beam splitter is a multilayered structure that can
be described by a PT-symmetric refractive index modulation
n0 + �n(x) with

�n(x) =

⎧⎪⎨
⎪⎩

n′(1 + iδ), 4ml − 4l � x < 4ml − 3l
n′(−1 + iδ), 4ml − 3l � x < 4ml − 2l
n′(−1 − iδ), 4ml − 2l � x < 4ml − l
n′(1 − iδ), 4ml − l � x < 4ml

, m = 1, 2, ..., Nm, (1)

where n0 is the background refractive index (both inside and
outside the structure region), n′ is the modulation amplitude
(n′ � n0), i is the imaginary unit, δ is the imaginary-to-real-
part ratio, 4l is the modulation period, and Nm is the total
number of periods.

We consider an oblique plane-wave incidence from x <

0 in the xy plane [Fig. 1(a)]. The structure is homoge-
neous and infinitely extended in the transverse dimensions
(y and z), and thus only the zeroth-order reflection and
transmission are taken into account. The incident, reflected,
and transmitted acoustic waves outside the structure can
be written as pie−ik0 cos θixe−ik0 sin θiy, preik0 cos θr xe−ik0 sin θr y, and
pt e−ik0 cos θt xe−ik0 sin θt y, respectively (the time dependency eiωt

is omitted with ω being the angular frequency), in which k0

is the background wave number, pi,r,t are the pressure ampli-
tudes, θi,r,t are the angles, and the subscripts denote the in-

cidence, reflection, or transmission. The conservation of mo-
mentum in the y direction yields ky = k0 sin θi = k0 sin θr =
k0 sin θt and θi = θr = θt = θ . Accordingly, the acoustic pres-
sure and the associated x-component particle velocity at x < 0
take the form

P = pie
−ikxxe−ikyy + preikxxe−ikyy, (2)

Vx = − 1

iωρ0

∂P

∂x
= cos θ

Z0
pie

−ikxxe−ikyy − cos θ

Z0
preikxxe−ikyy,

(3)

and the transmitted sound field at x > 4lNm reads

P = pt e
−ikxxe−ikyy, (4)

Vx = cos θ

Z0
pt e

−ikxxe−ikyy, (5)
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where Z0 = ρ0c0 is the characteristic impedance, ρ0 is the
density, and c0 is the speed of sound, respectively, of the
background medium. Within each layer of the PT-symmetric
modulation region 0 � x � 4lNm, the sound field can be
expressed as the superposition of forward- and backward-
propagating waves:

P = (A(m, j)e−i
√

k2
j −k2

y x + B(m, j)ei
√

k2
j −k2

y x )e−ikyy, (6)

Vx =
√

k2
j − k2

y

k jZ j
(A(m, j)e−i

√
k2

j −k2
y x − B(m, j)ei

√
k2

j −k2
y x )e−ikyy.

(7)

Here A(m, j) and B(m, j) represent the forward- and backward-
propagating wave amplitudes in the jth layer ( j =
1, 2, 3, 4) of the mth period. The corresponding character-
istic impedance and wave number are Zj = ρ0c j and k j =
k0n−1

0 n(x), in which the density is the same as that of the
background medium ρ0 while the speed of sound varies with
the PT-symmetric refractive index distribution as c j = ωk−1

j .
The acoustic pressures and particle velocities at the two

interfaces of each layer can be related through a 2 × 2 transfer
matrix T j in the form[

P
Vx

]∣∣∣∣
x=( j−1)l

= T j ·
[

P
Vx

]∣∣∣∣
x= jl

, (8)

and the components are determined from Eqs. (6) and (7) as

T j =
⎡
⎣ cos(k jl ) i k j Z j√

k2
j −k2

y

sin(k jl )

i
√

k2
j −k2

y

k j Z j
sin(k jl ) cos(k jl )

⎤
⎦. (9)

Applying the relation to the entire multilayered system ex-
tending from x = 0 to x = 4lNm, one has[

