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KEYWORDS Abstract This paper develops both adaptive distributed dynamic state feedback control law and
Adaptive distributed con- adaptive distributed measurement output feedback control law for heterogeneous discrete-time
tainment observer; swarm systems with multiple leaders. The convex hull formed by the leaders and the system matrix
Containment control; of leaders is estimated via an adaptive distributed containment observer. Such estimations will feed
Discrete-time system; the followers so that every follower can update the system matrix of the corresponding adaptive dis-
Heterogeneous agent; tributed containment observer and the system state of their neighbors. The followers cooperate with
Swarm system each other to achieve leader—follower consensus and thus solve the containment control problem

over the network. Numerical results demonstrate the effectiveness and computational feasibility
of the proposed control laws.
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1. Introduction

Cooperative control of swarm systems (also known as multi-

agent systems) has been a recent research hotspot for its exten-

mpon ding author. s.ive applications in engineering:] Generally speaking, coopera-
E-mail address: zhrenxin@mail.sysu.edu.cn (R. ZHONG). tive control problems of multl-agent7systems can be mainly
classified into the consensus problems” ~ and the containment
control problems.®® The consensus problem is to design the
adaptive distributed control strategy regarding local informa-
i B tion to fulfill the condition that the state errors between any
ELSEVIER Production and hosting by Elsevier two agents in the network tend to zero. On the other hand,
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the containment control problem is to design control laws so
that all the followers converge to the convex hull formed by
the leaders. In this paper, we investigate the containment con-
trol problem for heterogeneous discrete-time swarm systems
with multiple leaders.

Extensive research effort has been dedicated to contain-
ment control problems for continuous-time and discrete-time
swarm systems of first-order integrators and second-order inte-
grators with stationary or dynamic leaders. Ref.” studied the
distributed containment control of a group of mobile autono-
mous agents with multiple stationary or dynamic leaders under
both fixed and switching network topologies using continuous-
time formulation. Ref.'” studied the containment control prob-
lem for multiple continuous-time and discrete-time single inte-
grator systems. Control protocols were devised by exploiting
the control input information of neighbors so that the leaders
will converge to the desired convex formation while the follow-
ers converge to the convex hull of the leaders. Ref.'' consid-
ered the containment control problems for both continuous-
time and discrete-time multi-agent systems with general linear
dynamics under general directed communication topologies.
Distributed dynamic containment controllers based on the rel-
ative outputs of neighboring agents were constructed. Ref.'”
solved containment control problems for networked single
integrator systems with multiple stationary or dynamic leaders
over directed graphs. Ref.'? proposed the containment control
problem for a group of agents with heterogeneous dynamics
modeled by both first-order integrators and second-order inte-
grators. Due to the packet drop and node failure phenomena
during the information transmission, the containment control
of multi-agent systems over switching communication topolo-
gies is of importance. Ref.'* considered the distributed con-
tainment control for second-order multi-agent systems
guided by multiple leaders with random switching topologies.
Ref."® investigated the containment control of linear multi-
agent systems with input saturation on switching topologies.
Both state feedback and output feedback containment control
protocols were proposed. The containment control problems
are achieved via local relative position and velocity measure-
ments with constraints when the velocity and acceleration
are difficult or impossible to measure in certain scenarios.
Ref.'® investigated the distributed containment control prob-
lem for a group of autonomous vehicles modeled by double-
integrator dynamics with multiple dynamic leaders over a fixed
network that the velocities and the accelerations of both lead-
ers and followers are not available. Ref.'” investigated the
robust global containment control problem for continuous-
time second-order multi-agent systems subject to input satura-
tion wherein only local velocity measurements, relative posi-
tions, and velocity measurements are involved in the
controller design. Distributed observers were constructed for
followers to estimate the states of the leaders since they are
not available for the followers. Ref.'® addressed the design of
distributed observers for agents with identical linear discrete-
time dynamics over a directed graph interaction topology.
Ref.'” addressed the cooperative output regulation problem
for discrete-time linear multi-agent systems with a new type
of adaptive distributed observer for the leader systems.
Ref.”’ studied the cooperative output regulation problem for
the discrete-time linear time-delay multi-agent systems by a
distributed observer approach. Refs.”">* considered the con-
tainment problem of heterogeneous linear multi-agent systems

via the dynamic compensator technique wherein the contain-
ment control problem was converted into a cooperative output
regulation problem.

