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ABSTRACT In this paper, we consider the control problem for multiplicative noise system with intermittent
noise and input delay. For the finite-horizon case, in virtue of the dynamic programming approach,
the optimal output feedback controller is proposed for the first time. For the infinite-horizon case, it is shown
that the multiplicative noise system can be stabilized if and only if the given modified Riccati equation has

the unique solution.

INDEX TERMS Intermittent noise, input delay, output feedback control, stabilization.

I. INTRODUCTION

For the stochastic control problem, when the system is dis-
turbed by the measurement noise such that the precise system
state cannot be accessed directly, the output feedback con-
troller should be designed. The distinguished Kalman filter
was introduced in 1960s; see [1], [2]. From then on, the output
feedback control problem has received much attentions and
large progresses have been made in applications, such as sig-
nal processing, aerospace, networked control system (NCS)
and so on; see [3], [4], [9], [10].

In this paper, we will focus on the output feedback control
problem for multiplicative noise system with input delay and
intermittent noise. In the considered system, the intermittent
noise {o} satisfies the Bernoulli distribution, i.e., ay = 1
indicating that the state is transmitted successfully, otherwise
the state being lost. Besides, the system suffers from the input
delay and multiplicative noise.

It is stressed that the considered output feedback control
problem was not thoroughly studied in previous literatures:
On one hand, the optimal output feedback controller was
not obtained. On the other hand, the output feedback stabi-
lizing controller was not proposed. The relevant studies can
be found in [5], [11]-[16], [18], [19]. The output feedback
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control problem for stochastic system with intermittent noise
can be traced back to [11] where a suboptimal output feed-
back control was derived. [12] investigated the intermittent
Kalman filter and the critical value of arrival probability rate
was proposed. For deterministic systems with delay, the opti-
mal controller was designed by smith predictor; see [20]—
[24]; For the stochastic case with input delay, many works
have been done; see [6], [7].

It is noted that the existence of the intermittent noise and
input delay will cause fundamental difficulties to calculate
the optimal output feedback controller. As pointed in [17],
““separation principle fails” indicates that the control gain
and the estimation gain are coupled, and cannot be calculated
separately. The basic reasons are that the optimal estimation
cannot be acquired, and error covariance matrix is related
with the controller.

In this paper, we will investigate the output feedback con-
trol problem for both finite horizon case and infinite hori-
zon case. Firstly, the optimal estimation will be proposed
in the recursive method. By using the dynamic program-
ming approach, the optimal output feedback controller will
be derived. For the infinite horizon case, we will show the
stabilization conditions (necessary and sufficient) for multi-
plicative system with intermittent noise and input delay. The
innovations of this paper are two-fold: For the first time,
the optimal output feedback controller is obtained for the
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multiplicative noise system with input delay and intermittent
noise. The necessary and sufficient stabilization conditions
are firstly explored in this paper.

The reminder of this paper is as below. The finite horizon
output feedback control problem is formulated in Section II,
and Section III considers the infinite horizon output feedback
control and stabilization problems. The numerical examples
are provided in Section IV to illustrate the main results in this
paper. Finally, the conclusion is provided in Section V.

Notations: Superscript ' means the matrix transpose.
Symmetric matrix H > 0 (= 0) represents the posi-
tive definiteness (positive semi-definiteness); R” indicates
n—dimensional Euclidean space; I denotes the unit matrix;
Zipy denotes the indicator function, with Zipy = 1 when
w € B,; otherwise, Zip; = 0; E[-] means the mathematical
expectation and E[X|Y] signifies conditional expectation.

