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Abstract This paper develops both adaptive distributed dynamic state feedback control law and

adaptive distributed measurement output feedback control law for heterogeneous discrete-time

swarm systems with multiple leaders. The convex hull formed by the leaders and the system matrix

of leaders is estimated via an adaptive distributed containment observer. Such estimations will feed

the followers so that every follower can update the system matrix of the corresponding adaptive dis-

tributed containment observer and the system state of their neighbors. The followers cooperate with

each other to achieve leader–follower consensus and thus solve the containment control problem

over the network. Numerical results demonstrate the effectiveness and computational feasibility

of the proposed control laws.
� 2020 Chinese Society of Aeronautics and Astronautics. Production and hosting by Elsevier Ltd. This is

an open access article under the CCBY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Cooperative control of swarm systems (also known as multi-

agent systems) has been a recent research hotspot for its exten-
sive applications in engineering.1 Generally speaking, coopera-
tive control problems of multi-agent systems can be mainly

classified into the consensus problems2–5 and the containment
control problems.6–8 The consensus problem is to design the
adaptive distributed control strategy regarding local informa-

tion to fulfill the condition that the state errors between any
two agents in the network tend to zero. On the other hand,
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the containment control problem is to design control laws so
that all the followers converge to the convex hull formed by
the leaders. In this paper, we investigate the containment con-

trol problem for heterogeneous discrete-time swarm systems
with multiple leaders.

Extensive research effort has been dedicated to contain-

ment control problems for continuous-time and discrete-time
swarm systems of first-order integrators and second-order inte-
grators with stationary or dynamic leaders. Ref.9 studied the

distributed containment control of a group of mobile autono-
mous agents with multiple stationary or dynamic leaders under
both fixed and switching network topologies using continuous-
time formulation. Ref.10 studied the containment control prob-

lem for multiple continuous-time and discrete-time single inte-
grator systems. Control protocols were devised by exploiting
the control input information of neighbors so that the leaders

will converge to the desired convex formation while the follow-
ers converge to the convex hull of the leaders. Ref.11 consid-
ered the containment control problems for both continuous-

time and discrete-time multi-agent systems with general linear
dynamics under general directed communication topologies.
Distributed dynamic containment controllers based on the rel-

ative outputs of neighboring agents were constructed. Ref.12

solved containment control problems for networked single
integrator systems with multiple stationary or dynamic leaders
over directed graphs. Ref.13 proposed the containment control

problem for a group of agents with heterogeneous dynamics
modeled by both first-order integrators and second-order inte-
grators. Due to the packet drop and node failure phenomena

during the information transmission, the containment control
of multi-agent systems over switching communication topolo-
gies is of importance. Ref.14 considered the distributed con-

tainment control for second-order multi-agent systems
guided by multiple leaders with random switching topologies.
Ref.15 investigated the containment control of linear multi-

agent systems with input saturation on switching topologies.
Both state feedback and output feedback containment control
protocols were proposed. The containment control problems
are achieved via local relative position and velocity measure-

ments with constraints when the velocity and acceleration
are difficult or impossible to measure in certain scenarios.
Ref.16 investigated the distributed containment control prob-

lem for a group of autonomous vehicles modeled by double-
integrator dynamics with multiple dynamic leaders over a fixed
network that the velocities and the accelerations of both lead-

ers and followers are not available. Ref.17 investigated the
robust global containment control problem for continuous-
time second-order multi-agent systems subject to input satura-
tion wherein only local velocity measurements, relative posi-

tions, and velocity measurements are involved in the
controller design. Distributed observers were constructed for
followers to estimate the states of the leaders since they are

not available for the followers. Ref.18 addressed the design of
distributed observers for agents with identical linear discrete-
time dynamics over a directed graph interaction topology.

Ref.19 addressed the cooperative output regulation problem
for discrete-time linear multi-agent systems with a new type
of adaptive distributed observer for the leader systems.

Ref.20 studied the cooperative output regulation problem for
the discrete-time linear time-delay multi-agent systems by a
distributed observer approach. Refs.21,22 considered the con-
tainment problem of heterogeneous linear multi-agent systems
via the dynamic compensator technique wherein the contain-
ment control problem was converted into a cooperative output
regulation problem.

A common assumption adopted in the literature addressing
the containment control problem for discrete-time swarm sys-
tems is that every follower needs to know the system matrix of

its leader. However, this assumption seems rather vulnerable.
To tackle this challenge, we revisit the containment control
problem for discrete-time swarm systems using an adaptive

distributed containment observer inspired by the adaptive dis-
tributed observer design in Refs.23,24. In this paper, the
discrete-time swarm systems under consideration consist of
multiple leaders. The containment control problem is

addressed by a new design of distributed control laws with
the aid of an adaptive distributed containment observer for
the followers to infer the system matrices of their leaders and

the convex hull formed by the leaders. The proposed control
laws circumvent the restrictive assumption that every follower
needs to know the system matrix and signal of its leader as

proposed in Refs.20,21,22.
The rest of this paper is organized as follows: Section 2 for-

mulates the problem. Section 3 presents some existing results

from Refs.23,24 and devises a new lemma for the design of an
adaptive distributed containment observer. The main results
are outlined in Section 4. A numerical example is conducted in
Section 5. Companion materials are provided in the appendix.