A common assumption adopted in the literature addressing
the containment control problem for discrete-time swarm sys-
tems is that every follower needs to know the system matrix of
its leader. However, this assumption seems rather vulnerable.
To tackle this challenge, we revisit the containment control
problem for discrete-time swarm systems using an adaptive
distributed containment observer inspired by the adaptive dis-
tributed observer design in Refs.”>>*. In this paper, the
discrete-time swarm systems under consideration consist of
multiple leaders. The containment control problem is
addressed by a new design of distributed control laws with
the aid of an adaptive distributed containment observer for
the followers to infer the system matrices of their leaders and
the convex hull formed by the leaders. The proposed control
laws circumvent the restrictive assumption that every follower
needs to know the system matrix and signal of its leader as
proposed in Refs.?">122,

The rest of this paper is organized as follows: Section 2 for-
mulates the problem. Section 3 presents some existing results
from Refs.”>** and devises a new lemma for the design of an
adaptive distributed containment observer. The main results
are outlined in Section 4. A numerical example is conducted in
Section 5. Companion materials are provided in the appendix.

Notation: For any matrix A4 €R™", vec (4)=
col (A,,A,,---,A,) where 4; € R” is the ith column of 4. ®
denotes the Kronecker product of matrices. For X|,X; € R",

let col(X),X,) = [XIT,XﬂT. 1y =col(1,1,---,1), ie., an N
dimensional column vector whose components are all 1.

2. Problem formulation and assumptions

We consider the following discrete-time linear heterogeneous
swarm system:

x;(t+ 1) = Ax;(t) + Bu(t),t € Z* (la)

Pni() = Coixi(t) + Dyt (1) (1b)

where x;(7) € R"; y,,,(t) € R’and u;(t) € R™ are the state, mea-
surement output, and control input of the ith subsystem,
respectively. The M leaders are assumed to be exosystems of
the following form:

wi(t+1) = Swi(1),1 € Z* (2)

where wy(f) € R" is the state of the ith leader, for
k=N+1N+2,--- N+ M, and S represents the system
matrix of all leaders.

Define a graph % = {7",&,o/} whose vertex set is
v ={1,2,---,N+ M}, and the edge set is §C ¥ x V. We

use of — [au]j\j:w c RIVEMx(N+M)

matrix of graph %, where a; is the weight of edge (j,7) with
a; >0 if (i,j) € &, and a; =0 otherwise. And & is the
Laplacian of ¢ corresponding to .o/, which is defined as
L =1l;] eR™ and [;=-a; for any j#i, and
li = 37 ;- Agents 1 to N denote the followers while agents
N+1 to N+ M are leaders. Each follower has at least one
neighbor while the leaders have no neighbor. Accordingly,
the Laplacian matrix of graph % can be partitioned as

to denote the adjacent
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where &, € RV reflects the communication relation between
each follower and other followers as well as leaders, and
&L, € RVM reflects the communication relation between this
follower and the leaders. More details of the graph theory
can be found in Ref.”

Definition 1 *°. 4 ser € CR" is convex if (1 —)x+ iy €,
for any x,y € € and any/ € |0, 1]. The convex hull Co(X) of a
finite set of points X = {x1,x, -+, x4} is the minimal convex set
containing all points inX, that is,

q q
X)={Zoc,x[x,-€X,a[>07Za,«:1} (3)
i=1 i=1

Now we describe the containment control problem for the
system composed of Eqs. (1) and (2) as follows:

Problem 1 °. The swarm system (1)--(2) achieves containment if

the designed control law for each follower makes sure that all
followers will converge to the convex hull spanned by the

dynamic leaders as t— oo, that is, Yi=1,2--- N and
X(t) = {WN-H(t)? WN+2(t)7 Tty WN-%—M(I)}
lim || x,(1) ~ Co(X(1)) || =0 )

where

X t)) = { Z OkaW/c([)‘Wk(l) ecX Olik 0 Z Oije = 1}

k=N+1 k=N+1
(5)

