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Variational multiscale methods, and their precursors, stabilized methods, have been
very popular in flow computations in the past several decades. Stabilization parame-
ters embedded in most of these methods play a significant role. The parameters almost
always involve element length scales, most of the time in specific directions, such as
the direction of the flow or solution gradient. We require the length scales, including
the directional length scales, to have node-numbering invariance for all element types,
including simplex elements. We propose a length scale expression meeting that require-
ment. We analytically evaluate the expression in the context of simplex elements and
compared to one of the most widely used length scale expressions and show the levels
of noninvariance avoided.
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1. Introduction

In this paper, we introduce a node-numbering-invariant directional length scale for
simplex elements used in flow computations with the stabilized and variational mul-
tiscale (VMS) methods, discontinuity-capturing (DC) methods, and other special
methods that require a directional element length.

1.1. Stabilized and VMS methods

Stabilized and VMS methods have been playing a crucial role in computa-
tional flow analysis. Two of the earliest and most widely used stabilized meth-
ods are the incompressible-flow Streamline-Upwind/Petrov-Galerkin (SUPG )2
and compressible-flow SUPG3% methods. The incompressible-flow Pressure-
Stabilizing/Petrov-Galerkin (PSPG) method ! with its Stokes-flow version intro-
duced in Ref. [8 also has a long history and is widely used. These methods bring
numerical stability in computation of flow problems at high Reynolds or Mach
numbers and when using equal-order basis functions for velocity and pressure in
incompressible flows. Because they are residual-based, they accomplish stabilization
without loss of accuracy. The residual-based VMS (RBVMS),?*12 which is now also
widely used, subsumes its precursor SUPG/PSPG.

1.2. DC methods

When the flow field has a shock or some other discontinuity, stabilized methods
are often supplemented with a DC term. Supplementing the SUPG with a DC
term goes back to 19861214 The DC term played a key role in the evolution of
the compressible-flow SUPG, which was originally introduced in 1982 in the con-
text of conservation variables. That 1982 method is now called “(SUPG)ss”. At
first, (SUPG)g2 was not used with any DC (shock-capturing) term, and the test
computations clearly showed the need for additional stabilization at the shocks.
Later, (SUPG)g2 was recast in entropy variables, but also supplemented with a
DC term 12 This of course resulted in better shock profiles. In an ASME paper in
1991,1% (SUPG)g2 was supplemented with a very similar DC term. It was shown
in Refs. 16 and [17] that, with the added DC term, (SUPG)gy was very comparable
in accuracy to (SUPG)ss recast in entropy variables. The stabilized and DC meth-
ods introduced in Ref. [I4] for the advection—diffusion—reaction equation accounted
for the interaction between the DC and SUPG terms. Taking that interaction into
account precludes “compounding” (i.e. augmentation of the SUPG effect by the
DC effect when the advection and discontinuity directions are not orthogonal).

1.3. Stabilized and VMS space—time computational methods

Stabilized methods have been an important component of the space-time
(ST) computational methods, starting with the original Deforming-Spatial-
Domain/Stabilized ST (DSD/SST) method®1% in 1990. The DSD /SST U2 was
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introduced for computation of flows with moving boundaries and interfaces (MBI),
including fluid-structure interaction (FSI). In MBI computations, the DSD/SST
functions as a moving-mesh method. Moving the fluid mechanics mesh to follow
an interface enables mesh-resolution control near the interface and, consequently,
high-resolution boundary-layer representation near fluid—solid interfaces. Because
the stabilization components of the original DSD/SST are the SUPG and PSPG
stabilizations, it is now also called “ST-SUPS”. The ST-VMS22"24! ig the VMS ver-
sion of the DSD/SST. The VMS components of the ST-VMS are from the RBVMS.
The ST-VMS, which subsumes its precursor ST-SUPS, has two more stabilization
terms beyond those in the ST-SUPS, and the additional terms give the method
better turbulence modeling features. The ST-SUPS and ST-VMS, because of the
higher-order accuracy of the ST framework (see Refs. 22| and [23)), are desirable also
in computations without MBI.

The DSD/SST is an alternative to the Arbitrary Lagrangian—Eulerian (ALE)
method, which is an older and more commonly used moving-mesh method. The
ALE-VMS method?231! is the VMS version of the ALE. It succeeded the ST-
SUPS and ALE-SUPS®? and preceded the ST-VMS. To increase their scope and
accuracy, the ALE-VMS and RBVMS are often supplemented with special meth-
ods, such as those for weakly-enforced no-slip boundary conditions 2335 “glid-
ing interfaces”=%37 and backflow stabilization*¥ The ALE-SUPS, RBVMS and
ALE-VMS have been applied to many classes of FSI, MBI and fluid mechanics