P
Vx

]∣∣∣∣
x=0

= T f ·
[

P
Vx

]∣∣∣∣
x=4lNm

, (10)

where

T f = [T1 · T2 · T3 · T4]Nm =
[

T11 T12

T21 T22

]
. (11)

The reflection and transmission coefficients for the forward
incidence [I1 in Fig. 1(a)] can then be derived as

r f = pr

pi
= T11 + (T12 cos θ/Z0) − Z0T21/ cos θ − T22

T11 + (T12 cos θ/Z0) + Z0T21/ cos θ + T22
,

(12)

t f = pt

pi
= 2eik04lNm

T11 + (T12 cos θ/Z0) + Z0T21/ cos θ + T22
.

(13)

Regarding the backward incidence from x > 4lNm [I2

in Fig. 1(a)], for simplicity, we consider a reversed ar-
rangement of the multilayered structure. In this case, the
overall transfer matrix as given in Eq. (11) becomes Tb =
[T4 · T3 · T2 · T1]Nm so that the backward reflection rb can be
obtained in a similar way.

Now we define an input and an output on each side of the
multilayered structure [see Fig. 1(a)]. In general, this four-port
system allows both incoming and outgoing waves at each port
and can be completely described by a 4 × 4 scattering matrix
as

⎡
⎢⎢⎣

p−
I1

p−
I2

p−
O1

p−
O2

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

S11 S12 S13 S14

S21 S22 S23 S24

S31 S32 S33 S34

S41 S42 S43 S44

⎤
⎥⎥⎦

⎡
⎢⎢⎣

p+
I1

p+
I2

p+
O1

p+
O2

⎤
⎥⎥⎦, (14)

where the subscript I1,2 or O1,2 represents the corresponding
input or output port and the superscript + or − represents
the incoming or outgoing wave of the system. Given that
all higher-order diffraction modes are negligible and the
presented structure is homogeneous along the y direction,
an incident plane wave at one input (or output) port only
produces one specular reflection and one direct transmission
respectively appearing at the two output (or input) ports,
with the paths being reversible. Therefore, the elements S11

to S22 and S33 to S44 of the scattering matrix are zero;
other elements S13 = S24 = S31 = S42 = t f = tb, S14 = S41 =
r f , S23 = S32 = rb. Equation (14) can thus be simplified as a
2 × 2 beam-splitter matrix if we only take into consideration

FIG. 2. Angular selectivity of the single-sided wave splitting
effect for different modulation amplitudes and total numbers of
periods. From top to bottom: n′ = 0.037n0 and Nm = 3; n′ =
0.01n0 and Nm = 12; n′ = 0.005n0 and Nm = 25; n′ = 0.002n0

and Nm = 60.
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the incoming waves at the two input ports:[
p−

O1

p−
O2

]
=

[
t rb

r f t

][
p+

I1

p+
I2

]
. (15)

Figure 1(c) displays an example with an incident angle of
θ = 45◦, wherein an exceptional point arises in the parameter
space at the Bragg resonance (k0 = π/4l cos 45◦m−1), lead-
ing to the single-sided wave splitting effect. The parameters
used in our calculation are listed in the caption of Fig. 1. It can
be seen that the two eigenvalues of the beam-splitter matrix
[upper panel in Fig. 1(c)], λ1,2 = t ± √

r f rb, experience a PT
phase transition with the increase of the imaginary-to-real-
part ratio δ. This transition behavior is governed by the gener-
alized conservation relation |T − 1| = √

