
lable at ScienceDirect

Geodesy and Geodynamics 11 (2020) 85e96
Contents lists avai
Geodesy and Geodynamics

journal homepage: http: / /www.keaipubl ishing.com/geog
A numerical model for the gravimetric recovery of sub-lithospheric
mantle structures

Robert Tenzer
The Department of Land Surveying and Geo-Informatics, The Hong Kong Polytechnic University, 181 Chatham Road South, Hong Kong, China
a r t i c l e i n f o

Article history:
Received 6 June 2019
Accepted 19 September 2019
Available online 19 November 2019

Keywords:
Asthenosphere
Crust
Gravity field
Lithosphere
Mantle
E-mail address: robert.tenzer@polyu.edu.hk.
Peer review under responsibility of Institute of S

Administration.

Production and Hosting by Else

https://doi.org/10.1016/j.geog.2019.09.003
1674-9847/© 2019 Institute of Seismology, China Eart
an open access article under the CC BY-NC-ND licens
a b s t r a c t

It is a well-known fact that the long-wavelength terrestrial geoid undulations are mainly attributed to
deep mantle density heterogeneities, while more detailed features in the geoid geometry are associated
with the topography and the lithospheric density structure. To enhance a gravitational signature of
mantle density heterogeneities below the lithosphere, the gravitational contributions of topography and
lithospheric density heterogeneities should be modelled and subsequently removed from Earth's gravity
field. The refined gravity field obtained after this numerical procedure is more suitable for a recovery of a
mantle density structure (below the lithosphere). Following this idea, methods for a spherical harmonic
analysis and synthesis of gravity field and lithospheric density structures are presented, and a theoretical
relation between gravity field and mass density structure is formulated. Since a gravimetric recovery of
inner density structure has a non-unique solution, we propose an alternative method based on a con-
version of seismic velocities to mass densities. A forward modelling approach is then employed to find
the mantle density configuration that generates the gravitational field that best approximates the cor-
responding refined gravitational field obtained from observed gravity field after subtracting the gravi-
tational signal of the lithosphere.
© 2019 Institute of Seismology, China Earthquake Administration, etc. Production and hosting by Elsevier
B.V. on behalf of KeAi Communications Co., Ltd. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Seismic velocities are primarily used to investigate density
structure inside the Earth based on an adopted velocity-to-density
function. Several functional relations were developed and applied
for this purpose. For densities of crustal rocks located in depths
exceeding 5 km, the formulae developed by Sobolev and Babeyko
[1] or Christensen and Mooney [2] can be applied that takes into
consideration in situ temperature and pressure conditions. Deeper
in the mantle lithosphere, the conversion of seismic velocities to
densities could be done based on the formula developed by
Lachenbruch and Morgan [3], which takes into account the
eismology, China Earthquake
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dependence of density on temperature through the coefficient of
thermal expansion. With the accumulation of experimental data
bearing on physical behaviors of rocks and minerals at high pres-
sure and temperature, it becomes possible to examine the relations
between seismic velocities and densities deeper in the mantle.
Birch [4,5], proposed a linear relation between the velocity of
compressional waves and the density for rocks and minerals with
the mean atomic weight of 20e22. Later, various formulae for
estimating the rock densities were developed and applied. For
more information, we refer readers to [6e11].

The rock density variations typically decrease with depth,
making a deep density structure more homogeneous. The first
models of Earth's mantle assume a spherically symmetric density
composition with density increasing with depth. From the early
1980s, images of Earth's interior provided by seismic tomography
have revealed more complex structural density heterogeneities
within the mantle as expected when taking into consideration the
long-wavelength geoidal undulations that globally vary within
±100 m. The most significant density heterogeneities are probably
related to mantle flow pattern with the most prominent two Large
Low Shear Velocity Provinces (LLSVPs) at the base of the mantle
tion and hosting by Elsevier B.V. on behalf of KeAi Communications Co., Ltd. This is
nses/by-nc-nd/4.0/).
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located beneath Africa and the Pacific (i.e. African and South Pacific
super-swells). In the recent study based on the tidal tomography,
Lau et al. [12] estimated that relative density variations within
these formations are about 0.5%. Large density anomalies are also
associated with mantle plumes under Iceland, Hawaii, Azores, and
elsewhere [13]. Moreover, results of seismic tomography revealed
relatively significant density variations and density discontinuities
in the mantle transition zone at depths approximately between 410
and 660 km [14,15], as well as within the whole mantle.