To simplify the analysis, we introduce the error vector of
the ith follower as

:Zai/’(xj(t) x(1) + Z 3 (wi(1) — x:(1)) (6)

where x;() is the state of the ith agent and wy(7) is the state of
the kth leader. Eq. (6) can be rewritten in a compact form as

e(t) = =(L1 @ L)x(1) — (L2 @ 1,)w(1) ()

where e(7), x(7) and w(¢) are obtained by stacking the columns
e, x;andwi, i=1,2,--- NNk=N+1,N+2,--- N+ M.

The following standard assumptions are necessary for solv-
ing the containment control problem:

Assumption 1. For each follower, there exists at least one leader
that has a directed path to the follower.

Assumption 2. All the eigenvalues of S have modulus smaller
than or equal to 1.

Assumption 3. (A;, B,) is stabilizable, i = 1,2,---, N.
Assumption 4. (A;, C,;) is detectable, i =1,2,--- N.

Assumption 5. The linear matrix equations S = A; + B;U; have
solutions U;, for all i=1,2,--- N

Remark 1. Under Assumption 5, there exist matrices U; such
that §= A4; 4+ B;U;. This implies BU=A — Iy ® S, where
A =blockdiag{A4,,A,,---,Ay}, B=Dblockdiag{B,,B,, --,By},
U=blockdiag{U,,U,,---,Uy}.

3. Useful lemmas

In this section, we introduce and establish some useful lemmas
on the design of an adaptive distributed containment observer.

°. Under Assumption 1, all the eigenvalues of ¥
have positive real parts, each entry of —L 'L, is non-
negative, and each row of —<L 'L, has a sum equal to 1.

Lemma 1

Lemma 2 >*. Consider the following system:

x(t+1) = Fx(t) + Fi(0)x(t) + F>(1) (8)
where x(7) € R", F € R"is Schur, and F,(¢) and F,(z) are well
defined for all t€ Z*. If F(¢),F2(t) — 0 (exponentially)
ast — oo, then for anyx(0) € R", x(¢) — 0 (exponentially) as
t — 00.

We recall the concept of adaptive distributed observer pro-
posed in Ref. ** for solving the leader-following consensus
problem of heterogeneous swarm systems. Suppose there are
N followers and one leader. Use .o/ = [q;] to denote the
weighted adjacency matrix of %. The adaptive distributed
observer proposed in Ref. ** is

+lul Zau

Si(t+1)= Si(1)) +an(S—Si(1)) (9a)

+1uZZa1J 'I, n; ))

+ a1 (1) — m(l))] (9b)

where i =1,2,---, N, and § € R"”" and #,(f) € R" are the lea-
der’s system matrix and signal, respectively. The ith follower
can receive information about the leader if and only if a;#0.
It is assumed that only those followers within the prescribed
neighbor of a leader can access the leader’s system matrix
and signal.

n,(t+ 1) = Si()n;(¢

Remark 2. If there exists a spanning tree and the leader is the
root, then S;(#) — S and n;(¢) — n,(¢) with time ¢t — co. The
adaptive distributed observer not only can estimate the leader’s
signal but also can infer the leader’s system matrix.

In our case, there are N followers and M leaders. We need
to extend the adaptive distributed containment observer for all
followers (i =1,2,---,N) as follows:

(1 + 1) = Si(0)n, (1) + Zau n,(1) — n,(1))
o Z 3 (mi(1) — (1) (10a)
k=N+1
Si(t+1) = +#2Zau +#2]§45k5 Si(1))

(10b)



Adaptive distributed observer design for containment control

where (3f.‘ represents the communication between subsystem i
and leader k, and the subsystem i can access the k leader,
i.e., the i subsystem is of the first group, if and only if 5f > 0.