R f Rb [40,41], where
R f ,b = |r f ,b|2 and T = |t |2 are the reflectances and transmit-
tance. For balanced real and imaginary part modulations (δ =
1), rb = 0 and r f �= 0 with |t | = 1 [lower panel in Fig. 1(d)] so
that λ1 = λ2, which signifies the existence of an exceptional
point of the scattering matrix. These results indicate that
forward-incident waves will be split into two coherent output
waves (one reflected and one transmitted along different di-
rections), but backward-incident waves propagate through the
structure without any scattering [40]. In other words, when
operating at the exceptional point, the multilayered structure
is able to work as a single-sided acoustic beam splitter. It can
generate two output beams when a wave obliquely impinges
from one side but allows scattering-free wave propagation
with opposite incidence. It is noteworthy that a slight detuning
of δ from the exceptional point will not fully eliminate the
extreme asymmetry in reflection. Specific to our studied case
[lower panel in Fig. 1(c)], in the range 0.9 < δ < 1.1, we have
rb < 0.045, r f > 0.951, and 0.978 < t < 1.025, which means

the single-sided beam splitting effect remains highly efficient
in the vicinity of the exceptional point.

Alternatively, this single-sided wave splitting effect can be
understood from the perspective of directional wave-vector
matching. At the exceptional point (δ = 1), the Fourier trans-
form of Eq. (1) in reciprocal space contains a unidirec-
tional wave vector of magnitude |q| = q = π/2l , similar to
that of a complex sinusoidal modulation cos(qx) + i sin(qx)
[28,37,40,42]. Strong reflection takes place when the wave-
vector matching condition q + ki = kr with |ki| = |kr | = k0
is satisfied, where ki and kr are the incident and reflected wave
vectors. In the one-dimensional case, the structure interacts
with a normal incident wave of wave vector ki = −q/2 and
gives rise to a reflected one of wave vector kr = q/2, but not
vice versa. For oblique incidence, the wave-vector matching
becomes directional according to the rule of two-dimensional
vector addition [28]. Hence, the wave splitting effect can be
observed when the magnitude of the incident wave vector is
|ki| = |kr | = k0 = q/2 cos θ .

It then should be noted that the exceptional point is angle
dependent. As shown in Fig. 1(d), the exceptional point ap-
pears at θ = 45◦, and there exist a series of trivial merging
points caused by the bidirectional reflectionlessness. In addi-
tion, the backward reflection of the studied structure is rather
weak upon most angles of incidence (0 < θ < 84.7◦, Rb <

0.05) except for grazing incidence. As a result, the wave
splitting effect is valid in a certain angular range (full width
at half maximum ∼8.7◦), but the trivial scattering peaks in
the forward direction associated with the total number of
periods Nm are relatively remarkable compared to those in the
backward direction.

The overall thickness of the proposed beam splitter can
be reduced at the expenses of decreased angular selectivity

FIG. 3. Numerical simulation of the single-sided acoustic beam splitting effect. Simulated (a) acoustic pressure and (b) energy density
fields. The thick arrows denote the incident directions. The thin arrows denote the incident (black), reflected (red), transmitted (green) and
exceptional-point-induced unidirectional (white) wave vectors. (c) Pressure amplitude distributions at the input and output ports. Upper panels:
incidence from I1. Lower panels: incidence from I2. The parameters are the same as those given in the caption of Fig. 1 with fixed δ = 1 and
θ = 45◦.
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and increased sidelobe (uppermost panel in Fig. 2). Inversely,
to further improve the angular selectivity and suppress the
sidelobes, we may employ a larger number of modulation
periods Nm and a smaller modulation amplitude n′. As can be
seen in Fig. 2, an increased Nm with simultaneously decreased
n′ clearly results in a sharper reflection peak, e.g., for the
case of n′ = 0.005n0 and Nm = 25, the full width at half
maximum is about 2◦. Note that decreasing n′ guarantees
an approximately unchanged reflectance, which also helps to
inhibit the trivial scattering despite that the weak modulation
is sensitive to errors in practice.

