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Trigonometry-Based Numerical Method to Compute
Nonlinear Magnetic Characteristics in Switched
Reluctance Motors

X. D. Xue, K. W. E. Cheng, S. L. Ho, and K. F. Kwok

Department of Electrical Engineering, The Hong Kong Polytechnic University, Hong Kong, China

Based on two-dimensional (2-D) trigonometry, a new numerical method is presented to compute the nonlinear magnetic and electro-
magnetic torque characteristics in switched reluctance motors (SRMs). In the proposed method, the mathematical model is composed
of the 2-D truncated Fourier series. The coefficients can be determined from a small amount of given magnetic or torque data acquired
by experiment or finite-element (FE) analysis. The computed and experimental results demonstrate that the proposed method can be
used to precisely compute the nonlinear magnetic and torque characteristics in SRMs. Hence, this paper provides a valuable approach
for performance prediction, design, simulation, and control of SRMs.

Index Terms—Model, nonlinear magnetics, switched reluctance motors, torque.

1. INTRODUCTION

WITCHED reluctance motors (SRMs) usually run with

heavy magnetic saturation in order to produce a large ratio
of torque to mass. Indeed, magnetic saturation plays a key
role in underpinning the high performance of SRMs. However,
magnetic saturation in SRMs results in high nonlinearities
in their magnetic and torque characteristics, thereby making
the analysis and control of SRM drives very complicated.
Thus, an accurate algorithm to describe the nonlinear magnetic
characteristics of SRMs is extremely useful for performance
prediction, simulation, optimization, sensorless and torque
controls of SRM drives.

Methods to describe the magnetic nonlinearities in SRMs
mainly include four approaches, which are, namely: 1) interpo-
lation methods [1] in which the given nonlinear magnetic data
of SRMs are stored in tabular form and the phase flux linkage or
inductance is interpolated using appropriate piecewise interpo-
lation methods; 2) analytical methods [2] in which proper ana-
lytical expressions are derived to characterize the nonlinearities
of the phase flux linkage or inductance characteristics with re-
spect to the phase current and the rotor position; 3) ANN models
[3] are developed to describe the nonlinear magnetic character-
istics of SRMs, however these models need to be trained by a
large number of given discrete magnetic data before they can be
used to compute the magnetic characteristics at any current and
rotor position; and 4) equivalent magnetic circuit methods [4]
in which analytical expressions, which are based on equivalent
magnetic circuits and permeance, are used to compute the mag-
netic characteristics of SRMs.

Previous methods have either fast computation or good accu-
racy, but not both. This paper presents a new numerical method
to quickly and accurately compute the nonlinear magnetic and
electromagnetic torque characteristics in SRMs. The proposed
method is based on the 2-D truncated Fourier series. Two types
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of computation errors are utilized to evaluate the accuracy of
the proposed method. Excellent agreements between the ex-
perimental and computed results for the flux linkage or torque
characteristics in SRMs are a good validation of the proposed
method.

The organization of this paper is as follows. In Section II, the
model and computation of the Fourier coefficients are presented.
Two application cases are shown in Section III. Finally, the con-
clusions are drawn in Section IV.

II. PROPOSED NUMERICAL METHOD

A. Model

Both the flux linkage and the electromagnetic torque are non-
linear functions of rotor position and current in SRMs. The
mathematical model used by the proposed method consists of
the 2-D truncated Fourier series and can be expressed by

My M,

F(6,i) = Z Z Cpo pi exp(—j(pokef + pikit))

po=—Mjy p;=—M,;
(D

where F' may denote the flux linkage, inductance, or torque; 6
denotes the rotor position confined in O,;, < 0 < Opax; @ de-
notes the current confined in 7,,;, < 7 < tax; My and M; are
two specified truncation levels; j is the imaginary unity; c,, p,
are complex Fourier coefficients; and

0 =06 —0Omin
I =10 — imin
ko =27/ Lg
k; =2m/L;
Lo = Omax — Omin
L; = imax — tmin- 2

The Euler formula is given by

etI% = cosz + jsin 2. 3)

0018-9464/$25.00 © 2007 IEEE

Authorized licensed use limited to: Hong Kong Polytechnic University. Downloaded on March 14, 2009 at 03:41 from |IEEE Xplore. Restrictions apply.



1846

To ensure that the right-hand side of (1) is a real number, it is
clear that the coefficients c,, ,, must satisfy

=c @)

C—po,—p; Po,Di

where an asterisk signifies the complex conjugate.
Using the orthogonal properties of the trigonometric func-
tions, the Fourier coefficients c,, ,, are determined by [5]

1 fmax frimax . . - Ay g
Cpopi = T / / 1(0,%) exp(j(pekef+pikii))didf
LoL; Jo Ji

min min (5)
where f(6,1) are the given values that may be the flux linkage,
inductance, or torque.