132 wind-turbine

50151443149

problems. The classes of problems include ram-air parachute FS

aerodynamics and FSI**%% more specifically, vertical-axis wind turbines,

2 531i47H49

floating wind turbines? wind turbines in atmospheric boundary layers,
and fatigue damage in wind-turbine blades,>* patient-specific cardiovascular fluid
mechanics and FSI22:2256160 hiomedical-device FSI*H Y ship hydrodynamics with
free-surface flow and fluid-object interaction,®”® hydrodynamics and FSI of a
hydraulic arresting gear/S%7% hydrodynamics of tidal-stream turbines with free-
surface flow ™ passive-morphing FSI in turbomachinery™ bioinspired FSI for
marine propulsion™¥ bridge aerodynamics and fluid-object interaction ™77
and mixed ALE-VMS /Immersogeometric computationsS4 66787 i the framework
of the Fluid-Solid Interface-Tracking/Interface-Capturing Technique®? Recent
advances in stabilized and multiscale methods may be found for stratified incom-
pressible flows in Ref. [81] for divergence-conforming discretizations of incompress-
ible flows in Ref. 82, and for compressible flows with emphasis on gas-turbine
modeling in Ref. 83l

The ST-SUPS and ST-VMS have also been applied to many classes of
FSI, MBI and fluid mechanics problems (see Ref. [84] for a comprehensive
summary). The classes of problems include spacecraft parachute analysis for

89128186188 cover-separation parachutes® and the

the landing-stage parachutes,
drogue parachutes, 2092

turbine rotors 22230428 f4]] horizontal-axis wind-turbines

wind-turbine aerodynamics for horizontal-axis wind-

99T and vertical-axis

wind-turbines 2#4849 flapping-wing aerodynamics for an actual locust, 2241004281101
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bioinspired MAVgIVZI039697 and wing-clapping 194199 blood flow analysis of

106,96 107/108:106 109H113

cerebral aneurysms, stent-blocked aneurysms, aortas and

LOEOTIIA AT LIELLY gha cecraft aerodynamics 2218 thermo-fluid analy-

119

heart valves,
sis of ground vehicles and their tires/22"3 thermo-fluid analysis of disk brakes,
flow-driven string dynamics in turbomachinery, 22122 flow analysis of turbocharger
turbines 1231128 flow around tires with road contact and deformation 112127130

fluid films L3530 ram-air parachutes 122 and compressible-flow spacecraft parachute

aerodynamics 1334134

1.4. ST Slip Interface method

The ST Slip Interface (ST-SI) method was introduced in Ref. 98] in the context
of incompressible-flow equations, to retain the desirable moving-mesh features of
the ST-VMS and ST-SUPS when we have spinning solid surfaces, such as a tur-
bine rotor. The mesh covering the spinning surface spins with it, retaining the
high-resolution representation of the boundary layers. The starting point in the
development of the ST-SI was the version of the ALE-VMS for computations with
sliding interfaces.2%3% Interface terms similar to those in the ALE-VMS version are
added to the ST-VMS to account for the compatibility conditions for the velocity
and stress at the SI. That accurately connects the two sides of the solution. An
ST-SI version where the SI is between fluid and solid domains was also presented
in Ref.[98. The SI in this case is a “fluid—solid SI” rather than a standard “fluid—
fluid SI” and enables weak enforcement of the Dirichlet boundary conditions for
the fluid. The ST-SI introduced in Ref. [I119 for the coupled incompressible-flow
and thermal-transport equations retains the high-resolution representation of the
thermo-fluid boundary layers near spinning solid surfaces. These ST-SI methods
have been applied to aerodynamic analysis of vertical-axis wind turbines 234849
thermo-fluid analysis of disk brakes ™ flow-driven string dynamics in turboma-
chinery2U122l fiow analysis of turbocharger turbines 123126 fow around tires with
road contact and deformation 222780 flyiq films BH80 gerodynamic analysis of

132 and flow analysis of heart valves OIS

ram-air parachutes,

In the ST-SI version presented in Ref. 98] the SI is between a thin porous struc-
ture and the fluid on its two sides. This enables dealing with the porosity in a fashion
consistent with how the standard fluid—fluid SIs are dealt with and how the Dirich-
let conditions are enforced weakly with fluid—solid SIs. This version also enables
handling thin structures that have T-junctions. This method has been applied to
incompressible-flow aerodynamic analysis of ram-air parachutes with fabric poros-
ity 12 The compressible-flow ST-SI methods were introduced in Ref. 133} including
the version where the SI is between a thin porous structure and the fluid on its two
sides. Compressible-flow porosity models were also introduced in Ref. [133l These,
together with the compressible-flow ST SUPG method 132 extended the ST compu-
tational analysis range to compressible-flow aerodynamics of parachutes with fabric
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and geometric porosities. That enabled ST computational flow analysis of the Orion

spacecraft drogue parachute in the compressible-flow regime/:32:134

1.5. ST Isogeometric Analysis

The success of using Isogeometric Analysis (IGA) basis functions in space20122:25136

motivated the integration of the ST methods with isogeometric discretization, which
we broadly call “ST-IGA”. The ST-IGA was introduced in Ref. 22l Computations
with the ST-VMS and ST-IGA were first reported in Ref. [22/in a 2D context, with
IGA basis functions in space for flow past an airfoil, and in both space and time for
the advection equation. Using higher-order basis functions in time enables getting
full benefit out of using higher-order basis functions in space. This was demonstrated
with the stability and accuracy analysis given in Ref. [22] for the advection equation.