Remark 3. For each follower, if all leaders have a directed
path to the follower, the containment control problem will be
the cooperative output regulation problem. Otherwise, one
cannot design the adaptive distributed observer (9) proposed

in Ref. >, For example, the communication topology %,
depicted in Fig. 1 has a directed path to every follower for each
leader j € {6,7,8,9}. We can design the adaptive distributed
observer (9) proposed in Ref. ** for each follower to estimate
each leader’s state and to solve the containment control
problem. For another example, the communication topology

%, depicted in Fig. 2 has no directed path to every follower for
each leader j € {6,7,8,9}. One cannot design the adaptive
distributed observer (9) proposed in Ref. ** for this swarm
system to solve the containment control problem. On the other
hand, we can design the adaptive containment distributed
observer via Egs. (10a) and (10b), which is summarized in the
following lemma.

Let  w(t) = col(wyy1 (), wnsa(t), -, wanam (1), n(t) =
CO](”l(Z)7”2(t)>'"7’1N(Z))’ ‘§: 1y ®S, S‘(l‘) :COI(SI(Z)v
8$y(1),-+-,8y(r)) and S4(r) =blockdiag{S;(¢),8:(),---, Sy(t)},
then
(1 +1) = (Sa(t) — Sa()(L1 @ L))n(1)

— mSa(1) (L2 @ L)w(1) (11a)
S(t+1) = 8() — (L1 © 1) S(t) — (L2 @ 1,) (1) (11b)
w(t+1) = (Iy @ S)w(z) (11c)

Lemma 3. Given the systems (2), (10a) and (10b), then for any
initial condition S;(0) and n;(0), i =1,2,---, N, we have

A) under Assumption 1, for any w, satisfying 0 < p, < ﬁ,

lim S(¢) = 0 (12)

1—00

exponentially fast, and
© @O ©® ®

e B @ _P»

Fig. 1 Communication network graph {;1.

© O & ®

Q @ e @& »

Fig. 2 Communication network graph {;2.
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B) under Assumptions 1 and 2, with p, satisfying

0<p < ﬁ and @ being such that the matrix
Iy, — (&£ ® 1) is Schur,

lim n(1)=0 (13)

exponentially fast.

Proof. Part (A). Under Assumption 1, by Lemma 1, &) is

invertible. Let S’(z) = 3‘(1) + (&7 L el,) S. Based on graph
structure in Section 2, under Assumption 1, Eq. (11b) can be
rewritten as

St+1)=St+1)+(L'Lx1,)S
= 8(t) - (L1 & 1) S(t) — 1o(Lr 2 1) S+(L7 Lr @ 1,) S

= (Iyy — 12(&1 ® 1,))S(1)
(14)
Under Assumption 1, by Lemma 1, all the eigenvalues of
£, have positive real parts. Thus, for any pu, satisfying
0< < ﬁ, the matrix Iy, — (,(&L1 ®1,) is Schur.
Therefore

lim S(t) = 0 (15)

1—00

exponentially, and

lim [S‘(z) + (L7 e el,) 3] =0 (16)

—00

exponentially fast, respectively

(L' L 01)S=— (L' L, 01L)(1y,28) = 1,8 S
(17)

which implies lim (S(t) 1y ® s) — 0 exponentially.

Part (B). Let n(t) = n(1) + (£,' %> ® I,)w(1), from system
(11a), we have
i+ ) =g+ 1)+ (L' LL)w(t+1)
= Sa(O)n(1) = mSa()((L1 @ L)n(1) + (L2 @ L)w(1))
L' L L) Iy @ S)w(t)
= Sa()n(1) = Sa()(L' L2 L)w(t) — i Sa()(L1 @ L) (1))
+HIy 2 8)(ZL' L@ 1)w(t)
= ((Uy® 8) = 1 (L1 @ S)n(0) + (Sa(1) = Iy @ 8) (1) =, (Sa(1)
—(Iy @ 8))(L1 @ L) (1) = (Sa(t) — Iv @ $)(L; ' L @ 1,)w(1)
(18)

By assumption, the matrix ((I,®S) — (L1 ®S)) is
Schur. Since

lim (S(t) - (1N®S)> =0 (19)

—00

exponentially fast, we have

lim (S4(t) —Iy®S) =0 (20)
—00

exponentially fast. Therefore, with Lemma 2, lim #(¢) = 0

1—00

exponentially fast.
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Remark 4. #; is the state of the ith observer of the convex hull
spanned by the leaders. Let n(7) = col(n;(¢),n,(¢), - -, qn (1)),
the proof of Lemma 3 indicates that n(f) —
—(L7' L@ IL)w(1) as t — oco. Si(t) is the estimation of the
leaders’ system matrix S with S;(7) converging to S as 1 — co.