As stated above, the mantle density structure is typically
modeled from tomographic data based on a conversion of seismic
velocities to mass densities. Nevertheless, additional constraining
information including gravity data [16] is needed because the
propagation of seismic velocities within the mantle depends
mainly on rheological properties rather than density itself. An
alternative method for recovering the inner density structure is to
apply a gravity inversion. The main reason is that any changes in
density directly propagate to changes in gravity field. However, the
recovery of inner density structure from gravity data is a non-
unique problem, meaning that infinity many density configura-
tions could be assigned to just one gravity field solution. In this
case, the gravimetric inversion has to be constrained using seismic
data and eventually also additional geophysical, geochemical, or
geodynamic information. Another aspect closely related to a
gravimetric recovery of unknown (and sought) density structure or
density interface below the lithosphere is a treatment of the
gravitational signal of density heterogeneities within the litho-
sphere that should be removed from gravity field in prior of a
gravity inversion. Spectral decomposition or filtering techniques
are typically used for this purpose. However, the results of such
procedures are not fully realistic, because the lithospheric density
heterogeneities affect also a long-wavelength gravity spectrum.
This makes a realistic separation of gravitational signals from
different depth sources difficult. The gravitational signal of litho-
spheric density structures could be modelled and subsequently
removed from gravity data based on applying methods for a
gravimetric forward modelling of these density structures. This
refined gravity field is then used to recover a density structure in
the mantle below the lithosphere.

In this study, we review spectral expressions for a gravimetric
forward modelling of the lithospheric density structure (section 2)
that are applied in order to reveal a gravitational signature of deeper
mantle density heterogeneities. We introduce spectral expressions
that define the mantle density model (below the lithosphere) in
terms of volumetricmass density layers (section 3).We then establish
a functional relation between gravity field and density structure
(section 4) based on employing a conversion of seismic velocities to
mass densities (section 5). Finally, we discuss and summarize major
theoretical aspects (section 6). We note that a numerical realization
(due to its complexity) is out of the scope of this study.

2. Forward modelling

To recover a gravitational signature of mantle density hetero-
geneities below the lithosphere, corrections are applied to remove
a gravitational signal of all known density structures and density
interfaces within the lithosphere (that includes the crust and the
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uppermost mantle). In addition, a gravitational signature of the
lithosphere-asthenosphere boundary has to be treated according to
an adopted density contrast model at this interface. Spectral ex-
pressions used for a gravimetric forward modelling of the litho-
spheric density structure are summarized next.

2.1. Gravity field

For the external convergence domain r � R, the disturbing po-
tential T (i.e., the difference between the actual and normal gravity
potential W and U respectively; T ¼ W � U) at a location ðr;UÞ is
computed from the disturbing potential coefficients Tn;m as follows
[17].

Tðr;UÞ¼GM
R

Xn
n¼0

Xn
m¼�n

�
R
r

�nþ1

Tn;mYn;mðUÞ; (1)

where GM ¼ 3986005� 108m3 s�2 is the geocentric gravitational
constant, R ¼ 6371� 103 m is the Earth's mean radius, Yn;m are the
surface spherical functions of degree n and order m, and n is the
upper summation index of spherical harmonics. The disturbing po-
tential coefficients Tn;m are obtained from the coefficients of the
Earth's gravitational model after subtracting the coefficients
describing theGRS80normal gravityfield [18]. The3-Dposition inEq.
(1) and thereafter is defined in the spherical coordinate system ðr;UÞ;
where r is the radius, andU ¼ ðf; lÞ is the spherical directionwith the
spherical latitude f and longitude l. Note that spectral expressions
for computing gravity field quantities, such as the gravity distur-
bances or gravity gradients, could readily be derived from Eq. (1).

2.2. Topographic and crustal corrections

In the most generalized case, corrections to gravity field quan-
tities due to known density structures can be computed based on a
method developed by Tenzer et al. [19], which utilizes the infor-
mation about a 3-D density distribution within particular geolog-
ical unit, such as sedimentary basins (see also [20e22]). The generic
expression for a spherical harmonic synthesis of the gravitational
potential reads

Vðr;UÞ¼GM
R
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R
r
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Vn;mYn;mðUÞ: (2)

By analogy with the computation of gravity field quantities, the
expressions for computing corrections to these gravity field quan-
tities, such as the topographic gravity or gravity gradient correc-
tions, could be derived from Eq. (2)