The ST-IGA with IGA basis functions in time enables a more accurate represen-
tation of the motion of the solid surfaces and a mesh motion consistent with that.
This was pointed out in Refs. 22| and 23] and demonstrated in Refs. [99] 100 and
1021 It also enables more efficient temporal representation of the motion and defor-
mation of the volume meshes, and more efficient remeshing. These motivated the
development of the ST/NURBS Mesh Update Method (STNMUM 221001102 the
name was given in Ref. 95l The STNMUM has a wide scope that includes spinning
solid surfaces. With the spinning motion represented by quadratic NURBS in time,
and with sufficient number of temporal patches for a full rotation, the circular paths
are represented exactly. A “secondary mapping”22P%2328| epables also specifying
a constant angular velocity for invariant speeds along the circular paths. The ST
framework and NURBS in time also enable, with the “ST-C” method, extracting a
continuous representation from the computed data and, in large-scale computations,
efficient data compression tST2EIIEIIZS The STNMUM and the ST-IGA with
IGA basis functions in time have been used in many 3D computations. The classes
of problems solved are flapping-wing aerodynamics for an actual locust,22#10028:101
bioinspired MAVLO2HLO30607 and wing-clapping L2419 separation aerodynamics of

05H97145 08|48/[49

spacecraft 2 aerodynamics of horizontal-axig and vertical-axis wind-

turbines, thermo-fluid analysis of ground vehicles and their tires 215 thermo-fluid

analysis of disk brakes? flow-driven string dynamics in turbomachinery 120122

and flow analysis of turbocharger turbines 123126

The ST-IGA with IGA basis functions in space enables more accurate represen-
tation of the geometry and increased accuracy in the flow solution. It accomplishes
that with fewer control points, and consequently with larger effective element sizes.
That in turn enables using larger time-step sizes while keeping the Courant num-
ber at a desirable level for good accuracy. It has been used in ST computational
flow analysis of turbocharger turbines 43128 flow-driven string dynamics in tur-

L2IL22 ram-air parachutes ™2 spacecraft parachutes, 134 LLIHLL3

bomachinery;,
heart valves MO tireg with road contact and deformation 128130 and fluid

films 13880 Using IGA basis functions in space is now a key part of some of

aortas,
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the newest arterial zero-stress-state estimation methodst8H4HL and related shell

analysis 142

1.6. Stabilization parameters and element lengths

In all the stabilized and VMS methods discussed in the earlier subsections, an
embedded stabilization parameter, known as “77, plays a significant role (see
Ref. [28)). This parameter involves a measure of the local length scale (also known as
“element length”) and other parameters such as the element Reynolds and Courant
numbers. The interface terms in the ST-SI also involve element length, in the direc-
tion normal to the interface. Various element lengths and 7s were proposed, starting
with those in Refs. [IH5] followed by the the ones introduced in Refs. (13| and [14.
In many cases, the element length was seen as an advection length scale, in the
flow-velocity direction. The set of 7s introduced in Refs. [3H5 in conjunction with
(SUPG)s2 is now called “7g2”. The 7 definition introduced in Ref. [I4, which is for
the advective limit and is now called “rsygni” (and the corresponding element
length is now called “hygn”), automatically yields lower values for higher-order
finite element basis functions (see Refs. [I43|and [I44]). Later, other 7 definitions that
are applicable to higher-order elements were proposed in Ref. [I45]in the context of
advective—diffusive systems. The 7 used in Ref. [I6] with (SUPG)g2 was a slightly
modified version of 7g2. Subsequent minor modifications of 7g2 took into account
the interaction between the DC and (SUPG)gz terms in a fashion similar to how it
was done in Ref. [14] for the advection—diffusion—reaction equation. Until 2004, all
these slightly modified versions of 752 were always used with the same DC parame-
ter, which was introduced in the 1991 ASME paper’® and is now called “d9;”. This
DC parameter was derived from the one given in Ref. [15] for the entropy variables.

Calculating the 7s based on the element-level matrices and vectors was intro-
duced in Ref.[146]in the context of the advection—diffusion equation and the Navier—
Stokes equations of incompressible flows. These definitions are expressed in terms
of the ratios of the norms of the matrices or vectors. They automatically take into
account the local length scales, advection field and the element Reynolds number.
The definitions based on the element-level vectors were shown!2%147 to address
the difficulties reported at small time-step sizes. A second element length scale, in
the solution-gradient direction and called “hrgn”, was introduced in 2001 Refs. 20
and [I48. Recognizing this as a diffusion length scale, a new stabilization parameter
for the diffusive limit, “rsuans”, was introduced in Refs. 20/ and [149], to be used
together with 7sygn1 and “Tsygnz”, the parameters for the advective and transient
limits. For the stabilized ST methods, “Tsyan12”, representing both the advective
and transient limits, was also introduced in Ref. 20