Notation: For any matrix A 2 Rm�n, vec ðAÞ ¼
col A1;A2; � � � ;Anð Þ where Ai 2 Rm is the ith column of A. �
denotes the Kronecker product of matrices. For X1;X2 2 Rn,

let colðX1;X2Þ ¼ XT
1 ;X

T
2

� �T
. 1N ¼ colð1; 1; � � � ; 1Þ, i.e., an N

dimensional column vector whose components are all 1.
2. Problem formulation and assumptions

We consider the following discrete-time linear heterogeneous
swarm system:

xiðtþ 1Þ ¼ AixiðtÞ þ BiuiðtÞ; t 2 Zþ ð1aÞ

ymiðtÞ ¼ CmixiðtÞ þDmiuiðtÞ ð1bÞ
where xiðtÞ 2 Rn; ymiðtÞ 2 Rpmand uiðtÞ 2 Rm are the state, mea-
surement output, and control input of the ith subsystem,
respectively. The M leaders are assumed to be exosystems of

the following form:

wkðtþ 1Þ ¼ SwkðtÞ; t 2 Zþ ð2Þ
where wkðtÞ 2 Rn is the state of the ith leader, for
k ¼ Nþ 1;Nþ 2; � � � ;NþM, and S represents the system
matrix of all leaders.

Define a graph G ¼ fV;E;Ag whose vertex set is

V ¼ f1; 2; � � � ;NþMg, and the edge set is E#V�V. We

use A ¼ aij
� �NþM

i;j¼1
2 RðNþMÞ�ðNþMÞ to denote the adjacent

matrix of graph G, where aij is the weight of edge ðj; iÞ with

aij > 0 if i; jð Þ 2 E, and aij ¼ 0 otherwise. And L is the

Laplacian of G corresponding to A, which is defined as

L ¼ lij
� � 2 Rn�n and lij ¼ �aij for any j–i; and

lii ¼
Pn

j¼1;j–iaij. Agents 1 to N denote the followers while agents

Nþ 1 to NþM are leaders. Each follower has at least one

neighbor while the leaders have no neighbor. Accordingly,
the Laplacian matrix of graph G can be partitioned as
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L1 L2

0M�N 0M�M

� �

where L1 2 RN�N reflects the communication relation between

each follower and other followers as well as leaders, and

L2 2 RN�M reflects the communication relation between this
follower and the leaders. More details of the graph theory

can be found in Ref.25.

Definition 1 26. A set C#RN is convex if 1� kð Þxþ ky 2 C,
for any x; y 2 C and anyk 2 0; 1½ �. The convex hull Co Xð Þ of a
finite set of points X ¼ fx1; x2; � � � ; xqg is the minimal convex set

containing all points inX, that is,

Co Xð Þ ¼
Xq

i¼1

aixijxi 2 X; ai P 0;
Xq

i¼1

ai ¼ 1

( )
ð3Þ

Now we describe the containment control problem for the
system composed of Eqs. (1) and (2) as follows:

Problem 1 9. The swarm system (1)--(2) achieves containment if

the designed control law for each follower makes sure that all
followers will converge to the convex hull spanned by the
dynamic leaders as t ! 1, that is, 8i ¼ 1; 2 � � � ;N and
XðtÞ ¼ fwNþ1ðtÞ;wNþ2ðtÞ; � � � ;wNþMðtÞg
lim
t!1

k xiðtÞ � Co XðtÞð Þ k ¼ 0 ð4Þ

where

Co XðtÞð Þ ¼
XNþM

k¼Nþ1

aikwkðtÞjwkðtÞ 2 XðtÞ;aik P 0;

( XNþM

k¼Nþ1

aik ¼ 1

)

ð5Þ

To simplify the analysis, we introduce the error vector of
the ith follower as

ei tð Þ ¼
XN
j¼1

aijðxjðtÞ � xiðtÞÞ þ
XNþM

k¼Nþ1

dki wkðtÞ � xiðtÞð Þ ð6Þ

where xiðtÞ is the state of the ith agent and wkðtÞ is the state of
the kth leader. Eq. (6) can be rewritten in a compact form as

e tð Þ ¼ � L1 � Inð ÞxðtÞ � L2 � Inð ÞwðtÞ ð7Þ
where eðtÞ, xðtÞ and wðtÞ are obtained by stacking the columns

ei, xi and wk, i ¼ 1; 2; � � � ;N, k ¼ Nþ 1;Nþ 2; � � � ;NþM.
The following standard assumptions are necessary for solv-

ing the containment control problem:

Assumption 1. For each follower, there exists at least one leader

that has a directed path to the follower.

Assumption 2. All the eigenvalues of S have modulus smaller
than or equal to 1.

Assumption 3. Ai;Bið Þ is stabilizable, i ¼ 1; 2; � � � ;N.

Assumption 4. Ai;Cmið Þ is detectable, i ¼ 1; 2; � � � ;N.

