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22 Abstract

25 This paper presents a theoretical analysis of the auxetic plied yarn (APY) structure formed
27 with two types of single yarns having different diameter and modulus. A model which can be
29 used to predict its deformation behavior under axial exten&on is developed based on the
theoretical analysis. The developed model \is first compared with the experimental data
34 obtained in the previous study, and thenwused to predict the effects of different structural and
36 material parameters on the auxetic behavior-of the APY. The calculation results show that the
developed model can correctly predict the variation trend of the auxetic behavior of the APY,
41 which first increases and thenrdecrease/with the increase of the axial strain. The calculation
43 results also indicate that the/auxetic behavior of the APY simultaneously depends on the
45 diameter ratio of the soft yarn and stiff yarn as well as the ratio between the pitch length and
48 stiff yarn diameter. . The study provides a way to design and fabricate APYs with the same
50 auxetic behavior by using.different soft and stiff yarns as long as these two ratios are kept
52 unchanged.
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Nomenclature
L — The length (pitch) of the auxetic plied yarn per one turn

L, — The value of L in the initial state

Sy — The length of the soft yarn per one turn
Sp, — The value of S, in the initial state

S, — The length of the stiff yarn per one turn
Sy, — The value of S, in the initial state

D — The diameter of the soft yarn

D, — The value of D in the initial state

d — The diameter of the stiff yarn

d, — The value of d in the initial state

6, — The helical angle of the soft yarn

6y, — The value of @, in the initial state

6, — The helical angle of the stiff yarn

8,, — The value of @, in the initial state

Y, — The coordinate of the'center of the soft yarn in y axis
Yp, — The value of 4y 7in theinitial state

X, — The coordinate of the‘center of the stiff yarn in x axis
Xy, — The value'of x,in the initial state

o — Thetilt angle of the stiff yarn

0, = The value of & in the initial state

97— The tilt angle of the moving path of stiff yarn
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H — The effective diameter of the auxetic plied yarn

H, — The value of H in the initial state

S — The distance between any point located on the outline of the soft yarn and the center of
the auxetic plied yarn
& — The axial strain of the auxetic plied yarn

&, — The radial strain of the plied yarn
&, — The critical axial strain of the auxetic plied yarn when the two stiff yarns get contacted

each other
v — The Poisson’s ratio of the auxetic plied yarn

v, — The Poisson’s ratio of the soft yarn
vy — The Poisson’s ratio of the stiff yarn

Subscripts D and d — Indication of the soft yarnand stiff yarn, respectively

Subscript 0 — Indication of the initial/state

1. Introduction

Auxetic materials deform in a<different way from conventional materials. They laterally
expand when stretched or laterally, contract when compressed. This deformation behavior
leads to the enhancement ‘of @ variety of their mechanical properties[1, 2], such as impact
resistance[3], energy.absorption[4, 5], resistance to fracture[6], and indentation resistance[7],
etc. Since the first auxetic polymeric foam was produced by Lakes in 1987[8], investigations
on auxetic materials[9-11]; particularly on their fabrication[12-17] and characterization [18,
19], have become one of the hot research topics in material area. Meanwhile, a lot of auxetic
structures[4;.8-11, 20-25] have been developed or proposed to make auxetic materials. As a
special type of auxetic materials, auxetic yarns[13, 21, 24-28] play an important role as a base

tofabricate auxetic textiles and composites.
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Helical auxetic yarn (HAY)[19-21, 28-33] is the mostly reported auxetic yarn structure in
auxetic textiles. It is formed with two single non-auxetic yarns in a helical arrangement. One
Is the core yarn and the other is the wrap yarn which is helically wound on the straight cere
yarn. When a HAY is subjected to an axial extension, its radial width will be increased.dueto
the transversal displacement of the core yarn by the wrap yarn. Various studies have been
done on HAY structure to identify key parameters to manipulate its auxetic behavior. The
helical angle of the wrap yarn[19, 21, 30-33], Poisson’s ratio[19, 33] and \tensile modulus of
the core and wrap yarns [28, 30-33], and the core yarn/wrap yarn diameter ratio[19, 21, 30-33]
have been identified as the important parameters by experiments and finite element analyses.
Among these parameters, the helical angle of the wrap yarn[19;,21, 30-33] has been found to
have the most profound effect on auxetic behavior of HAY. Tr.le studies showed that the lower
helical angle of the wrap yarn, the higher maximum/ auxetic effect of the HAY. A maximum
negative Poisson’s ratio of -12.04 could be achieved when the helical angle of the wrap yarn
is lowered to 7° according to McAfee’s work[19]. By comparing the Poisson’s ratio and
extension strain relation of twa'HAY's made of core yarns with different Poisson’s ratio (0.3
and 0.4), McAfee et al. [19] also found that the effect of the Poisson’s ratio of the core yarn
on the deformation behavior’of the HAY could be negligible. On the other hand, Wright et al.
[33] found that the auxetic effect of the HPY is increased from 0 to -0.45 with the decrease in
the Poisson’s ratio of'both the.core and wrap yarns. As for the effect of tensile modulus of the
core yarn and wrap yarn, Bhattacharya et al.[28] found that the occurring of core-indentation
effect depends on their relative modulus. Du et al.[31, 32] proved that the auxetic effect of
HAY became more observable with higher tensile modulus of the wrap yarn. The same
conclusion was also obtained by Wright et al.[33]. Investigations also showed that the