New ways of calculating the 7 and DC parameter to be used with (SUPG)s2
were introduced in 2004 Refs. [149] [150/ and [151l The new 7s, now categorized under
the label “794”, have a matrix structure for viscous flows and reduce to a scalar for
inviscid flows. The new DC parameters were of two types: one defined in a style the
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DC Directional Dissipation?%2M52 parameter was defined, and one that is now
called “YZpB” DC parameter. The YZB DC parameter is residual based, and it is
simpler than dg1. It has options for smoother or sharper computed shocks. A number
of 2D and 3D test computations with YZS DC were reported in Refs. [153HI55L
These computations showed that in addition to being simpler than dg1, the YZ5 DC
parameter was superior in accuracy. The computations reported in Refs. [I53H155
were based on the compressible-flow ST SUPG.

Some new options for the stabilization parameters used with the SUPS and VMS
were proposed in Refs. 21, 24} 94 [95] and [99. These include a fourth 7 component,
“rquana” 2% which was introduced for the VMS, considering one of the two extra
stabilization terms the VMS has compared to the SUPS. They also include stabi-
lization parameters? for the thermal-transport part of the VMS for the coupled
incompressible-flow and thermal-transport equations.

Some of the stabilization parameters described in this subsection were also used
in computations with other SUPG-like methods, such as the computations reported
in Refs. [72], [156H166] and [167.

1.7. Dzirectional element lengths for isogeometric discretization

The stabilization and DC parameters and element lengths discussed in the previous
subsection were all originally intended for finite element discretization, but quite
often used also for isogeometric discretization. The element lengths and stabiliza-
tion and DC parameters introduced in Ref. [16§ target isogeometric discretization,
but are also applicable to finite element discretization. They were introduced in
the context of the advection—diffusion equation and the Navier—Stokes equations of
incompressible flows. The direction-dependent element length expression was out-
come of a conceptually simple derivation. The key components of the derivation
are mapping the direction vector from the physical ST element to the parent ST
element, accounting for the discretization spacing along each of the parametric coor-
dinates, and mapping what has been obtained in the parent element back to the
physical element. The test computations presented in Ref. [168 for pure-advection
cases, including those with discontinuous solution, showed that the element lengths
and stabilization parameters proposed result in good solution profiles. The test com-
putations also showed that the “UGN” parameters give reasonably good solutions
even with NURBS basis functions.

1.8. Directional element lengths for simplex elements

In general, we decide what parametric space to use based on reasons like numerical
integration efficiency or implementation convenience. Obviously, choices based on
such reasons should not influence the method in substance. We require the ele-
ment lengths, including the directional element lengths, to have node-numbering
invariance for all element types, including simplex elements. The directional ele-
ment length expression we introduce here meets that requirement. We analytically
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evaluate that element length expression in the context of simplex elements and
compared to one of the most widely used element length expressions and show the
levels of noninvariance avoided.

1.9. Outline of the remaining sections

In Sec. 2] we briefly describe the directional element length definition introduced
in Ref. 168, which we will start with. In Sec. [3] we describe the parametric spaces
we use in calculating the directional element length for simplex elements: the inte-
gration parametric space, which is not node-numbering-invariant, and the preferred
parametric space, which is. In Sec. [ we show the level of noninvariance we get with
the integration parametric space, and we compare the element lengths based on the
integration and preferred parametric spaces. We provide our concluding remarks in
Sec.

2. Overview of the Starting Element Length Definition

We briefly describe the element length definition introduced in Ref. 168, which we
will start with. Given x € R™4 and £ € R"»¢, where ngg and npq are the spatial
and parametric dimensions, We define the Jacobian tensor as

Q- (2.1)
and the matrix of its components for given basis sets e; (1 = 1,...,nsq) and e,
(=1,...,npq) as
Q=[Qia] = [ggj € RMsaXTed, (2.2)
We introduce a transformation tensor D, and based on that we define the following
tensor:
Q=Q D' (2.3)
With that, the directional element-length is defined as
hx) = 2l - Q7! (2.4)
=2[lr-(Q"-DY)|I™* (2.5)
=2|D- Q7" -7, (2.6)

where r is the unit vector representing the direction, defined in the physical space.

Remark 1. The factor 2 comes from a typical parametric space, which is of square
or cubic shape with length 2. Other shapes and different lengths can be accounted
for with D.

In general, we decide what parametric space to use based on reasons like numer-
ical integration efficiency or implementation convenience. Obviously, choices based



Math. Models Methods Appl. Sci. 2019.29:2719-2753. Downloaded from www.worldscientific.com
by HONG KONG POLY TECHNIC UNIVERSITY on 03/09/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

A node-numbering-invariant directional length scale for simplex elements 2727

on such reasons should not influence the method in substance. Some of the most
widely used element length definitions do not have this invariance. The transforma-
tion tensor D was introduced in Ref. [16§8] to avoid such invariance. It was identified
as a “scaling” tensor in Ref. [168] but considering its nondiagonal nature, we now
identify it as a “transformation” tensor.

