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Abstract. A new multi-stable wideband harvester is proposed to increase the power density of 
energy harvesting under wide-bandwidth and low-frequency operations. This harvester can 
possess with an arbitrary multi-stable state by combining the nonlinearities of stopper-engaged 
cantilevers and magnetic forces. The harvesting efficiency can be enhanced by interwell 
oscillations and the global amplitude of the harvester is restricted by the cantilever-stopper 
engagement. An electromechanical coupling model of the proposed harvester is established to 
describe its dynamic characteristics. To explore the influence of potential well configurations on 
a multi-stable energy harvesting, the proposed harvester with four typical potential well 
configurations is considered while its equivalent nonlinear restoring force can be experimentally 
identified. The dynamic characteristics of these four configurations at different levels of a 
harmonic excitation will be explored by both numerical and experimental methods. It is expected 
that a multiple-well potential with non-uniform depths and shallower outer wells is much more 
suitable for the proposed system when the external excitation exceeds a critical intensity. 
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1. Introduction 
Recently, the application of energy harvesting from ambient vibrations via piezoelectric transducers has 
been actively undertaken in powering wireless sensors and MEMS [1–3]. For mechanical vibration 
energy harvesters, the maximum energy transduction is usually obtained when they operate at a resonant 
effect. It is essential to restrict the resonant frequencies of such energy harvesters in the bandwidth of 
ambient vibrations. However, ambient vibrations around us are typically governed by a broadband 
spectrum, and they are usually dominant at very low frequencies (typically 1–30 Hz) [4, 5]. 
Conventional linear energy harvesters, with a narrow bandwidth, are thus incapable of working 
efficiently. 

Facing this issue, it encourages the exploration of new methods to expand the operation bandwidth 
at low frequencies, e.g., oscillator arrays and frequency-tuning method [6, 7]. Another significant 
enhancement for a broadband performance is achieved by introducing nonlinearities to linear harvesters. 
Accordingly, nonlinear harvesters such as mono-stable harvesters [8, 9] and bi-stable harvesters [10, 11] 
have been intensively investigated for improving the efficiency of energy conversion over a low-
frequency broadband. Particularly, the use of bi-stable energy harvesters has received much attention 
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because of their high power output when the potential escape phenomenon (inducing high-energy 
interwell motions) occurs. However, it has been recognized that the potential energy barriers in bi-stable 
energy harvesters can inhibit the occurrence of interwell motions and make it difficult to maintain the 
high-energy interwell motion under a low excitation level [12]. To improve the performance of such 
harvesters under a low excitation level, multi-stable energy harvesters (MEHs) with tri-stability [13–17] 
have been developed. With the presence of extra static equilibrium states and shallow potential wells, 
the tri-stable approach is beneficial to harness energy from wideband and low-intensity vibration sources, 
and its frequency threshold for interwell oscillations is lower than the bi-stable one. 

Since the ability of nonlinearities can extend the bandwidth of resonant frequencies, not changing 
them directly, low fundamental frequency oscillators are still needed in MEHs for the sake of low 
frequency harvesting. However, most existing MEHs can only enhance the voltage generation by 
enlarging the amplitude of oscillation [11–14]. This makes the MEHs show the same performance in 
power density as the conventional low resonant frequency counterpart in essence. Unfortunately, low-
frequency energy harvesters generally suffer from the problem of low-power density. One reason is the 
power generated by an energy harvester decreases cubically with the frequency of applied vibration [18]. 
Besides, for a given mass, a large mechanical displacement is required to permit the resonance of 
increasingly compliant springs at lower frequencies, thereby resulting in an extra space consumption 
[19]. Making use of conventional low resonant frequency energy harvesters, the power density can be 
improved by impact/engagement-based methods, such as a mechanical frequency up-conversion 
technology [19–23]. These methods employ a low-frequency oscillator to absorb energy from 
environmental vibrations and transfer the absorbed energy to high power output during a short period 
of time under an impact/engagement vibration with high frequencies. The performance of such methods 
depends on the amplitude of impact/engagement behavior [20, 21].  

In this study, the concept of a new piezoelectric wideband harvester, with an arbitrary multi-stability 
induced by the combination of magnetoelasticity and cantilever-stopper engagement, is proposed. The 
aim of this coupling effect is to improve the power density of this harvester by enhancing the energy 
efficiency through inter-well oscillations and restricting a large global amplitude of the tip mass through 
the cantilever-stopper engagement.  

 
2. Principle and mechanism of the new multi-stable wideband harvester 
To improve the power density of broadband harvesters at low frequencies, a multi-stable oscillator that 
can possess an arbitrary multi-stability is introduced in this section. This multi-stable oscillator consists 
of two parts, i.e., a piecewise linear spring and three magnets that can generate magnetoelasticity. In the 
previous study, Wang and his co-workers [23, 24] have integrated the magnetic nonlinearity and 
mechanical piecewise-linearity to construct a frequency up-converted energy harvester with a quintuple-
well potential. Here, we further discuss the working principle of these two parts and its mechanism to 
achieve an arbitrary multi-stable state. 
 
