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Abstract 1 

A theoretical model for the generation of thermo-acoustic waves from a heated 2 

point source in a free-space and a half-space is proposed, where the source is suspended 3 

over a substrate. By directly applying the analytical results of a point source to a thin 4 

line thermo-acoustic speaker, the acoustic pressure field generated by the periodically 5 

heated thin line can be derived using a mathematical integration technique. To further 6 

generalize the results from a thin line speaker to a thin line array, the acoustic pressure 7 

response generated by the line array speaker can also be implemented in both free- and 8 

half-spaces. In this work, the characteristics of pressure fields generated by the thin line 9 

array are investigated in detail. The established model is well validated by comparing 10 

with the existing experimental results. The present findings not only can be extended 11 

to investigate thermo-acoustic responses generated by arbitrary sources, and also it can 12 

provide important design guidelines for the manipulation and optimization of thin line 13 

array thermo-acoustic devices. 14 
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1. Introduction 1 

Thermo-acoustic (TA) transducers have attracted more research attention in recent 2 

years due to their superior properties of light weight and broadband response. The 3 

generation mechanism of TA devices is completely different with that of conventional 4 

mechanically driven loudspeakers. On the basis of this thermal principle, acoustic 5 

waves can be efficiently generated from the expansion and contraction of a medium 6 

that is heated periodically by applying an alternating current on a thin conductor [1]. 7 

However, the development of TA devices has remained stagnant for more than eighty 8 

years since it was first introduced by Arnold and Crandall [2], which is mainly attributed 9 

to the lack of innovative technology on the fabrication of smart materials. With the 10 

advancement of nanomaterials and nanotechnology at a rapid pace, it sheds light on the 11 

breakthrough technology of TA devices. The first efficient thermal ultrasound emitter 12 

was proposed by Shinoda et al. [3] in 1999, in which a patterned thin aluminum film 13 

was directly placed on a microporous silicon layer to serve as a major component for 14 

sound geenration. An improved electrical power to sound power conversion efficiency 15 

was demostrated by the experimental observation, which is beneficial from the low heat 16 

capacity per unit area (HCPUA) of a 30-nm aluminum film used as a thermal ultrasound 17 

emitter. To compare with conventional mechanically driven speakers, the conversion 18 

efficiency is still low due to the significant thermal leakage into the substrate. 19 

Nervertheless, it has been demonstrated that TA transducers can exhibit broadband 20 

responses, but conventional loudspeakers do not possess this feature [4]. Hence, it is 21 



 

4 
 

highly desired to explore potential applications in the technological development of TA 1 

loudspeakers and transducers [5].  2 

To enhance the conversion efficiency of TA devices, Xiao and his co-workers [6] 3 

proposed a newly-fabricated carbon nanotube (CNT) thinfilm [7, 8], which can be 4 

drawn from nano-materials composed of a super-aligned CNT array as a thermal source. 5 

CNT thinfilms are able to generate considerable acoustic signals by feeding an 6 

alternating current onto it [6]. The high electrical power to sound power conversion 7 

efficiency of CNT thinfilm TA devices is mainly come from two sides. One is from its 8 

extremely small HCPUA and the other one is due to the suspension structure. Unlike 9 

the TA device designed by Shinoda et al. [3], a non-substrated structure TA transducer 10 

introduced by Xiao et al.[6] enables most of the thermal energy to heat the surrounding 11 

medium (fluidic or gaseous medium), resulting in a higher energy conversion. In pursuit 12 

of alternative forms, multiple types of TA devices were subsequently reported, 13 

including CNT assemblies [9], metallic wire arrays and metallic thinfilms [10-14], 14 

graphene-on-paper [15], CNT yarn array suspended on a substrate [5], carbon fiber 15 

array encapulated in a planar enclosure [16], carbonized electrospun nanofiber sheets 16 

[17] and even individual CNTs [18, 19].  17 

In the literature, the performance of TA devices in both gaseous and fluidic media 18 

was extensively investigated. Aliev et al. [20] reported an experimental study for the 19 

investigation of TA responses in water, ethanol and methanol. A higher pressure in water 20 

can be produced due to the hydrophobicity of the CNT sheets. In addition, Xiao et al.[21] 21 
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and Aliev et al.[22] also investigated the performance of TA devices immersed in 1 

various gaseous media for the frequency spectrum analysis of TA signals. They found 2 

that there is a dominant effect for the thermal properties of surrounding gaseous media 3 

on the generation of acoustic pressure fields. In addition, the experimental results also 4 

showed that the performance of TA devices is completely different in closed systems 5 

and open spaces.  6 

Nevertheless, there are few theoretical works attempted on the investigation of TA 7 

responses. Hu et al.[23] considered a set of coupled thermal-mechanical equations to 8 

study the ultrasound effect generated by an aluminum-porous silicon TA device. Xiao 9 

et al. [6] constructed a piston model to explain the importance of the HCPUA on the 10 

thermal-acoustic generation efficiency. To improve the piston model of Xiao et al.[6], 11 

an accurate analytical model was proposed by Lim et al.[24] to show an excellent 12 

agreement with the experimental results. Besides, Vesterinen et al. [11] theoretically 13 

investigated the efficiency of TA devices made of aluminum wire arrays. The influence 14 

of the appearance of substrates on the generation of acoustic waves was also 15 

demonstrated. Asadzadeh et al. [25] derived a formula for sound generation of small 16 

