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Abstract—The “Tree Method” is usually used to identify
potential cycles in low-density parity-check codes. However, with
the increasing demand of high girth codes, the method becomes
hard to implement because of the exponential increase of both
space complexity and time complexity. In this paper, a new
method is introduced to evaluate potential cycles for all-one base
matrix. The method applies to large cycle length and arbitrary
size base matrix. The principle of potential cycle and potential
cycle duplication are studied to support the new approach.
Instead of doing low efficient exhaustive search, the approach
gives the number of potential cycles without duplication directly.
The results of cycle numbers are given, which are verified by the
“Tree Method”.

Index Terms—base matrix, LDPC codes, potential cycles.

I. INTRODUCTION

Much research have been conducted to achieve high perfor-
mance low-density parity-check (LDPC) codes[1], [2], [3], [4],
where girth—the minimum cycle length of Tanner graph, plays
an important role. Researchers want to construct LDPC codes
with girth as large as possible. Thus the study of potential
cycles is required. In [5], the authors gives some short potential
cycles for small base matrix protograph codes. A cycle is a
closed path in the Tanner graph which starts and ends in the
same node. The path alternates between check and variable
nodes [1]. The cycle can also easily analyzed in matrices’
manner since each check node in the Tanner graph corresponds
to a row in its parity check matrix, and each variable node
corresponds to a column. If a variable node is connected to a
check node, the corresponding position on the parity check
matrix will be “1”. Similarly, a “0” in the matrix means
the corresponding nodes are not connected. A cycle can thus
be visualized as a path alternatively moves horizontally and
vertically along the “1”s in the matrix. The path must also be
closed, that is to say, it starts and ends in the same “1” in
the matrix. Obviously the length of cycles must be an even
number since the horizontal and vertical moves always appear
in pairs. It is also easy to find that the minimal cycle length
possible is 4.

Let us consider a protograph LDPC codes with all-one base
matrix. Protograph LDPC codes are constructed by replacing
every “1” in the base matrix by a permutation matrix [6],
[7]. For an M ×N all-one base matrix, a permutation matrix
denoted by Pi,j is used to lift the slot (i, j). A typical base

matrix can be written in the following form⎡
⎢⎢⎢⎣

P1,1 P1,2 P1,3 . . . P1,N

P2,1 P2,2 P2,3 . . . P2,N

...
...

...
. . .

...
PM,1 PM,2 PM,3 . . . PM,N

⎤
⎥⎥⎥⎦ . (1)

For a potential cycle of length 2l, it can always be described
by a serial of permutation matrices: Pi1,j1 → Pi2,j1 →
Pi2,j2 → Pi3,j2 → · · · → Pil,jl → Pi1,jl → Pi1,j1 . The cycle
starts from permutation matrix Pi1,j1 , then moves vertically
to Pi2,j1 , then moves horizontally to Pi2,j2 ... and finally goes
back to the original permutation matrix Pi1,j1 .

The cycle is called “potential” because it does not nec-
essarily mean that the cycle really exists in the codes. It
depends on how we choose the permutation matrices used for
lifting. Further searching and construction such as brute-force
searching and hill climbing algorithm [8], [9] are required to
achieve high-girth protograph codes based on the potential
cycles. For convenience, we will use the abbreviation “PC”
for potential cycle in the remaining part of the paper.

Researchers usually use the “Tree Method” to find PCs.
The main idea of “Tree Method” is to construct trees whose
roots are variable nodes. The tree is extended based on the
Tanner graph of the codes. We start from one certain variable
node, and put the check nodes that connect to the root variable
node in the next layer. After that, we add one more variable
nodes layer where all variable nodes are connected to the
check nodes in the previous layer. The procedure of adding
a layer is actually a move in the Tanner graph. Once the
tree is developed further enough, based on the cycle length
requirement, researchers look into one certain variable node
layer and search for the nodes that are the same as the root
node. Every node that meets the criteria points to a PC.

The main drawback of the “Tree Method” is that the trees
are always too large to manipulate. It works well for short PCs
and small base matrices. However, it takes a huge amount of
space to store the tree and it costs a lot of time to do the
exhaustive searching for large base matrices. The searching
results also contain duplications, which can only be eliminated
by exhaustive comparisons.