4. Main results

Based on the adaptive distributed containment observer
devised in the previous section, two adaptive distributed con-
trol laws for the followers are developed in this section. We
first define the distributed control laws as follows:

(1) Distributed dynamic state feedback control
ui(t) = Kixi(1) + (Ui(1) — Kii)n,(1) (21)

(2) Distributed dynamic measurement output feedback

(1) = K& (1) + (U(1) — Ki)my(0) (222)

&i(t+1) = A&(1) + Biui(t) + Li(p,;(1) — Couili(t) — Dot (1))
(22b)

in which Kj; is chosen in such a way that A; + B,K;; is
Schur, and L; is chosen in such a way that 4; — L;C,;
is Schur fori = 1,2,---, N. Ui(¢) is defined in Remark 5.

Remark 5. Note that #; is the state of the ith observer of the
convex hull spanned by the leader, Lemma 3 showed that
n(t) — — (L' L, ®1,)w(1) as t — co. Assumption5 guaran-
tees that the matrix equations S = 4; + B;U; have solutions
Ui(r). For example, if B; is of full column rank,

U(r) = (BTB) 'BI'S/(1)— (B'B) 'B' 4, Vi=1,2,---,N.

Let x(¢7) = col(x(2), x2(¢2), - - -, xn(2)), e(z) = col(e(¢), ex(1),

-+, en(1), u(t)=col(u;(¢),us(t),- - ,un(t)), A="blockdiag(4,,

Ay,-+-,Ay) and B=blockdiag(B,B,, ---,By). Then we can
put Eq. (1) into the following compact form:

x(t+1) = Ax(t) + Bu(1) (23a)
W+ 1) = (Salt) — 1 Se(t) (L1 @ L)n(1)

— i Ss(1)( L2 @ Lyw(1) (23b)
S(t+1)=8() — (L1 @ 1) S() ~ (L2 @ 1) S (23¢)
w(t+1) = Iy ® S)w(r) (23d)
e=—(L @ 1)x(t) — (L2 @ L)w(1) (23¢)

Theorem 1. Under Assumptions 1-3 and 5. Let p, and p, belong
to (O,ﬁ). Then the swarm system can achieve containment

control by the state feedback control law (21).

Proof. Let K, = blockdiag(Ky,, K>, --,Ky) and U(t) =
blockdiag(U (1), Us(1),-- -, Uy(t)), then Eq. (21) can be rewrit-
ten into an augmented system as

u(t) = Kix(1) + (U(t) — Ki)n(1) (24)

Let  u(t)=u(t)+ UL L2 L)w(t), n(t)=n(t)+

LI'LrL)w(t),  (()=x(t)+ (L' L0 L,)w(t) and
U(1) = (U — U(1)), and we have

a(t) = Kix(1) + (U() — K) () = (27" L2 L)w(n))
+U(L' L L)w(1)
= Ki(x(1) + (L7 L2 @ L)w(1)) + (U(r) - K1)
(n(t) + (3[132 ® In)w(l‘))
+(U-U@) (L' L@ 1)w(t)
= Ki£(1) + (U(r) - K) () + U (27 22 @ L) w(1)
(25)
Evaluating {(7 + 1) along the trajectory (22), we have
e+ ) =x(t+ )+ (L' L0 L)w(i+1)
= Ax(t) + Bu(t) + (L' L2 0 L) (I @ S)w(t)
= A0 — (27 L2 @ L)w(0) + B(u(0) — UL L2 1)w(1))
+(Iy® S) (L)' L @ L)w(1)
— (4 + BK)I(0) + B(u(1) ~ KiL(1))
+(Iv® S) — 4 — BU)(L' L2 L)w(1)
= (A + BK)() + B(;(z) - ch(z))
= (4 + BK,)L(1) + BU(t) — K)) (1) + BU(t) (L7 22 ® 1) w(1)
(26)

n(i+1) = ((Iy @ 8) — 1 (L1 ® ) (1) + (Sa(t) — Iy © S) (1)
—1(Sa(1) = (Iy @ 8))(L1 @ L) (1) = (Sa(t) = Iy @ 8) (L' L @ L) w(1)