core/wrap yarn diameter ratio has a significant effect on the auxetic behavior of HAY[19, 21,
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30-33]. With decreasing the core/wrap yarn diameter ratio, the auxetic effect of HAY became
less visible. In addition to the quasi-static tensile test, Zhang et al.[29] also investigated the
dynamic thermo-mechanical and impact properties of HAY. They found that the dynamic
thermo-mechanical properties are significantly affected by the core/wrap diameter ratio_and
the initial wrap angle[29]. It should be noted that although the helical angle of the wrap
yarn[19, 21, 31-33] has significant effect on the auxetic behavior of HAY; it is very.difficult to
maintain the same helical angle throughout the whole HAY, because the sﬂppage of the wrap
yarn occurs easily on the surface of the core yarn[20, 25]. Meanwhile, the uneven state is
usually arrived after the extension. To solve these problems, the HAY was enclosed by an
appropriate layer of sheath to maintain its auxetic behavior[20]. This improvement did not
only facilitate the fabrication, but also enlarged the applicatiorL of HAYs.

Inspired from the HAY, Ge et al.[25] proposed another type of auxetic yarn called auxetic
plied yarn (APY). Different from HAY, APY"is formed with two types of single yarns having
different moduli and diameters to improve auxetic yarn structural stabilization. In an APY
structure, two stiff yarns with arelatively highomodulus and two soft yarns with a relatively
small modulus are alternately arrangedsand twisted together in a helical way. Due to the
significant difference in thedyarn modulls between the soft and stiff yarns, the stiff yarns tend
to move towards the,center of the APY and push the soft yarns outwards under the axial
extension. As a result of this.deformation mechanism, the auxetic behavior is achieved in the
APY structure. Genet al/ first experimentally investigated the auxetic behavior of the
APYs[25]. According to their experimental results, the auxetic behavior of the APY's rapidly
increases in the initial stage of the axial extension and then gradually decreases with further
increase of theaxial strain. This variation trend was then confirmed by Ng and Hu based on

both tensile test and cross sectional analysis[34]. In order to predict the auxetic behavior of
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the APY structure, Ge et al. also conducted a geometrical analysis[25]. In their analysis, the
deformation process of the APY is divided into two stages by a critical state where the two
stiff yarns just get contacted each other at the center of the APY structure. The axial‘extension
strain at this state is defined as a critical strain. Although their geometrical analysis could well
predict the auxetic behavior of the APY structure in high axial strain range, the difference in
the initial extension stage is very high. Especially, the variation trends of the auxetic behavior
between the experiment and prediction are opposite. While the experiment&l results show that
the auxetic behavior of the APY increases at the initial stage,of extension, the predicting
results demonstrate the auxetic behavior decreases, making:the deformation behavior of the
APY structure unclear.

In order to better understand the deformation behavior of the.APY structure and to precisely
predict its Poisson’s ratio especially in the initial extension'stage, a new theoretical analysis is
presented in this paper. The model obtained from,the analysis is firstly validated with the
experimental results from reference [34], ‘and.then used to predict the effects of different
structural parameters. It is expeeted that the outcomes of this study could provide a better
understanding of the deformation behavior of APY structure.

2. Theoretical analysis N

2.1 APY structure and@assumptions

The 3D view of an APY: structure is shown in Fig.1a. It is formed by twisting two soft yarns
and two stiff yarns tegether into a helical shape. Depending on the diameter ratio between the
soft yarn and stiff yarn as well as the initial twisting value, three possible structures can be
obtained and their cross sections in an ideal initial state are shown in Fig.1b-d, respectively.
As explainedbefore, because of the difference in the yarn modulus, the stiff yarns tend to

move toward the center of the APY and push the soft yarn outward under the axial extension
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until the two stiff yarns get contacted each other. After this state, both the stiff and soft yarns

start to contract to the center of the APY with further axial extension. Hence, the structures

oNOYTULT D WN =

9 shown in Fig.1b and 1c will perform auxetic behavior as a result of the increase of the
effective diameter of the APY when stretched. Differently, a non-auxetic behavior is‘achieved
14 by the structure shown in Fig.1d in the initial stage of the axial extension because the effective
16 diameter of APY will be reduced when the stiff yarns start to move towards the APY center.
18 Due to this reason, only structures shown in Fig. 1b and 1c are considere(ﬂn this analysis. In
this case, the effective diameter of the APY is determined by.the profile of the soft yarns

23 accordingly.

N Soft yarn
AT :

\
\ Stiff yarn
%

43 (b) (c) (d)
Fig. 1 APY structure:(a) 3D view; (b)-(d) possible cross sections in an ideal initial state

47 To facilitate the analysis, the following assumptions are first made. Meanwhile, all symbols

used during theanalysis are listed in Nomenclature for easy check and reference.
51 1) All the single yarn components are transversal isotropic linear elastic materials with
53 known Poisson’s ratio values and their cross sections are circular and are kept circular

55 when extended in their axial direction.
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The extrusion and friction among the yarn components during the axial extension process

are ignored in the theoretical analysis.

The APY is twisted uniformly so that only one turn is sufficient to characterize its

deformation behavior under axial extension.