To study and construct high girth protograph LDPC codes
more efficiently and more practically, we develop a novel
approach to evaluate PCs and give the cycle numbers directly.
Furthermore, the principle of finding duplicated cycles is
studied. The results are also verified with that given by the
“Tree Method”.
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II. PROPOSED METHOD

A. Two preliminary functions

Suppose we are trying to find out all PCs of length 2l, l =
2, 3, 4... for an M ×N base matrix. The following functions
are helpful for calculating the number of PCs.

Theorem 1. Assuming u ≥ v, u, v ∈ Z
+, we assign v different

digits into u slots. Consecutive slots must contain different
digits and all v digits should be used. Then the number of
choices is

G(u, v) = v!
∑
Ω

v∏
j=2

(j − 1)
αj (2)

where

Ω = {αj ∈ N,

v∑
j=2

αj = u− v} (3)

Theorem 2. Assuming u ≥ v, u, v ∈ Z
+, we assign v different

digits into u slots. Consecutive slots must contain different
digits and all v digits should be used. In addition, the last
slot must contain different digit from the first one. Then the
number of choices is

Gcyc(u, v) = v!
∑
Ω

T (αv)

v∏
j=2

(j − 1)
αj (4)

where

Ω = {αj ∈ N,
v∑

j=2

αj = u− v}

T (αv) =
(v − 1)

αv+1
+ (−1)

αv

v(v − 1)αv
(5)

In channel coding theory, we usually consider short cycles
with length no longer than 14 since girth larger than that is
usually difficult to obtain. More specifically, for quasi-cyclic
LDPC codes with all-one base matrix, the girth is bounded
by 12. Since the number of PCs may correlate with those
two functions, Table I and II show the values of G(u, v) and
Gcyc(u, v) respectively for v ≤ u ≤ l = 7.

TABLE I
G FUNCTION TABLE

G,u \ v 1 2 3 4 5 6 7

1 1

2 0 2

3 0 2 6

4 0 2 18 24

5 0 2 42 144 120

6 0 2 90 600 1200 720

7 0 2 186 2160 7800 10800 5040

TABLE II
Gcyc FUNCTION TABLE

Gcyc, u \ v 1 2 3 4 5 6 7

1 1

2 0 2

3 0 0 6

4 0 2 12 24

5 0 0 30 120 120

6 0 2 60 480 1080 720

7 0 0 126 1680 6720 10080 5040

B. Calculation of PC configurations

PCs can be regarded as closed patterns with various shapes.
We define a PC as (m,n)-PC if it consists of m distinct rows
and n distinct columns. Suppose the base matrix is an all-one
matrix with size M ×N . Once we have found an (m,n)-PC,
we can easily find out all the other PCs in the matrix with
the same shape. We simply pick m rows and n columns from
the whole M ×N base matrix. Every combination of m rows
and n columns forms a PC of that same shape. Altogether
we have Cm

MCn
N = M !N !

(M−m)!(N−n)!m!n! PCs in the base matrix
with such a shape.

In order to find out all PCs of cycle length 2l in the given
base matrix, we only need to find out (m,n)-PCs with all
possible shapes for m ≤ l, n ≤ l. Those PCs are called
PC configurations because all the other PCs can be found
according to them.

Let us consider (m,n)-PC configurations with length 2l.
As we mentioned before, every combination of m rows and
n columns picked from the M ×N base matrix forms a PC
of that same shape. So we simply extract all m × n “sub
matrices” from the M×N base matrix. We only need to study
one of them and all the others follow the same principles. The
extraction and normalization of m× n “sub matrix” is shown
in Figure 1. To avoid confusion, we use notation Q for the
permutation matrices in the sub matrix instead of P , which is
used in the base matrix.

For a PC: Qi1,j1 → Qi2,j1 → Qi2,j2 → Qi3,j2 → ... →
Qil,jl → Qi1,jl → Qi1,j1 , the indexes of the permutation
matrices in both rows and columns form two l-tuple vectors:
I = (i1, i2, ..., il−1, il) and J = (j1, j2, ..., jl−1, jl). Since
two different nodes form a path, the consecutive permutation
matrices along the cycle must differ from each other. So i1 �=
i2 �= i3 �= ... �= il−1 �= il �= i1, as well as j1 �= j2 �= j3 �=
... �= jl−1 �= jl �= j1.