TA sound sources using two alternative forms of energy in terms of energy conducted 17 

to the fluid. To study acoustic pressure in the near-field region, a 3-dimensional 18 

governing equation was formulated and solved using the finite difference method. Tong 19 

and his associates [26, 27] constructed two theoretical models to study the acoustic 20 

fields generated by specific types of TA devices, i.e., encapsulated TA transducers and 21 



 

6 
 

gap-separation TA devices. Subsequently, acoustic field responses to various broadband 1 

input signals applied to both free-standing and nano-thinfilm-substrate TA devices were 2 

also investigated [4]. More recently, an electrical-thermal-acoustical model was 3 

constructed by Asgarisabet and Barnard [28] for the simulation of pressure distribution 4 

in an open medium by feeding an electric current into a CNT film. The influence of 5 

material properties in the surrounding medium on the output sound pressure was also 6 

discussed.  7 

Although an industrial revolution in the fabrication of nanomaterials has 8 

significantly advanced the technology of TA devices to improve our daily audio 9 

experience, the weak structure form of free-standing CNT sheets [5] and the low energy 10 

conversion efficiency of film-substrate structures are still difficult to realize its practical 11 

applications. Consider the fascinating and promising applications of thin nano-12 

structures on the design of TA devices, an improvement on the structure strength is 13 

highly demanded. Wei et al.[5] took advantage of the high mechanical strength of CNT 14 

thin line array to manufacture a suspended TA device, which can tactfully solve the 15 

weak structure problem involved in fresh CNT films. As the thin line array is suspended 16 

over a silicon substrate with a gap separation that can efficiently reduce the thermal 17 

leakage into the substrate, leading to a higher efficiency. However, Wei et al. [5] only 18 

presented a qualitative analysis on the experimental observation according to the model 19 

proposed by Xiao et al. [6]. Based on the previous study [5], Tong et al. [27] further 20 

developed an accurate approximate model to account for the acoustic pressure response 21 
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of nano-film-substrate TA devices. In order to substantially investigate the performance 1 

of TA effect, a rigorous theoretical model is greatly desired for further design and 2 

optimization of thin line array TA devices. 3 

Presented herein is a rigorous model to investigate the acoustic pressure response 4 

of thin line TA devices. Consider that receiving points are mostly within the far-field 5 

region, acoustic pressure responses in the far-field region are of great interest and thus 6 

it is the major scope of the present work. Both frequency- and power-dependent 7 

pressure responses are compared with the available experimental results to validate the 8 

accuracy of this analytical model. The characteristics of pressure distribution in a semi-9 

space are also investigated. By increasing frequency results in the appearance of the 10 

principal maxima and the side-lobes due to the strong interference effect. Furthermore, 11 

a phased array TA emission by feeding an alternating current with different phase shifts 12 

onto the TA device is studied. The characteristics of the angular distribution of acoustic 13 

pressure is also presented. 14 

 15 

2. Theory and analytical models 16 

Consider a thin line array TA device that is made of a series of parallel thin lines 17 

as shown in Fig. 1. By superposing all acoustic pressure fields generated by these thin 18 

lines, we can obtain a total acoustic pressure field produced by the thin line array TA 19 

device. Prior to evaluating the acoustic pressure response of a thin line pattern, it is 20 

important to understand the nature of this structure. Obviously, a thin line source can 21 
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be regarded as finite and continuous point sources aligned along the length direction of 1 

the line. Hence, the emission of acoustic waves from a point source in an open space 2 

will be studied first in the subsequent sections.  3 

 4 

2.1 Temperature fields generated by a point source 5 

In the first situation, i.e., a source point in an open space, the coupled thermal field 6 

equation under the assumption of non-viscous and linear conditions is [11, 29] 7 

 2 1 1T p ST
t tα κ κ

∂ ∂
∇ − = − −

∂ ∂
  (1) 8 

where 2∇  is the Laplace operator, T   is the varying temperature, α   is the thermal 9 

diffusivity of medium, κ  is the heat conductivity of medium, S  is the heat source 10 

with unit of 3W m , p  is the sound pressure and t  is time. Suppose that the point 11 

source is set at the coordinate (0,0,g)  and it is expressed as 12 

( ) ( ) ( ) je t
inS P x y z g e ωδ δ δ −= ⋅ −  with ω  the circular frequency, ( )δ ⋅  the Dirac delta 13 

function and j 1= − . It is noted that e
inP  is the effective input power that is only part 14 

of the total input power when we consider the effect of heat loss. As the contribution 15 

from the variation of acoustic pressure fields to temperature is insignificant within low 16 

frequency range (less than 100 kHz), so we can ignore this factor [11]. Assume that the 17 

time-dependent term of the temperature field T  is je tω− , then Eq.(1) can be re-written 18 

as 19 

 ( ) ( ) ( )2 2
e

inPT T x y z gλ δ δ δ
κ

∇ + = − −   (2) 20 

where ( ) ( )j 2 j 2λ ω α ω α ω α= = +   and T   satisfies the condition 21 
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je tT T ω−= ⋅ . By using the Green function method [30], the solution to Eq.(2) can be 1 

obtained as 2 

 ( )
e

,
4 e

zj r ge
in

z

P eT r g
r g

λ

πκ

−

= −
−




   (3) 3 

where r  is a vector from the origin to ( ), ,x y z  and ez
  is a unit vector along the z-4 

direction.  5 

While for the second situation, i.e., a substrate is placed on the surface z = 0, the 6 

thermal properties of the substrate have significant influence on the temperature field 7 

generated by the point source due to the thermal leakage into the substrate [27]. In order 8 

to find the temperature distribution ( ), ;gT r g t  and satisfy Eq. (2) for this situation, 9 