(27)
fS'(t +1) = Iy — (L1 ® I,,)).i‘(t) (28)
e() = (L0 L) (L' L0 L)w(t) — (L2 L)w(1)
— (L@ L)(1) (29)
Stacking ¢ and #, and by Remark 1, we have

e+ | T(4+BK) 0 7[E0) fi(0)

B ) - 2 {E(z)} ] o
S( 4 1) = (I — (21 @ 1)S(1) (30)
e(t) = — (L1 @ L,)¢(1) (30c)
where
L =(Iy®S) — (L ©9)) (31)

fi(0) = BU(t) — K n(e) + BU( (L' Lo L)w(t)  (32)

So(1) = (Sa(t) = Iy @ 8) (1) — i, (Sa(t) — (Iy @ ) (L1 @ L) (1)
— (Sa(t) — Iy @ 8) (LT L, 2 L)w(1) (33)

By Lemma 3, lim (S(l) —1y® S) =0and lin& n(1) =0, we
1—00 —!

have
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lim B(Sa(1) — Iy ® ) = 0. (34)  e(n)= (L1 L)L L L)w(t) — (L@ 1,)w(t)
— (L L)1) (40)

Hence, Ian;) B(U(t) - U) = IILI?C B(S4(t) — Iy ® S) = 0. Then
we have f; (1) — 0 and f,(¢) — 0 as t — oo. Since p,, k =1,21s
chosen, Iy, — . (£ ®I,) is Schur, while note that 4; + B:K);
is Schur fori =1,2,---, N, we have A + BK and &, are Schur.
By Lemma 2, fli.r?c <§(l), ﬁ(z)) =0, for arbitrary x(0), #(0), and
w(0). Therefore ,lg?o e(t) =0.

Theorem 2. Under Assumptions 1-5. Let p; and p, belong to
(O,ﬁ) Then the swarm system can achieve containment

control by the dynamic measurement output feedback control
law Eq. (22a), Eq. ((22)b)

Proof. Let é(t) = 001(61 (1)7 62(1)7 e 7€/V(l))’ ym(l) = COl(yml (l)v
Yoo (8), -+ ¥n(2)), L=Dblockdiag(Ly,L,, --,Ly), C,, =col(C,,
sz,"', C,”N), Dm:CO](Dml,sz,"'.‘DmN), K]ZbIOdei'dg(K”,
Ky, Kiy) and U(r)=Dblockdiag(U,(¢),U,(t),---,Ux(?)), and
we rewrite Egs. (22a, 22b) into an augmented system as

u(t) = K &(1) + (U(1) — Ki)n(t)

E(t+ 1) = AE(t) + Bu(t) + L(y,, (1) —
Let (1) =&(1) —x(t), U(t)=U—U(s), ult) = u(t)+

UL e L)w(t), n(t)=n(t)+ (L' L@ L)w(t) and

L(1) = x(t) + (L' L> ® 1,)w(t), and we have

a(1) = Ki&(0) + (U(1) — K) (1(0) = (27 22 2 L)w(1))

+U(L' L0 L)w(1)

= K\ (&() — x(1)) + K\ (x(1) + (L' 2 @ L)w(1))

+U@t) — K)(n(t) + (L' L, 0 1,)w(1))

HU-U) (L' L2 1L)w()

= K, x(0) + Ki(0) + (U(0) = K (1) + U) (L7 229 1) w(0)

(36a)

(35a)

Cmé(t) - Dm”(t)) (35b)

x(t+1)=(4-LC,) x(1) (36b)