2.1. Piecewise linear springs based on a cantilever-stopper engagement 
In the present multi-stable oscillator, the piecewise-linear spring is employed to increase strains in the 
piezoelectric transducer and restrict a large displacement of the proof mass. It can be physically realized 
by adding symmetric stoppers to a conventional linear oscillator, e.g., a cantilever beam, as shown in 
Figure 1(a). The piecewise-defined linear restoring force of such a spring is plotted in Figure 1(b). There 
is a low initial stiffness k1 to couple low-frequency external excitations. As the deflection z increases, 
the beam firstly engages the stopper 1 when  and changes the effective length of the beam from 

 to , while the corresponding stiffness of oscillator increases from k1 to k2. As the deflection z 
further increases, the beam engages the stopper 2 when  and changes the effective length of the 

beam from  to  with increasing the stiffness from k2 to k3. This architecture can restrict 
the deflection of the cantilever beam and form a large-strain region around the engagement point. 
According to the classical beam theory and the superposition principle of displacements [23, 24], we 
have 

1z z³
l 1( )l l-

2z z³

1( )l l- 2( )l l-
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  (1a) 

  (1b) 

  (1c) 

where d1 and d2 are the gap distances of the cantilever-stoppers, F1 and F2 are the forces on the stoppers 
during engagement, F3 is the tip force, z is the deflection of the cantilever tip, and EI is the bending 
modulus of the cantilever beam. The engagement positions z1 and z2 can be written as 

  (2) 

Since the stoppers attached on this spring can only offer a one-way force, the stopper 1 is separated 
from the cantilever beam, and the stopper 2 can engage the beam when the tip deflection z exceeds a 
critical value, i.e., z3. Based on Eq. (1), the critical value z3 is derived as follows 

  (3) 

 

 
Figure 1. (a) Schematic drawing of a cantilever beam structure with stoppers; (b) Restoring force. 
 

Since the strain of the cantilever beam is proportional to its curvature, the maximum curvature of the 
cantilever beam is investigated herein. Using the Euler-Bernoulli equation and substituting Eq. (1) into 
it, the curvatures R1(z), R2(z) and R3(z) correspond to the position of the cantilever root, the engagement 
position of the stopper 1 and the engagement position of the stopper 2, respectively. They are given by 
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Figure 2(a) shows the variation of R1(z), R2(z) and R3(z) with the tip deflection z in the case of l = 

138 mm, l1 = 80 mm, l2 = 103 mm, d1 = 1.76 mm and d2 = 3.6 mm. When , the stopper 1 starts to 
engage the cantilever. The curvature R2(z) increases rapidly with increasing the deflection while the 
curvature R1(z) decreases gradually. When , the stopper 2 starts to engage the cantilever with a 
high curvature that appears at their engagement position, while the curvature R2(z) decreases slightly in 
the range of z2-z3. As the tip deflection z exceeds z3, the curvatures at the engagement positions of both 
stoppers increase rapidly, while the curvature at the cantilever root, R1(z), decreases below zero. In 
general, the curvature of the cantilever-stopper engagement-based oscillator starts to exceed the 
curvature of a conventional cantilever beam when the tip deflection z exceeds z2. This advantage will 
further expand when the tip deflection z exceeds z3. In addition, the curvature near the cantilever tip will 
decrease below zero and form a negative curvature region (Figure 2(b)) when the tip deflection z is 
sufficiently large. This may have an adverse effect on the performance of energy harvesting if the 
piezoelectric transducer is continuous on the boundary of the negative curvature region. In this work, 
the piezoelectric layer is removed from the negative curvature region. 

 

 
Figure 2. (a) Variation of curvatures with the tip deflection at various positions of the cantilever beam; (b) 
Zero curvature position on the cantilever beam varies with the tip deflection, where the zero coordinate 
represents the position of cantilever’s fixed end. 

( )( )
( )( )

( )( ) ( ) ( )( ) ( )( )
( )( ) ( ) ( )( )

( ) ( )( ) ( )( )
( )

1 1 1

1 1 1

2
2 1 1 1 2 1 2 1 2 1 2 1 1 2

1 2 1 2 1 2 2 1 2

2 2 2
2 1 2 1 2 2 1 2 2 1 2

3

1 2

2 2

2 2
2

3

2 2
3

6 3 2
4

6 2 3 2

4 2

6 2 2 3

(

4

)