The potential coefficients Vn;m of each volumetric mass density
layer are defined by

Vn;m ¼ 3
2nþ 1

1

rEarth

XI

i¼0

�
ClðiÞn;m �CuðiÞn;m

�
; (3)

where rEarth ¼ 5500 kgm�3 is the Earth's mean mass density, and
the coefficients ClðiÞn;m and CuðiÞn;m are given by
i

Cðkþ1þiÞ
Un;m

Rkþ1
: (4)
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The coefficients Cðkþ1þiÞ
Ln;m

and Cðkþ1þiÞ
Un;m

in Eq. (4) describe the ge-
ometry and density (or density contrast) distribution within a
particular crustal density layer (down to the Moho density inter-
face). These coefficients are generated from discrete data (of depth,
thickness, and density) using the following expressions for a
spherical harmonic analysis [4].
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where Pn is the Legendre polynomial for the argument t of cosine of
the spherical angle j between two points ðr;UÞ and ðr0;U0Þ, i.e. t ¼
cos j. The infinitesimal surface element on the unit sphere is
denoted as dU0 ¼ cos f0df0dl0, and F is the full spatial angle. The
geometry of each crustal layer is defined by depths CU and CL of the
upper and lower bound respectively.

The integral convolutions in Eqs. (5) and (6) utilize a 3-D density
distribution r defined by the following regression function

rðr;UÞ ¼ rðCU ;UÞ þ bðUÞ
XI
i¼1

aiðUÞðR � rÞi

for R � CUðUÞ � r>R � CLðUÞ;
(7)

where rðCU ;UÞ is a (nominal) value of lateral density at a location U

and depth CU , and the coefficients ai and b describe a radial density
distribution for each lateral column.

The 3-D density contrast model with respect to the reference
lithospheric density rlith is defined as

drðr;U0Þ ¼ rðr;UÞ � rlith; (8)

with rðr;UÞ given in Eq. (7).
Note that various density values rlith could be adopted to repre-
sent the reference density of a particular layerwithin the lithosphere.
In this respect, a reference topographic density typically differs from
a reference density that represents the remaining lithosphere below
sea level. A more detailed discussion is given next.

2.3. Bouguer gravity field

The corrections (computed according to Eqs. (2)e(8)) are first
applied to the disturbing potential T in order to remove the
gravitational signal of topography and anomalous density struc-
tures within the whole crust. In principle, this procedure is
realized by applying the topographic correction VT in order to
remove the gravitational contribution of a uniform topographic
density. The density of upper continental crust of 2670 kgm�3

[23] is typically adopted to represent a uniform topographic
density. Subsequently, additional corrections are applied in order
to remove the gravitational contribution due to crust density
heterogeneities, where these corrections are computed individ-
ually for density contrasts of the bathymetry VB [24e26], ice VI

[27], sediments VS [28], and consolidated crust VC . For density
heterogeneities within the topography (i.e. above sea level) the
ice, sediment and consolidated crust corrections are computed
with respect to an adopted value of the reference topographic
density, while for crust density heterogeneities distributed below
sea level the density contrast is defined with respect to the
reference lithospheric density rlith (Eq. (8)). The density value of
2900 kgm�3 could be adopted [29]. Noteworthy, the atmospheric
correction to the disturbing potential is completely negligible
[30]. The computation of the Bouguer potential Tcs is then real-
ized according to the following scheme [19].

Tcs ¼ T � VT � VB � VI � VS � VC : (9)

Tenzer et al. [31] demonstrated that the Bouguer potential field
has a prevailing long-wavelength pattern with maxima distributed
in central Pacific and minima in central Eurasia. The Bouguer
gravity disturbances are, on the other hand, spatially highly
correlated with a Moho geometry [32], and a spatial pattern of the
corresponding vertical gravity gradient reflects mainly the largest
horizontal spatial variations of the Bouguer gravity disturbances
along continental margins and along foothills of Himalaya [33].