Evaluating {(¢ 4 1) along the trajectory (22), we have
L+ ) =x(t+ 1)+ (L' L2 L)w(it+1)
= Ax(t) + Bu(t) + (£7' L> @ L,) (Iyy @ S)w(t)
= A~ (27" 2 @ L)w(0) + B(u(r) - U(L]' 22 0 1)w(r))
+(Iy® 8)(L L, & L)w(t)
= (A + BK\){(1) + B(u(t) — K{(1))
+((Iy® S) — A4~ BU)(Z' L2 @ 1L)w(1)
= (A + BK\){(1) + BK, x(1) + B(U(t) — K1) (1)
+B(U—-U@1) (L > L)w(t)

(37)

i+ 1) = ((Iy @ 8) — 1 (L1 @ 8)) (1) + (Sa(t) — Iy @ $) (1)
—11(Sa(1) = (Iy @ ))(L1 @ L) (1) = (Sa(t) = Iy @ S) (L, L2 @ ) w(1)

S(t+1) = (Inn — 1(£1 ® 1,))S(1) (39)

By Remark 1, while stacking {(z), x(z) and 5(7) into a vec-
tor, we have

f+1) &) (1)

xt+D) | =M|x()|+] 0 (41)

n(t+1) (1) (1)
S( 4 1) = (I — (21 @ 1,))S(1) ()
e(t) = (L1 ®1,)¢{(1) (43)
where

(A+BK,))  BK

0 0 &z,
Li=IyoS— (L 28) (45)

& (1) =B(U() — K)n +BU~UW)(L' L2 L)w(t)  (46)

£(0) = (Sa(t) = Iy @ ) (1) — 1 (Sa(0) = (Iy @ ) (L1 @ L) (1) @7)
—(Sa—Iy® S) (LT L, @ 1,)w()

By Lemma 3, lim (S(t) -1y® S) =0and ltlilg n(1) =0, we

1—00
have
lim B(S(1) — Iy © 5) = 0 (48)

Hence, lim B(U(t) — U) = lim B(S4(¢) — Iy ® §) = 0. Then
1—00 1—00
we have g,(r) — 0 and g,(¢) — 0 as r — oo. For y, k=1,21s
chosen so that Iy, — (&, ®1,) is Schur. Furthermore,
A; + B;K,; and A; — L,C,,; are Schur, fori=1,2,---, N. There-
fore, A — LC,, and Ql are Schur, and thus M is Schur by
Lemma 2 while lim col (g(z),}(z)j(z)) =0, for arbitrary ini-
1—00

tial conditions. This concludes }im e(t) =0.

—00

5. Numerical example

Consider the heterogeneous swarm system with five followers
and three leaders in R?. The communication topology of the
followers and leaders is shown in Fig. 3. The dynamics of
the followers and leaders are given by Egs. (1) and (2), respec-
tively, with

0 o 31
Ai = aBi:
{0 0} {2 0}

217 cosf  sinfg

C, = S =
mi b : b4 I
0 —sing cosg

where o =0.4587, o, =0.7703, a3 =0.6619, oy = 0.3502,
os = 0.6620. The initial states are w;(0) = col(0.8819,0.6692),
w2(0) = col(0.1904,0.3689),  w3(0) = col(0.4607,0.9816),
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7;,(0) =0, S;(0) = 0, and x;(0) is randomly chosen in [0, 1], for
i=1,2,---,5

Assumptions 1-4 can be easily verified. Since B; is of full
column rank, we have

Ui(r) = (BTB) 'BISi(r) - (BB)) "B 4, (49)
where, i = 1,2,---,5, from Remark 5. Thus, Assumption 5 is
satisfied. By choosing

0.15 0

K- |
0 0

}, L; = col(0.15,0.3)
#, = 0.5 and u, = 0.5, so conditions of Theorems 1-2 hold.

Since the 7th leader has no directed path to every follower,
one cannot design the distributed observer proposed in
Refs. 2" for this heterogeneous swarm system to solve the
containment control problem. We design the adaptive contain-
ment distributed observer in Egs. (10a)-(10b) according to
Lemma 3.