the complex equivalent source method proposed by Ochmann [31] is employed. The 10 

subscript g  denotes the quantity related to the second situation. A key point to use 11 

this method is to determine the boundary condition at the surface z = 0. If the surface 12 

temperature of the substrate at z = 0 is ( ) ( ) j
0 0

, y; t , e t
g z

T x T r g ω−

=
= ⋅

 , we assume that 13 

the thermal waves in the substrate only propagate along the negative z-direction. Hence, 14 

the thermal waves in the substrate can be expressed as ( ) ( ) j
0; , y; t e s z

sT r t T x λ−= ⋅
  , in 15 

which js sλ ω α= and sα is the thermal diffusivity of the substrate. Consider that the 16 

decay of the thermal waves is neglected within one wavelength 2 2s sδ π α ω= , so 17 

the average temperature rise of the substrate can be estimated by the following equation 18 

 ( ) ( ) ( )
j

0 j j
, 0 0

j 11 , y; t , e
s s

s

s

z t
s t g z

s s s

e
T T x e dz T r g

λ δ
λ ω

δδ δ λ
− −

=−

−
= ⋅ =∫

   (4) 19 

Omitting the heat loss by radiation and convection at the surface z = 0 and following 20 
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the conservation of energy, we have 1 

 
( ) ,, ;

at 0g s t
s Vs

T r g t T
C z

z t
κ δ
∂ ∂

= =
∂ ∂



  (5) 2 

where VsC  is the heat capacity of the substrate with unit of J/(m3 K). Making use of 3 

Eqs. (4) and (5) yields the boundary condition at z = 0 as 4 

 
( ) ( )

,
, ; 0 at 0g

g

T r g
T r g t z

z
ε

∂
+ = =

∂


   (6) 5 

where ( ) ( )j 1s s
Vs sC e λ δε ω κλ= −  . The solution to Eq. (2) under the boundary 6 

condition in Eq. (6) can be directly obtained using the complex equivalent source 7 

method [31] as 8 

 ( ) ( ) ( ) ( )
0 j, , , 2 j , dgT r g T r g T r g T r g j e εςε ς ς−

−∞
= + − + − +∫

      (7) 9 

 10 

2.2 Acoustic fields generated by a point heat source 11 

The variation of temperature in a surrounding medium can cause the expansion and 12 

contraction of the medium to generate acoustic waves. The coupled equation is given 13 

by [27]  14 

 
( )22

2 0
2 2

0 0

1 T SPP
C t T t

κρα
κ

∂ ∇ +∂
∇ − = −

∂ ∂
  (8) 15 

where P is the variation of acoustic pressure.  16 

Consider acoustic pressure fields generated by a heat point source in a free space, 17 

we substitute Eq. (3) into Eq. (8) and set g = 0 for simplification to obtain 18 

 ( ) ( )
j2

2 2 0

0 4

re
inP eP r k P r

T r

λρ ω
πκ

∇ + =


 
   (9) 19 
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where ( ) ( ) je tP r P r ω−=
   , 0k Cω=  is the wavenumber, 0C  is the isentropic sound 1 

speed, and 01 T is the volume coefficient of the thermal expansion for an ideal gas. 2 

Given that there is no reflection boundary condition in a free space, the solution to Eq. 3 

(9) is  4 

 ( )
j2

j 0
2 2

0

1
4

re
k r inPD eP r e

r T k r

λρ ω
πκ λ

= +
−




    (10) 5 

where D is an undetermined coefficient. Assume the source is to be rigid, then we have 6 

the boundary condition 
0

d d 0
r

P r
→

=  . Substituting Eq. (10) into this boundary 7 

condition yields 8 

 
2

2 2

1
4

e
inPkD

k
γ
α λ π
−

=
−

  (11) 9 

where γ   is the heat capacity ratio of gas. Here, we use the relationship10 

( ) ( ) 2
0 0 01T Cρ α κ γ= − . Consider the particular solution term in Eq. (10), it is sharply 11 

attenuated within an extremely short distance, it can thus be neglected. As a result, the 12 

acoustic pressure solution can be simplified as 13 

 ( )
j2

2 2

1
4

k re
inPk eP r

k r
γ
α λ π
−

=
−




   (12) 14 

In the second situation, the corresponding coupled equation can be directly 15 

expressed by replacing ( );T r t   and ( );P r t  with ( ),g;gT r t   and ( ),g;gP r t  , 16 

respectively in Eq. (8) as 17 

 ( ) ( ) ( )
2

2 2 0

0

, , ,g g gP r g k P r g T r g
T
ρ ω

∇ + =
     (13) 18 

Due to the complexity of ( ),ggT r , it is difficult to solve Eq. (13) with a direct method. 19 
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To seek the solution to Eq. (13), the method of Green’s functions is used. The following 1 

equation represents the acoustic pressure field in a half space 2 

 ( ) ( ) ( ) ( ) ( )2 2, ,P PG r g k G r g x y z gδ δ δ∇ + = − −
    (14) 3 

Applying the Green’s function, the solution to Eq. (14) is obtained as [30] 4 

 ( )
j e j e

,
4 e 4 e

z zk r g k r g

P
z z

e eG r g
r g r gπ π

− +

= +
− +

  


     (15) 5 

Then, the acoustic pressure field can be expressed in terms of a convolution integral 6 