Suppose, we have a preferred parametric space é for calculating the element
length. Then,

Ho Ox _0x O
Q= ot 06 ot 21)
ox _ _
= DL (2.8)
That gives
_ 0%
D = 876’ (2.9)
and
D = [Dusl = BEZ € R"pdXMpd, (2.10)

We use a different basis set, &,, for the preferred parametric space.

3. Simplex Element Parametric Spaces

We consider n,q-dimensional simplex elements (npq > 2).

3.1. Integration parametric space

A typical integration parametric space is defined as

Npd
{{eR"Pﬂ&aZOfora:l,...,npd and Zgag}. (3.1)
a=1
The Bth component of the first nyq vertex-position vectors is
{€ats = das, (32)
and the last-vertex position is
énpd+1 - 0 (33)
Based on these, we define a set of linear shape functions:
No(§) =€ - eq, (3.4)
fora =1,...1np4, and
MNpd

Nipos1(§) =1 € ep. (35)
B=1
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13

0,0) (1,0) &

Fig. 1. Parametric space for a typical triangular element.

The derivatives are

ON, (€)
— 22 = 5,5, 3.6
965 8 (3.6)
for f=1,...,npq, and
aNn d+1(§)
—r = —{1}4, 3.7
s {1} (37)
where
1
1= € R4, (3.8)
1

Figure [I] shows a 2D example.

3.2. Preferred parametric space

The integration parametric space, as described in Sec. 3.1, is not ideal for calcu-
lating the stabilization parameters. For example, it does not have node-numbering
invariance for the directional element length definition given by Eq. without D.

As the preferred parametric space, which we want to be free from the node-
numbering order, we select a regular simplex. Here, the regular simplex has vertex
distances of 2. The first n,q vertex-position vectors are

£, = V2, (3.9)

To make it a regular simplex, the last-vertex location will be determined following
the steps below. We start with defining a centroid based on the first n,q vertices:

MNpd

. 1 .
&= ;65, (3.10)



Math. Models Methods Appl. Sci. 2019.29:2719-2753. Downloaded from www.worldscientific.com
by HONG KONG POLY TECHNIC UNIVERSITY on 03/09/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

A node-numbering-invariant directional length scale for simplex elements 2729

MNpd
and defining 1 = Z €3, we write
B=1
. V2 .
£, = —1. 3.11
= (3.11)

Because of the symmetry, the last vertex will be along that vector:

énderl = _(%Aga (312)

where d is a positive value. Next, we write the equations representing the distance
constraints. For a = 1,...,npq:

énpd+1 _éaH =2. (3.13)
From that, we obtain
4= (é’ﬂderl - éa) ) (énderl - éa) (3.14)
= ||énpd+]~”2 +2- 2£a ' énpd-{-l' (315)
Substituting Eq. into this, we obtain
2 = &?||€,||° + 2d¢,, - £,. (3.16)
From Eq. ,
22 2
Hng T npd (3.17)

Substituting Eqgs. (3.9)), (3.11)) and (3.17)) into Eq. (3.16]), we obtain

2d> 2 .
0= 2 oavme, . V2 (3.18)
Npd Npd
2d>  4d
=—+—, (3.19)
Npd Npd
which gives
d? +2d — npq =0, (3.20)
and the solution is
d=—-1%+/1+npq. (3.21)

Because d > 0, we select

d=\/T+npa—1. (3.22)

With that, the last vertex-position vector is

€t = ﬁ(l — T+ npa)l. (3.23)

npd

Figure 2] is the 2D case.
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€2

(0,v2)

&1

(v2,0)
1
Z5(1-V3,1-+3)
Fig. 2. A triangular element suitable for directional element length calculation.

From the vertex-position vectors, we obtain

’I’Lpd+1

o AN,
0¢s - az:; ¢ {fa}a (3.24)
- Z 57/3{£7}a + EW(,;L;H{E%(,H}Q (3.25)
y=1
= V23 Gyt — o (1= VT mpa){i}s{ita (3.26)
L s (1 T ()l -

While the tensor D depends on the orientation of the parametric space é, the
following product does not:

o€, 8737 —9 <5w Ve ) M{i}y{i}())
n

06, 05

pd

x (w S IV Vn””"d{i}v{i}ﬁ) (3.28)

pd

=2 | 0yadys — w (5711{1}[% + 5’vﬁ{i}a) {i}'v

Npd

+rpa (1_ Vn””) (i}afis (329

pd
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- (w ol Ve le:""d{i}a{i}ﬁ

n
2+ —2/1+ N N
;o ”pd{l}a{1}5> (3.30)
Npd
=2 (0ap + {1}a{1}p)- (3.31)
From that,
{D'D}ap = 2(ap + {1}a{l}s)- (3.32)
For npq = 2, we obtain
3+1 3—1
_ V2|3 v3 , (3.33)
2 |V3-1 V3+1
2 1
DD =2 [ ] : (3.34)
1 2
for npq = 3,
3 4 1 1
D:; 141, (3.35)
1 1 4