Fig. 4 shows the tracking errors under the state feedback
control law (21). As shown in Fig. 4, it is clear that the tracking
errors converge to zero as time tends to infinity. The state tra-
jectories of the followers converge to the convex hull formed
by the leaders as demonstrated in Fig. 6. The tracking errors
and the state trajectories under the dynamic measurement out-
put feedback control law Eq. (22a), Eq. (22b) are shown in
Figs. 5 and 7, respectively. Similar to the results of state feed-
back control law (21), the tracking errors converge to zero

0“0

Fig. 3 Network topology q.

10 20 30 40 50 60 70
L(s)

=l — = =3 — = — =5

Fig. 4 Tracking errors under state feedback control law (21).

asymptotically under the dynamic measurement output feed-
back control law Eq. (22a), Eq. (22b) while the state trajecto-
ries of the followers converge to the convex hull formed by the
leaders. Fig. 8 shows the convergence of the estimation of the
leader’s system matrix S by the adaptive distributed observer.
Satisfactory tracking performance confirms the analytical
results of Theorems 1-2.

-1.0

10 20 30 40 50 60 70

=2 =3

=4

— i=1 =5

Fig. 5 Tracking errors under dynamic measurement output
feedback control law (22).

1(s)

—— Followers —— Leaders —— Envelope

Fig. 6 State trajectories under state feedback control law (21).

1(s)

—— Leaders

—— Followers —— Envelope

Fig. 7 State trajectories under dynamic measurement output
feedback control law (22).
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1.0 Vv, CY and &ECEN(Vyx?). Given a set of r
08l digraphs{¥, = (v, &;,i=1,2,--- 1)}, the digraph

0.6 f

04r
vy 027
=2 — =3 — =4 —i=5
-02r

-04t

-0.6
0 10 20 30 40 50 60 70

t(s)

Fig. 8 Estimation of the leader’s system matrix by adaptive
distributed observer.

6. Conclusions

In this paper, the containment control problem for discrete-
time swam system has been investigated. To circumvent a
restrictive assumption in the literature that every follower
needs to know the system matrix and signal of its leader, we
extended the design of an adaptive distributed observer in
Ref. ** to estimate the leader’s system matrix and signal. Both
analytical and numerical results confirm that the followers
cooperate with each other to achieve consensus and conver-
gence to the convex hull spanned by the leaders under both
the distributed adaptive dynamic state feedback and dis-
tributed adaptive measurement output feedback control laws.

Three issues deserve further research effort. First, the eigen-
values of § are assumed to have modulus smaller than or equal
to 1 in Assumption 2. Removing this restricted assumption
would yield more general and practical results. Second, it is
interesting to look into the containment control problem of
singular discrete-time linear heterogeneous swarm systems.
Third, the topology of the communication network is confined
to be static in the containment control problem. Extending the
results for containment control problems, wherein the topol-
ogy of the communication network is time-varying, is of
importance.
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Appendix A. This appendix presents a brief introduction of
graph theory in line with Ref. >°.

A digraph @ = (7", &) consists of a finite set of nodes
v ={1,2,---,N} and an edge set & = {(i,j),i,j € V", i#j}.
A node i is called a neighbor of a node j if the edge
(i,j) € €. A; denotes the subset of ¥~ that consists of all the
neighbors of the node i. If the graph % contains a sequence
of edges of the form (i}, %), (i2,43), -+, (ik, ixs1), then the set
{(i1,12), (i2,13), - -+, (i, f1) } 1s called a path of ¢ from i to
ir+1, and node i, is said to be reachable from node i;. A
digraph %, = (v7,,&,) is a subgraph of ¥ =(v",&) if

%4 = (v°,&) where & = U_, &, is called the union of digraphs
%,;, denoted by ¥ = U,_,%,;. The weighted adjacency matrix
of a digraph % is nonnegative matrix.«Z = [a;] € R"*", where
o/ ; =0 anda; > 0 <= (j,i) € &. The Laplacian of a digraph
% is denoted by & = [I;] € RV, where [; = Zj]ila,-j and
lfi = —(l,'/‘ lf 175]
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