2.4. Mantle lithosphere correction

In addition to corrections applied in section 2.3, the gravita-
tional contribution of mantle lithosphere density heterogeneities
VUM has to be removed from the Bouguer gravity field Tcs. We then
write

TA ¼ Tcs � VUM: (10)

If we assume a lateral density model (according to, for instance,
the CRUST1.0 global seismic crustal model that includes also the
uppermost mantle density distribution [34]) within the mantle
lithosphere, the corresponding gravitational contribution VUM can
be computed using the following expression

VUMðr;UÞ ¼ 3
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The Moho coefficients Mðkþ1Þ
n;m in Eq. (11) are introduced in the

following form

Xn
m¼�n

MðkÞ
n;mYn;mðUÞ¼2nþ 1

4p

ðð
F

drUMðU0ÞMkðU0ÞPnðtÞdU0; (12)

where drUMðU0Þ ¼ rUMðU0Þ � rlith is the lateral density contrast of
mantle lithosphere rUM with respect to the reference lithospheric
density rlith, and M is the Moho depth. The Moho under oceans is
typically 10e15 km deep. The average Moho depth under conti-
nents is about 30e35 km and reaches maxima of about 70e80 km
under orogens of Andes, Himalaya, and Tibet.

Similarly, we define the lithosphere coefficients Lðkþ1Þ
n;m in Eq. (11)

as follows

Xn
m¼�n

LðkÞn;mYn;mðUÞ¼2nþ 1
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where L is depth of the lithosphere-asthenosphere boundary. It is
worth mentioning that a thickness of the oceanic lithosphere is
typically between 50 and 140 km, while the continental lithosphere
is mostly within 100e250 km thick [35], except for some oldest
cratonic formations.

If we take into consideration that currently available global
lithospheric density models have a 1 � 1 arc-deg spatial resolution
that corresponds (by means of a half wavelength) to a spectral
resolution up to the degree of 180, the computation of VUM ac-
cording to Eq. (11) can be realized using a binomial series up to the
third-order term, so that
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(14)

We note here that a density of the oceanic lithosphere is mainly
controlled by conductive cooling. This density distribution is thus
characterized byminima along oceanic spreading ridges, increasing
density with age of the oceanic lithosphere, and maxima along
oceanic subductions [36]. Compared to a relatively homogenous
density of the oceanic lithosphere, the continental lithosphere is
characterized by much more complex density structure.
2.5. Mantle gravity field

When disregarding errors due to uncertainties of a lithospheric
density model, values of TA should theoretically comprise mainly a
gravitational signature of the lithosphere-asthenosphere geometry
that is superimposed over a weaker signal of the asthenosphere, the
transition zone, and the lower mantle including the (Gutenberg)
core-mantle boundary zone (D"). To detect this gravitational signal,
a gravitational signature of the lithosphere-asthenosphere bound-
ary should be modelled and subsequently removed. This numerical
procedure is realized by subtracting the gravitational contribution of
a volumetric mass density contrast layer that geometrically involves
the lithosphere without the topography and of which density
contrast is defined as a difference between the asthenospheric and
(reference) lithospheric density [37,38]. Denoting the gravitational
contribution of this layer as VSL, we write

TSM ¼ TA � VSL; (15)

It is important to emphasize that the actual lithosphere-
asthenosphere boundary (LAB) is rheological. Studies suggest the
existence of compositional or chemical density contrast of
0e20 kg$m�3 [39], except probably the cratonic mantle. In addition
to a possibly chemical density contrast, strong thermal density
contrast of 30e60 kg$m�3 occurs when the asthenosphere is locally
uplifted by rifting.

The computation of VSL is done using the following expression

VSLðr;UÞ ¼ 3
GM

RrEarth
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(16)

The coefficients bLðkþ1Þ
n;m in Eq. (16) are defined by

Xn
m¼�n

bLðkÞn;mYn;mðUÞ¼
2nþ 1
4p

ðð
F

DrL=ALkðU0ÞPnðtÞdU0; (17)

where L is depth of the lithosphere-asthenosphere boundary (see
also Eq. (13)), and DrL=A is the lithosphere-asthenosphere density
contrast. We note here that the computation of VSL can again be
restricted up to the third-order terms of binomial series.

As stated above, the numerical step of removing a gravitational
signal of the lithosphere-asthenosphere boundary should opti-
mally reveal a gravitational signature of deeper mantle density
heterogeneities. The resulting gravity field TSM should theoretically
be the most suitable for a modelling and interpretations of the
mantle density structure (below the lithosphere).
3. Mantle density model

In order to formulate a functional relation between the gravi-
tational field TSM and the corresponding mantle density structure
below the lithosphere, a theoretical density distribution model has
to be predefined.