[32] as 7 

 ( ) ( ) ( )
2

0
0

0

, , , dg P gz
P r g G r r g T r g r

T
ρ ω

′≥
′ ′ ′= −∫

       (16) 8 

Although the integral domain is a half space, the influence range of ( ),gT r g′  is only 9 

within one wavelength. In addition, observation points frequently are in the far-field 10 

region for practical consideration, thus the term ( ),PG r r g′−
   can be approximately 11 

equal to ( ),PG r g . This can safely move out of the integral without causing significant 12 

errors. To calculate the integral ( )
0

, dgz
T r g r

′≥
′ ′∫
   , we transfer the rectangular 13 

coordinate into the spherical coordinate, i.e., ( ) ( ), , , ,x y z g q θ ϕ′ ′ ′ −   , with 14 

( )22 2q x y z g′ ′ ′= + + −  , then ( ) ( ) ( ), 4e j q
inT r g P e qλκ π′ −


  . The integral 15 

( )
0

, dgz
T r g r

′≥
′ ′∫
   can be easily solved as [32] 16 

 ( )
( )

( )
j 1

20

1 e, d j
2 j

Tk ge
in

gz
T T T

PT r g r
k k k

ε
κ ε

−

′≥

 
′ ′ = − −  + − 

∫
    (17) 17 

where ( )2Tk ω α= . The pressure field can be explicitly expressed as 18 

 ( ) ( ) ( )

( )
j e j e j 1

2
0

1 e, j
4 e 4 e j

z z Tk r g k r g k g
e

g in
z z T T

e eP r g P
C r g r g k k

γ ω ε
π π ε

− + −  −
= − + −    − + + −  

  


     (18) 19 
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From the second factor on the right-hand side of Eq. (18), there are two parts 1 

included. The first part is originated from the original source while the second one is 2 

contributed by the image source. In addition, the appearance of the last factor on the 3 

right-hand side of Eq. (18) is attributed to the substrate. The influence of the substrate 4 

on acoustic pressure fields is completely dominated by this factor. 5 

 6 

2.3 Pressure fields generated by a line source 7 

In this section, we consider acoustic pressure fields generated by a line source in 8 

a free space and a half space, as shown in Fig. 2. The pressure fields for both cases are 9 

separately investigated. 10 

For the first scenario, i.e., a line source is located in a free-space, the coordinate 11 

geometry is shown in Fig. 2(a). The length of the line source is l  that is greatly larger 12 

than its dimension in diameter. The efficient input power per unit length is e
inP l . The 13 

pressure field generated by a micro-element dy  can be directly obtained from Eq. (12) 14 

as 15 

 ( )
j2

2 2

1 ed d
4

k re
inPkP r y

k l r
γ
α λ π

′−′ =
′−




   (19) 16 

The total pressure field generated by the line source can be obtained by integrating over 17 

the range ( )2, 2l l−  as 18 

 ( )
j2

2
2 2

2

1 d
4

k rl e
in

lL
Pk eP r y

k l r
γ
α λ π

′

−

−′ =
′−∫



   (20) 19 

As the pressure in the far-field is of great interest, we consider the approximation 20 
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sinr r y θ′ ≈ −
   and substitute this approximation into Eq. (20) to give the pressure 1 

field [33] 2 

 ( ) ( )
j2

2 2

1 ej
4

k re
in

L L
PkP r D

k r
γ θ
α λ π
−

= −
−




   (21) 3 

where ( ) ( )sinc sin 2LD klθ θ=  is the directional function of the line source. For this 4 

solution, the approximation ( )1 1 sin 1r r y rθ′ = − ≈
     is used for the condition 5 

sinr y θ
  in the far-field region. 6 

For a line source suspended over a substrate, i.e., a half-space problem, similar 7 

procedures can be used to obtain the corresponding pressure field. The coordinate 8 

arrangement is presented in Fig. 2 (b). The pressure field generated by a micro-element 9 

is written as 10 

 ( ) ( ) ( )

( )
j e j e j 1

2
0

1 e e e, j d
4 e 4 e j

z z Tk r g k r g k ge
in

g
z z T T

PdP r g y
l C r g r g k k

γ ω ε
π π ε

′− + −  −
= + −    ′ ′− + + −  

  


     (22) 11 

By using the approximations sin sinz or g r g yθ θ′ − ≈ − −e    and 12 

sin sinz I Ir g r g yθ θ′ + ≈ + −e   , we integrate Eq. (22) over the range ( )2, 2l l−  13 

along the y-direction to achieve the following equation 14 

( ) ( ) ( )

( )
( )

( )
( )

( )
j cos j cosj 1

2
0

1 j e e e, 1
4 cos cos

IT k r g k r gk ge
in

gL L o L I
T T I

PP r g D D
C k j k r g r g

θ θγ ω ε θ θ
π ε θ θ

− +−   −
= + +    + − − +  

 


    (23) 15 

where oθ   and Iθ   are defined in Fig. 2(b). They satisfy the conditions 16 

( ) ( )sin sin coso r r gθ θ θ≈ −
    and ( ) ( )sin sin cosI r r gθ θ θ≈ +

   . Besides, the 17 

approximations in the far-field ( )1 1 sinzr g r g θ′ − ≈ −e    and 18 

( )1 1 sinz Ir g r g θ′ − ≈ −e   are used to formulate Eq. (23).  19 

 20 
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2.4 Pressure fields generated by a line array 1 

A thin line array TA device is composed a set of lines. Hence, the total pressure 2 

field generated by a thin line array TA device can be reached by adding all the pressure 3 

fields of those line sources together. There are two cases, namely (i) in a free space and 4 