We verify our idea and the transfer matrix modeling by nu-
merically examining the interaction of an ideal PT-symmetric
multilayered structure at its exceptional point with obliquely
incident acoustic beams from both sides. The full-wave sim-
ulations here (and throughout this paper) were performed in
COMSOL Multiphysics. The parameters are the same as those
presented in the caption of Fig. 1. For convenience, a 45°
counterclockwise rotation is applied to the structure so that
the two input ports I1 and I2 are defined as the left and top
boundaries, respectively. The structure has a lateral dimension
of 5 m, which is much larger than the beam waist 0.5 m. As
shown in the simulated acoustic pressure and energy density
fields, the incident beam from I1 [upper panels, Figs. 3(a) and
3(b)] is split into a transmitted one propagating along the same
direction and a strong downward reflection, reaching the two
output ports O1 and O2, whereas for the incidence from I2

[lower panels, Figs. 3(a) and 3(b)], the beam penetrates the
structure and then continues to propagate to the output port
O2 with no scattering and no change in either amplitude or
wave form, which means that the structure is almost fully
transparent. The thin arrows in Fig. 3(a) intuitively illustrate
how the wave-vector matching occurs (I1 : q + ki = kr and
I2 : q + ki �= kr) and consequently leads to the single-sided
beam splitting effect. The extracted pressure amplitude dis-
tributions at the input and output ports as given in Fig. 3(c)
are consistent with the theoretical predictions of Fig. 1(d) and
further confirm the extreme asymmetry in reflection. It is seen
that the beam’s central amplitude decreases slightly which is
caused by the spreading of the beam in the lateral direction.

III. MODULATING THE COMPLEX REFRACTIVE INDEX
WITHIN A WAVEGUIDE

The complex refractive index distribution as given by
Eq. (1) involves weak modulation of the real and imaginary
parts (a slight deviation of the refractive index �n from the
background refractive index n0), which respectively corre-
spond to the effective wave speed and the energy exchange
with the external. This can be realized by altering the sidewall
impedance Z = R + iX (or admittance Y = Z−1) inside an
acoustic waveguide [see Fig. 4(a)], where R and X are the
acoustic resistance and reactance. The variation in the reac-
tance of the sidewall impedance decelerates or accelerates
the sound waves (fundamental mode) travelling along the
waveguide, thereby tuning the real-part refractive index. On
the other hand, the sidewall impedance’s resistive component
determines the acoustic energy injected to or taken away from
the waveguide during propagation and thus introduces the
imaginary part to the effective refractive index.

FIG. 4. Complex refractive index modulation within an acoustic
waveguide. (a) Schematic of the acoustic waveguide with a sidewall
impedance boundary. The sidewalls are rigid except for the upper
boundary of the modulated region. (b) Real and (c) imaginary parts
of the variation in the retrieved effective refractive index as functions
of the sidewall admittance. In the calculation, H = 15 mm, D =
25 mm, and the frequency is f = 4850.8 Hz.

We provide two groups of numerical results to confirm
the aforementioned modulation approach. The height of the
acoustic waveguide is H = 15 mm, the length of the modula-
tion region is D = 25 mm, and the studied frequency is f =
4850.8 Hz corresponding to the Bragg resonance in Figs. 1–3.
The reflection and transmission coefficients of the modulation
region were first obtained in full-wave simulations and then
used to extract the effective properties based on a standard
retrieval method [50]. Here the swept parameter is the admit-
tance Y = Z−1 rather than the impedance itself for ease of
presentation, since the weak modulation (�n � n0) requires
a small variation of Y around zero. As can be observed from
Figs. 4(b) and 4(c), varying the imaginary (real) part of Y
results in subtle change in only the real (imaginary) part of
the refractive index, without affecting the other. This suggests
that the real and imaginary parts of the refractive index are
decoupled for weak modulation in our approach and can be
well tailored independently to meet the requirement of a PT-
symmetric refractive index distribution.

