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Abstract
Compound freeform surfaces are widely used in bionic and optical applications. The manufactur-
ing and measurement of such surfaces are challenging due to the complex geometry with multi-
scale features in a high precision level with sub-micrometer form accuracy and nanometer surface
finish. This article presents a study of ultra-precision machining and characterization of compound
freeform surfaces. A hybrid machining process by combining slow slide servo and fast tool servo
is proposed to machine compound freeform surfaces. The machining process for this hybrid tool
servo is explained, and tool path generation is presented. Then, a normal template-based match-
ing and characterization method is proposed to evaluate such compound freeform surfaces.
Experimental studies are undertaken to machine a compound freeform surface using the pro-
posed method based on a four-axis ultra-precision machine tool. The machined compound free-
form surface is also measured and characterized by the proposed analysis and characterization
method. The experimental results are presented, and the machining errors for compound free-
form surfaces are also discussed.
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Introduction

Ultra-precision patterned microstructures, including freeform surfaces by superim-
posing microstructures, are widely adopted in optical applications, such as three-
dimensional (3D) imaging, micro-optical telescopes, confocal microscopy, endo-
scope systems, and machine vision,1–5 to realize the specified optical performance
and a compact system. Such kind of compound surfaces can be fabricated through
various approaches. For example, microlens array on a curved surface was fabri-
cated by transferring the pattern to another polymeric template which was then
deformed by negative pressure.6 Other methods are found to fabricate microlens
arrays such as quartz wet etching.7 However, these methods are either of complex
process, lack of feasibility of form control, or in a low precision which is not appli-
cable for optical applications.

Ultra-precision diamond machining with tool servo is an enabling technology to
generate complex optical surfaces such as microstructure array (MSA), including
slow slide servo (S3) and fast tool servo (FTS). The S3 is generally used to machine
surface components in low frequency and high amplitude such as continuous free-
form in high precision, but for surface components in high frequency such as micro-
lens array, the machining efficiency of S3 is very low due to the low spindle speed
employed during the cutting process which is generally within 10–100 r/min. For
example, in a research work by Zhang et al.,8 the mold insert for microlens array
on a curved surface for 3D artificial compound eye was machined by S3 machining.
The FTS is generally used for such high-frequency surface components with a much
higher spindle speed usually within 50–300 r/min. However, the machining distance
is usually limited by the stroke of FTS. Some researchers were found to machine
brittle materials using FTS process, for example, Li et al.9 undertook the research
work on FTS-assisted ultra-precision turning of near-rotational freeform surface
made of brittle materials.

Combination of S3 and FTS will take advantages of the both and can process a
wide range of surface topography. Some research works have been undertaken on
the integration of FTS and S3 in the past 10 years. Brecher et al.10 generated struc-
tured freeform surfaces using a hybrid process of FTS and dynamic slide motion.
Scheiding et al.11 fabricated microlens array on a rotational curved surface by using
voice coil FTS. Neo et al.12 machined compound-eye workpiece with smaller sphe-
rical surfaces on a larger spherical base surface by the technology of hybrid FTS
and S3 diamond turning. However, there is still not much research work available
on the fabrication of compound freeform surface using hybrid tool servo (HTS)
process especially in a general ultra-precision machining center.

Besides the manufacturing technology for generating structured surface on free-
form surface, it is very difficult to characterize the compound freeform surfaces due
to the geometrical complexity and also high precision. Compound freeform sur-
faces commonly possess tessellated pattern, for instance, microlens arrays, micro-
pyramids, and micro-grooves. Hence, the target of the characterization of these sur-
faces not only needs to characterize the form error of the substrate surface but also
each single feature and their distribution.13,14 Currently, optical microstructured

2 Science Progress



surfaces are usually characterized by their surface quality, such as surface rough-
ness, as well as by their optical properties such as their modulation transfer func-
tion.15 Surface matching-based methods have also been used to characterize the
microstructured surfaces, but instead of quantitative pattern analysis of the lens
arrays, only conventional surface height parameters, such as peak-to-valley-height
and root-mean-square, are used in the characterization.16,17 A pattern and feature
parametric analysis method was proposed by the authors in their early research
work for characterizing optical microstructures. However, the research is still lim-
ited for microstructures on a planar base surface.18 There is a need for developing a
new method for analyzing and characterizing such compound freeform surface.