II. FINITE HORIZON CASE

A. PROBLEM FORMULATION

In this paper, the following linear stochastic system is consid-
ered:

Xir1 = Cxx + Dug—g + 0 Cxx + Dur—a), (1)
Ok = O Xk» 2)

where x; € R” is the state process, vk—q € R denotes
the control input with d > 0 being the input delay, ¥
is the 1-dimensional Gaussian white noise with zero mean
and covariance o2. g; € R” signifies the measurement pro-
cess and « obeys the Bernoulli distribution with probability
Plar =1)=p e [0,1].C, C, D, D are deterministic coef-
ficient matrices with appropriate dimension. The initial state
Xo is Gaussian random vector with mean p and covariance O.
The associated cost function is as

N N
Iv=E [Z XeHXk+ ) v;dSde} 3)
k=0 k=d

where weighting matrices H € R"*", § € R™*™,

The problem to be dealt with for the finite horizon case is
stated below.

Problem 1: For system (1)-(2) and cost function (3), find
JFr-measurable controller v; to minimize (3) in terms of
measurements {Qq, - - - , Ok}

To ensure the solvability of Problem 1, we make the following
standard assumption.

Assumption 1: H > 0and S > 0.

B. OPTIMAL ESTIMATION
Firstly we shall show the optimal estimation Xiyq/;x =
Elxk+dloo, - - - , ox] in the following lemma.
Lemma 1: For system (1) and (2), the optimal estimation
Xk+d/k obeys the following iteration:
d
R =(1 — @)[Cox +Z C'"Duk_i] + ok Rk ji—-1,
i=1

“
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where @y = Zj,—0) is a binary random variable with
Py =1)=q=1-p.
Furthermore, we have
Rkt1/k—d+l = CXkjk—d+1 +Dug—q, 1=1,---,d, (5)
Xi+1/k+1 = Dhp1 Xi+1/k + (1 — Drgp1)0k+1, (6)
and Xo,o satisfies
Xo/0 = (1 — @o)oo + @oExo. (7

Proof: The detailed proof of Lemma 1 is similar to
that of Theorem 1 in our previous works [4]. Due to space
limitation, we omit it here. |

C. OPTIMAL OUTPUT FEEDBACK CONTROL
Now we are in the position to present the optimal controller
for Problem 1.

Theorem 1: Under Assumption 1, for system (1)-(2),
the optimal output feedback controller is given by

Uk = —KiraXk+di = _H/;Jlrkoer)A(kﬂl/k, ®

where Xx+4/x can be calculated via (4), and Ii 4.4, k44 obey

d+1
M =S+DY Gy D+0*DGp D+ DD
j=1
+(1 = 9o D'Is1 D, ©)
d+1 _ ~
% =D Gy C+0*DGy C+DhiyiC
j=1

+(1 — ¢)o’D'Ii41C. (10)

Furthermore, G};, 1 < i < d and I satisfy the modified
Riccati equations:

Gy = H+CG},,C+0*CG},C+(1~-q)

x C'lr11C + (1 — )o*C'I141C, (11)
Gp = — QI ', (12)
G, =CG \C i=3--,d+1, (13)
I = C'G{HIC +qC' I C, (14)
where final conditions G;V 4 = Ofori = 1,---,d and
In+1 =0.
The optimal cost function is as:
d—1 d+1
Iy = E{ D XiHxx + xiGhxa + xi Y GyRajia
k=0 i=2

+ KilaRapa}. (15)

Before showing the proof of Theorem 1, we shall give the
following lemma.

Lemma 2: Modified Riccati equations (11)-(14) can be
reformulated as:

Zk = H 4 C'Zk1 C + 0*C' X1 C — QI @

+(1 = )o*C' k41 C, (16)
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d—1
Xe = Zi+ Y €Il (17)
i=0
_ "Nd o/ —1 d /
I, = —(C) Qk+dnk+dgk+dc + qC'Ii+1C. (18)
where

Qi =D'Z i 1C+ Gzﬁ/Xk+1C_ + DIy 1C

+(1 — 90’ DIkt C, (19)
My =S +DZ1D+ 0’D'Xps1D + D'l D
+(1 — )0 *D'Ij41D. (20)

Moreover, I1; > Ofork =d,--- ,N.