Assumption 5. The linear matrix equations S ¼ Ai þ BiUi have
solutions Ui, for all i ¼ 1; 2; � � � ;N.
Remark 1. Under Assumption 5, there exist matrices Ui such

that S ¼ Ai þ BiUi. This implies BU ¼ A� IN � S, where
A¼ blockdiag A1;A2; � � � ;ANf g, B¼ blockdiag B1;B2; � � � ;BNf g,
U¼ blockdiag U1;U2; � � � ;UNf g.
3. Useful lemmas

In this section, we introduce and establish some useful lemmas
on the design of an adaptive distributed containment observer.

Lemma 1 9. Under Assumption 1, all the eigenvalues of L1

have positive real parts, each entry of �L - 1
1 L2 is non-

negative, and each row of �L - 1
1 L2 has a sum equal to 1.

Lemma 2 24. Consider the following system:

xðtþ 1Þ ¼ FxðtÞ þ F1ðtÞxðtÞ þ F2ðtÞ ð8Þ
where xðtÞ 2 Rn, F 2 Rn is Schur, and F1ðtÞ and F2ðtÞ are well
defined for all t 2 Zþ. If F1ðtÞ;F2ðtÞ ! 0 (exponentially)

ast ! 1, then for anyx 0ð Þ 2 Rn, x tð Þ ! 0 (exponentially) as
t ! 1.

We recall the concept of adaptive distributed observer pro-

posed in Ref. 24 for solving the leader-following consensus
problem of heterogeneous swarm systems. Suppose there are
N followers and one leader. Use A ¼ ½aij� to denote the

weighted adjacency matrix of G. The adaptive distributed
observer proposed in Ref. 24 is

Siðtþ1Þ¼SiðtÞþl1ð
XN
j¼1

aijðSjðtÞ�SiðtÞÞþai0ðS�SiðtÞÞÞ ð9aÞ

giðtþ 1Þ ¼ SiðtÞ½giðtÞ þ l2

XN
j¼1

aijðgjðtÞ � giðtÞÞ

þ ai0 g0ðtÞ � giðtÞð Þ� ð9bÞ
where i ¼ 1; 2; � � � ;N, and S 2 Rn�n and g0ðtÞ 2 Rn are the lea-
der’s system matrix and signal, respectively. The ith follower

can receive information about the leader if and only if ai0–0.
It is assumed that only those followers within the prescribed
neighbor of a leader can access the leader’s system matrix

and signal.

Remark 2. If there exists a spanning tree and the leader is the
root, then SiðtÞ ! S and giðtÞ ! g0ðtÞ with time t ! 1. The
adaptive distributed observer not only can estimate the leader’s

signal but also can infer the leader’s system matrix.

In our case, there are N followers and M leaders. We need
to extend the adaptive distributed containment observer for all
followers (i ¼ 1; 2; � � � ;N) as follows:

giðtþ 1Þ ¼ SiðtÞ½giðtÞ þ l1

XN
j¼1

aijðgjðtÞ � giðtÞÞ

þ l1

XNþM

k¼Nþ1

dki wkðtÞ � giðtÞð Þ� ð10aÞ

Siðtþ1Þ¼SiðtÞþl2

XN
j¼1

aijðSjðtÞ�SiðtÞÞþl2

XNþM

k¼Nþ1

dki S�SiðtÞð Þ

ð10bÞ
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where dki represents the communication between subsystem i

and leader k, and the subsystem i can access the k leader,

i.e., the i subsystem is of the first group, if and only if dki > 0.

Remark 3. For each follower, if all leaders have a directed

path to the follower, the containment control problem will be
the cooperative output regulation problem. Otherwise, one
cannot design the adaptive distributed observer (9) proposed

in Ref. 24. For example, the communication topology G
�
1

depicted in Fig. 1 has a directed path to every follower for each
leader j 2 f6; 7; 8; 9g. We can design the adaptive distributed
observer (9) proposed in Ref. 24 for each follower to estimate

each leader’s state and to solve the containment control
problem. For another example, the communication topology

G
�
2 depicted in Fig. 2 has no directed path to every follower for

each leader j 2 f6; 7; 8; 9g. One cannot design the adaptive

distributed observer (9) proposed in Ref. 24 for this swarm
system to solve the containment control problem. On the other
hand, we can design the adaptive containment distributed
observer via Eqs. (10a) and (10b), which is summarized in the

following lemma.

Let wðtÞ ¼ colðwNþ1ðtÞ;wNþ2ðtÞ; � � � ;wNþMðtÞÞ, gðtÞ ¼
col g1ðtÞ; g2ðtÞ; � � � ; gNðtÞð Þ, S

�
¼ 1M � S, S

�
ðtÞ ¼ colðS1ðtÞ;

S2ðtÞ; � � � ;SNðtÞÞ and SdðtÞ¼ blockdiagfS1ðtÞ;S2ðtÞ; � � � ; SNðtÞg,
then

gðtþ 1Þ ¼ SdðtÞ � l1SdðtÞ L1 � Inð Þð ÞgðtÞ
� l1SdðtÞ L2 � Inð ÞwðtÞ ð11aÞ

S
�
ðtþ 1Þ ¼ S

�
ðtÞ � l2 L1 � Inð ÞS

�
ðtÞ � l2 L2 � Inð ÞS

�
ðtÞ ð11bÞ

wðtþ 1Þ ¼ IM � Sð ÞwðtÞ ð11cÞ

Lemma 3. Given the systems (2), (10a) and (10b), then for any
initial condition Sið0Þ and gið0Þ, i ¼ 1; 2; � � � ;N, we have

A) under Assumption 1, for any l2 satisfying 0 < l2 <
2

q L1ð Þ,

lim
t!1

^
S
�
ðtÞ ¼ 0 ð12Þ

exponentially fast, and
Fig. 1 Communication network graph G
�

1.