5

d l l l z
l l l l l

d l l l l l l d l l l l l l l l l l z

l l l l l l l l l l l

d l l l l l ll l l l

z z

l l z

l l ll l

z

R z z z z

z z

ì
ï < <
ï
ï
ïï= £

- + +

- -

- + - + + + -
<

- + - -

- - - + +

- - + + + -

í
ï
ï
ï

³ï
ïî

+
-

- +

( )( )
( ) ( )
( ) ( )( ) ( )( )( )

( )( ) ( ) ( )( )
( )( )

( )( )

2 1 1 1 1
2

1 1 1

2 2 2
1 2 2 2 1 1 1 2 1 2 2 1

1 2

3 2
1 2 1 2

1 2 1 2 1 2 2 1 2

2 2 2

2 2 2

3

3

6 3 2
4

3 3 3 2 2 2 4

4 2

6 3

( )

2
4

l l d l d l l z
l l l l l

d l l l d l l l l l l l l l l l l l z

l l l l l l l l l l l

d l l

z z

l z
l l

z

R z z z z

z z
l l l

- - -
-

- -

- + - + - + + + - -

- - - + +

-

ì
< <ï

ï
ï
ï

= £ <í
ï
ï
ï ³ï
î

+ +

- -

1z z>

2z z>



Modeling in Mechanics and Materials

IOP Conf. Series: Materials Science and Engineering 531 (2019) 012040

IOP Publishing

doi:10.1088/1757-899X/531/1/012040

5

2.2. Magnetic configurations and the formation mechanism of multi-stability 
Since the large-curvature region only appears when the cantilever-stopper engagement occurs, a 
magnetic force Fm (its counter-force is shown by the imaginary line in Figure 1(b)) is introduced to 
enlarge the tip deflection during engagement. This magnetic force can soften the cantilever beam and 
allow the restoring force of the oscillator to have multiple zero points, e.g., positions a-g shown in Figure 
1(b), which correspond to stable or unstable equilibrium positions. Then, a multi-stable oscillator can 
be formed. By adding or subtracting stoppers and adjusting its positions, such a multi-stable oscillator 
can demonstrate different multi-stable behavior.  

To consider the magnetic force mentioned above, the interaction of three permanent magnets is 
investigated here. Figure 3(a) shows the configuration of these magnets. In the multi-stable oscillator, 
two fixed magnets B and C can behave attraction or repulsion on the magnet A. According to different 
arrangements of such magnet poles, the configurations considered here can be classified into four types 
(see Figures 3(b) and 3(c): (I) mA1, mB1, mC1; (II) mA1, mB2, mC2; (III) mA2, mB3, mC3; (IV) mA2, mB4, 
mC4. Among them, types I and IV are widely used in tri-stable energy harvesters [13-17]. For analysis, 
the point dipole approximation [25] is adopted to model the magnet force. In terms of a vector form, the 
centers of the magnets B and C to the center of the magnet A can be written as 

  (7) 

where i is the unit vector vertical to z(t) and j is the unit vector parallel to z(t). 
Assume that the magnetization of two fixed magnets is uniform. Then, the magnetic flux density 

induced by the magnets B and C at point A is [23] 

  (8) 

where  is permeability of vacuum;  and  are the magnetic moments of the 
point dipoles B and C, respectively. The potential energy of the magnetic force can be expressed as 

  (9) 

where  is the magnetic moment of the point dipole A. Then, the magnetic force can be derived as 

  (10) 

 

 
Figure 3. Forming conditions of a multi-stable performance: (a) magnet configurations; and (b)-(c) the 
parameter regions of multi-stability under various configurations. 
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For the existence of multiple equilibrium positions in a multi-stable oscillator, the second derivative 
of the magnetic force on the magnet A should be positive at the zero position, i.e., . Besides, 
the magnetic force on the magnet A can soften the cantilever, i.e., . Based on these two 
restrictions, the parameter regions, which satisfy the forming conditions of multi-stable behavior for the 
configurations I, II, III and IV, can be obtained, as shown in Figures 3(b) and 3(c). Here, we consider 

 and . It is obvious that the configurations II and III have 
a larger parameter region than that of the configurations I and IV. Therefore, the presence of multi-stable 
behavior in those configurations can be realized more easily. In this work, the configuration II is used 
for fabricating a multi-stable oscillator. 
 
3. Conclusions 
In this work, a theoretical analysis for the newly proposed piezoelectric wideband harvester that can 
possess any multiple stabilities induced by combined nonlinearities is presented. The formation 
mechanism of the corresponding parameter regions for different magnet configurations is illustrated. 
The electromechanical coupling model of MEHs is established to describe its dynamic characteristics. 
The equivalent nonlinear restoring force of four MEHs with different potential wells can be 
experimentally identified as a piecewise polynomial. It is expected that a multiple-well potential with 
non-uniform depths and shallower outer wells is much more suitable for the proposed system. On the 
basis of this new energy harvester model, experimental and numerical works are being conducted in 
progress to demonstrate its working efficiency.   
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