In the initial state, the two soft yarns closely contact at the central ‘point of the APY.
However, due to untwisting trend of the yarns in the relaxed state, the centers of the two
stiff yarns are deviated from x axis as shown in Fig. 2a. In this casg, the two stiff yarns
cannot keep symmetrical contacts with the two soft yarns. Instead, each stiff yarn has only

a contact with a soft yarn and a tilt angle &, will be used to.define the initial position of

each stiff yarn.

The deformation process of the APY can be divided int:) two stages. The first stage is
defined from the initial state to the state where the two stiff yarns fully move towards the
center of the APY structure and justiget.in contact each other, as shown in Fig. 2b. This
state is called critical state and the axial extension strain at this state is defined as a critical
strain. Different from the previousianalysis[25], in the first stage shown in Fig.2c, each
stiff yarn is assumed to movestowards the center of the APY with a constant tilt angle y as
shown Fig. 2d. As the stiff yarns are difficult to be extended under low loading condition,
their diameter and.length are assumed to be kept constant in this stage. However, the
diameter and‘length of the soft yarns can be changed due to lower modulus. The second
stage is defined from the critical state to the failure of the APY structure. As shown in Fig.
2e, the main deformation mode in the second stage is the cross sectional contraction of all
thevyarn.components due to high extension. Besides, the diameter and length of the stiff

yarns are no longer assumed to be constant.

Based on the above assumptions, the theoretical analysis will be carried for the APY structure

Page 8 of 32



Page 9 of 32

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - SMS-106520.R1

in the different states and deformation stages.

(c) (d) (e)

Fig. 2 APY in the different states: (a) the initial state; (b) the critical state where the two stiff
yarns just get contact; (c) any state in the first'stage; (d) the moving path of the stiff yarn in
the first stage; (e) any:state.in the second stage.

2.2 The initial state

According to Assumption 4, inshe inttial state, each stiff yarn has only a contact with a soft

yarn. As shown in Fig. 2a,ilt angle 0, defines the initial position of each stiff yarn. As the

cross sections of bothithe soft yarn‘and stiff yarn are assumed to be circular, their outlines on
the cross section ofihe APY are in elliptical forms. For the soft yarns, the short axes and long
axes of their cross.sections are parallel to y axis and x axis, respectively. For the stiff yarns, as
their centers are deviated from x axis, their short and long axes are no longer parallel to x axis
and y axis. However, as the deviation is very small, their short and long axes are still assumed
to be parallel'to x axis and y axis for facilitating the analysis. By considering the symmetrical

feature of the APY cross sectional structure, only the right stiff yarn and upper soft yarn are
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selected for the analysis and the outlines of their cross sections can be described by Eq. 1 and

Eq. 2, respectively, when the coordinate origin is set at the center of the APY.

B 2 o 2 2g _ d_02
(x=%q, ) +(Yairr = %, tan 3, ) cos’ 6, n @
X* €05 Oy, +( Yeore — Yo, )2 = DT;_ )

Here, vy, and y,, are used to identify the two types of yarns. As the twosoft yarns are

assumed to contact each other in the initial state, Eq. 3 is obtained.! .

D,

Yo, = ? 3

Fig. 3a shows the side view of the APY in the initial state. Its helical form can be expanded by

untwisting. Fig. 3b shows both the soft yarn and stiff yarn aftq the spiral expansion. From Fig.

3b, Eqg. 4 to Eq. 6 can be obtained.

cos O = L (4)
0 Sdo
cos 6, = Ho__H ®)
So, Ly +7°D;
N 2 2
Ss —
X, = ‘12‘]—7['_0 COS o, (6)

10
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Fig. 3 APY in the initial state: (a) the side view; (b) after spiral expansion.

By substituting Eq. 4 and Eqg. 6 into Eq. 1, and Eq. 3 and Eq. 5 into Eq. 2, Eq. 7 and EQ:' 8 are

obtained.
2 2 2
d? S4, ~ Lo
So |—X—| X——2——c0s9,
|4 27 SN &,/ S2 —2
Ysite = + o (7)
L, 2r,
D D2 2
Yeort = o= — _0_%)(2 . (8)
2 \ 4 L+7°D

In the initial state, structural parameters D, d,, L, and S, 4can be directly measured. These

parameters determine the geometry of the APY. By giving the values of these parameters, the

value of &, can be found from Eq. 7 and Eq. 8 by applying an.approximation method which is

called binary search. The way is to searchithe contact.point A(xa, ya) between the stiff yarn

and soft yarn by calculating all values of y, . ‘and Yg When x is changed from x, —d,/2 to
Xy, @ A falls in this interval. If for a given J,, the minimal value of the difference minAy

among all Ay =y . — Yy 1S found between 0 and &, where & is the calculation accuracy and

its value is selected as 107 in‘this;study, it means that the stiff yarn just gets close enough to

be contacted with the soft'yarn at point A and the given value of ¢, is the solution. If 0<
minAy<: & cannot be met, change the value of g, to recalculate all values of Ay again. In a

general way, the“initial.value of &, can be set at 45°. In this situation, the calculation process

is given as.follows.

a) Let 9,=45° calculate all Ay when x is changed from x, —d,/2 to x, .

b) If the minAy <0, it means that the stiff yarn is overlapped with the soft yarn, then set

o, = 8,/2 to move the stiff yarn down away from the soft yarn; if minAy > &, it means that

11
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the stiff yarn keeps away from the soft yarn, then set &, = (&, +90) /2 to move the stiff

yarn up close to the soft yarn. In both cases, recalculate all Ay again when x is changed

from x, —d,/2 to x, .
c) Repeat process b) until 0 << minAy << € is found. When this condition is met,it means that
the stiff yarn and contact yarn get close enough to be considered as contacted, and then ¢,

is the solution.