As a result, this article presents a hybrid machining process by combining FTS
and S3 to generate compound freeform surface. The surface generation for this
HTS machining process is explained first, and then the analysis and characteriza-
tion method proposed for evaluating such compound freeform surface is proposed
and explained step by step. Experimental studies are undertaken on a four-axis
ultra-precision machine tool to machine; a compound freeform surface is success-
fully produced; and the machined compound freeform surface is characterized and
analyzed using the proposed methods.

Compound freeform surface generation by HTS process

The HTS process involves both the FTS and the S3 processes. Therefore, the sur-
face generation by FTS, S3, and the hybrid processes will be explained in detail in
the following sections.

FTS machining process

During FTS machining process, the workpiece rotates with spindle and feeds along
the X-axis, while the diamond tool is actuated back and forth along the Z-axis
according to the profile of the workpiece surface,19 as shown in Figure 1. The angu-
lar position of the main spindle is fed to the FTS together with the linear position
of the workpiece in the X-axis. The FTS generates the stroke distance, and the dia-
mond tool is controlled by a piezoelectric activator. Hence, the relative motion
between the cutting tool and the workpiece in the X- and Z-axis generates the sur-
face topography of the MSA.

Since both FTS and S3 are turning-based process, the projection of the tool path
into the X-Y plane should be a spiral locus. It is well known that two specific para-
meters are defined for locating the position of a diamond tool in a rotational coor-
dinate system.20,21 These parameters are radius (r) and theta (u) which indicate the
distance between the cutting tool and the center of the spindle and the angular loca-
tion of the rotational spindle, respectively. The surface data in two-dimensional
(2D) Cartesian coordinates (x, y) and polar coordinates (r, u) can be converted to
each other from the equation as follows
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where f is the feed rate in mm/min, V is the spindle speed in r/min, and t is time in
seconds; mod(a, b) is a modulo operation which finds a remainder after a division
of (a=b).

The coordinate in z-direction contributed by FTS (zfts) is derived by the MSA
surface, which can be expressed as

zfts = f1 x, yð Þ ð3Þ

The stroke of FTS is then determined by equation (3). Therefore, the tool path
for FTS (r, u, zfts) is obtained.

S3 machining process

In S3 machining process, a diamond tool is mounted along the Z-axis slide of a
lathe and the workpiece with the freeform surface or non-symmetric surface is
mounted on the work spindle (C-axis),22 as shown in Figure 2. As the part rotates,
the Z-axis slide carrying the diamond tool oscillates in and out to generate the

Figure 1. Illustrative map for FTS machining process.
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surface. The Z-axis slide is driven in the translation by a linear motor which is opti-
mized to drive the Z-axis slide and the diamond tool in a sine wave type of motion
with variation of amplitude and frequency. The C-axis is an additional axis in the
machine coordinate system, which rotates the workpiece about the Z-axis, and is
position-controlled to very high accuracy.

The S3 machining is conducted in polar or cylindrical coordinates. The surface
data in Cartesian coordinates (x, y) are translated into cylindrical coordinates (r, u)
by equation (1). The coordinate in z-direction contributed by S3 (zs3) is derived by
the MSA surface, which can be expressed as

zs3 = f2 x, yð Þ ð4Þ

The tool path generation (TPG) for S3 machining process includes the creation
of 2D points (r, u) and 3D points (r, u, zs3), surface slope calculations. There are dif-
ferent methods to create 2D points. The C-points (u) can be made from equally
spaced chords or angles. After 2D points are determined, they are used to solve the
function for each of the Z-points. Tool radius compensation is the next step in
TPG.22 The surface slopes of freeform surfaces at every Z-point are dependent on
changes in the radius r and the angle u, which can be computed using two methods
including data point differentiation and equation differentiation, respectively. After
the 3D data (r, u, z) are generated, they are written to the NC file in the format of
(C,X , Z) which is then executed for the machining of the freeform surface. Based
on equation (4), the NC format of TPG (C,X , Z) for S3 can be obtained as