Proof: Setting 7, = Z?:ll G}'C and X; = G,i, for
(11)-(14) and taking summation fromi = 1 tod+1, (16)-(18)
can be readily obtained. Moreover, (19)-(20) can be easily
induced from (9)-(10).

Next, we will prove that [T > Ofork =d, --- , N.Infact,
noting Gy, =0,i=1,---,d+1,Iys1 = 0, it follows that
ZN+1 = Xn+1 = 0 and from (20), Ty > 0 holds.

With (16), we have

Zy =1+ K]/VHNKN +[C+1- E])'DKN]/
X Zy+1[C+ (1 —@DKy] = 0. (21)

With (12) we have G/2v < Oand Xy > Zy > 0. Then
ITy_1 > O can be obtained.

In virtue of the induction method, we assume that
Zi41 > 0,X;41 > 0for0 <[ <N,and I1; > 0, which means
(16)-(18) are well-defined for k = [. Then, similar to (21),
we have that X; > Z; > 0. Hence, I1;_1 > 0 can be derived.
Therefore, we have shown that [T, > Ofork =d,--- ,N. R

Remark 1: Compared with previous works [11], [15],
[17], the optimal output feedback controller is derived in The-
orem 1 for the first time. The control gain can be calculated
off-line by the modified Riccati equations (16)-(18).

Now we are ready to show the proof of Theorem 1.
Proof: Firstly, we define the value function
d+1
Vy(k, xp) = E[X;QG/le + a0 Y Gifkfith—d—2
i=2
R e
By applying (1), (22) and (11)-(13), it follows that

Vn(k + 1, xk41)

= E{XIQ(C/GILHC +0°C'G Ok
+20;_4(D'Gy (€ + 07 D'Gpy \Oxa + vy _g(D'Gry
x D+ UZﬁ/G;iH@)Uk—d + [Cxk + Duk—a + 9(Cxx

d+1

+Dug—a)l Z Gis1Cxujivk—d—1 +Duk—q) + [Cxx
i=2

+Duk—q + 0 Cxx + Dvk—a) s 1@k+1CRijk + D

X Uk—q) + [Cxk + Dk—g + D (Cxr + Duk—a)l'li+1

x (1 = @ DICxx + Dug_g + 9 Cxi + @vk—d)]}
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- IE{ X (C'GL\C+0%C Gl Oxx +2vp_g(D'GL,
X C+0275/G11+1C_)Xk+U1/{_d(D/G11+1D + azﬁ’G}(_H@)
d+1 d+l
< Vk—d + X4C' Y G Chujirk—a—1 + xiC"Y_ Giyy
=2 =2
d+1
X Dug—q + v_yD’ Z G 1 CXk jitk—d—1 + VgD’
i=2
d+1
X Y Gy Dk—a + gC I 1 Cugk + qxiC' Ik D
i—2
X Uk—d + qUp_gD'Ir41CRiji + (1 — @) x(C' Ik 1 C
+0°Cli1OxaA(1 — Qui_y(D'lis1C + 0° DIy

x Otk + (1 = Vg (D'li1 D + 0Dl Dyvia |

- E{X,Q[C/G,1+]c +02CGl,,C+ (1 — (C'lipiC
d+1
+0°C I Olu+2v,_gID' Y Gy, \C +0°D'Gyy
i=1
x C4 (1 = QD' lt1C + 0 D' It1O)xx + v 4D’
d+1
x Y Gi ' D+0*D'Gi D+ (1 —g)(DliD+o?
i=1
i i d+1
x D'l 1 D)k + xiC'Giii Chun + xi Y, Gi
i—3
X Rk fitk—d—2 + CIXIQC/IkHC)A(k/k}

- E{X,Q(G,L — )y + v}y (T — S)ve—a + 20}

d+1
X QX jk—d + X Z Gy Xk Jivk—d—2 + X;Q(C/ij:]lc
i=3
+ qC/1k+1C))?k/k} (23)

Combining (22) and (23), we have

Vnk, xx) — V(k + 1, xi+1)
= E{xH xk + Vp_gSUk—a — (Wk—a + Ki Xk jk—a)’
X My (Vk—a + Ki Xk jk—a)}- (24)