(ii) in a half space, for a line array suspending over a substrate. The coordinate 5 

geometries for both cases are depicted in Fig. 3. Suppose that there are n lines with a 6 

pitch d in an array and the origin is located at the center of the array in case (a) and at 7 

the center of projection of the array on the substrate in case (b).  8 

In case (a), the approximation ( )1 2 sin cos sin siniyr r n d yθ ϕ θ ϕ≈ − + ⋅ −
   can 9 

be obtained, where ,z rθ =
   is from z   to r   and ,OPjxϕ

→

=
   is from x   to 10 

OPj

→

, see Fig. 3 (a). Suppose that the phase difference between two adjacent lines is 11 

ψ∆ and the phase shift of the ith line relative to the first line is ( )1i ψ− ∆ , then the 12 

pressure field can be expressed as [33] 13 

 

( )
( )

( )

j 12 2

2 2 2
1

1j
2 2

2 2

1 e d
4

1 e , ,
4

iyk r ien lin
LA l

i iy

nk r
e

in
LA

PkP r y
k nl r

Pk D
k r

ψ

ψ

γ
α λ π

γ θ ϕ ψ
α λ π

 + − ∆ 

−
=

− + ∆ 
 

−
=

−

−
≈ ∆

−

∑ ∫









  (24) 14 

where ( )
( )sin cos

sinsin sin 2, , sinc sin cos2 sin
2

LA

n kd
klD kdn

θ ϕ ψ
θ ϕθ ϕ ψ θ ϕ ψ

+ ∆
 ∆ =   + ∆ 

. When n →∞ , 15 

0d →  and 0ψ∆ = , the pressure field in Eq.(24) that is generated by a thinfilm can 16 

be expressed as 17 
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 ( )
( )

( )
2

2 2

1 e ,
4

j k re
in

f f
PkP r D

k r
γ θ ϕ
α λ π
−

=
−




   (25) 1 

where ( ) ( ) ( ), sinc sin sin 2 sinc sin cos 2fD kl kwθ ϕ θ ϕ θ ϕ=   with w   the width of 2 

the thinfilm.  3 

In case (b), the line array is located on the surface z = g. r , r′  and r′′ denote 4 

the vectors from the origin, (0,0,g) and (0,0,-g) to the observation point, respectively. It 5 

is easy to get the approximations cosr r g θ′ ≈ −
   and cosr r g θ′′ ≈ +

  . Using the 6 

same mathematical procedures to Eq. (24) with Eq. (23), the pressure field for this 7 

case is derived as [33] 8 
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 


    (26) 9 

The definitions of θ , ϕ  and ψ∆  are the same as those presented in Eq. (24). The 10 

pressure field generated by a thin film suspended on a substrate can be directly obtained 11 

by replacing ( ), ,LAD θ ϕ ψ∆  with ( ),fD θ ϕ .  12 

 13 

2.5 Efficient input power  14 

The efficient input power Pin
e is another key parameter to determine acoustic 15 

pressure fields. It is only part of the total input power to consider the heat loss and heat 16 

sink of TA devices. Indeed, the total input power consists of three parts, i.e., heat loss, 17 

heat sink into the devices and heat energy transferred into the surrounding medium. For 18 

a single line source, the heat loss, heat sink and heat transfer are, respectively, 0 02 Lr l Tπ β , 19 

( )2
0 d dV Lr lC T t tπ  and ( )

0
02

r r
r l T r rπ κ

=
− ∂ ∂ , where 0r  is the radius of the line; VC20 
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is the heat capacity per unit volume; 0β  is the heat loss per unit area; and LT   is 1 

temperature of the line. As the temperature of waves attenuates sharply, it can only 2 

propagate in a short distance away from the line source. A cylindrical wave is suitable 3 

to simulate the temperature wave field ( )T r . When the gap distance between the line 4 

source and the substrate is sufficiently large (larger than the thermal wavelength5 

2 2gδ π α ω= ), the cylindrical wave without considering the reflection effect from 6 

the substrate is always a good approximation. In another situation, if the gap distance 7 

cannot satisfy this requirement, the thermal wave can penetrate into the gas gap and a 8 

portion of heat energy will transfer to the substrate. As the heat conductivity of solid is 9 

typically prior to that of gas, the thermal wave that can be reflected from the solid-gas 10 

interface is usually very small. As a result, the thermal field distribution in the 11 

surrounding gas medium is insignificantly affected by the reflected wave. Hence, the 12 

thermal field can also be simulated by the cylindrical wave without considering the 13 

reflected wave from the substrate. Using the cylindrical thermal wave model proposed 14 

by Tong et al. [19] and following the conservation of energy, the efficient input power 15 

can be obtained as  16 

 ( )
( ) ( ) ( )

(1)
1 0

(1) (1)
0 0 0 0 1 0

2 H
H 2 2 H

e t
in in

V

r
P P

r j C r r
λκ λ

λ β ω λκ λ
=

⋅ − +
  (27) 17 

where t
inP is the total input power and ( ) ( )1

iH ⋅  is the Bessel function.  18 

A line array is considered as a thinfilm to obtain the efficient input power. Consider 19 

the strong attenuation, the thermal wave can only propagate within a short range. It can 20 

be viewed as a plane wave in the near-field region. The heat loss and heat sink for this 21 
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situation are ( )02 fs T tβ  and ( )s fsc dT t dt  , respectively, in which ( )fT t  , s and sc  1 

are the temperature, area and HCPUA of the thinfilm, respectively. The temperature of 2 