2 1 1
D’'D=2(1 2 1], (3.36)
11 2

and for n,q =4 (ST element),
Vh+3 V-1 VE-1 V-1
O VE|VES1 VE4s VBl VB .
4 Ve-1 v5-1 VB+3 VE-1| ‘

VE-1 V5-1 V5-1 V5+3

DD =2 (3.38)

— = =N

1
2
1
1

I N

1
1
2
1

4. Analysis of the Element Lengths
4.1. Ratio of element lengths with and without D
From Eq. , the element length definition without D:
h(r)=2Q~"-r| " (4.1)
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We define two vectors:

z=Q ', (4.2)
z=Q'-r (4.3)
=D-Q ' r (4.4)
=Dz (4.5)

They are the vectors we get when we bring the vector r from the physical space to
the two parametric spaces. With that, we have

A 2
h(r) = —— (4.6)
D - 2]
2
= — (4.7)
2]
2
h(r) = 7— (4.8)
2]
2
D1 - 2]
From Eqs. (4.6)) and (4.8]), we obtain
h(r D .z
ir) _ D2l ypy,, (4.10)
hir) izl
where || o ||2 is the spectral norm. From Egs. (4.7) and (4.9)), we obtain
h(r) |12 —1y-1
nr) _ > |D . 411
h(I‘) ||D,1 . Z” || ||2 ( )
Combining Eqgs. (4.10) and (4.11f), we obtain
- h(r)
D7zt < == < D], (4.12)
h(r)

while noting that we will always have HD*IH;1 < ||D||2. For the Cartesian basis
sets, the matrix form of that is

>

(r
(r)

~

D~ " < < [ID]l2: (4.13)

>

4.2. Dependence on the node-numbering order

Without D, the element length depends on the node-numbering order because the
last vertex npq 4 1 is at an irregular location, and that is the only reason. Therefore,
the element length depends only on which node corresponds to the last vertex in
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the parametric space. With the affine transformation

E=R-£+D, (4.14)
where
R =) (€ur1— &1, (4.15)
a=1
b=¢, (4.16)

we can have all the configurations by applying this transformation 1 to npq times.
Applying it npq + 1 times takes us back to the configuration prior to any transfor-
mation. The element length with R is

h(r)=2|R-Q ! r| . (4.17)
We compare that to the length without R. From Eq. ,
h(r
B < 2 < Ry, (118)
h(r)
First, we prove that R¥ can be expressed as
npa+1
RF = Z Em(atk) = Emk))a (4.19)
a=1

where m(a) =1+ ((a — 1) mod (npq + 1)). We note that, to deal with the algebra
in the proof in a more systematic way, we have extended the summation range to
npd + 1, which has no actual effect because {nde =0.

Proof. Let us define

npatl1
Sk = Z Emarr) — Emr))€a- (4.20)
a=1
Obviously,
R=S,. (4.21)
We now show that
R-S; =Skt1. (4.22)
From Egs. and ( -7
npa+1 npa+1
RS = Z Em(at+n) —&1)€a - Z Emp+k) — Emm))Eb (4.23)
a=1 b=1

npd+1npa+1

Z Z Emrr) = Emm)) Em@rny —€)&  (4.24)
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Npa+1npa+1

ST Eabrrr) Emary) — )€
a=1 b=1

Npa+1npa+1

- Z Z (6& '€m(k))(€m(a+1) - El)gb

a=1 b=1
npd+1npa+b+k

Z Z (Em(a)  Emprr)) Emiar1) —&1) &b

b=1 a=b+k

=0m(a) mbtk) Em(ar1)—&1)

npa+1npa+k

- Z Z (gm(a) 'ém(k))(ém(aJrl) _£1>€b

b=1 a=k
=0m(a) m(k) Em(at1)—E1)
’I'Lderl npd+1
= Y Emprrsn — €& — Y Emmr) —€1)6
b=1 b=1
npd—i-l
= Z (£7n(a+k+1) 7€m(k+1))£a
a=1
= Sk41-

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

Actually, the expressions 6., (q)m(b+k) a0d Gm(a)m(k) cannot represent &, i1 -

&n,a+1, however, for that a, §y,at1) — &1 = 0. From Egs. (4.21)) and (4.22),

RF = S;.
We note that
R* =R™").
To evaluate the spectral norm of R*, we first evaluate (R¥)T - (RF):
n]>d+1 npd“’l
(RHT - (RM) = Z Eal€miatr) — Emr)) - Z Emvrr) — Emm) )Eb
a=1 b=1

npd+1npa+1

D7 (Emiarr) = Em) - Emr) — Em)))Eabs
=1 b=1

Npd+1npa+1

Z Z (Ematk)  Empr) — Emk) * Em(ath)

a=1 b=1
—Emtork) “Emk) T Emk) - Emr) )€k

npa+1npa+1

Z Z 6m(a+k) m(b+k)€a§b - fm(—k)gm(—k)

a=1 b=1

(4.30)
[}

(4.31)

(4.32)

(4.33)