B. Computation of c,, p,

Equations (5) and (4) may be computed by numerical inte-
gration. Thus, the Fourier coefficients will depend on the se-
lected integration rule or quadrature. However the above trun-
cated Fourier series will not generally be an interpolating func-
tion, that is, it will not necessarily interpolate through the data
points. To solve (5), the interval Ly is divided into Ny subinter-
vals separated by Ny + 1 grid lines 6; = Opin + (I — 1)hg, L =
17 ) Ny + 1, where hg = LG/N97 91 = 0min7 0N6+1 = emax-
Similarly, the interval L; is divided into N; subintervals sepa-
rated by the N; + 1 grid lines iy = imin + (K — Dh;, k =
17 ) N; + 1, where h; = Ll/NzU = Z'min7Z.Ni+l = imax.

Using the trapezoidal integration rule to evaluate the complex
Fourier integral in (5), one obtains [5]

C]\T 1 Ny—1 1
Cpo,pi:ﬁ <—Q1+w50(I2+---+w§”’( ? )(]]\70+_QN0+1

2 2
(6)
where 1 _
QS(pi) = C(Nq- <§fs,1 + Wflfs,Z + -
_ 1
+ P T v+ gfs,ml) (7
Jor = f(0s,4r) ®)
wg = exp(jkohg)
w; = exp(jk;h;). )

It should be noted that wév *=landw)’ =

The values of My, M;,Cng, and Cp; are determined ac-
cording to the following rules. a) When the number of interval
Ny is odd, (1) is truncated at the value My = (Ny—1)/2. When
Ny is even, it is truncated at the value My = Np/2. Similar trun-
cation levels pertain to M;. b) When N; is even, Cy; is equal to
1/2 forp; = —M; and M;, for s from (7) =1, ..., Ng+1. Oth-
erwise, Cy; is equal to 1. ¢) When Ny is even, Cng is 1/2 for
pes = —My and My for p; = —M;, ..., M;. Otherwise, Cy is
1 [5].

Because the right-hand side of (1) is a real number, it is nec-
essary to derive the real term of the expression.

First, substituting (9) into (7) gives

N,
1 - s s (1
qe(p1) = CNi E(fs,l + fs,Ni—‘,-l) + Z fs,re]klhqu(r b
r=2
(10)
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Next, substituting (10) into (6) results in

Cn,Cn,

1
Cpo,ps = “NoN; { [Z(fm + fin+1+ [N+

+ fNo+1aN1+1):|

T3

1 '
9 Z(fl,r + f]\70+1yr>e]kzh1pz(r—1)‘|

r=2

_|_

1
Z Z(fs,l + fS’N1+1)ejk0flopo(S—1)]

2 s=2

Ngo N;
ZZfs,rejkihipi(T1)@jk0h0p0(51)]} . (11)

s=2r=2

+

Then, substituting (3) into (11), the computations of the Fourier
coefficients ¢, ,, can be given by

Cpo,pi = “NoN; 4(f1,1+f1,N1-+1+fN0+1,1 + fNp1,N:+1)

N;

55 e+ Py leos(hihipi(r — 1)

r=2

Cn,Ch, {1

Ny
.. 1
+ jsin(kihipi(r — 1))] + 3 Sz::z (for + foni41)
x [cos(kehepe(s — 1)) + jsin(kehepe(s — 1))]
Ny N;
+ Z Z fsrlcos(kihipi(r — 1) + kehgpe(s — 1))
s=2 r=2

+ jSin(k,;hiqu(T — 1) + kghgpg(s — 1))]} . (12)

Finally, the real part of ¢, ,, can be expressed by

Cn,Cn, [1
R(cpyp,) = % {Z(fl’l + fini41 + g1

N;

1
+ ng+1,Ni+1)+§ Z (frrt fNp1,r) coslkihip; (r — 1)]

r=2
1
+ 5 SZZZ(fs,l + fo,ni+1) cos[kehepa(s — 1)]
No N;
" Z Z fsr coslkihipi(r — 1) +kghope(s — 1)]} . (13)

s=2 r=2

The imaginary part of ¢, ,, can be computed from

Sepop) = NoN;, )2 Z(fl,r+fNo+1,7‘) sin[k;hipi(r—1)]

_ COnOn, 1
2

: . r=2
+5 g(fs,l + fon,41) sinfkghope(s — 1)]
Ny N;
+ D3 fersinfkihipi(r — 1) + kghops (s — 1)]} . (14)

s=2r=2

Authorized licensed use limited to: Hong Kong Polytechnic University. Downloaded on March 14, 2009 at 03:41 from |IEEE Xplore. Restrictions apply.



XUE et al.: NUMERICAL METHOD TO COMPUTE NONLINEAR MAGNETIC CHARACTERISTICS IN SRMs

TABLE I
COMPUTATION ERRORS FOR THE FLUX LINKAGE CHARACTERISTICS

SSE (Wb?)
1.35x1017%

MAVE (Wb)

Case

Fitting points 6.39x10°%

Fig 1 3.1x102% 3.53x101%

Fig 2 2.33x102% 4.59x101%

Hence, substituting (13) and (14) into (1), the computations of
the flux linkage, inductance, or torque with respect to the rotor
position and the current are determined by

My M;
F0,i)= Y Y [Rcpyp.)cos(pakol + pikii)

po=—My pi=—DM;
+S3(¢py i) sin(pgkgé + pszZ)] (15)

III. APPLICATIONS

The proposed numerical method is used to compute the non-
linear magnetic and torque characteristics of a four-phase SRM.
The rotor position period is 60° for the four-phase SRM. Fur-
thermore, the magnetic characteristics are symmetrical about
the position of 30° and the torque characteristics are antisym-
metrical about the position of 30°, within a position period.
Hence, the domain of the rotor position may be defined from
0° to 30°. For the prototype, the domain of the current is de-
fined from O to 12 A. The rotor position is equal to 0° when the
stator pole is just unaligned with the rotor pole.