the thinfilm can be calculated as [27] 3 

 ( ) ( )2 j1 1 e
2

e
g tin

f
PT t e
s

λ ω

λκ
− −= + ⋅ℜ ⋅   (28) 4 

where ( ) ( )= 2 s sα κ α κ αℜ +   with sα  and sκ  the thermal diffusivity and 5 

conductivity of the substrate, respectively. The remaining heat energy is allocated to the 6 

surrounding gas for the generation of TA waves. As the plane wave is assumed, 7 

( ),gT r g  can be obtained as follows [27]  8 

 ( ) ( ) j1, e
2

e
z gz g tin

g
PT r g e e
s

λλ ω

λκ
− −− + − = ℜ⋅ + ⋅ 

   (29) 9 

The heat energy transferred to the surrounding gas is 10 

( ) ( ), ,g gz g z g
T r g z T r g zκ κ− += =

− ∂ ∂ + ∂ ∂
   . Based on the conservation of energy, we 11 

have 12 
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e 2 , ,

d
ft t
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−

= =
= + − ∂ ∂ + ∂ ∂

   (30) 13 

in which the efficient input power is given by [27] 14 
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When the gap distance is sufficiently large, Eq. (31) can be further simplified as 16 

 
0

2
2 2

t
e in

in
s

PP
j c j
λκ

β ω λκ
=

− −
  (32) 17 

In Eq. (32), it is noted that the substrate does not contribute any effect on the efficient 18 

input power as the thermal wave has attenuated to a negligible level before it arrives at 19 
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the substrate surface.  1 

 2 

3.  Results and discussion 3 

A specific line array loudspeaker with aluminum wires suspended over a silicon 4 

substrate with a 5-μm  air gap was designed [11]. The packing ratio is 1/10 with a line 5 

width of 3μm and a thickness of 30 nm to minimize the HCPUA. The bulk dimension 6 

of this loudspeaker is 0.5 cm × 1 cm. For simplification, the length of all lines is 7 

assumed as 0.5 cm and the number of lines can be calculated as 1cm 33μm 333n = ≈ . 8 

To estimate the efficient input power, the line array is approximately viewed as an 9 

aluminum thinfilm with a thickness of 30 nm and the corresponding HCPUA is 0.084 10 

Jm-2K-1[32]. Because the total area of the line array is smaller than the equal-size 11 

thinfilm, less thermal energy can be absorbed by the line array. Therefore, the 12 

equivalent HCPUA is selected as 0.04 Jm-2K-1 in this work. As the heat loss is very 13 

small and does not contribute significant influence on the final pressure field, so this 14 

factor can be neglected. The thermal properties of air and silicon substrate are presented 15 

in Table 1.  16 

The efficient input power and the acoustic pressure field can be obtained from Eqs. 17 

(26) and (31), respectively. In Fig. 4, the theoretical results of the acoustic pressure 18 

response in air are presented. Both on-axis and off-axis responses show good agreement 19 

with the available experimental results [11]. It is clear to observe the interference effect 20 

at the off-axis (20o and 40o) in both experimental and theoretical results. It is also found 21 
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that the theoretical sound pressure level linearly increases with the logarithmic 1 

frequency on the axis. However, the measurement shows a flat frequency response 2 

when the frequency exceeds 100 kHz. The deviation of the theoretical prediction from 3 

the experimental measurement may be originated by neglecting the coupled term 4 

( )p t κ− ∂ ∂  in Eq. (1) to obtain the thermal fields. Obviously, the magnitude of this 5 

term is proportional to the frequency. By increasing the response frequency, this term 6 

becomes dominant to cause the deviation between the theoretical prediction and the 7 

experimental results. The exact and approximate solutions to the thermal-mechanical 8 

coupled equations were proposed by Lim et al. [24] for a one-dimensional plane wave 9 

model. It is not difficult to verify that the approximate solution in the previous work 10 

[24] can be re-obtained by neglecting the coupled term ( )p t κ− ∂ ∂ .  Based on the 11 

detailed analysis (see Fig. 6 in Ref. [24]) on the approximate and exact solutions, the 12 

approximate solution deviates with the exact solution when the frequency exceeds 100 13 

kHz. Unfortunately, the exact solution is difficult to directly obtain for a three-14 

dimensional model, especially for the appearance of substrates. Therefore, the model 15 

proposed in this work is only suitable for a frequency range lower than 100 kHz.  16 

In order to enforce the structure strength of TA devices, Wei and his associates [5] 17 

proposed a novel TA chip by suspending thin CNT yarns onto a patterned silicon wafer 18 

with an air gap between the yarns and the silicon wafer. A sound signal of 78 dB can be 19 

produced with an input power of 1W onto the CNT yarns at 10 kHz with a 150-μm gap 20 

distance. The bulk size of the device is estimated as 1.26cm 3cm× . The yarns are ∼1 21 
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μm in diameter and 120 μm in pitch, implying that the number of yarns is 1 

3cm 120μm 250n = = . The heat loss per unit area 0β  and the HCPUA of the CNT 2 

yarn array are, respectively, taken as 15 Wm-2K-1 and 0.12 -2 -1Jm K  [27] to estimate 3 

the efficient input power e
inP  . Using Eq. (26), the variation of acoustic pressure 4 

responses at different frequencies and gap sizes is determined and presented in Fig. 5. 5 

Good agreement is observed between the present results and the experimental data. In 6 