IV. PLANAR WAVEGUIDE IMPLEMENTATION

With the modulation approach mentioned above, we
present an artificial-boundary-based planar waveguide imple-
mentation of the PT-symmetric acoustic beam splitter. The
arrangement of the sidewall impedance boundaries along
the cross section of the planar waveguide (H = 15 mm) is
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FIG. 5. Schematic of the planar acoustic waveguide implemen-
tation. The four colors represent four different types of artificial
boundary conditions that correspond to the independent real and
imaginary part modulations of the refractive index (including both
positive and negative values).

schematically illustrated in Fig. 5. Purely inductive (R =
0, X = 10 526 Pa m/s) and purely capacitive (R = 0, X =
−10 526 Pa m/s) boundaries are periodically interleaved on
the bottom wall to modulate the real part of the refractive
index; and two types of purely resistive boundaries (R =
10 526 Pa m/s, X = 0 and R = −10 526 Pa m/s, X = 0) dec-
orated similarly on the top wall are able to provide the loss and
gain. They are combined in a quarter-period-shifted manner
according to the complex refractive index distribution of the

single-sided acoustic beam splitter as described in the caption
of Fig. 3.

The simulation results of the designed planar waveguide
are shown in Fig. 6. They agree well with both our theoretical
prediction [see Figs. 1(b) and 1(c)] and numerical results
(see Fig. 3). We observe that the modulated region of the
waveguide is able to separate the incident beam from I1 into
two output beams with nearly identical amplitude. In contrast,
the beam incident from I2 goes through the modulated region
without any scattering or distortion. These simulation results
evidently validate that our design can be used to realize the
PT-symmetric single-sided beam splitter.

Experimental realization of on-demand complex surface
acoustic impedance is rather challenging yet still possi-
ble. Metamaterial structures such as subwavelength periodic
grooves or Helmholtz resonators array [28,48] are ideal can-
didates for the reactive boundaries. When operating off res-
onance, they offer dominantly either capacitive or inductive
boundary condition that is macroscopically homogeneous.
Resistive boundaries concerning loss effect (R > 0) can be
achieved through introducing leakage or dissipation via mi-
croperforated plates [37], mesh fabrics [28,38], or subwave-
length resonant absorbers [35,51,52]. Meanwhile, acoustic
gain (R < 0) is possible with active electroacoustic compo-
nents such as virtual atoms or loudspeakers with external
circuit [22,31,35,53]. Specific to the studied waveguide con-
figuration, an assembly of subwavelength microloudspeaker
units, albeit very complicated to implement, may be em-
bedded into the sidewalls to mimic the negative resistive
boundaries. It is worth mentioning that, even if the artificial
structures are not as ideal as we expected, the unidirectional
reflectionlessness can still be achieved since the square-wave
index profile presented in our study is one among many ways
to construct an exceptional point of the scattering matrix.

FIG. 6. Numerical simulation of the planar waveguide implementation of the PT-symmetric single-sided acoustic beam splitter. Simulated
(a) acoustic pressure and (b) energy density fields. The thick arrows denote the incident directions. (c) Pressure amplitude distributions at the
input and output ports. Upper panels: incidence from I1. Lower panels: incidence from I2.
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The impedance boundary in each layer does not necessarily
have to be homogeneous and span the entire layer [37]. A
complex refractive index modulation is able to provide a
unidirectional wave vector as long as its Fourier expansions
contain the component cos(qx) + i sin(qx). Other than the
artificial structures for quiescent media, acoustic liners may
be an alternative approach to the required complex refractive
index distribution in the presence of flow [54,55].

V. CONCLUSIONS

To conclude, we have proposed a single-sided acoustic
beam splitter together with its planar waveguide implemen-
tation. The device is based on the extremely asymmetric
scattering properties introduced by a PT-symmetric multi-
layered structure at the exceptional point. In addition to the

unidirectional wave splitting effect, the presented design is
completely transparent from the unsplit side, which is an
important feature not accessible in previous designs. A gen-
eral approach to the complex refractive index modulation has
also been discussed and subsequently applied to the waveg-
uide realization. By considering obliquely incident waves, we
show that PT-symmetric systems bring exciting possibilities
towards extraordinary sound manipulation, which may benefit
unconventional devices for high-performance acoustic sens-
ing and communication.
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