(4.34)
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’I’Lpd-'rl

—&mk) Z Emiari)€al
a=1

=0
npd-‘,-l
—1&,m) - Z Emv+r)€b Tmk) - Emn 11 (4.35)
b=1
=0
=T—-&n—mém—k) +&mm)  Emm)11. (4.36)
Here, I is the unit tensor, and 1 = >_/*", e,. We preclude m(k) = npq + 1 because
that would take us back to the starting parametric space. With that,
RMT - (RY) =1 & pém-r + 11. (4.37)

In the matrix version of that, all entries are 1, excluding the diagonal entries, where
the value is 2, but not excluding the m(—k)th column. For example, for k = npq,

we get
11 11
1 2 11
(Ra)T(R™d) = | : D | e RMpaXTea, (4.38)
11 2 1
11 -+ 1 2

From this example, we can see that the eigenvalues of (R¥)TR¥ are independent
of the k value, which implies ||R||2 = |[|[R?||2 = -+ = ||R™]|5. Therefore it will be
sufficient to inspect the eigenvalues of (R"4)TR"sd. From Eq. , R"pa = R™1,
With that, for notation convenience, we use the characteristic polynomial from
det(AMl — R"TR™1), where | is the unit matrix. In deriving that polynomial, we use

the special method given in [Appendix A} specifically we use ¢, (Eq. (A.22)) with
p=A—2,g=—1and r =\ — 1, obtaining

det(Ml = R™TR™) = (A = 1)(™a=2D(A(A = 1) — (npa — 1)) (4.39)
= (A= 1)a=D (A2 _ (nyg + 1A+ 1). (4.40)

From that, the eigenvalues are

14/ 02z —14
A= pd ¥ g“+) : (4.41)

and for np,qg > 3, A = 1 is also an eigenvalue with multiplicity of np,q — 2. The

144/ 1)2 -4
Npd + 1+ (and + ) (442)

_ Npa + 1+ \/(n;d — 1)(npd +3) . (4.43)

maximum eigenvalue is

)\nlax -
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This means that

Npq + 1+ 1/(npg — 1)(npq +3
IRl —\/ - VI 5 Jnpa +3) (4.44)
Npd — 1 4+ /Npd + 3
_ Ve v Vipa +3 (4.45)
The eigenvector corresponding to Apax, V = Va€q, Will be calculated using the
matrix
Amax — 2 -1 ‘e —1 -1
-1 Amax — 2 -1 -1
Amaxl — RTR = .. . c Rnpd ><npd7
-1 -1 )\max 2 -1
—1 —1 -1 /\max 1
(4.46)
and it can be verified that
Npg — 1 for a = m(—k
a1 (—k) wn
Amax — 1 (otherwise)
Npa — 1 (for @« = m(—k)),
(4.48)
-1 -1 3
lpd + \/<ngd )(npa +3) (otherwise).
From Eq. (4.2)),
Q- v
r= , (4.49)
Q- vl
and in that direction,
h \/npd—l—l—\/npd—&-?)
h
See Fig. 3] for the case with npq = 2.
From Eq. (4.45)),
2
R = 4.51
IR = e (5)
\/npd +3 - \/npd -1
= 4.52
. , (452)
and from Eq. (4.18)),
\/npd+3_\/npd_1gl~1(r)g\/npd_1+\/npd+3. (4.53)
2 h(r) 2
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)

2—1
\\T v/|Iv]
R-v/|v]

2
3= 1—-3 &

Fig. 3. (Color online) An example of the different parametric spaces (black and blue). The
directions of maximum h/h for the black and blue parametric spaces, expressed as v/||v|| and

R-v/|lv].

For npq = 2,

~ 1.6, (4.54)
for npq = 3,

<=—=<< ~ 1.9, (4.55)

and for npq = 4,
VE-VB _h) VBT
2 ~ h(r) ~ 2

The range expands at both ends with increasing parametric-space dimension.

2.2. (4.56)

4.3. Comparison of the element lengths based on the integration
and preferred parametric spaces

Here, we compare h and h. From Eq. 4)

2 1 ... 11
12 11

D'D=2|: o | e Rwaxmea, (4.57)
11 2 1
11 .01 2

In deriving the characteristic polynomial from det(Al — D7D), we use the special

method given in |[Appendix A] specifically we use a,, (Eq. (A.17)) with p =X —4

and ¢ = —2, obtaining
det(\Ml = DTD) = (A — 2)™47 (X — 2(1 + npa))- (4.58)
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The maximum eigenvalue is Amax = 2(1 + npa), and

D2 = 1/2(1 4 npa)- (4.59)

The eigenvector corresponding to Apax, V = Va€., Will be calculated using the

matrix
2npg — 2 -2 e -2 -2
-2 2npg — 2 -2 -2
Amaxl — DTD = : : € R"pdXMpd
-2 -2 2npq — 2 -2
-2 -2 e -2 2npg — 2
(4.60)
and it can be verified that
v=1. (4.61)
From Eq. ,
-1
r= HS'lH, (4.62)

and in that direction,

N (46

Because D is symmetric, D™D~ = (DTD)~!. The eigenvalues of (DTD)~! are
the inverses of the eigenvalues of D”D, and the corresponding eigenvectors are
the same. Therefore, the spectral norm of D™! is the inverse of the square root
of the minimum eigenvalue of D7D, Ayin = 2, with multiplicity npq — 1, and the
span of the eigenvectors associated with that is R™»4~! which is orthogonal to 1.
Consequently, [|[D~!|5* = v/2, and from Eq. ,