~
In the practical calculation, as the tilt angle &, is very small in a real APY, the initial value of

0, IS not necessary to set at 45° In this study, the range of &, isiset from 0° to 10° to

accelerate the calculation process. In addition, this approximation method can be also used in

Ge’s model[25] to calculate the helical angle of the.soft.yarn at a given axial tensile strain. In
@

this way, the solution for a set of nonlinear equations including trigonometric functions and

power functions is replaced by a simple binary,search. Thus, the calculation is greatly

simplified.

After ¢, is known, the location'of the center-of the stiff yarn can be calculated from Eq. 6.

Then the geometry of the APY in the initial state can be determined.

2.3 The first stage of deformatia]

According to Assumption 5, the first stage of the deformation of the APY structure under axial

extension is defined fromithe initial state to the critical state where the two stiff yarns just get

contacted each_other at the center of the APY. As shown in Fig. 2d, in the first stage, the stiff

yarn moves towards the center of the APY along a constant tilt angle y. Considering an

arbitral state at an axial strain ¢, the pitch length of the APY is changedto L, which is given by

EqQ.

L=L,(1+5) 9)

12
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In the first stage, the diameter and length are kept unchanged according to Assumption 5.

Therefore, we have d =d, and S, =S, . Similar to the initial state, the equations to describe

the outlines of the cross-sections of the stiff and soft yarns can be derived from their elliptical

shapes and are given by Eq. 10 and Eq. 11, respectively.

2
(X —X, )2 + (Yt — X tan 5)2 cos® @, = dTO (10)
., D?
x> cos” Oy + (Ve — Yo ) =— ~ (11)

4
As shown in Fig.4b, the following equations can be obtained from the spiral expansion of the

stiff yarn and soft yarn.

N
Fig. 4 APY in the first stage: (a) the side view; (b) after spiral expansion.

L tan 6,
o= (12)
Sy = L = LJ1+tan’4, (13)
cosé,
JSe —L*coss
Xy =~ (14)
2r
L Ty
S, =S, = =Ly1l+tan® 6 15
¢ 7% cose, d (15)

In.the first stage, ¢ is changed from 0 to &, where ¢, is the axial strain at the critical state. For

13
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a given axial strain ¢, the variable 8, can be calculated from EQ.9 and Eq.15 together. It

should be noted that ¢ is not constant. Its relations with &, and y can be determined according

to the moving path of the stiff yarn as shown in Fig.2d. From Figure, Eq.16 and Eq: 17 can'be

obtained.
tany Xy
tans, X, _d%
tany X4 -~

tans X, _d%

Substituting Eq.6 into Eq.16, and Eqg.14 into Eq.17, Eq. 18 and Eqg.19 are obtained.

JS2 —L2sing,
tany = -

\/Sjo — L2 cosSy—dy 0 ¥

JS% “L%sino
tany = -

\/sjo — % cose — rd,

From Eq. 18 and Eq. 19, Eq. 20.is obtained.

tan® yred, " \/(tanz , +1) _tan’yz’d;

2 — 2 SZ _L2
cosg= Ed° y %

tan®y +1

(16)

(17)

(18)

(19)

(20)

Thus, ¢ can be calculated from Eq. 18 and Eq. 20 together. When ¢ is known, X, can be

calculated from EQ.14. According to Assumption 1, the diameter of the soft yarn D in the

stretched statg’'can be calculated by Eq. 21.

Substituting Eq.9 and Eq.13 into Eq.21, Eq. 22 is obtained

14

(21)

Page 14 of 32
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D=|1 (1+¢) €0y D (22)
=|1+vy-(1+e&)v :
P ® cosd, | °

D

Where cos@, is given by Eq. 5.

By firstly substituting Eg. 9, Eg. 14 and Eq. 15 into Eq.10, then Eq. 12 and‘Eq.22 into Eg.41,
Eqg. 23 and Eqg. 24 can be obtained. By using the same binary search method as presented
above, the helical angle 6, of the soft yarn for a given axial strain ¢ ¢an be found based on

the comparison of y_, and y, . When 6, is known, y, and D can be ealculated from Eq.

12 and Eq. 22, respectively. Then the geometry of the APY in the first'stage for a given ¢

between 0 and ¢, can be determined.

2

JS:-L(1+e)sing g2 \/sz (1+g ) coss| s,
ystlff + : (23)
2r 27 L,(1+¢)
2
14— @+e),ly, D2
D
C0SO5 4/ L2 + 7°D;
Ysort = = (1+25 Jtand, - D:{LO il — x?cos® 6, (24)
T

2.4 The critical state
The critical state is defined when'the.two stiff yarns just get contacted each other according to
Assumption 5. As shown in'Fig. 2b, in the critical state, x, =d,/2 and S, =S, . From these
conditions, the axial critical strain &, can be calculated. The spiral expansion of the stiff yarn
gives Eq. 25.

S =L3(1+e,) +(xdy) (25)

From Eq. 25, ¢_/can be derived and is given by Eq. 26.