Taking summation of (24) from k = d to k = N, we get

Vn(d, xa) — VNN + 1, xn+1)
d+1
= EIx)Gyxa + xi Y_ GiyRaji-2 + x4laRasal
i=2
N
=Y BUGHxx + vi_gSVk—a —(k—a +Ki Rk jk—a)
k=d
X M (Vk—a + Ki Xk jk—-a)} (25)

where final conditions ij = Ofori=1,---,d+1and
Iy+1 = 0 are used in the above equation.
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Noting (3), we have

d+1
Iv = E{X&G,lz)(d + Xy Z Gy Raji—2 + xglaXaja
i—2
N
— Z(Uk—d + Ky Xk fe—a) Tk (Uk—a + K Xk jk—a)
k=d
d—1
£ xiHn) 6)
k=0

From Lemma 2 we know I1; > O for k > d. Therefore,
the optimal cost function is as (15), and the optimal output
feedback controller is shown by (8). [ |

Remark 2: Tt should be pointed out that the methods used
in this paper is dynamic programming, which differs from the
previous works in [4]-[6].

IIl. INFINITE HORIZON CASE
In this section, the infinite horizon optimal output control
problem and stabilization problems for system (1)-(2) shall
be investigated.

The infinite horizon cost function is as

J =300 B (X Hxx + vp_ySvk-a) (27)

Then the problem to be investigated in this section is given as
follows.

Problem 2: Design the output feedback controller to min-
imize the cost function (27), and obtain the stabilization
conditions for the system (1).

Firstly, we give the following definitions.

Definition 1: For output feedback controller vy_g4 =
Lxk/k—d, where L is constant matrix and xi—q is the
optimal estimation, if the closed-loop system (1) is mean
square asymptotically stable, i.e., for any initial conditions
X0, U—1, - -- , U_q, it holds limg_, 4o E(X/iXk) = 0. We call
system (1) is mean square stabilizable.

Definition 2: For system (C, C, C):

{Xk+l = C+ "0y,

(28)
ok = Cxx,

if there holds
ok =0, as.,for 0 <k <N,= x0=0.

Then system (C, ¢ , C) is called exact observable.

In this section, for convenience, we remark the symbols Z,
Xi, I, T and Q4 in (16)-(20) as Zx (N), Xig (N ), I (N ), TTx (N)
and Qx(N), respectively.

To solve Problem 2, we make the following standard
assumption.

Assumption 2: System (C, C, HY 2) is exact observable.
Before showing the main results of this section, we shall
introduce the following two lemmas.

Lemma 3: Under Assumption 2, there exists integer
No > 0 such that X;(N) > Zz(N) > 0 for arbitrary N > Ny.

17716

Proof: Assuming that this is not true, then there exists
nonzero xq € R” satisfying x;Zq(N)xa = 0.
For the given x4, there holds xq4/i = x4,i = 0,--- ,d.
Then from (15) we have:

N
> EGGH Xk + Vi gSUk—a)
k=d
d+1
= x> GHN) + LW )xa = XiZa(N)xa = 0. (29)
i=1
Noting Assumption 2, it can be induced from (29) that
xxt = 0,u, =0, fork =d,---, N which contradicts with
Xa # 0. In other words, there exists Ng such that Z;(N) > 0
for any N > Np.
Finally, it can be deduced from (16)-(18) that there holds
X4y(N) = Z4(N) > 0for N > Nj. [ |
Lemma 4: The system (1) can be stabilized in the mean
square sense if and only if Z,fozo E(X;i Xk) < +o00 holds.
Proof: “Sufficiency’: If Y 72 E(x;xk) < +oo, it is
obvious that there holds limi_, 1o E(x; xx) = 0. In other
words, system (1) can be stabilized.
‘Necessity’: Suppose that the system (1) can be mean

square stabilizable, we will prove that
Y ieo Bk < +o0.