Let us assume that the mantle below the lithosphere is sepa-
rated into several individual volumetric mass density layers. Note
again that the density structure within the lithosphere is already
taken into consideration. In this way, we could allocate the first
volumetric mass layer to represent the asthenosphere. To adopt a
unified notation, the upper bound of this layer, defined by the
lithosphere-asthenosphere boundary with a variable depth, is
denoted as U1. In the simplest case, the lower bound of this layer is
a spherically symmetric, having a constant depth U2 ¼ const of
410 km. The asthenosphere layer is represented by a 3-D density
distribution model with a radial density change described by a
regression function up to the second-order term, so that

rðr;UÞ ¼ rðU1;UÞ þ b
X2
i¼1

aiðR � rÞi

for R � U1ðUÞ � r>R � U2:

(18)

The second layer could represent the mantle transition zone,
with the lower bound having again a constant depth U3 ¼ const of
660 km [40]. We can then apply one or more spherically symmetric
layers to represent the lower mantle down to the core-mantle
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boundary zone that could be represented by an additional layer.
The layer for the core-mantle boundary zone can be considered
between depths of 2700 and 2900 km, thus again assuming a
constant depth, despite it is believed that the core-mantle bound-
ary has an irregular geometry with variations of about 50 km. The
density model is then spherically symmetric, except for the upper
bound of the asthenosphere (i.e. the lithosphere-asthenosphere
boundary) with a variable depth that could be retrieved from an
available lithospheric thickness model, for instance, complied by
Conrad and Lithgow-Bertelloni [35]. By analogy with a 3-D density
distribution model for the asthenosphere in Eq. (18), the same
density description can be adopted for the transition zone, the
lower mantle and the core-mantle boundary zone, but for each
layer using different density parameters.

According to a theoretical density model proposed above, the
surface spherical harmonics describing the lithosphere-
asthenosphere boundary are given by

1UnðUÞ¼
2nþ1
4p

ðð
F

"
1r
�
1U;U

0�
1UðU0Þþ1b

X2
i¼1

1ai1U
iðU0Þ

#
PnðtÞdU0;

(19)

where 1U ¼ L is depth of the lithosphere-asthenosphere boundary.
The corresponding surface spherical harmonics of a lower

bound of the asthenosphere are defined by
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i
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where 2U ¼ const.

For a remaining part of the mantle, we then write
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From Eqs. (19) and (20), we get
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A density model of remaining mantle structure is then
described by
XQ�2
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(23)
where {qU : q ¼ 1; 2; :::; Q}, and Q � 1 is a total number of
layers.
3.1. Linearization

To find corrections to a priori density model, we apply a line-
arization. For the lithosphere-asthenosphere boundary we get
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where 1dr, 1db, and {1dai : i ¼ 1; 2} are, respectively, the cor-
rections to density parameters 1r, 1b, and {1ai : i ¼ 1; 2}. The
values of density parameters 1r0, 1b0, and {1a0i

: i ¼ 1; 2} can be
chosen according to an available density model.

By analogy with Eq. (24), we can write a linearized model for
remaining spherically-symmetric boundaries of individual volu-
metric density layers as follows
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(25)
Since the solution for finding all correction terms qdr, qdb, and
{qdai : i¼ 1; 2} in Eqs. (24) and (25) is unrealistic, the linearized
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density model is further simplified only for finding the lateral-
density correction terms qdr. Hence, we write
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(26)
and
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(27)

Furthermore, if we assume only a priori depth-density
model (for instance PREM) below the asthenosphere without
lateral density variations, the expression in Eq. (27) is further
simplified to
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(28)

A linearized density model is then described by
h
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As seen in Eq. (29), a linearized mantle density model (below
the lithosphere) is defined for the asthenosphere with a variable
depth of the upper bound (i.e. the lithosphere-asthenosphere
boundary), while a spherically-symmetric volumetric layers de-
scribes mantle density structure below the asthenosphere. Each
layer is described individually by parameters b and {ai : i ¼ 1;2}
of a priori depth-density model, while lateral density variations
are unknown parameters. It is worth mentioning that the
assumption of different depth-density parameters for each volu-
metric mass layer is relevant when proposing a mantle density
model complied using seismic data. On the other hand, PREM
describes the change of density with depth within the mantle
below the lithosphere using the same (second-order) depth-
dependent parameters (see Fig. 1).
4. Functional relation between mass density and gravity field