C = u

X = r

Z = zs3

8<
: ð5Þ

Figure 2. Machining mechanism of S3 machining process.
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HTS machining process

The HTS process is developed based on an S3 process with an additional FTS pro-
cess, which is quite suitable for machining compound freeform surfaces such as
compound-eye structures. Figure 3 illustrates the machine configuration for the
HTS machining process. The workpiece is mounted on the C-axis, while the cutting
tool is carried by FTS actuator, which is equipped on Z-axis. In the proposed HTS
process, the base surface (non-rotational or freeform) is machined by the S3 pro-
cess, while microstructures or microlens array are machined by the FTS process.
The two processes are controlled separately, with appropriate feedback through
angular and X-axis position from S3 process to FTS process. The two systems are
linked by azimuthal position and distance from the rotational center, or the time.
There exits some following errors or synchronization deviations. For this reason,
the spindle speed used in HTS process cannot be very high and limited by the fre-
quency bandwidth of the tool servo. Figure 4 graphically illustrates the machining
of compound freeform surfaces by the HTS machining process.

Figure 5 shows the flowchart for the generation of a compound freeform surface
by the HTS machining process, provided that the computer-aided design (CAD)
model is available for such compound freeform. Generally, there are two synchro-
nous modes for S3 and FTS: position synchronization and time synchronization.
Therefore, S3 can transmit position of the radius (r) and theta (u) to FTS to realize
position synchronization or transmit the machining time (t) to FTS to realize time
synchronization. The designed compound freeform surface is first divided into a
freeform base surface (FBS) and MSA. The tool path (C, X, Z) is generated for the
former, and then FBS is machined by S3 process. For the latter MSA, FTS stroke
is calculated based on the position information (r, u) or time (t), and hence the FTS
process is implemented during S3 process to machine the MSA. The combined

Figure 3. Illustration of the machine configuration for the hybrid tool servo (HTS) machining
process.
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process with S3 and FTS therefore generates the compound freeform surface based
on equations (1)–(5).

Figure 5. Flowchart for compound freeform surface generation by hybrid tool servo machining
process.

Figure 4. Graphical illustration of machining of compound freeform surfaces by the hybrid tool
servo (HTS) machining process (S3+FTS).

Kong et al. 7



Characterization of compound freeform surfaces

In order to evaluate the produced compound freeform surface, a normal template-
based matching and characterization method has been proposed in this article.
Figure 6 illustrates the flowchart of the characterization method for compound
freeform surface. As explained previously, compound freeform surfaces refer to
those that consist of MSA on an FBS. As shown in Figure 6, noise in the measured
data is first processed, and a normal surface template is generated by the discretiza-
tion of the designed model such as the defined equations in a high density to ensure
the matching and evaluation precision. The discretization density or data resolu-
tion is usually at least 10 times more than the measured dataset. Then, data for sur-
face matching are selected and data matching process is implemented according to
the least-squares criteria. After the data matching process, the measured data are
aligned to the exact position in the normal template, and the data are processed
with base surface form removal. Then, the measured data are separated into FBS
data and MSA data. After the data separation process, the two sets of data are
evaluated. The form error of FBS data is obtained directly by comparing the mea-
sured data and the normal template. For the error evaluation of MSA data, the
measured data are processed by fitting and matching the data to the normal

Figure 6. Flowchart of the characterization method for compound freeform surface.
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template (MSA normal template), and then the form error and dislocation of MSA
are obtained. In the following sections, noise processing, data matching, data
separation, and the error analysis of compound freeform surface are explained in
detail.