Fig. 2 Communication network graph G
�

2.
B) under Assumptions 1 and 2, with l1 satisfying

0 < l1 <
2

q L1ð Þ and l being such that the matrix

INn � l1 L1 � Inð Þ is Schur,
lim
t!1

g
�ðtÞ ¼ 0 ð13Þ

exponentially fast.

Proof. Part (A). Under Assumption 1, by Lemma 1, L1 is

invertible. Let
^
S
�
ðtÞ ¼ S

�
ðtÞ þ L�1

1 L2 � In
� �

S
�
. Based on graph

structure in Section 2, under Assumption 1, Eq. (11b) can be
rewritten as

^
S
�
ðtþ 1Þ ¼ S

�
ðtþ 1Þ þ L�1

1 L2 � In
� �

S
�

¼ S
�
ðtÞ � l2 L1 � Inð ÞS

�
ðtÞ � l2 L2 � Inð ÞS

�
þ L�1

1 L2 � In
� �

S
�

¼ INn � l2 L1 � Inð Þð Þ^S
�
ðtÞ

ð14Þ
Under Assumption 1, by Lemma 1, all the eigenvalues of

L1 have positive real parts. Thus, for any l2 satisfying

0 < l2 <
2

q L1ð Þ, the matrix INn � l2 L1 � Inð Þ is Schur.

Therefore

lim
t!1

^
S
�
ðtÞ ¼ 0 ð15Þ

exponentially, and

lim
t!1

S
�
ðtÞ þ L�1

1 L2 � In
� �

S
�h i

¼ 0 ð16Þ

exponentially fast, respectively

� L�1
1 L2 � In

� �
S
�
¼ � L�1

1 L2 � In
� �

1M � Sð Þ ¼ 1N � S

ð17Þ

which implies lim
t!1

S
�
ðtÞ � 1N � S

� 	
¼ 0 exponentially.

Part (B). Let g
�ðtÞ ¼ gðtÞ þ L�1

1 L2 � In
� �

wðtÞ, from system

(11a), we have

g
�ðtþ 1Þ ¼ gðtþ 1Þ þ L�1

1 L2 � In
� �

wðtþ 1Þ
¼ SdðtÞgðtÞ � l1SdðtÞððL1 � InÞgðtÞ þ ðL2 � InÞwðtÞÞ
þ L�1

1 L2 � In
� �ðIM � SÞwðtÞ

¼ SdðtÞ g�ðtÞ � SdðtÞðL�1
1 L2 � InÞwðtÞ � l1SdðtÞððL1 � InÞ g�ðtÞÞ

þðIN � SÞðL�1
1 L2 � InÞwðtÞ

¼ ððIN � SÞ � l1ðL1 � SÞ g�ðtÞ þ ðSdðtÞ � IN � SÞ g�ðtÞ � l1ðSdðtÞ
�ðIN � SÞÞðL1 � InÞ g�ðtÞ � ðSdðtÞ � IN � SÞðL�1

1 L2 � InÞwðtÞ
ð18Þ

By assumption, the matrix In � Sð Þ � l1 L1 � Sð Þð Þ is
Schur. Since

lim
t!1

S
�
ðtÞ � 1N � Sð Þ

� 	
¼ 0 ð19Þ

exponentially fast, we have

lim
t!1

SdðtÞ � IN � Sð Þ ¼ 0 ð20Þ

exponentially fast. Therefore, with Lemma 2, lim
t!1

g
�ðtÞ ¼ 0

exponentially fast.



2902 S. WANG et al.
Remark 4. gi is the state of the ith observer of the convex hull

spanned by the leaders. Let gðtÞ ¼ colðg1ðtÞ; g2ðtÞ; � � � ; gNðtÞÞ,
the proof of Lemma 3 indicates that gðtÞ !
� L�1

1 L2 � In
� �

wðtÞ as t ! 1. SiðtÞ is the estimation of the

leaders’ system matrix S with SiðtÞ converging to S as t ! 1.
4. Main results

Based on the adaptive distributed containment observer

devised in the previous section, two adaptive distributed con-
trol laws for the followers are developed in this section. We
first define the distributed control laws as follows:

(1) Distributed dynamic state feedback control

uiðtÞ ¼ K1ixiðtÞ þ UiðtÞ � K1ið ÞgiðtÞ ð21Þ
(2) Distributed dynamic measurement output feedback
uiðtÞ ¼ K1iniðtÞ þ UiðtÞ � K1ið ÞgiðtÞ ð22aÞ
niðtþ 1Þ ¼ AiniðtÞ þ BiuiðtÞ þ LiðymiðtÞ � CminiðtÞ �DmiuiðtÞÞ
ð22bÞ
in which K1i is chosen in such a way that Ai þ BiK1i is
Schur, and Li is chosen in such a way that Ai � LiCmi

is Schur for i ¼ 1; 2; � � � ;N. UiðtÞ is defined in Remark 5.