Since the (m,n)-PC consists of m rows and n columns,
there are exact m distinct values in row vector I and n
distinct values in column vector J . On the other hand, all
PC configurations can be constructed by assigning m different
values to the row vector I and n different values to the column
vector J .

For a given M × N base matrix and a given cycle length
2l, the possible values of m and n are

2 ≤ m ≤ min(M, l), 2 ≤ n ≤ min(N, l). (6)
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Fig. 1. The extraction and normalization of m× n ”sub matrix”.

For every m and n given by (6), the row and column
combinations are calculated by using Gcyc function. Denote
R(l,m) as the number of the row combinations and C(l, n)
as the number of the column combinations for (m,n)-PC
configuration with length 2l. According to Theorem 2, we
have

R(l,m) = Gcyc(l,m) (7)

C(l, n) = Gcyc(l, n) (8)

Without considering duplication, the number of (m,n)-PC
configurations is R(l,m)C(l, n) = Gcyc(l,m)Gcyc(l, n).

C. Duplication elimination

Now we have assigned values to vectors I and J , which
are actually the indexes of permutation matrices that form PC
configurations of length 2l. However, duplication will occur
when different (I, J) pairs lead to identical cycle. In such
situation, we call one PC the duplication of another.

An example of PC duplication of cycle 6 is given in Figure
2, where there are 6 permutations matrices that can act as the
starting permutation matrices. We will first eliminate those
duplicated PCs that do not start from the first row.

In order to eliminate PC duplication that do not start from
the first row (PCs start from Q2,2, Q3,3, Q3,2 and Q2,1 in
Figure 2), we add a restriction that every PC must start from
the first row of the m×n sub matrix. That is to say, we have
i1 = 1 for every PC configuration.

Because of the new restriction, the row combinations for
(m,n)-PC with length 2l have to be re-calculated. Denote
R′(l,m, t) as the number of the row combinations under new
restriction where t is the number of paths in the first row of
the PC configuration. t also represents the number of ones in

(a) (b)

Fig. 2. Illustration of duplication for cycle 6. PCs start from
Q2,2, Q3,3, Q1,3, Q3,2 and Q2,1 are duplication of that starts from
Q1,1.

vector I . As consecutive elements in I must differ, there are
at most � l

2� ones in I . So we have 1 ≤ t ≤ � l
2�. On the

other hand, t is also restricted by t ≤ l − m + 1. To sum
up, t ≤ min(� l

2�, l − m + 1). For the example in Figure 2,
t = 1. An example of t = 2 is also shown in Figure 3. We
will calculate R′(l,m, t) for different t. In this paper we only
consider PCs with length between 4 to 8, so 2 ≤ l ≤ 4,
1 ≤ t ≤ 2. For larger t and l, the principles are the same, and
we can compute the results in the same manner.

Since i1 = 1, we only need to assign values to i2, i3, ..., il.
When t = 1, we assign all m − 1 digits to the l − 1 slots:
i2, i3, ..., il and make sure i2 �= i3 �= i4 �= ... �= il. According
to Theorem 1, we have

R′(l,m, 1) = G(l − 1,m− 1) (9)

When t = 2, one and only one element of i3, ..., il−1

equals to 1. Assume iξ = 1, then we have vector I =
(1, i2, i3, ..., iξ−1, 1, iξ+1, ..., il).

If iξ−1 �= iξ+1 then it is equivalent to assign m − 1
different digits to i2, i3, ..., iξ−1, iξ+1, iξ+2, ..., il with consec-
utive elements different. According to Theorem 1, we have
G(l − 2,m− 1) combinations.

If iξ−1 = iξ+1 then it is equivalent to assign m − 1
different digits to i2, i3, ..., iξ−1, iξ+2, iξ+3, ..., il with consec-
utive elements different. According to Theorem 1, we have
G(l − 3,m− 1) combinations. In such situation m < l − 1.