Noise processing

In this study, the change ratio of the slope of the data points is employed to deter-
mine the noise points. The change ratio of the slope is calculated by the second
derivative. According to Fourier transformation, the following equations can be
obtained for the discrete dataset (f (x)) with the data intervals of Dx

f 0 xð Þ’ f x+Dxð Þ � f x� Dxð Þ
2Dx

ð6Þ

f 00 xð Þ= f x� Dxð Þ+ f x+Dxð Þ � 2f xð Þ
Dx2

ð7Þ

Equations (6) and (7) can be used to determine the slope and its change ratio of
the data points, so as to find out the outliers in the measured data. In the proposed
study, the data points with the change ratio exceeding three times of the standard
deviation of all the second derivative of the dataset are taken as the outliers. The
data taken as the outliers will be replaced by the averaged value of the measured
data points around it before the matching process. The main purpose to determine
such outliers is to exclude these data for data matching; in other words, only the
data points with confident accuracy are used for matching. If there are some points
taken as outliers by accident, they will not affect the data matching accuracy.

Data matching

The purpose of data matching is to find the corresponding position of the measured
data in the design model. In the past few years, a series of methods has been pro-
posed to carry out the surface matching for freeform characterization.23 In the cur-
rent study, least-squares method is used to optimize the six parameters of the rigid
body transformation matrix to determine the matching position, which is expressed
as

XN

i= 1

Qi � T3Pið Þ2 ! min ð8Þ

where Qi is the measured data, Pi is the corresponding data of Qi in the normal sur-
face, T is the transformation matrix, and N is the total number of measured data.
The transformation matrix is expressed as
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where a, b, and c are the translational amount along the X, Y, and Z axes; a, b,
and g are the rotation angles around the X, Y, and Z axes.

Since the compound freeform surface consists of MSA and freeform surface as
the base, the data matching is implemented by two steps: corresponding data
searching and matching between the designed and the measured FBS are underta-
ken first, and then the data matching between the designed and the measured
MSA is carried out. Each step generates a rigid body transformation matrix which
is applied to both the base surface and the MSA. This ensures there is no misalign-
ment of the base surface and MSA, and hence the complete measured compound
freeform data are aligned to the design model. Since the normal data are designed
as two parts, base surface and microstructure, there is no need for separating them
during the matching process. After the two steps of data matching, the measured
compound freeform surface is aligned to the designed model, or the data registra-
tion is completed.

Data separation

Since the form errors of base surface and MSA need to be characterized, the data
in base surface and MSA will be recognized and separated. After the surface data
matching, the measured data are directly processed by form removal of theoretical
base surface. Then, the data will be separated. As shown in Figure 7(a), the MSA is
defined with periodic pitch p in directions, aperture f, and curvature radius r. And

Figure 7. Illustration for data separation of compound freeform surface: (a) Grid generation
to determine the bottom point of each microstructure; (b) Inner and outer diameters set to
identify different data in MSA.
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then, a grid with the unit width of w (w= p) is generated which is used to determine
the bottom point of each microstructure by finding the local minimum value. The X
and Y location of the bottom points of each microstructure will be taken as its lateral
position. Considering the conjunction areas of MSA and the base surface having large
measurement uncertainty and also with some missing data points due to the large slope
and steep curvature variation when using an optical measuring instrument, a separa-
tion radius is used to find the deterministic points in the two areas for data matching
process. As shown in Figure 7(b), the inner diameter is set to be 0:95 f, while the outer
diameter is 1:05 f, which are mainly based on the characteristics of an optical measur-
ing instrument. Then, the data within the inner diameter are taken as the data in MSA,
while the data outside 1:05 f are taken as the data in base surface. The data between
the two are taken as the doubtable data and not considered in this study.

Error analysis of compound freeform surface

The errors of the compound freeform surface including the microstructures and
FBS are a mixture of FTS and STS (slow tool servo) processes. In this study, the
compound freeform surface will be evaluated as a whole, instead of analyzing the
corresponding error effects from the two processes which will be very complicated
and out of the scope of the article.