Remark 5. Note that gi is the state of the ith observer of the
convex hull spanned by the leader, Lemma 3 showed that

gðtÞ ! � L�1
1 L2 � In

� �
wðtÞ as t ! 1. Assumption5 guaran-

tees that the matrix equations S ¼ Ai þ BiUi have solutions
UiðtÞ. For example, if Bi is of full column rank,

UiðtÞ ¼ BT
i Bi

� ��1
BT
i SiðtÞ � BT

i Bi

� ��1
BT
i Ai, 8i ¼ 1; 2; � � � ;N.

Let xðtÞ ¼ colðx1ðtÞ; x2ðtÞ; � � � ; xNðtÞÞ, eðtÞ ¼ colðe1ðtÞ; e2ðtÞ;
� � � ; eNðtÞÞ, uðtÞ¼ colðu1ðtÞ;u2ðtÞ; � � � ;uNðtÞÞ, A¼ blockdiagðA1;
A2; � � � ;ANÞ and B¼ blockdiag B1;B2;ð � � � ;BNÞ. Then we can

put Eq. (1) into the following compact form:

xðtþ 1Þ ¼ AxðtÞ þ BuðtÞ ð23aÞ

gðtþ 1Þ ¼ SdðtÞ � l1SdðtÞ L1 � Inð Þð ÞgðtÞ
� l1SdðtÞ L2 � Inð ÞwðtÞ ð23bÞ

S
�
ðtþ 1Þ ¼ S

�
ðtÞ � l1 L1 � Inð ÞS

�
ðtÞ � l2 L2 � Inð ÞS

�
ð23cÞ

wðtþ 1Þ ¼ IM � Sð ÞwðtÞ ð23dÞ

e ¼ � L1 � Inð ÞxðtÞ � L2 � Inð ÞwðtÞ ð23eÞ

Theorem 1. Under Assumptions 1–3 and 5. Let l1 and l2 belong
to ð0; 2

q L1ð ÞÞ. Then the swarm system can achieve containment

control by the state feedback control law (21).

Proof. Let K1 ¼ blockdiag K11;K12; � � � ;K1Nð Þ and UðtÞ ¼
blockdiag U1ðtÞ;U2ðtÞ; � � � ;UNðtÞð Þ, then Eq. (21) can be rewrit-

ten into an augmented system as
uðtÞ ¼ K1xðtÞ þ UðtÞ � K1ð ÞgðtÞ ð24Þ
Let u

�ðtÞ ¼ uðtÞ þU L�1
1 L2 � In

� �
wðtÞ, g

�ðtÞ ¼ gðtÞþ
L�1

1 L2 � In
� �

wðtÞ, fðtÞ ¼ xðtÞ þ L�1
1 L2 � In

� �
wðtÞ and

U
�
ðtÞ ¼ U�UðtÞð Þ, and we have

u
�ðtÞ ¼ K1xðtÞ þ UðtÞ � K1ð Þ g

�ðtÞ � L�1
1 L2 � In

� �
wðtÞ

� 	
þU L�1

1 L2 � In
� �

wðtÞ
¼ K1 xðtÞ þ L�1

1 L2 � In
� �

wðtÞ� �þ UðtÞ � K1ð Þ
gðtÞ þ L�1

1 L2 � In
� �

wðtÞ� �
þ U�UðtÞð Þ L�1

1 L2 � In
� �

wðtÞ
¼ K1fðtÞ þ UðtÞ � K1ð Þ g�ðtÞ þU

�
ðtÞ L�1

1 L2 � In
� �

wðtÞ
ð25Þ

Evaluating fðtþ 1Þ along the trajectory (22), we have

fðtþ 1Þ ¼ xðtþ 1Þ þ L�1
1 L2 � In

� �
wðtþ 1Þ

¼ AxðtÞ þ BuðtÞ þ L�1
1 L2 � In

� �
IM � Sð ÞwðtÞ

¼ A fðtÞ � L�1
1 L2 � In

� �
wðtÞ� �þ B u

�ðtÞ �U L�1
1 L2 � In

� �
wðtÞ

� 	
þ IN � Sð Þ L�1

1 L2 � In
� �

wðtÞ
¼ Aþ BK1ð ÞfðtÞ þ B u

�ðtÞ � K1fðtÞ
� 	

þ IN � Sð Þ � A� BUð Þ L�1
1 L2 � In

� �
wðtÞ

¼ Aþ BK1ð ÞfðtÞ þ B u
�ðtÞ � K1fðtÞ

� 	
¼ Aþ BK1ð ÞfðtÞ þ BðUðtÞ � K1Þ g�ðtÞ þ BU

�
ðtÞ L�1

1 L2 � In
� �

wðtÞ
ð26Þ

g
�ðtþ 1Þ ¼ IN � Sð Þ � l1 L1 � Sð Þð Þ g�ðtÞ þ SdðtÞ � IN � Sð Þ g�ðtÞ
�l1 SdðtÞ � IN � Sð Þð Þ L1 � Inð Þ g�ðtÞ � SdðtÞ � IN � Sð Þ L�1