Q~(I—ﬁ11)~y

r=— ’ , (4.64)
j@ -5t |
Vy that gives r # 0, and in that direction,
h
F= V2. (4.65)

In summary,

ﬂs%ﬁsﬁ%+%a (4.66)

For npq = 2,

<V6~24, (4.67)
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for npq = 3,

S
I
=
=
I
[N}

V2~ 28, (4.68)

>

=
-

=

and for npq = 4,

V2 < Zgr; < V10~ 3.2. (4.69)

The range expands at the upper end with increasing parametric-space dimension.

5. Concluding Remarks

Stabilized and VMS methods are widely used in flow computations. Stabilization
parameters embedded in most of these methods almost always involve element
lengths, most of the time in specific directions, such as the direction of the flow or
solution gradient. We require the element lengths, including the directional element
lengths, to have node-numbering invariance for all element types, including simplex
elements. We have introduced a directional element length expression meeting that
requirement. We accomplished that by using in the element length calculations for
simplex elements a preferred parametric space instead of the standard integration
parametric space. In the context of simplex elements, we analytically evaluated
the element length expressions based on the two parametric spaces. We showed
that when the element length expression is based on the integration parametric
space, the variation with the node numbering could be by a factor as high as
1.9 for 3D elements and 2.2 for ST elements. We also showed that the element
length expression based on the integration parametric space could overestimate
the element length by a factor as high as 2.8 for 3D elements and 3.2 for ST
elements.

Appendix A. Special Matrices and Their Determinants
A.l1. A, and B,

The first two special matrices are

P g 9 q 7 4 a4
p q q q
A, =|: ]l eR™, B, = e R™™.
q p q p
qa q q qa q q p
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We define a,, = detA,, and b, = det B,,. To obtain direct expressions for these, we
look for recurrence relationships:

Pqg--q 0g---gq 0g---q
0 q
_ 0 A2
an+1 = det A, + det T A, + - +det A, (A.2)
0 0
qpq--- g qq -~--qp
Oq .o q Opq... q
p q
=pa, —det | . . = —det ] . . (A.3)
q pq
Oq .-.qp Oq -.-qq
n
= pa, — ngb,. (A.4)

Note that we used the following relationship:

qa q q q
q p q
b, = det

q p q
q 4q q P
P q q 4q P q qa g
q q q q p q

=det | : = =det | : R (A.5)
q p q q p
q q b qa q qa q

Similarly, we obtain
bpi1 = qan — ngby,. (A.6)

Thus,

() =G G A7)
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with a; = p and b; = q. We eliminate a,, and obtain

qan41 = pbpi1 +nqg(p — q)bn. (A.8)
From Eq. , we get
bntz = qant1 — (0 + 1)gbny1, (A.9)
substituting Eq. into that, we obtain
bpi2 = (p— (n+ 1)@)bpi1 + ng(p — q)bn, (A.10)
and rearranging the terms further,
bnt2 — (P — @)bns1 = —ng(bnt1 — (p — ¢)bn) (A.11)
= (—=1)"q" (b2 — (p — q9)b1) (A.12)
ap—q*—(p—q)g=0
= 0. (A.13)
From that we have
bntz = (p—q)"bs. (A.14)
Noting from Eq. that by = (p — ¢q)gq, we obtain
bn=(p—a)" g (A.15)

We note that this expression represents b,, even for p — ¢ = 0 by letting (p — ¢)° = 1.
We substitute this into Eq. (A.6) and obtain

(p—@)"q=qan —ng(p— )" 'q. (A.16)
Dividing the equation by ¢ under the condition g # 0, we obtain
an=p—q) " *p+(n—1)q). (A.17)

We note that even when g = 0, the above equation represents the obvious solution
a, = p", and it generally holds, again by letting (p — ¢)° = 1.

A2 C,

The determinant calculation for the third special matrix will rely on the determinant
of A,, and B,,, and therefore it is more convenient to provide its definition for n + 1:

r g - q g
q p q

Coy1=|: L | e ROvFDX(rAD), (A.18)
q
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We define ¢,,11 = det C,, 1. Similar to the way of obtaining the expression for a, 11

(see Egs. (A.2)—(A.4))), we obtain

Cnt1 = Tap — qnby, (A.19)
=r(p—q)" p+(n—1)q) —qnlp—9)" 'q (A.20)
=(p—q" '(rip+ (n—1)q) — ¢*n). (A.21)

We again note that the expression represents c¢,41 even for p — ¢ = 0 by letting
(p — q¢)° = 1. Changing the index n + 1 to n and limiting n to n > 2, we obtain

a=0p-9" (r—a)(p—q) +qnir—q) +@-r))). (A.22)
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