After data matching and data separation, the form error of base surface is then
evaluated by directly comparing the measured data and the normal template. Form
error of each microstructure can also be obtained by the same approach. Besides
the form error, the location errors of each microstructure are also evaluated. In this
study, the MSA is a spherical surface array; therefore, the centers of each spherical
surface are chosen to represent the location of the MSA. Dislocations of MSA are
evaluated by finding out the deviation vectors formed by the measured location
and the designed location, as shown in Figure 8. From the deviation vectors, both
the dislocation amplitudes and the directions are obtained.

Experimental studies and discussions

To implement the HTS machining process and characterization method, a com-
pound structured surface is designed and machined by an ultra-precision machin-
ing system named Nanotech 350FG (Moore Inc., USA). The cutting tool is a
round diamond tool with a tool nose radius of 0.025mm and a clearance angle of
15�. Spindle speed used in the experimental cutting test is 100 r/min, while the feed
rate is 1 mm/min. The machining parameters used in the study are based on the
designed compound freeform surface and the tool servo characteristics. For exam-
ple, the tool nose radius is selected to ensure the designed microstructures to be
produced without any tool interference. The spindle speed is controlled to avoid
some following errors or synchronization deviations between the two processes.
The workpiece material is aluminum alloy AL6061. Table 1 summarizes the para-
meters and conditions for the experimental cutting test.

Kong et al. 11



In this study, a compound freeform surface is designed as a set of spherical
microstructures on a toric base shape, since a toric surface is a simple non-
rotational symmetrical surface different from aspherical and spherical surfaces.
Besides, a set of spherical surfaces as the microstructures are most commonly used
microstructures such as compound-eye imaging system. This ensures the experi-
ments to be verified more accurately.

The toric base surface is expressed as follows

z=�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2

1 � x2

q
+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2

2 � y2

q� �
ð10Þ

Figure 8. Illustration of dislocation of MSA in compound freeform surface.

Table 1. Summary of experimental cutting test.

Machine tool Cutting tool

Machine Nanotech 350FG (Moore Inc.) Radius 0.025 mm
Tool servo FTS+S3 Clearance 15�

Machining parameters Workpiece

Spindle speed 100 r/min Material AL6061
Feed rate 1 mm/min Blank Cylinder (face turning)

FTS: fast tool servo; S3: slow slide servo.
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where R1=500 mm and R2=250 mm are the two radii. The microstructures are a
73 7 spherical surface array, which is defined with a radius of 10 mm, aperture of
1 mm, and pitch in two directions of 2 mm, as shown in Figure 9(a). The workpiece
is a cylinder with a diameter of 15mm and length 20mm, as shown in Figure 9(b).

Figure 10 shows the tool path for generating the designed compound freeform
surface based on the HTS process as presented in section ‘‘Compound freeform
surface generation by HTS process.’’ The cutting locus of the diamond tool is
based on the turning process; therefore, the trajectory of the cutting point is a
spiral projection on the X-Y plane, as shown in Figure 10(a). The feed rate is set to
be a large value so as to show clearly the cutting trajectory. Figure 10(b) shows the
tool path for S3 to generate the base surface, while Figure 10(c) shows the tool
path for MSA. Figure 10(d) shows the overall cutting tool path for machining the
designed compound freeform surface.

Figure 11 shows the machined surface measured by a non-contact measuring
system named Nexview (Zygo Corporation, USA) using a stitching method. There
might be stitching errors for the measuring instrument. However, the proposed
characterization method is focused on the data processing, and therefore, the influ-
ence of the metrology setup on the accuracy of the result will be out of the scope of
the article. The produced compound freeform surface appears to have good surface
features such as the patterns and sharp edges of the microstructures on the FBS.

The generated compound freeform surface was then characterized using the pro-
posed normal template-based matching and characterization method in terms of
the form error of base surface and MSA, as well as the dislocation of the MSA.
Figure 12 shows the measured data and designed data in the same coordinate sys-
tem. Before the data matching process, the noise in measured data is processed
first. Figure 13 shows the determination of points taken out based on the second-

Figure 9. Workpiece blank and microstructures to be machined: (a) structure pattern and (b)
blank dimension.
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Figure 10. Illustration of tool path generation for the designed compound freeform surface: (a)
spiral cutting locus projected in X-Y plane; (b) cutting locus for base freeform surface; (c) cutting
locus for microstructure array; and (d) overall cutting locus for the compound freeform surface.