1 L2 � In
� �

wðtÞ
ð27Þ

^
S
�
ðtþ 1Þ ¼ INn � l2 L1 � Inð Þð Þ^S

�
ðtÞ ð28Þ

eðtÞ ¼ L1 � Inð Þ L�1
1 L2 � In

� �
wðtÞ � L2 � Inð ÞwðtÞ

� L1 � Inð ÞfðtÞ ð29Þ

Stacking f and g
�
, and by Remark 1, we have

fðtþ 1Þ
g
�ðtþ 1Þ

" #
¼ Aþ BK1ð Þ 0

0 L̂1

� �
fðtÞ
g
�ðtÞ

" #
þ f1ðtÞ

f2ðtÞ

� �
ð30aÞ

^
S
�
ðtþ 1Þ ¼ INn � l2 L1 � Inð Þð Þ^S

�
ðtÞ ð30bÞ

eðtÞ ¼ � L1 � Inð ÞfðtÞ ð30cÞ
where

L̂1 ¼ IN � Sð Þ � l2 L1 � Sð Þð Þ ð31Þ

f1ðtÞ ¼ B UðtÞ � K1ð Þ g�ðtÞ þ BU
�
ðtÞ L�1

1 L2 � In
� �

wðtÞ ð32Þ

f2ðtÞ ¼ SdðtÞ � IN � Sð Þ g�ðtÞ � l1 SdðtÞ � IN � Sð Þð Þ L1 � Inð Þ g�ðtÞ
� SdðtÞ � IN � Sð Þ L�1

1 L2 � In
� �

wðtÞ ð33Þ

By Lemma 3, lim
t!1

S
�
ðtÞ � 1N � S

� 	
¼ 0 and lim

t!0
g
�ðtÞ ¼ 0, we

have
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lim
t!1

B SdðtÞ � IN � Sð Þ ¼ 0: ð34Þ

Hence, lim
t!1

B UðtÞ �Uð Þ ¼ lim
t!1

B SdðtÞ � IN � Sð Þ ¼ 0. Then

we have f1ðtÞ ! 0 and f2ðtÞ ! 0 as t ! 1. Since lk; k ¼ 1; 2 is
chosen, INn � lk L1 � Inð Þ is Schur, while note that Ai þ BiK1i

is Schur for i ¼ 1; 2; � � � ;N, we have Aþ BK and L̂1 are Schur.

By Lemma 2, lim
t!1

fðtÞ; g�ðtÞ
� 	

¼ 0, for arbitrary xð0Þ, gð0Þ, and
wð0Þ. Therefore lim

t!1
eðtÞ ¼ 0.

Theorem 2. Under Assumptions 1–5. Let l1 and l2 belong to

ð0; 2
q L1ð ÞÞ. Then the swarm system can achieve containment

control by the dynamic measurement output feedback control

law Eq. (22a), Eq. ((22)b)

Proof. Let nðtÞ ¼ col n1ðtÞ;n2ðtÞ; � � � ;nNðtÞð Þ, ymðtÞ ¼ col ym1ðtÞ;ð
ym2ðtÞ; � � � ;ymNðtÞÞ, L¼ blockdiag L1;L2; � � � ;LNð Þ, Cm ¼ col Cm1;ð
Cm2;���; CmNÞ, Dm¼col Dm1;Dm2;���;DmNð Þ, K1¼blockdiag K11;ð
K12;���; K1NÞ and UðtÞ¼blockdiagðU1ðtÞ;U2ðtÞ;���;UNðtÞÞ, and
we rewrite Eqs. (22a, 22b) into an augmented system as