A linearized model in Eq. (29) describes a density distribution
based on adopting a priori parameters that define a radial density
distribution, while lateral density changes within each volumetric
mass layer have to be computed using, for instance, seismic data. A
forward modelling technique can then be applied to compute the
gravitational field of this mantle density model (below the litho-
sphere). The gravitational contribution of the core should theo-
retically be zero after removing the normal gravity field for
optimally chosen spherically symmetric density reference field.
This gravitational contribution can then be compared with the
gravitational field TSM that was obtained from observed gravity
field after subtracting the gravitational contribution of lithospheric
density heterogeneities and a subsequent adding the gravitational
contribution of a reference lithosphere. To combine these two so-
lutions that describes a gravitational contribution of the mantle
below the lithosphere, we derive a functional model that links
density and gravity models.
4.1. Linearized functional model

To link a density model (given in Eq. (29)) with the gravity field
TSM (computed according to Eqs. (1)e(15)), we first write
r
�
qU;U

0�

PnðtÞdU0

nðtÞdU0

(29)



Fig. 1. Earth's depth-density distribution according to the Preliminary Reference Earth Model - PREM [11].
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TSMðr;UÞ¼GM
R
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qV

SM
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Yn;mðUÞþVLðr;UÞ

þ εVLðr;UÞ;
(30)

where {qV
SM
n;m

: q ¼ 1; 2;…; Q � 1} are the potential coefficients
describing the gravitational contribution of volumetric mass den-
sity layers within the mantle below the lithosphere, and VL is the
gravitational contribution of a reference lithosphere (without the
topographic mases) of which density is taken with respect to the
upper asthenosphere density model (section 2.5), and εVL denotes
errors that are mainly attributed to density uncertainties of used
lithospheric model.

We further define the potential coefficients VSM
n;m in Eq. (30) as

follows
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¼ 3
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; (31)

where the coefficients qFl
ðiÞ
n;m

and qFu
ðiÞ
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are introduced by
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(32)

From Eq. (19), we can define the coefficients 1F
ðkþ1þiÞ
Un;m

(i.e. for q ¼
1) individually for the lithosphere-asthenosphere boundary (of a
variable depth) as follows
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(33)

The corresponding coefficients
1
FL

ðkþ1þiÞ
n;m of a lower bound of the

asthenosphere then read
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Similarly, the coefficients

fqFðkþ1þiÞ
Ln;m

; qF
ðkþ1þiÞ
Un;m

; q¼ 2; 3; :::; Q �1g of spherically-symmetric

layers are given by
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and
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(36)

Let us now apply a linearization of coefficients VSM
n;m according to

the scheme proposed for a mantle density model in Eqs. 26e29.We
write

qV
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¼ qV
SM
0n;m

þ
�
qaLn;m � qaUn;m

�



qr0

qdr
�
qU;U

0�; (37)

where
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The coefficients
q
VSM
0n;m

are evaluated according to adopted a
priori mantle density model (such as PREM) as follows
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(40)
where the coefficients
q
Fðkþ1þiÞ
L0n;m

and
q
Fðkþ1þiÞ
U0n;m

are computed ac-

cording to expressions in Eqs. 33e36 using the nominal density
parameters qr0ðqUÞ, qb0, and {qa0i

: i ¼ 1; 2}.

The terms qaLn;m and qaUn;m
in Eqs. (38) and (39) are found to be
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(41)

As seen in Eq. (41), the terms qaLn;m and qaUn;m
are computed

without involving radial density changes. For q¼1 we then get
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For q ¼ 2;…;Q, we write
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The lower-bound coefficients are defined by
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4.2. Density corrections

A functional relation derived in section 4.1 is further defined in
terms of unknown lateral-density corrections. Inserting from Eq.
(37) to Eq. (30), we get
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Denoting
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we arrive at
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A substitution for qaLn;m and qaUn;m
from Eq. (41) to Eq. (47) yields
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(48)

We further rearrange the expression in Eq. (48) so that the first
layer (i.e. q ¼ 1) that represents the asthenosphere is treated
separately. Then we write
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from Eqs. 42e44 to Eq.
(49), we arrive at
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Introducing the (lateral) density correction terms
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and
;U0�PnðtÞdU0

(52)
the linearized observation equation becomes
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Yn;mðUÞ:
(53)
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Methods for a spherical harmonic analysis and synthesis of
gravity and density structure models are used to compute terms on
the left-hand side of Eq. (53). More specifically, a gravimetric for-
ward modelling of lithospheric density model (such as CRUST1.0 or
LITHO1.0) is applied to compute the values of TSM according the
expressions given in Eqs. 1e19. The nominal value of TSM0 is
computed according to Eq. (46) for the adopted a priori radial-
density model (such as PREM). The gravitational contribution of a
reference lithosphere VL is evaluated using the following
expression
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(54)

with the coefficients bLðkþ1Þ
n;m defined by
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; (55)

where L is depth of the lithosphere-asthenosphere boundary (see
also Eq. (13)), and rA is the upper asthenosphere density. We note
here that the computation of VSL can again be restricted up to the
third-order terms of series.