Note Definition 1 that there exists vy = L}k +
ZleLivk,i such that limg oo E(x;xx) = 0, where
L,L;yi = 1,---,d are undetermined matrices. Then the
system (1) can be rewritten as:

Xi+1 = (A + Br L) Xk- (30)
where
Ci 0 0 0 12/c
(I —@4+1)Ck @k+1C 0 0 D
0 0 0 0 O
A = 0 0 I 0o 0 |-
0 0 0 1 0
0
0\ Xk 0
L Xk /k 7
/
=0, w=|"w1].B=|o]. 6D
Lé Vk—d 0
where CG¢ = C + %C, Dy = D + %D and

Dy = (1 — @y+1)Dr + @i +1D.

Since the system (1) can be stabilized by vy =
L X+a/k, we have that limg_ o E(x{ xx) = 0. In view of
0 < E(Xgjx—iXksk—1) = EQuxe), I = 0,---,d, we have
that limy_, 4o E(upvk) = 0. Besides, it can be concluded
from (31) that limy _, 1 o0 E(); Xk) = 0.

Similar to [8], Noting that limg_, 4 s E()‘(,ﬁ Xx) = 01in (30),
it follows that Z,jig E(}Z;é)?k) < +4o0. Finally, using (31),
>SS E(xp xk) < 400 can be derived. [}
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Now the solution for Problem 2 shall be presented in the
following theorem.

Theorem 2: The system (1) is mean square stabilized if
and only if the following modified algebraic Riccati equation
has the unique solution such that X > Z > 0,71 < 0:

Z=H+CZC+CXC-QN'Q

+(1 —¢g)?C'IC, (32)
d—1
X=z+) @)on'ac, (33)
=0
[ =—@C)on'ect +q4C1C. (34)

where Q, IT are
Q=D'ZC+o*D'XC+DIC+ (1 —q)’DIC, (35)
N=S+DZD+c’D'XD+D'ID + (1 — 9)a’D'ID. (36)
The system (1) can be stabilized by

Ve = K Xkvak = =TT QRkva . (37

Moreover, the infinite horizon cost function (27) can be min-
imized by (37).
Proof: ‘Necessity’: If the multiplicative noise system
(1) is mean square stabilizable with controller (37), we will
show the modified algebraic Riccati equations (32)-(34) have
the unique positive definite solution such that X > Z > 0,
I <0.
The outline of the necessity proof is given as below:
« To show the monotonicity of Z;(N), X4(N), I;(N) with
respect to N;
o To show the boundedness of Z;(N), Xy;(N), I;(N);

« To show the uniqueness of the solution to (32)-(34).
Firstly, in order to prove the monotonicity of
Z4(N), X4(N), I;(N) with respect to N, we select the initial
conditions v; = 0,j = —d, --- , —1. From (15), the optimal

Jyy is as:
d—1 d—1
Ty = VN0, x0) = Y B _gSuk-a) + Y _ El(vk—a
k=0 k=0
+ T (N)QN) Rk —a) T (N )k —a + T (N)

X Qu(N) Rk fk—a)]

d+1
= ElxyGo(N)xo + x5 Y _, GoN)Rosi-a—2 + g
i=2
d-1 d-1
x Io(N)Roj0 — D B _gSve—a) + Y _(Vk—a
k=0 k=0

+ T (N0 (N) R fe—a) T (N ) (Vg —a
+ T () QU V) R j—a)]

d+1
= Elx,Go(MN)xo + x5 Y_, GoN)Roji—d—2
i=2
d—1
+ X000 N K00 = Y K jk—aGr(N) Rk —d]
k=0
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d+1

= Elx,GoM)xo + x6(Y_ Go(N) + Io(N)Ros0
i=2

d—1
= D R60(CY GEN)C* Ropol
k=0
= E[x,G(N)xo + x4lo(N)Ro/0], (38)

where Xo/i = Xoo fori < 0, Xkpk—a = CXk—1/k—a +
Dug_gq—1 fork = 1,---,d — 1 and (11)-(14) are used in
the above equation.