Fig. 5 (a), it is shown that a larger gap distance can improve the performance of TA 7 

devices. The acoustic pressure response increases exponentially as the gap distance is 8 

smaller than 50μm as shown in Fig. 5 (c). To continuously increase the gap distance, 9 

the output acoustic pressure almost remains unchanged. For a small gap distance, the 10 

thermal wave can penetrate through air into the substrate. Consequently, a portion of 11 

the thermal energy will sink into the substrate and they do not have contribution to the 12 

acoustic pressure. By increasing the gap distance, less thermal energy can sink into the 13 

substrate to increase the acoustic pressure. When the gap distance exceeds a threshold 14 

value, the effect of the thermal energy on the substrate can be omitted. In Fig. 5 (b), the 15 

sound pressure level shows a logarithmic relationship with the frequency. The predicted 16 

pressure levels show a deviation from the experiment data at a high frequency in the 17 

26-μm CNT yarn array device. It is possibly due to the under-estimation of heat loss, 18 

resulting in the over-estimation of the efficient input power for a small gap distance. 19 

A linear power-dependent acoustic pressure is clearly seen in Fig. 6 (a). The 20 

comparison results verify again the accuracy of the proposed model in this work. The 21 
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same device to that used in Fig. 5 is subject to different phased alternating current 1 

signals. The phased line array emission is shown in Fig. 6 (b). By applying a series of 2 

alternating current signals with a fixed phase shift, the principal maxima will shift with 3 

certain angles. The directivity and the interference lobes of the phased array acoustic 4 

radiation can also be clearly seen in Fig. 6 (b). Therefore, the CNT yarn array can be 5 

served as an acoustic radiation controller to manipulate the generation of acoustic 6 

signals in different directions with the supply of phased signals.  7 

If a line space tends to be infinitesimal, the line array becomes a continuous 8 

thinfilm. Equation (25) can be used to investigate the pressure response of a thinfilm 9 

in a free-space. The heat loss coefficients 0β   for a single-layer and a four-layered 10 

CNT thinfilm are selected as 23 WK−1m−2 and 27 WK−1m−2, respectively [24]. The 11 

HCPUA of a single-layer CNT thinfilm is 3 -1 -27.7 10 JK m−×  [6]. While the HCPUA of 12 

a four-layer CNT thinfilm can be estimated as four times of that of a single-layer CNT 13 

thinfilm. The on-axis frequency responses in air are shown in Figs. 7 (a) and 7 (b) for a 14 

single-layer ( 3cm 3cm× ) and a four-layered CNT thinfilm ( 3cm 3cm× ), respectively. 15 

The single-layer CNT thinfilm can generate a higher acoustic pressure than the four-16 

layered CNT thinfilm under the same conditions, this is mainly due to the lower 17 

HCPUA of the single-layer CNT thinfilm. The off-axis pressure response for 0ϕ =  at 18 

different frequencies is plotted in Fig. 7 (c). It is clear that the maximum pressure is at 19 

0θ = ° . When the observation point is rotated with respect to the y-direction and it is 20 

kept at 0ϕ =  , no side lobe is observed at 10 kHz and only one side lobe is observed at 21 
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20 kHz. However, several side lobes can be found at 40 kHz due to the strong 1 

interference effect at high frequencies.  2 

The off-axis pressure distribution with the angle ϕ   generated by a four-layer 3 

CNT thinfilm at different frequencies and angles θ   is presented in Fig. 8. As the 4 

frequency increases, the interference effect becomes more remarkable. When the 5 

pressure field is at a low frequency, no obvious effect is observed. The principle maxima 6 

and the side lobes appear as the response frequency increases due to the strong 7 

interference effect. In addition, the pattern of the pressure distribution is affected by the 8 

angle θ , because there are different interference patterns.  9 

 10 

4. Conclusions 11 

Acoustic pressure fields generated from a point source suspended over a substrate 12 

in a free-space and a half-space are studied theoretically. The analytical results can be 13 

directly applied to derive the acoustic pressure response of a thin line speaker using a 14 

mathematical integration technique. Further extension of the results of a thin line 15 

speaker to a thin yarn array, the acoustic pressure fields generated by the line array TA 16 

speaker in both free- and half-spaces are presented. By comparing with the available 17 

experimental results, the accuracy of the present analytical model is verified. It is found 18 

that the on-axis pressure fields are greatly different from the off-axis results. Strong 19 

interference effect is observed at the off-axis response and higher frequencies can 20 

strengthen the interference effect. For a suspended thin line array on a substrate, the gap 21 
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distance between the array and the substrate is a dominant factor. A larger gap distance 1 

can enhance the performance efficiency of the thin line array TA devices. When the gap 2 

distance is out of the threshold value, there is no significant effect on the pressure field. 3 

Although the examples presented herein focus on the acoustic pressure responses in air, 4 

it is easy to extend the present work in other media (e.g., argon and helium) by replacing 5 

the thermal parameters of air with those of the corresponding media. The present model 6 

is well validated with the available experimental data. It can be extended to investigate 7 

TA pressure responses generated by arbitrary sources, and also can provide effective 8 

guidelines for design and optimization of thin line array TA devices.  9 
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Table caption 1 

Table 1 Thermal properties of air and substrate at 300 K. 2 

 3 
Figure captions 4 
 5 
Fig. 1 (a) Schematic diagram of a thin line array TA device; and (b) its side view.  6 

Fig. 2 Coordinate arrangement for pressure fields generated by a line source in (a) a 7 

free-space; and (b) a half-space with the line source suspended over a substrate. Note 8 

that when the observation point P is in the space y < 0, the angle θ  is a negative value.  9 