In the most simplistic case, the system of linearized observation
equations defined according to Eq. (53) could be solved to find
lateral density variations within a single volumetric layer that
represents the mantle structure (below the lithosphere) without
further stratification. A gravimetric inversion then becomes
equivalent to that applied, for instance, to find depth of the Moho
interface of sediment bedrock. To evaluate a more complex density
model based on applying a gravity inversion, the mantle (below the
lithosphere) obviously have to be divided into more than one
volumetric mass layer. In this case, however, a direct inversion of
gravity field quantities to mass density values based on solving a
system of linearized observation equations (Eq. (53)) is not
appropriate due to a non-uniqueness of the solution. Moreover, this
inversion scheme is ill-posed.

An alternative method to avoid these theoretical limitations is
to use seismic data to determine the density correction co-
efficients drðkþ1Þ

n;m on the right-hand side of Eq. (53). This proced-
ure involves a conversion of seismic velocities to mass densities
(or in our case density corrections). These density corrections are
then used to compute the corresponding gravitational contribu-
tion according to the expression on the left-hand side of Eq. (53).
This result can be compared with the gravimetric result obtained
by solving the right-hand side of Eq. (53). Furthermore, additional
techniques could be applied to improve the fit between a direct
gravimetric solution and a corresponding solution based of a
conversion of seismic velocity to mass density and subsequently a
gravimetric forward modelling. These numerical procedures are
discussed next.

5. Seismic velocity to mass density conversion

The density corrections drðkþ1Þ
n;m on the right-hand side of Eq.

(53) could be computed using an available 3-D global tomo-
graphic model of the S-wave and P-wave velocities within the
mantle. The seismic velocity anomalies could be converted to
mass density anomalies by applying a constant velocity-density
scaling [41].
r¼ d ln r

d lnVS;P
; (56)
where r is the density, and VS;P denotes either the S-wave or P-wave
velocity. The scaling factor of 0.25 is typically adopted for the S-
wave velocities, while 0.5 for the P-wave velocities throughout the
mantle. The dependence of seismic velocities on density in the
mantle has been investigated in numerous studies. Some authors
suggested a nonlinear relation between them [42e44]. Ghosh et al.
[41] tested a depth-dependent scaling with scaling reduced by a
factor 2 in the uppermost 220 km; preferred scaling used by �Cadek
and Fleitout [45] and a radial viscosity structure. They acquired that
the constant and the depth-dependent scaling factors yield very
similar results when applied to reproduce one of the most
remarkable geoid features attributed to mantle density heteroge-
neities, particularly the Indian Ocean Geoid Low. The constant
scaling factor thus might be sufficient for an initial density model.
In addition, positive density anomalies in the top 300 km below
cratons [46] are set to zero in some cases, although they seem to
have a minor effect on gravity field. In principle, the mantle density
anomalies are primarily attributed to variations in temperature, but
substantial chemical heterogeneity is required in the cratonic roots
of continents and partially also in the deepest mantle particularly at
locations of super-plumes.

A practical method to compute the density correction co-
efficients drðkþ1Þ

n;m from seismic velocity anomalies can be done in a
discrete domain by converting values of seismic velocity anomalies
to corresponding values of density anomalies dr according to Eq.
(56) for a particular scaling factor r (either for the S-wave or P-wave
velocities). Discrete values of density anomalies dr are then used to
generate the density correction coefficients drðkþ1Þ

n;m for each volu-
metric mass density layer according to the following integral
convolution

Xn
m¼�n

drðkþ1Þ
n;m Yn;m ¼2nþ 1

4p

ðð
F

drkþ1ðU0ÞPnðtÞdU0: (57)