Then we shall investigate the following three cases:

1) When xo = Exo, from Lemma 1 we have %o/0 = xo.
Then (38) becomes

T = Elx{GLN)xo + x4 lo(N)xol. (39)

Since Jy < J;‘,H, then

XOIGON) 4 Io(N)Ixo < XH[GO(N + 1) + Iop(N + Dlxo.

Therefore, G(l)(N ) + Ip(N) increases with respect to N.
2) When Exg = 0, from Lemma 1, we have
%0/0 = (1 — @p) xo. Then we can obtain

Elx4(Go(N) + (1 — )Io(N))xo]
< E[x{(Gy(N + 1) + (1 — pIo(N + 1)xo0l,  (40)

ie., G(l)(N ) + glo(NV) also increases with respect to N.

3) Noting "8, O H xk + v Suk—a) <Y ) E(x}
xH xx + v _;Suk—q), then from (29) we have Z?:]I GZ(N)
+I(N) < YHVGHN + 1) + 1N + 1). In other words,
Zy(N) = Z?:ll GZ(N) + I;(N) increases with N.

So far, we have derived the monotonically increasing of
Go(N) + (1 =@Io(N), Xo(N) = Go(N)+1Io(N) and Zg(N) =
Y LGN + La(N).

In what follows, the boundedness of G(l)(N ), Xo(N) and
Z4(N) will be proved.

Since system (1) is mean square stabilizable, i.e.,
limg—s 400 E( X/é xx) = 0, and the stabilizing controller
satisfies

Uk = Lkyask, L'SL <A, H <A, (41)

where A is constant.
From Lemma 4, there exist constants c, c; satisfying

o0 o
D B —afik-a) < Y B
k=0 k=0

< cB(xox0) < clB(xgxa). (42)

Also we have

o
> EGGH xx + vt gSUk—a)
k=0

o
=Y EGGH Xk + X jk—al/SLikje—a)
k=0
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o
<A B Xk + Rija Rk fk—a)
k=0

O+ 1Y Bl

k=0
¢+ DE(xgx0) < c1( + DE(gxa)-  (43)

IA

IA

Note that
N

k=0 k=0
Then, from (29) we get

d+1
E{xlY_ G4(N) + LaN)xa} < c10-+ DE(xjxa), (44)
=1
which implies that Z;(N) = Y 'GL(N) + Li(N) is
bounded.
Similar to the above discussions, the following two cases
are considered:
DIf xo =Exp, and v; = 0,j = —d, ---, —1, from (38)
we have

X[Go(N) + Io(N)1xo < cO- + DE(xx0)- (45)

Thus, Xo(N) = G}(N) + Io(N) is bounded.
DIfExo=0andv; =0,j=—d,---, —1,(39) indicates

Elx5(GoN) 4+ (1 — )Io(N))xol < ¢ + DE(x4x0),

i.e., the boundedness of G(l)(N )+(1—g)Ip(N) has been shown.
It is noted that

Xa(N)=Xo(N —d), Za(N)=Zo(N — d), 1a(N)=Io(N — d),

and G(li(N) 4+ (1 — @lp(N), Xg(N), Z4(N) are monotonically
increasing with respect to N, and they are bounded. Thus,
the convergences of G(11 (N), Xg(N), Z;(N) have been shown,
i.e., there exist G!, X, Z satisfying

G'= limG \(N),X= limXy(N),Z= limZy(N). (46)
N—+00 N—+00 N—+o00

Noting that X;(N) = Gﬂll(N )+1;7(N), then we have that I;(N)
is convergent with N. It follows that I = limy_, o0 I7(V).

On the other hand, from (9), (10) and (12), the con-
vergence of G(21(N ) can be derived. Furthermore, it can be
easily verified from (13) that G);(N), i = 3, ,d+1
are convergent with N, i.e., there exists G' satisfying G' =
limy— 400 GY(N), i =2, -+ ,d + 1.