Figure 11. Measurement of the machined compound freeform surface.
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order derivative of the measured data. Outliers, points in surface boundary, and
points in the conjunction areas between MSA and FBS are all identified based on
the same criteria as presented previously and then taken out; in other words, these
data points will not be used for surface matching so as to enhance the matching
accuracy. After these data are processed, the measured data are matched to the
normal template, as shown in Figure 14.

Figure 15 shows the form error evaluation process for the compound freeform
surface, including the FBS and MSA. The form errors of FBS are found to be
Sa=2.608mm (arithmatic mean) and Sq=0.582mm (root mean square). This
unusual error topography of FBS might be due to the asymmetrical camping force

Figure 12. Imported designed model and measured data in one coordinate system.

Figure 13. Determination of points to be eliminated from surface matching.
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release of the workpiece fixture and other unknown reasons. For the MSA in the
compound freeform surface, the Sq values of the MSA are listed in Table 2, and the
topography of each microstructure and the overall MSA are shown in Figure 15.
The minimum and maximum Sq values for MSA are 0.112 and 0.836mm, respec-
tively. Table 3 summarizes the dislocation of the MSA regarding the distance
between their corresponding centers, while Figure 16 shows the evaluation results
for the dislocation of MSA, which indicates that dislocation (positioning errors) of
MSA varies with the distance from the center of the compound freeform surface,
that is, the farther the distance from the center, the larger the dislocation errors.
The directions of the dislocation also demonstrate a regular pattern, that is, a clock-
wise spiral pattern. All these information is helpful for the diagnosis of machining
errors, which will be investigated in the future study.

Conclusion

Ultra-precision machining with tool servo including S3 and FTS is an enabling
process to fabricate various freeform surfaces and microstructures with optical

Figure 14. Measured data after surface matching.

Table 2. Form error (Sq) of MSA in the compound freeform surface (unit: mm).

No. 1 2 3 4 5 6 7

1 0.345 0.385 0.286 0.567 0.153 0.484 0.322
2 0.310 0.301 0.276 0.248 0.265 0.397 0.188
3 0.287 0.636 0.112 0.255 0.475 0.240 0.212
4 0.282 0.345 0.2975 0.2045 0.521 0.355 0.382
5 0.525 0.399 0.364 0.641 0.130 0.368 0.544
6 0.274 0.250 0.151 0.255 0.836 0.268 0.177
7 0.428 0.254 0.188 0.678 0.267 0.363 0.311

MSA: microstructure array.
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finish. Combination of S3 and FTS provides a more efficient approach and an
enhanced machining ability for manufacturing compound freeform surfaces.
Besides, there is still a lack of analysis and characterization method for the error
evaluation of compound freeform surface. This article presents a systematic study
of ultra-precision machining and characterization of compound freeform surfaces.
A hybrid machining process combining FTS and S3 is proposed, and TPG of the
process is explained. A normal template-based characterization method has been

Figure 15. Form error evaluaiton for the compound freeform surface: (a) measured data after
base surface form removal; (b) data seperation; (c) form error of FBS; (d) MSA after removal of
form error of FBS; (e) topography of MSA form error; and (f) form errors of MSA.
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proposed to evaluate compound freeform surface. Experimental studies are under-
taken to successfully produce a compound freeform surface using the hybrid
machining method based on a four-axis ultra-precision machine tool, and the
machined surface was also characterized by the proposed evaluation method. The
results verify the validity of the HTS process and the proposed characterization
method for manufacturing and characterization of compound freeform surfaces.
The present research work is helpful for extending the machining capability of the
existing machine tools, and the characterization method also provides useful infor-
mation for the diagnosis of machining errors.
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Table 3. Dislocation of MSA (distance between the centers; unit: mm).
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MSA: microstructure array.

Figure 16. Analysis results of the dislocation of MSA: (a) positions of MSA and (b) topography
of dislocations.
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