S, cosé S —r*d?
g =t 0 g NTh © 0 g (26)
L L

15
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2.5 The second stage of deformation

The second stage is defined from the critical state to the failure of the APY. In this stage, the
stiff yarns always keep contact together at the center of the APY and their diameter and length
are no longer assumed to be constant. According to Assumption 1 and 5, Eqg. 27 and Eq..28
can be obtained.

x,=d/2 (27)

S, =S, ~
d=d,|1-——v, (28)

In the second stage, the equations for the outlines of the stiff:and soft yarns are given by Eqg.

29 and Eq. 30.
d)’ 2
(x —E) + Y cos® O, = % (29)
2 2 . D?
X* €08 O + (Voo <o) = Ve (30)

As shown in Fig.5b, the following equations.can be obtained from the spiral expansion of the

stiff yarn and soft yarn.

N cos @, = L (31)
Sd
Si=1+¢e)’ L2+ x%d? (32)
S, =—- (33)
cosd,
Ltang,
D~ o P (34)

16
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(a) (b)

Fig. 5 APY in the second stage: (a) the side view; (b) after spiral expansion.

~

Substituting Eq.28 into Eq.32, Eq.35 is obtained

{ﬁz_ijdz_'_ 2 (LHJMLW_”)_(AHJ =0 (35

2 242 2
Sd0 vads vady vy Sd0 Vy
. 4

By solving Eq. 35, the diameter of the stiff yarn in the second stage d is obtained and given by

Eq. 36.

(1 ) e 2 (5re) (1)
vyd, \ v vjdozscf0 Sjo Sjo V4

7 1
2 242
Sa, vyd,

d=

N
When d is known for a given &, the length and helical angle of the stiff yarn can be obtained

by Eq.32 and Eq.31, respectively. In addition, the value of x, is also determined from Eq.27.

Hence, all variables for stiff yarn have been obtained. For the soft yarn, its diameter can be
determined by the.same Eg. 22 derived in the first stage. By substituting Eq.5 into Eq. 22, Eqg.

37 is obtained.

S
o 1— b Vo (37)

D=D
JE 702
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By substituting Eq.31 and Eq.32 into Eq.29, substituting the Eg.9 and Eq.34 into Eq.30, Eq.38

and Eq.39 are obtained

1 212 242
Yaite = \/( rel L+ xd — x* (38)
Wewey
2
Yoot = LO (1+28) tan 0D _JDT— x? COS2 ‘90 (39)
T

Where, d and D are given by Eq.36 and Eq.37. By using the same_binary search method as
~
presented above, the helical angle 6, of the soft yarn for a given axial strain ¢ can be found

based on the comparison of y . and y, calculated fromEq. 39 and Eq. 38, respectively.
When 6, is known, y, and D can be calculated from Eq. 34-and Eq. 37, respectively. Then
the geometry of the APY in the second stage for a given &> & can be determined.

2.6 Determination of effective diameter of the APY

The objective of this study is to theoretically calculate the Poisson’s ratio of the APY for the
initially given structural parameters Do, do, Lo, and Sdo . At a given axial strain ¢, the Poisson’s

ratio of the APY v can be calculated from Eq. 40.

G H—H, H
= le=|1-—|]
% . m £ [ O] £ (40)

Eq.40 indicates that the caleulation of v needs to first know the effective diameter in the initial
state Ho and the effective diameter in the stretched state H. The following analysis shows how
to determine Ho and H.based on the above analysis.

As mentioned before, only the APY structures shown in Fig. 1b and 1c are considered in this
analysis. Therefare, only points on the outlines of the two soft yarns are used to determine the
effective diameter of the APY. It should be pointed out that as the outlines of the soft yarns in

the cross section of the APY have an elliptical form, the distance between the two short axis

18
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extremities of the soft yarns BC may not be the effective diameter of the APY, as shown in
Fig. 2a. Therefore, the maximal distance between two points on the outlines of the softiyarns
should be determined as the effective diameter of the APY.
Let us first determine Ho in the initial state. As shown in Fig. 2a, the distance S between.an
arbitrarily point (x,y) located on the outline of the soft yarn and the center'(0,0) of the APY
can be described by Eq.41. Obviously, the maximal value of this distance Smax IS the effective
radius of the APY.

S =x>+y? (41)
By eliminating x with the use of Eq. 2, Eq. 41 becomes Eq. 42:

D?2 2 [ D.
S y=vo )y Oy 2y Y+ -y,

s?=-4 +y?= (42)

cos’® Gy, §c0s” O,
Because the distance S is positive, S and its square S will have the same point of y for their

maximal values Smax and S;ax. For this.reason, Eq. 42 is adopted to determine the maximal

point of y for calculating Smax. The process includes the following steps.
Step 1: Define the interval of y./As shown in Fig. 2a, the defined interval of y for calculating

Smax IS yp < Y = Yy +Dy/2snincluding the two end points of the interval y, and

yDO+D0/2.

Step 2: Determine the extreme point yo for calculating Smax. To do that, the first and second

!

derivatives of/S? are defived as shown in Eq. 43. The value of , is obtained when (S?) =0.