So we have

R′(l, m, 2) =

⎧⎪⎨
⎪⎩
0 if m > l− 1

G(l − 2, m− 1) if m = l− 1

G(l − 2, m− 1) +G(l − 3,m− 1) if m < l− 1
(10)

After the new constraint is applied, most of the duplications
are eliminated. However, there are still some duplication
existing since there may be more than one permutation matrix
in the first row that can act as the starting point. For example,
in Figure 2(b), the PC: Q1,3 → Q3,3 → Q3,2 → Q2,2 →
Q2,1 → Q1,1 is a duplicated version of Q1,1 → Q2,1 →
Q2,2 → Q3,2 → Q3,3 → Q1,3, which also starts from the first
row. After further eliminating duplicated PCs that start from
the first row, the total number of PCs without duplications
equals



(a) (b)

Fig. 3. Two length 8 PC configurations. (a) without Transform-Exact
pair (b) with Transform-Exact pair.

• when t = 1,

D(l,m, n, t) =
R′(l,m, 1)C(l, n)

2
; (11)

• when t = 2,

D(l, m,n, t)

=
1

4

(
R′(l,m, 2)C(l, n)−G

(
l − 2

2
,m− 1

)
Gcyc

(
l

2
, n

))

+
1

2
G

(
l − 2

2
,m− 1

)
Gcyc

(
l

2
, n

)
. (12)

III. RESULTS OF POTENTIAL CYCLE NUMBERS

In this section, we will give the number of PCs with length
from 4 to 8. For an M × N all-one base matrix and cycle
length of 2l, denote Sdup(l,M,N) as the number of PCs with
duplication, S(l,M,N) as the number of PCs with duplication
removed. Then we have

Sdup(l,M,N) =

min(M,l)∑
m=2

min(N,l)∑
n=2

C(l, n)R(l,m)Cm
MCn

N (13)

and

S(l,M,N) =

min(M,l)∑
m=2

min(N,l)∑
n=2

min(� l
2
�,l−m+1)∑
t=1

D(l, m, n, t)Cm
MCn

N .

(14)

A. Cycle 4

For cycle 4, l = 2, m = n = 2, t = 1. So for N ≥ M ≥ 2,

Sdup(2,M,N) = 4C2
MC2

N (15)

S(2,M,N) = C2
MC2

N (16)

B. Cycle 6

For cycle-6, l = 3, 2 ≤ m,n ≤ 3, t = 1. So for N ≥ M ≥
3,

Sdup(3,M,N) = 36C3
MC3

N (17)

S(3,M,N) = 6C3
MC3

N (18)

TABLE III
EVALUATION OF PC NUMBERS

PC length

base matrix

size

M ×N

No. of PC obtained

by proposed method

with(without)

duplication removed

No. of PC obtained

by the “Tree Method”

4 2× 3 3 (12) 3

6 3× 4 24 (144) 24

8 4× 5 2760 (21840) 2760

C. Cycle 8

For cycle-8, l = 4, 2 ≤ m,n ≤ 4, t = 1, 2. So for N ≥
M ≥ 4,

Sdup(4,M,N) = C2
M (4C2

N + 24C3
N + 48C4

N )

+C3
M (24C2

N + 144C3
N + 288C4

N )

+C4
M (48C2

N + 288C3
N + 576C4

N ) (19)

S(4,M,N) = C2
M (C2

N + 3C3
N + 6C4

N )

+C3
M (3C2

N + 18C3
N + 36C4

N )

+C4
M (6C2

N + 36C3
N + 72C4

N ) (20)

The combination notation Cr
n are used in above equations.

For r ≤ n, Cr
n = n!

(n−r)!r! . We set Cr
n = 0 for r > n

which happens in the situation when the base matrix is not
sufficient large to obtain all PCs. Our results are verified by
those produced by the “Tree method”. All results are shown
in Table III.

IV. CONCLUSION

In this paper, we present a new method of evaluating
potential cycles in an all-one base matrix. Although we only
give results up to cycle of length 8, which corresponds to codes
with girth 10, longer cycles share similar principles. Com-
pared with traditional “Tree Method” which uses exhaustive
searching, our method reveals the principle of cycles and cycle
duplications and gives precise expressions for the number
of cycles, which will be useful when constructing high-girth
protograph LDPC codes.
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