Various global tomographic mantle models should be used to
generate the density correction coefficients according to Eqs. (56)
and (57). Among exiting models, we could mention TX2008 [47],
S40RTS [48], SAW642AN [49], SEMUCB-WM1 [50], GyPSuM [16]
SAVANI [51], SMEAN2 (a composite mantle tomography model
composed of S40RTS, GyPSuM-S, and SAVANI generated using the
approach of Becker and Boschi [52]) or the recent LLNL-G3D-JPS
model [53]. The first four models are S wave models, whereas
GyPSuM and LLNL have both P and S wave versions. In this way, we
get a set of different mantle density models (below the lithosphere)
that could be used to compute the corresponding gravitational
contribution according to the expression on the right-hand side of
Eq. (53). These results then can be compared with the gravimetric
result obtained based on solving the left-hand side of Eq. (53). The
mantle density model which provides the best fit (by means of the
root-mean-square of differences) with the gravimetric result can
then be selected as an optimal solution. However, solutions based
on solving the left- and right-hand side of Eq. (53) could be sys-
tematically biased. In this case, a further calibration of the scaling
factor r can be conducted by applying a trial-and-error technique to
find the scaling factor, which minimize the bias between the
gravimetric result and the corresponding result based on a con-
version of seismic velocities to mass densities. We note that a more
refined method for finding optimal scaling factors could be done
according to Karato and Karki [54] that takes into consideration
differential changes of the elastic moduli in a conversion of seismic
velocities to mass densities.
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The final mantle density model (below lithosphere) together
with the global lithospheric density model (such as LITHO1.0) can
be combined together to represent the 3-D Earth's density model
down to the core mantle boundary zone, while a spherically sym-
metric density structure (taken, for instance, from PREM) is adop-
ted for the inner and outer core.

5.1. Validation techniques

An independent validation of Earth's density model could also
be conducted. For this purpose, various methods are applied.
Probably the most commonly used method is based on the geoid
modelling [55]. The geoid is calculated with a spectral resolution up
to themaximum spherical harmonic degree that is compatible with
the global Earth's density model. The predicted geoid anomaly re-
sults from a combination of the internal density anomalies and the
dynamic topography at the surface and at the core-mantle
boundary [56,57]. The resulting geoid is correlated with the
observed geoid which is relative to the hydrostatic equilibrium
shape and not the reference ellipsoid [58]. Alternatively, such
comparison could be done for the free-air gravity disturbances.

Another method that could be used for the validation is based
on using the 3-D density anomalies within the mantle and the
radial viscosity profile derived, for instance, by Mitrovica and Forte
[59] to reproduce themantle flow. The dynamic surface topography
obtained after applying this method can then be compared the
crust-corrected surface topography. We could also mention a
method based on predicting tectonic plate motions driven by the
total density anomalies in terms of the fit to observed horizontal
divergence field according to, for instance, the NUVEL-1 geological
model of tectonic motions.

6. Concluding remarks

Numerical schemes have been proposed in this study to compile
a mantle density model based on combining global gravitational
and seismic data. In principle, two numerical techniques are
involved, namely the gravimetric forward modelling of known
density structures and the conversion of seismic velocities to mass
densities. Both these techniques are required to solve the system of
observation equations defined in Eq. (53). In global studies,
methods for a spherical harmonic analysis and synthesis of gravi-
tational and density structure data are conveniently applied.

The left-hand side of Eq. (53) is solved by applying the gravi-
metric forward modelling of the lithospheric density structure
based on an available model, such as LITHO1.0 or CRUST1.0. The
second part of this computation involves again the gravimetric
forward modelling to compute the gravitational contribution of a
reference lithosphere (excluding the topography) of which density
contrast is defined as the density difference of the asthenosphere
and the (reference) lithosphere. The third part involves the
computation of the gravitational contribution of the a priori mantle
density model (below the lithosphere) according to PREM radial
density distribution.

The solution of the right-hand side of Eq. (54) consists of the
conversion of seismic velocity anomalies tomass density anomalies
followed by the gravimetric forward modelling of the corre-
sponding gravitational contribution of anomalous density correc-
tions obtained from seismic information.

Theoretically, solutions obtained by solving the left- and right-
hand side of Eq. (53) should be consistent. It is recommended to
test available tomographic models and select the model that best
fits the result of the gravimetric forwardmodelling (i.e. the solution
of the left-hand side of Eq. (53)). In the presence of systematic bias,
additional numerical procedures could be applied, such as an
estimation of a scaling factor for the conversion of seismic velocities
to mass densities. The 3-D Earth's density model can then be ob-
tained by combining an available lithospheric model together with
the mantle density model below the lithosphere complied ac-
cording to numerical procedures proposed here. These numerical
procedures will be tested and applied to compile Earth's global
density model in the forthcoming study.
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