Its solution is given by Eq. 44. Because (Sz) is negative, S? is a convex function. Hence, S is

a convex function too. Therefore, the value of S calculated when y =y, is its maximal value.
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, 1 2y, 2 :
S*) =2|1- + = —ysin® g
(%) ( cos’ O, ] I cos? 0, €O’ Oy (Yo, y (43)

4

($?) =-2tan’6, <O,

Yo
—_ 70 44
Yo = Gin? Op, &4

Step 3: Check whether y, falls in the defined interval. From Eq. 44, it s found that y, >y, .
Hence, y, should be compared with another end pointy, +D,/2". To do.that, Eq. 45 is

introduced.

A:-)lz—%_(yoo+&j= yzDo —& (45)
sin® 6, 2 antg, 2

From Fig. 3b, we can find Eq. 46.

@
L, tan 6,
Yo, oo (46)
2r
By substituting Eq. 46 into Eq. 45, we camebtain Eq. 47.
L D 47)

“2rwng, 2
If A <O, it means that y, fallsiin the interval y, <y<y, +D,/2. In this case, Smax is
calculated when y =y, = yg/sin’g, . A <0 also means L,—Dyzrtand, <0. If A = 0, it
means that y, falls out,of the interval y, <y<y, +D,/2 or just on the end point
Yo, + Do/2. In“this condition, Smx is calculated when y =y, +D,/2. A= 0 also means

L, — Dyztan6, 20:

By considering the above two cases, the maximum value of S can be calculated from Eq. 48.

20
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tan@
o =% By
Y=Yoo*5 2 2

Smax - (48)
S| _Jb+7Dy (L, - 7D, tand,, <0)

(L,— 7D, tan g, >0)

_ Yoy ’
Tintep,  27COSEp

From here, the effective diameter of the APY in the initial state can be determined as
H,=2S,., (49)
The same way can be used to determine the effective diameter H in the first and second stage
of deformation as given by Eq.50. In the previous study[25], the effective diameter was
obtained by comparing among the distances calculated from all the /points located on the
outlines of both the stiff and soft yarns. This method is.not only very time-consuming; the
accuracy also completely depends on the numbers of the calculated distances. But in the
present study, the effective diameter of the APY can‘be difectly obtained from Eq.48 and

Eq.50 after a simple judgment. The new methed not only simplifies the calculation process

and saves the time, the accuracy is also enhanced.

25| o=2% .p (L zDtang,>0)
Y—VD*‘? T D
H=2S = (50)
max |2 2p2
25| ,, =N=""Z  (L-zDtang, <0)
\y—sngD 71COS 6,

Based on the above analysis, the whole calculating procedure of the Poisson’s ratio v is finally

summarized in Fig. 6. By giving,the initial structural parameter of the APY Dy, do, Lo and S, ,

v can be calculated for any given axial strain e.

3. Comparison with experiment

Before Anvestigating the effects of structural parameters on the auxetic behavior, the
theoretical analysis is firstly compared with the experiment. As this study only focuses on the

theoretical analysis, the experimental data obtained by Ng et al. in their work[34] are used for
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comparison. In this case, the initial structural parameters of the APY are set to be the same as

obtained in [34] and relisted in Tablel. In addition to these initial parameters, the Poaisson’s

ratios of both the soft yarn vp and stiff yarn vqg are also required for calculation. Their values

are assumed to be the same and equals to 0.15, that is, v, = v, =0.15 .“With these,given

values in the initial state, the initial tilt angle o, is first calculated and its,value obtained is

2.910°. Due to the introduction of ¢,, the term “tilted angle model” is used to indicate the

present analysis in the following discussion.

~

Table 1 The geometrical parameters in the initial state used for.calculation[34]

APY

Length Lo (mm)

Diameter Do (mm)

Soft yarn

Stiff yarn

Diameter do.(mm)
®

Length Sg, (mm)

19.60 2.18 077 20.82
00 r
] ®m  Experimental data from Ng’s
05 F e Ge's Model
i A, Tilted angle model
A0k =
> A
i
S 15 F l.'.
© | g
— u B
©L 20} N Y
= 2
o F A n | |
17} 2
2 25 | =,
o
o i L . ] .. A
30k a °
35 ke ®
4.0 [ . 1 1 1 1 1 J
0.00 0.02 0.04 0.06 0.08 0.10 0.12

Axail strain g

Fig. 7'Poisson’s ratio as a function of axial strain obtained from experiment and theoretical

claculation.

The Poisson’s ratio values as a function of axial strain obatined from the experiment and

22
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theoretical calculation are shown in Fig.7. For the comparison, the theoretical results

calculated based on the Ge’s model[25] without considering the initial tilt angle 5,are also
shown in Fig.7. In fact, the Ge’s model is a scpecial case of the present study when g, = 0.

From Fig.7, it can be seen that the tilted angle model gives a better prediction of the Poisson’s
ratio of the APY than the Ge’s model as the Poisson’s ratio calculated Qy the tilted angle
model has the same variation trend as that of the experimental results, especially in the initial
deformation stage when the axial tension strain is less than 0.04. This"means that the

introduction of the initial tilt angle &, can improve the prediction of the.deformation behavior

of the APY in the initial stage, although the Poisson’s ratio.predicted/by Ge’s model is a little
bit better than the tilted angle model for the axial strain between'0.02 and 0.07. The constant
angle of moving path for the stiff yarn in first stage is.a possible reason to cause this
discrepancy. However, the auxetic behavior of.the APY:obtained from the titled angle model
is still higher than that obtained from the experiment. There are several reasons to explain this
difference. The first possible reason is the;assumption for the constant diameter and length of
the stiff yarn in the first stage of deformation. In fact, the stiff yarn gets slightly thinner and
longer even in the lower axial s{ain. The second possible reason is the assumption for the
ignorance of extrusion and friction among yarn components during the axial extension
process. Actually, the friction among the yarns takes place in the first stage of the deformation
due to the moving of the two stiff yarns towards the center of the APY. In addition, the
indentation effect also occurs under the compression loads between the yarns. The other
possible reasons include the uneven yarn twist and yarn cross section shapes. These reasons
lead to an,overestimation of the equivalent diameter of the APY in the theoretical calculation.