uðtÞ ¼ K1nðtÞ þ UðtÞ � K1ð ÞgðtÞ ð35aÞ

nðtþ 1Þ ¼ AnðtÞ þ BuðtÞ þ L ymðtÞ � CmnðtÞ �DmuðtÞð Þ ð35bÞ

Let x
�ðtÞ ¼ nðtÞ � xðtÞ, U

�
ðtÞ ¼ U�UðtÞ, u

�ðtÞ ¼ uðtÞþ
U L�1

1 L2 � In
� �

wðtÞ, g
�ðtÞ ¼ gðtÞ þ L�1

1 L2 � In
� �

wðtÞ and

fðtÞ ¼ xðtÞ þ L�1
1 L2 � In

� �
wðtÞ, and we have

u
�ðtÞ ¼ K1nðtÞ þ UðtÞ � K1ð Þ g

�ðtÞ � L�1
1 L2 � In

� �
wðtÞ

� 	
þU L�1

1 L2 � In
� �

wðtÞ
¼ K1 nðtÞ � xðtÞð Þ þ K1ðxðtÞ þ ðL�1

1 L2 � InÞwðtÞÞ
þ UðtÞ � K1ð Þ gðtÞ þ L�1

1 L2 � In
� �

wðtÞ� �
þ U�UðtÞð Þ L�1

1 L2 � In
� �

wðtÞ
¼ K1 x

�ðtÞ þ K1fðtÞ þ UðtÞ � K1ð Þ g�ðtÞ þU
�
ðtÞ L�1

1 L2 � In
� �

wðtÞ
ð36aÞ

x
�ðtþ 1Þ ¼ ðA� LCmÞx�ðtÞ ð36bÞ

Evaluating fðtþ 1Þ along the trajectory (22), we have

fðtþ 1Þ ¼ xðtþ 1Þ þ L�1
1 L2 � In

� �
wðtþ 1Þ

¼ AxðtÞ þ BuðtÞ þ L�1
1 L2 � In

� �
IM � Sð ÞwðtÞ

¼ A fðtÞ � L�1
1 L2 � In

� �
wðtÞ� �þ B u

�ðtÞ �U L�1
1 L2 � In

� �
wðtÞ

� 	
þðIN � SÞ L�1

1 L2 � In
� �

wðtÞ
¼ Aþ BK1ð ÞfðtÞ þ Bðu�ðtÞ � K1fðtÞÞ
þ IN � Sð Þ � A� BUð Þ L�1

1 L2 � In
� �

wðtÞ
¼ Aþ BK1ð ÞfðtÞ þ BK1 x

�ðtÞ þ BðUðtÞ � K1Þ g�ðtÞ
þBðU�UðtÞÞ L�1

1 L2 � In
� �

wðtÞ
ð37Þ

g
�ðtþ 1Þ ¼ IN � Sð Þ � l1 L1 � Sð Þð Þ g�ðtÞ þ SdðtÞ � IN � Sð Þ g�ðtÞ
�l1 SdðtÞ � IN � Sð Þð Þ L1 � Inð Þ g�ðtÞ � SdðtÞ � IN � Sð Þ L�1

1 L2 � In
� �

wðtÞ
ð38Þ

^
S
�
ðtþ 1Þ ¼ INn � l2 L1 � Inð Þð Þ^S

�
ðtÞ ð39Þ
e tð Þ ¼ L1 � Inð Þ L�1
1 L2 � In

� �
wðtÞ � L2 � Inð ÞwðtÞ

� L1 � Inð ÞfðtÞ ð40Þ

By Remark 1, while stacking fðtÞ, x�ðtÞ and g
�ðtÞ into a vec-

tor, we have

fðtþ 1Þ
x
�ðtþ 1Þ
g
�ðtþ 1Þ

2
64

3
75 ¼ M

fðtÞ
x
�ðtÞ
g
�ðtÞ

2
64

3
75þ

g1ðtÞ
0

g2ðtÞ

2
64

3
75 ð41Þ

^
S
�
ðtþ 1Þ ¼ INn � l2 L1 � Inð Þð Þ^S

�
ðtÞ ð42Þ

eðtÞ ¼ L1 � Inð ÞfðtÞ ð43Þ
where

M ¼
Aþ BK1ð Þ BK1 0

0 ðA� LCmÞ 0

0 0 L̂1

2
64

3
75 ð44Þ

L̂1 ¼ IN � S� l1 L1 � Sð Þ ð45Þ

g1ðtÞ ¼ B UðtÞ � K1ð Þ g� þB U�UðtÞð Þ L�1
1 L2 � In

� �
wðtÞ ð46Þ

g2ðtÞ ¼ SdðtÞ � IN � Sð Þ g�ðtÞ � l1 SdðtÞ � IN � Sð Þð Þ L1 � Inð Þ g�ðtÞ
� Sd � IN � Sð Þ L�1

1 L2 � In
� �

wðtÞ ð47Þ

By Lemma 3, lim
t!1

S
�
ðtÞ � 1N � S

� 	
¼ 0 and lim

t!0
g
�ðtÞ ¼ 0, we

have

lim
t!1

B SdðtÞ � IN � Sð Þ ¼ 0 ð48Þ

Hence, lim
t!1

B UðtÞ �Uð Þ ¼ lim
t!1

B SdðtÞ � IN � Sð Þ ¼ 0. Then

we have g1ðtÞ ! 0 and g2ðtÞ ! 0 as t ! 1. For lk, k ¼ 1; 2 is
chosen so that INn � lk L1 � Inð Þ is Schur. Furthermore,
Ai þ BiK1i and Ai � LiCmi are Schur, for i ¼ 1; 2; � � � ;N. There-

fore, A� LCm and L̂1 are Schur, and thus M is Schur by

Lemma 2 while lim
t!1

col fðtÞ; x�ðtÞ; g�ðtÞ
� 	

¼ 0, for arbitrary ini-

tial conditions. This concludes lim
t!1

eðtÞ ¼ 0.