Two types of the computation errors are used to evaluate the
proposed numerical method. One is the square sum of errors
(SSE) and the other is the maximum absolute value of errors
(MAVE). They are defined by, respectively

Np N,
SSE = Z Z (Fry — fr1)?

(16)
k=1 1=1
and
MAVE = ,max. |Frp = fril (17)
0<I< N,

where Fj,; represents the computed values by using the pro-
posed method; fi; represents the given values; IV, is the
number of the rotor positions; and V. is the number of the
currents.

A. Computation of Nonlinear Flux Linkage Characteristics

The real and imaginary parts of the coefficients ¢, ,, are
computed from the given data of the flux linkage with respect
to the rotor position and current. The computation errors at the
fitting points are shown in Table I. The proposed numerical
method is used to compute the flux linkage at any position and
current. Fig. 1 illustrates the computed and experimental re-
sults of the flux linkage versus the rotor position at a set of cur-
rents. The computed and experimental results of the flux linkage
versus the current at a set of rotor positions can be found in
Fig. 2. Two types of computation errors corresponding to Figs. 1
and 2 are given in Table L.

It can be found from Figs. 1 and 2 that the computed flux
linkage values using the proposed method are very consistent
with the experimental data. Moreover, it also can be seen from
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Fig. 2. Flux linkage versus the current.

Table I that SSE and MAVE at either the fitting or nonfit-
ting points, particularly at the fitting points, are very small.
These serve as a good validation of the presented equations and
demonstrate that the proposed method can be used to accurately
compute the nonlinear flux linkage characteristics with respect
to the rotor position and current in SRMs.

B. Computation of Nonlinear Torque Characteristics

Torque characteristics in SRMs are highly nonlinear. Fur-
thermore, the torque computation is crucial for the control of
torque ripple minimization and direct torque control. The pro-
posed method can be utilized to compute the torque character-
istics in which the Fourier coefficients are determined from a
limited number of given static torque data. Table II shows the
computation errors at the fitting points. Fig. 3 depicts the com-
puted results and the given data versus the rotor position at a
group of currents.

It can be observed from Fig. 3 that the computed torque values
are in good agreement with the given data. Furthermore, Table II
also indicates the computation errors at both the fitting points
and at those arbitrary points as shown in Fig. 3. As similar to
the computation of flux linkage characteristics, the computation
errors at the fitting points are extremely small and the computa-
tion errors at arbitrary points are also remarkably small. These
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TABLE II
COMPUTATION ERRORS FOR TORQUE CHARACTERISTICS
Case SSE (Wb?) MAVE (Wb)
Fitting points ~ 3.45x1013 % 6.98x10% %
Fig 3 5.38% 8.09%
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Fig. 3. Computed and given static torque characteristics.

validate again the presented equations and demonstrate that the
proposed method can also be used to accurately compute the
nonlinear torque characteristics in the SRM.

IV. CONCLUSION

Based on trigonometry, this paper has presented a new nu-
merical method to compute the nonlinear magnetic and torque
characteristics in SRMs. Such a method is composed of the 2-D
truncated Fourier series. The proposed 2-D Fourier series can be
used to analytically compute the nonlinear magnetic and torque
characteristics in SRMs. On the other hand, the coefficients in
the Fourier series have to be computed by using the proposed nu-
merical method. In terms of methodology, hence, the proposed
method may be regarded as a hybrid approach in the computa-
tion of the magnetic characteristics in SRMs.
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The proposed method has been applied successfully to
compute the flux linkage and static torque characteristics with
respect to the rotor position and current in the SRM being
studied. It can be shown that the computed results, irrespective
of whether they are the flux linkage characteristics or torque
characteristics, using the proposed method are very consistent
with the given data. Moreover, the computation errors at the
fitting points are extremely small and the computation errors at
arbitrary positions and currents are also remarkably small. All
of these therefore demonstrate that the proposed method can be
used to precisely compute the nonlinear flux linkage and torque
characteristics in SRMs.

The salient advantage of the proposed method is its excellent
accuracy. It has: 1) very fast computation time when compared
to that of previous interpolation methods and 2) very good ac-
curacy when compared to previous analytical methods, ANN
methods, and equivalent magnetic circuit methods. Therefore,
this paper provides an effective and precise approach to com-
pute the nonlinear magnetic or torque characteristics for perfor-
mance prediction, performance optimization, simulation, sen-
sorless control, and torque control of SRMs.
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