However, with the increase of the axial strain, the difference in the Poisson’s ratio between the

theoretical calculation and experiment decreases. Although the difference exists in the initial
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stage of the extension, the tilted angle model can well predict the variation trend of the
Poisson’s ratio, which helps better under understand the auxetic behavior of the ‘APY.
Therefore, this model is used to predict the effects of different structural and material
parameters on the auxetic behavior of the APY.

4. Effects of structural and material parameters

The most important point of the present analysis is the introduction of ghe initial tilt angle of
the stiff yarn §,. Thus, the effect of 3, on the auxetic behavior of the APY\is firstly discussed
here. As d,is determined by the initial length S, , changing of §ymeans changing of S, . Fig.
8 shows the calculation results with different values of 5,When other structural parameters
listed in Table 1 are kept unchanged except S, . It can be seen, that the effect of 5, is very
small, especially nearly negligible when the axial Strain is IaLger than 0.5. Therefore, &, will
be kept constant when discussing the effects of other parameters. For consistency with the

above calculation, the value of 6, is kept as 6, =2.910.°.

s+ B
sk L,=19.60, d,;=0.77, D,=2.18
O 5,72.910
> 2F N _
o O §,1.585
S 1QH 8,=0.196
x |
o olb--0 L ________
c
?
A ! ala)
S Walalal g
Q-2 I LADe
[ a PNl

3L Sa4466008"

4

5 [ 1 . 1 . 1 . 1 . 1 . 1

0.00 0.02 0.04 0.06 0.08 0.10

Axial strain g

Fig. 8 Effect of 5, on auxetic behavior of APY

The second parameter is the value of the Poisson’s ratio of the soft yarn and soft yarn. Fig. 9
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shows the calculation results with two Poisson’s ratio values of the soft and stiff yarns. It can
be found that there is almost no effect of the Poisson’s ratio of the soft and stiff yarns on the
auxetic behahior of the APY before the axial strain reaches the critical strain .. Although the
effect of the Poisson’s ratio of the yarns can be noted after €., the effect is very small. Aftere.,
the auxetic behavior of APY is slightly decreased with the increase of the Poisson’siratio of
the soft and stiff yarns. This decrease in the auxetic effect of the APY is'mainly caused by the
reduction of the diameter of the soft and stiff yarns in the high axial strain.\Since the effect of
the Poisson’s ratio of the soft and stiff yarns is very small, its valueis kept unchanged when

discussing the effects of other parameters, that is, va=vp=0.15:

4r X
&
3 i L,=19.60, d,=0.77,/D,=2.18
2 | + &p=v,=0.15
; X vy=v,=0.80
2.t
[a g
Rl e o
o €
ey ;
g A : %ﬁ%**
2 F ¥ : 2&}6 %E%E
b xRk ¥
4 [ 1 o M 1 1 A 1 A 1

0.00 0:.02 0.04 0.06 0.08 0.10

Axial strain g

Fig. 9 Effect of Poisson’s ratio of soft and stiff yarns on auxetic behavior of APY
The other important parameters which can affect the auxetic behavior of the APY include the
diameters of the'soft and stiff yarns Do and do as well as the pitch length of the APY Lo. To

facilitate to investigate their effect, two dimensionless variables R and R, are introduced as

shown in EQ:51.

25



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - SMS-106520.R1

R=20, R,== (51)

The first variable R; refers to the diameter ratio of the soft yarn and stiff yarn. Fig.10a and

Fig. 10b show the calculation results when R is changed from 2.00 to 6.00. for two different

values of do (0.77 and 0.40), respectively. Lo is kept unchanged in this case. It can be.seen that

the auxetic behavior of the APY is decreased with the increase of R, . This'is normal because

the auxetic behavior of the APY is achieved when the two stiff yarns are moving towards the
center of the APY. The increase of Ry implicates that diameter.of the stiff yarn is relatively
decreased as compared with that of the soft yarn, which results in a‘reduction of the auxetic
behavior of the APY. On the other hand, for the same R{, the auxetic behavior of the APY can
be dramatically increased with the increase of doavhen. Lg f kept unchanged. This can be
confirmed by comparing the Poisson’s ratio values' shown in Fig. 10a and Fig. 10b. The
reason is that when Lo is kept unchanged, the reduction of do means the reduction of yarn
helical angle as the small yarn helical'angle’can.produce high auxetic behavior. These results
clearly indicate that Ry cannot affect the auxetic:behavior of the APY independently. Hence, to

have significant auxetic effect, the diameter of the stiff yarn should be appropriately selected