Taking limitations with N — oo of (11)-(14), we get

G'=H+CG'C+o*C'G'C+(1—-¢g(IC

+(1 —¢)?C'IC, (47)

G’ =-Qn'q, (48)
G =c67'c,i=3-,d+1, (49)
1 =C'G*le+qCIc, (50)
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o
> ExpH i+ E,_gSve-a) <Y EGGH xi+vi_gSUk—a)-

where
d+1
M=S5+DY GD+0*D'G'D+DID
j=1
+(1 — 9)a*D'ID, (51)
d+1
Q=D GC+0*DG'C+DIC+(1-q)o*D'IC. (52)
j=1

LettingX = G' +1,Z = Y| G' +1, then (32)-(34) and
(35)-(36) can be obtained.

It can be deduced from Lemma 3 that X;(N) > Zy(N) > 0
forany N > Ny which implies that X > Z > 0. Besides, from
(18) we have I;(N) < 0. Thus, I = limy— 400 Ig(N) < O.

Finally, we shall show the uniqueness of the solution to
(32)-(34). If this is not true, we assume (2, A, ®) with E >
A > 0, ® < 0 satisfying (32)-(34).

In the case of xo = Exo, v; = 0,j = —d,---, -1,
by taking limitations of (39), we have

J* = xiXxo = x,Exo. =X =E. (53)

Besides, if Exg = 0, v; =0,j = —d, --- , —1, then there
holds

J*=E[xoX + (1 — @)D x0l=Elxo(E + (1 — )®)x0]. (54)

Therefore, I = ® can be derived from (53) and (54).
Moreover, with the stabilizing controller (37), by taking
limitations of (29), we have

o0
D BOGH Xk + Vi gSUk-a) = BG4 Z xa) = Bty A xa),
k=d
Thus, it can be obtained that Z = A which means that the
solution to (32)-(34) is unique. This ends the necessity proof.
‘Sufficiency’: Suppose (32)-(34) admit the unique solution
X >Z7Z > 0,1 < 0. We will show that system (1) can be
stabilized by controller (37).
We define the Lyapunov function candidate as

d+1
Vik, xi) =E[X1£G1 XkF+Xk Z G' )A(k/i+k7d72+XléI)A(k/k],
i=2
(55)
where Gii=1,---,d+ 1), 1 satisfy (47)-(50).
Using (1), V(k + 1, xx+1) can be reformulated as

Vik + 1, Xk+1)
- E|X,§[C’G‘c + 020G C+(1 - g
o d+1 ' _ _
x (C'IC + o*C'I0) Xk + 2v;_4[D' Y G'C+0*D'G'C
i=1
o d+1 _
+(1 = g)(D'IC+ o’ DOk + v;_y4[D' Y GD+0?
i=1
xD'G'D+ (1 — g)(D'ID 4 o>D'ID)yi + x(C'GH'C
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d+1
X R+ X ) G Rugivk—a—2 + qxﬁc/lcik/k}
i=3
= E{x,ﬁ(G‘ — H)xx + vp_y(TT = S)ug—g + 20}, _,4Q
d+1

X Xkjk—d + Xk Z G R jitk—d—2 + xp(C'GYTC
=3

+4C1O e} (56)
Thus, we have

Vik, xi) = Vk + 1, xk+1)
= Elx;H xk + Vy_gSVk—d — Wk—a + K Xijk—a)'T1
X (Vk—a + K Xk jk—a)]
= E(H Xk + Vi—gSvk—a) = 0, (57)

Moreover, for V(k, xi), there holds

d+1
Vik, Xk)ZE[XéGIXHX;ﬁ > G’)?k/i+k—d—2+x;ﬁl)?k/k]
i=2
d+1 d+1
= E[X;Q(Z G'+Dxk — Otk — Rnjith—a—2)'G'
i=1 ps

X (i — Xk Jitk—d—2) — (Xe — Xiey) T(xx — )?k/k)]
d+1
> E[XJQ(Z G' +I)Xk—(Xk—)?k/k)/I(Xk—f(k/k)]
i=1
= ]E[XIQZXk — Otk — i)' Tk — )?k/k)] > 0. (58)

where G' < 0,Z > 0and I < 0 are used in the above
equation.