5. Numerical example

Consider the heterogeneous swarm system with five followers

and three leaders in R2. The communication topology of the

followers and leaders is shown in Fig. 3. The dynamics of
the followers and leaders are given by Eqs. (1) and (2), respec-
tively, with

Ai ¼ 0 ai
0 0

� �
;Bi ¼

3 1

2 0

� �

Cmi ¼
2

0

� �T
;S ¼ cos p

6
sin p

6

�sin p
6

cos p
6

" #

where a1 ¼ 0:4587, a2 ¼ 0:7703, a3 ¼ 0:6619, a4 ¼ 0:3502,
a5 ¼ 0:6620. The initial states are w1ð0Þ ¼ colð0:8819; 0:6692Þ,
w2ð0Þ ¼ colð0:1904; 0:3689Þ, w3ð0Þ ¼ colð0:4607; 0:9816Þ,



Fig. 5 Tracking errors under dynamic measurement output

feedback control law (22).
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gið0Þ ¼ 0, Sið0Þ ¼ 0, and xið0Þ is randomly chosen in [0, 1], for

i ¼ 1; 2; � � � ; 5.
Assumptions 1–4 can be easily verified. Since Bi is of full

column rank, we have

UiðtÞ ¼ BT
i Bi

� ��1
BT

i SiðtÞ � BT
i Bi

� ��1
BT

i Ai ð49Þ
where, i ¼ 1; 2; � � � ; 5, from Remark 5. Thus, Assumption 5 is

satisfied. By choosing

K1i ¼
0:15 0

0 0

� �
; Li ¼ colð0:15; 0:3Þ

l1 ¼ 0:5 and l2 ¼ 0:5, so conditions of Theorems 1–2 hold.
Since the 7th leader has no directed path to every follower,

one cannot design the distributed observer proposed in
Refs. 20,24 for this heterogeneous swarm system to solve the
containment control problem. We design the adaptive contain-

ment distributed observer in Eqs. (10a)–(10b) according to
Lemma 3.

Fig. 4 shows the tracking errors under the state feedback

control law (21). As shown in Fig. 4, it is clear that the tracking
errors converge to zero as time tends to infinity. The state tra-
jectories of the followers converge to the convex hull formed
by the leaders as demonstrated in Fig. 6. The tracking errors

and the state trajectories under the dynamic measurement out-
put feedback control law Eq. (22a), Eq. (22b) are shown in
Figs. 5 and 7, respectively. Similar to the results of state feed-

back control law (21), the tracking errors converge to zero
Fig. 3 Network topology G
�
.

Fig. 4 Tracking errors under state feedback control law (21).
asymptotically under the dynamic measurement output feed-
back control law Eq. (22a), Eq. (22b) while the state trajecto-
ries of the followers converge to the convex hull formed by the

leaders. Fig. 8 shows the convergence of the estimation of the
leader’s system matrix S by the adaptive distributed observer.
Satisfactory tracking performance confirms the analytical

results of Theorems 1–2.
Fig. 6 State trajectories under state feedback control law (21).

Fig. 7 State trajectories under dynamic measurement output

feedback control law (22).



Fig. 8 Estimation of the leader’s system matrix by adaptive

distributed observer.
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6. Conclusions

In this paper, the containment control problem for discrete-

time swam system has been investigated. To circumvent a
restrictive assumption in the literature that every follower
needs to know the system matrix and signal of its leader, we

extended the design of an adaptive distributed observer in
Ref. 24 to estimate the leader’s system matrix and signal. Both
analytical and numerical results confirm that the followers

cooperate with each other to achieve consensus and conver-
gence to the convex hull spanned by the leaders under both
the distributed adaptive dynamic state feedback and dis-

tributed adaptive measurement output feedback control laws.
Three issues deserve further research effort. First, the eigen-

values of S are assumed to have modulus smaller than or equal
to 1 in Assumption 2. Removing this restricted assumption

would yield more general and practical results. Second, it is
interesting to look into the containment control problem of
singular discrete-time linear heterogeneous swarm systems.

Third, the topology of the communication network is confined
to be static in the containment control problem. Extending the
results for containment control problems, wherein the topol-

ogy of the communication network is time-varying, is of
importance.
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Appendix A. This appendix presents a brief introduction of
graph theory in line with Ref. 25.

A digraph G ¼ V;Eð Þ consists of a finite set of nodes
V ¼ f1; 2; � � � ;Ng and an edge set E ¼ fði; jÞ; i; j 2 V; i–jg.
A node i is called a neighbor of a node j if the edge

ði; jÞ 2 E. Ni denotes the subset of V that consists of all the
neighbors of the node i. If the graph G contains a sequence
of edges of the form i1; i2ð Þ, i2; i3ð Þ, � � �, ik; ikþ1ð Þ, then the set
i1; i2ð Þ; i2; i3ð Þ; � � � ; ik; ikþ1ð Þf g is called a path of G from i1 to

ikþ1, and node ikþ1 is said to be reachable from node i1. A
digraph Gs ¼ Vs;Esð Þ is a subgraph of G ¼ V;Eð Þ if
Vs #V and Es #E \ Vs �Vsð Þ. Given a set of r
digraphsfGi ¼ Vi;Ei; i ¼ 1; 2; � � � ; rð Þg, the digraph
G ¼ V;Eð Þ where E ¼ [r

i¼1Ei is called the union of digraphs

Gi, denoted by G ¼ [r
i¼1Gi. The weighted adjacency matrix

of a digraph G is nonnegative matrixA ¼ ½aij� 2 RN�N, where

Aii ¼ 0 andaij > 0 () j; ið Þ 2 E. The Laplacian of a digraph

G is denoted by L ¼ lij
� � 2 RN�N, where lii ¼

PN
j¼1aij and

lij ¼ �aij if i–j.
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