when the soft yarn is given,
15 5r
<
L,=19:6110,=0.77
= = L e SLiudadad T
ol n{ R=200 » e R=2.50 S saddgddgsgngat
A R=283 v R,=350 144944 \7\\7 v ¥ é \D’ gooetd
65 g0
> % \R=400 4 R=6.00 > 5F s¥cghn
2 b 2 v Ao ©
8 5r g %y vvon
x a x -10 | so
12 " O
g L ’ < L0
2 or-%% i" oD TR AP EEEEE S 271 . £,=19.60, d,=0.40
= ¢ - = Qo - o =
e ‘.‘VV:vvvvgvvvviViii.ll S ©S o R=2.00 0 R=250
o L AhAmmiaas g E L 20 F o R=283 v R=350
L]
sk = soceeeq B R,=4.00 4 R,=6.00
[} L}
LI 25
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Fig. 10 Effect of R1 on auxetic behavior of APY: (a) do=0.77; (b) do=0.40.
The second variable R refers to the ratio between the pitch length of the APY and the
diameter of the stiff yarn. Fig. 11a shows the calculation results when R; is changed from 10
to 30 with keeping R1 constant. It can be seen that the Poisson’s ratio of the APY.is changed
from negative to positive when R: is decreased from 30.0 to 10.0. The results indicate that the
pitch length of the APY should be large enough or the initial helical angle of the soft yarn
should be small to obtain a demonstrable auxetic effect. Fig.11b showsthe effect of R, on the
critical tension strain €. It is found that €, is dramatically decreasedwith'the increasing of R..
This result implicates that the high pitch length of the APY,could.lead to low extension of the

APY, which may reduce its practical application potential.

15 v 0.6
D,=2.18, d;=0.77 DA e
= R,=300 e R,=255 05 F
10 R,=200 v R,=15.0
> v =
> R,=10.0 & onk
= =
& g
L5k av ° 03}
5 * S
9 =)
v L
g v TR o 02 DA g
Of--% - - gy oo - - — - - - - - - - - -
o VYVYYVYvvvyvvvywy
conBm® 01 P
. gu®”
m 0000 o-= a8 . i\\( *
5 1 "ggguym 1 1 1 0.0 1 1 1 1 1 )
0.00 0.02 0.04 0.06 0.08 0.10 5 10 15 20 25 30 35
Axial straine R,
(a) (b)

Fig. 11 Effect of R2:(a) on auxetic behavior of APY;; (b) on critical strain.

Although the effect of Ry and R2 on the auxetic behavior of the APY has been discussed
separately; the robustness of structural topology has not been studied yet. In this regard, the
Poisson’s ratio of the APY as a function of axial strain for constant values of R1 and R:
(R1=2.83, R2=25.50) is drawn in Fig.12. From Fig. 12, it can be seen that the Poisson’s ratio

values are the same when R: and R» are kept unchanged even the values of the other
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parameters Lo, Do and d are different. This result is very useful for the structural design of the

APY Dbecause its Poisson’s ratio is simultaneously controlled by R: and R>. Therefore, the

same auxetic behavior can be achieved for APYs fabricated with different soft and stiff yarns,

as long as their Ry and R: are kept unchanged.

Poisson's Ratio v

Jf B
sl 8,2.910, R,=2.83, R,=25.50
O L,=38.18, d=1.50, D,=4.25 ~

2r O L,19.60, d,;=0.77, D,=2.18
1} A 1,=10.18, d=0.40, D,=1.13
of--B I
1k

e Jaratalal
2 | no

[ B AB%

3 Oopsnsnsd
-4 |- S
5 [ 1 . 1 . 1 . 1 . 1 . 1

0.00 0.02 0.04 0.06 0.08 0.10

Axial strain ¢

Fig.12 The robustness of structural topology for APY.

5. Conclusions

A theoretical analysis on the deformation behavior of the APY structure was carried out and

N
compared with the experimental results obtained from the previous work. The effects of

differential structural parametersswere discussed based on the developed tilted angle model.

According to the theoretical analysis, the following conclusions can be drawn.

1) The titled angle model.developed in this study can correctly predict the variation trend of

the auxetic behavior of the APY structure, which first increases and then decreases with the

increase of the axial strain. This prediction provides a better understanding of the

deformation behavior of the APY under axial extension.

2) The auxetic behavior of the APY are simultaneously controlled by the diameter ratio of the
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soft yarn and stiff yarn Ry as well as the ratio between the pitch length and stiff yarn
diameter R2. The APY's with the same auxetic behavior can be designed and fabricated by
using different soft and stiff yarns as long as these two ratios are kept unchanged. The
increase of R; and decrease of R2 can increase the auxetic behavior of the' APY.

3) The difference in the Poisson’s ratio values between the experiment and the theoretical
calculations mainly comes from simplified assumptions including the constant diameter
and length of the stiff yarn in the initial stage of extension, the ignoran&e of extrusion and
friction among yarn components during the axial extension process, anduniform yarn twist
and yarn cross sectional shapes. To get more precise prediction in the Poisson’s ratio of the
APY, a further analysis based on more realistic assumptions by taking the yarn mechanical

properties into consideration is required in the future work.
o
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Fig.6 The caleulation procedure for the Poisson’s ratio of the APY. As the same binary search method for the calculation of do is used for the calculation of 6y,

for brevity, only the equations for the calculation of y_, and vy, are listed here. The value of & is ranged from 0° to 90 °.
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