Fig. 3 Coordinate arrangement of a line array in (a) a free-space; and (b) a half-space 10 

with the line array suspended over a substrate. 11 

Fig. 4 Pressure fields generated by an aluminum line array speaker at different input 12 

frequencies. The observation distance is r = 17 cm and the total input power is 1.2 W. 13 

The off-axis responses for 0ϕ =   at 20θ =    and 40θ =    are also presented for 14 

comparison. The air gap is 5μm . No initial phase difference ψ∆ is set for this case. 15 

Fig. 5 (a) Theoretical prediction of acoustic pressure responses for a CNT yarn line 16 

array device; (b) Effect of frequency on the acoustic pressure level at different gap sizes; 17 

and (c) Effect of gap distance on acoustic pressure at different frequencies. Lines 18 

denoted by capital letters A to D in Figs. 5 (b) and 5 (c) correspond to those in Fig. 5 19 

(a). The observation point is located at r = 5 cm on the center axis and the total input 20 

power is 1W. No initial phase difference ψ∆ is set.  21 

Fig. 6 (a) Comparison of power-dependent pressure responses generated by a CNT yarn 22 

array; (b) Simulation of phased line array emission at 0ϕ =  . The array used is the 23 

same to that in Fig. 5. The observation point is r = 5 cm and the gap distance is 150μm24 

both in Figs. 6 (a) and 6 (b). The total input power in Fig. 6 (b) is 1W and the 25 

corresponding frequency is 40 kHz. The phase shift 2.5o means that the nth line has a 26 

phase shift 2.5 (n-1)o with respect to the first line. 27 

Fig. 7 Frequency response for (a) a single-layer CNT thinfilm; (b) a four-layer CNT 28 

thinfilm; and (c) theoretical prediction of the off-axis pressure responses at 0ϕ =  for 29 
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different frequencies. The total input power in Fig. 7 (a) and 7 (b) is 4.5 W while is 1 1 

W in Fig. 7 (c). All the observation points are set at r = 5 cm. 2 

Fig. 8 Theoretical prediction for the off-axis pressure fields generated by a four-layer 3 

CNT thinfilm at (a) 10 kHz; (b) 20 kHz; (c) 40 kHz; and (d) 60 kHz. The total input 4 

power for each case is 1 W and all the observation points are set at r = 5 cm. 5 

  6 
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Table 1  Thermal properties of air and substrate at 300 K. 1 

 
α  

( 2 1mm s− )  

κ   

( 1 1W m K− − ) 

VC   

( -3 -1J m K ) 

0C  

 ( 1ms− ) 

ρ   

( 3kg m−  ) 

Air [29] 22.5 0.0263 - 344 1.16 

Silicon [29] 59.588 10−×  160 61.66 10×   - - 

 2 

 3 

 4 
 5 
 6 
 7 
  8 
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 1 

 2 

Fig. 1 (a) Schematic diagram of a thin line array TA device; and (b) its side view.  3 

 4 

 5 

  6 
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 1 

 2 

Fig. 2 Coordinate arrangement for pressure fields generated by a line source in (a) a 3 

free-space; and (b) a half-space with the line source suspended over a substrate. Note 4 

that when the observation point P is in the space y < 0, the angle θ  is a negative value.  5 

  6 
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 1 

 2 

Fig. 3 Coordinate arrangement of a line array in (a) a free-space; and (b) a half-space 3 

with the line array suspended over a substrate. 4 

  5 
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 1 

 2 

 3 

Fig. 4 Pressure fields generated by an aluminum line array speaker at different input 4 

frequencies. The observation distance is r = 17 cm and the total input power is 1.2 W. 5 

The off-axis responses for 0ϕ =   at 20θ =    and 40θ =    are also presented for 6 

comparison. The air gap is 5μm . No initial phase difference ψ∆ is set for this case. 7 
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 1 

Fig. 5 (a) Theoretical prediction of acoustic pressure responses for a CNT yarn line 2 

array device; (b) Effect of frequency on the acoustic pressure level at different gap sizes; 3 

and (c) Effect of gap distance on acoustic pressure at different frequencies. Lines 4 

denoted by the capital letters A to D in Figs. 5 (b) and 5 (c) correspond to those in Fig. 5 

5 (a). The observation point is located at r = 5 cm on the center axis and the total input 6 

power is 1W. No initial phase difference ψ∆ is set.  7 

  8 
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 1 

Fig. 6 (a) Comparison of power-dependent pressure responses generated by a CNT yarn 2 

array; (b) Simulation of phased line array emission at 0ϕ =  . The array used is the 3 

same to that in Fig. 5. The observation point is r = 5 cm and the gap distance is 150μm4 

both in Figs. 6 (a) and 6 (b). The total input power in Fig. 6 (b) is 1W and the 5 

corresponding frequency is 40 kHz. The phase shift 2.5o means that the nth line has a 6 

phase shift 2.5 (n-1)o with respect to the first line. 7 
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Fig. 7 Frequency response for (a) a single-layer CNT thinfilm; (b) a four-layer CNT 2 

thinfilm; and (c) theoretical prediction of the off-axis pressure responses at 0ϕ =  for 3 

different frequencies. The total input power in Fig. 7 (a) and 7 (b) is 4.5 W while is 1 4 

W in Fig. 7 (c). All the observation points are set at r = 5 cm. 5 
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Fig. 8 Theoretical prediction for the off-axis pressure fields generated by a four-layer 2 

CNT thinfilm at (a) 10 kHz; (b) 20 kHz; (c) 40 kHz; and (d) 60 kHz. The total input 3 

power for each case is 1 W and all the observation points are set at r = 5 cm. 4 

 5 
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