From (58), we have that V(k, x) > 0, and (57) means that
V(k, xx) decreases with respect to k. Therefore, V(k, xi) is
convergent.

For any m > 0, we have

m+N

. I /

Jim o  BGGH X+ Vg Svk-a)
k=m+d
= lim Vn+d, gmra)-Vn+N + 1, usn+1) = 0.
m——+00
(59)

Note that

Elxgla(N)Xasal = Elxgla@N)xal — ElXg/41a(N)Xdyd]
>E(x la(N)xa),
Elx;Gly(N)Xaji-2]
= ElxyGy(N) xa1—El7 i 2Gy(N) Xasi-2]
>E(xGyNYN)xa) i =2, .d + 1,
where X4/ = Xa — Xayj»j=0,---,d, and

I4(N) <0,GY(N) <0,i=2,---,d + 1 have been used in
the above equation.
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FIGURE 1. Dynamic behavior of E||x; |2.

0 10 20 30 40 k 50 60 70 80 90 100

FIGURE 2. Dynamic behavior of the first coordinate of E(xy).

Using Theorem 1, we get

N
> EGGH Xk + Vi gSUk—a)
k=d
d+1
> E{xéGfg(N)Xd+X£1 Z Gij(N))A(d/i—2+XC/11d(N))A(d/d}
i=2
d+1
> E{x41Y_ Gy(N) + La(N)xa}- (60)

i=1
Since the coefficients are time-invariance, we have
m+N
> BOGH Xk + Vi —gSvk—a)
k=m+d
d+1
> Elxpyal ) Gy(N) + La(N)]Xmia} = 0.
i=1
Finally, with (59), it follows
d+1
Jim E{x,;,+d[; GyN) + La(N)]Xmra) = 0. (61)
=
Noting Zf-l:ll GZ,(N) + I;(N) > 0 for N > Ny,
1imy—s 400 E(X,, xm) = 0 can be derived. Therefore, we have
proved that system (1) can be stabilized by (37). The proof is
completed. [ ]
Remark 3: The stabilization conditions (necessary and
sufficient) for system (1)-(2) are proposed in Theorem 2. It is
stressed that only some sufficient conditions were given in
previous works [13], [25].

IV. NUMERICAL EXAMPLE
In this section, we will provide numerical examples to show
the effectiveness of the main results obtained in this paper.
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FIGURE 3. Dynamic behavior of the second coordinate of E(xy).

Consider system (1)-(2) with delay d = 2, coefficients

= (07294 0.) G = (0133 0.), D= (05088 O )
BT 9r ), = 0,02 =1,p =05 vy =

SN
I
—
<
0
[9
=)
3
fel

(8%3), v = 8:2223), and cost function (3) with H =
(0'8858 0_5%12), S = (0'9359 0.0%67)' Via iterative method,
we can obtain the solutions of Z, X, I in (32)-(36) as
1.3931 0 1.7270 0
0 0.7177)° 0 1.5677)°
—0.0709 0
0 —0.1704 )"

which implies that X > Z > 0,1 < 0. Observe the dynamic
behavior of x; in Fig.1, Fig.2 and Fig.3. Obviously, it can
be obtained that the state xj is asymptotically mean-square
stable.

V. CONCLUSION

The output feedback control problem has been investigated
for the multiplicative noise system with intermittent noise
and input delay. For the finite time horizon case, the opti-
mal output feedback controller has been derived; For the
infinite horizon case, it has been shown the multiplicative
noise system with intermittent noise and input delay is mean
square stabilizable if and only if the given algebraic modified
Riccati equation has the unique solution. For future research,
the obtained results are expected to solve the random time
delay case.
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