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Abstract

Microphone array beamforming is one of the most important techniques to enhance the signal of

interest from its observations corrupted by interference, noise and reverberation. In designing the

beamformer to fulfill a desire performance, the transfer function governing sound propagation is

required in the formulation. In general, the beamformer usually contains a number of FIR filters

with long length behind each of microphone element, especially in reverberant environment. In

order to reduce complexity, it is favourable to have many zero coefficients in the FIR filters. In

this paper, we study this kind of sparse beamformer design problem. We first describe the transfer

function developed for reverberant environment. Then we develop an L2-Lp minimization model

with 0 < p < 1 for the design of sparse beamformers and introduce the smoothing Barzilai-

Borwein (BB) step gradient method for solving the problem. Experimental results show that the

designed beamformers achieve comparable performance with rather sparse filter coefficients.
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1. Introduction

Over the last few decades, the microphone array beamforming techniques have been ex-

tensively investigated and applied in teleconferencing, hands-free communication and speech

acquisition [1, 2, 3, 4]. In general, there are two key factors that will determine the beamformer

performance: the number of microphone elements and the length of the corresponding FIR filters.

In order to achieve better performance on speech enhancement, one needs to increase the number

of microphone elements and the length of the FIR filters, especially in reverberant environment.

It is noted that optimal beamforming arrays are usually achieved at non-uniformly config-

urations as indicated by the placement design problems [5, 6, 7, 8, 9, 10], and the increase of

microphone elements is usually not as flexible as the filter length. Indeed, most studies on beam-

former design have been focused on the optimization of the filter coefficients. For instance, a

penalty function method has been developed to formulate the minimax near-field beamformer

design problem as an unconstrained nonlinear optimization problem in [11]. Then, the minimax

problem has been transformed into an equivalent problem by minimizing an auxiliary function
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in [12], and the solution has been given by the first root of this auxiliary function. In [13], the

L1-norm measure and the real rotation theorem have been used to formulate the problem as a

semi-infinite linear programming problem. A least-squares indoor beamformer design problem

has been developed based on L2-norm in [14]. Some multi-criteria optimization models based on

L1-norm for the indoor beamformer design have been studied in [15, 16].

At the same time, it should be noted that the complexity of a beamformer system is dominated

by arithmetic operations, and the number of nonzero filter coefficients is the major metric. The

computational savings for a system will be realized by omitting arithmetic operations associated

with those zero-valued coefficients. Moreover, it is found that many of the solved filter coefficients

are close to zeros during the beamformer design, and the design of beamforming filters with

relatively few nonzero coefficients providing near-optimal performance becomes meaningful as

a technique for reducing complexity. A class of approximate polynomial-time algorithms by

using the linear programming to design sparse filters have been proposed in [17]. The early

optimization model for the sparse beamformer design was formulated as the basis pursuit problem

in [17]; however, it was shown that the kind of problems as basis pursuit are NP-hard [18] and

computationally difficult. Therefore, some heuristic techniques and approximate approaches were

introduced for the sparse filter design, such as successive thinning and the L1-norm approximation

proposed in [17]. Moreover, some L1/Lp-norm mixing models with p > 1 have been developed to

induce the group sparsity of the beamformer coefficients in [19, 20], as well as the L1/L∞-norm

for antenna selection [21]. The Tikhonov regularization has also been attempted in [22, 23].

As a matter of fact, using Lp minimization with 0 < p < 1 can achieve better performance

than basis pursuit or sparse reconstruction [24, 25, 26]. Chartrand and Yin proposed an iter-

atively reweighted algorithms to compute the local minima of such nonconvex problem in [27].

In addition, since the Lp-like minimization problem is nonsmooth and non-Lipshchitz, many

smoothing approximation techniques have been developed trying to solve the Lp-like minimiza-

tion problem numerically. For instance, the smoothing gradient method proposed by Chen in

[28], smoothing quadratic regularization method proposed by Bian and Chen in [29], interior

point algorithms proposed by Bian et al. in [30], more studies on the smoothing methods can be

seen in the monographs [31, 32], and so on. There are also many recent studies on the complexity

analysis of the Lp-like minimization problem with 0 < p < 1, such as the lower bound theory of

sparse solution for the L2-Lp minimization problem in [33], complexity analysis in [34], and the

complexity of unconstrained L2-Lp minimization in [35], and so on.

In this paper, we propose a novel sparse beamformer design method in a reverberant envi-

ronment. We first develop the transfer function to include the effect of reverberation. Based

on that, we formulate the sparse beamformer design problem into an L2-Lp minimization prob-

lem with 0 < p < 1. Due to the fact that this L2-Lp minimization problem is nonsmooth
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and non-Lipshchitz, we introduce the smoothing approximation technique to solve it numeri-

cally. In general, there are three steps for developing a smoothing method to solve a nonsmooth,

nonconvex optimization problem: (i) define a smoothing function, many kinds of smoothing

functions can be used to approximate the Lp-norm term in the sparse beamformer design model,

see [36, 28, 29] and the reference therein; (ii) choose an algorithm to solve the approximated

smoothing optimization problem, a variety of effective smoothing algorithms have been devel-

oped in recent[28, 29, 37]; (iii) update the smoothing parameter.

The rest of the paper is organized as follows. In Section II, we describe the signal model

and formulate the beamformer design problem into a least squares problem. In Section III, we

discuss the process of sound wave propagation and the image source method for estimating the

room impulse responses. Then, we formulate an unconstrained L2-Lp minimization model for the

design of sparse beamformer, and introduce the smoothing Barzilai-Borwein (BB) step gradient

method to solve it in Section IV. Numerical experiments have been conducted to evaluate the

performance of the proposed sparse beamformer design method in Section V. A brief conclusion

is given in the final Section VI.

2. Beamformer design modelling

In this section, we first describe the microphone array signal processing modelling and the

simplest beamformer design problem. Under the measure of the L1-norm, the beamformer

coefficients are in fact required to satisfy a linear system in a given discrete space. Con-

sider an N -element microphone array with L-tap FIR filter behind each of microphone in an

acoustic environment, suppose the microphone elements have been set at a given placement

{(xi, yi, zi), i = 1, 2, . . . , N}, then the beamformer design problem is to design a group of L-tap

FIR filters w = [wT
1 ,w

T
2 , . . . ,w

T
N ]T , such that the objective of directional signal transmission or

reception. If the signals received by the microphone array are sampled synchronously at the rate

of fs per second, therefore, the frequency responses of these FIR filters may be defined as

Wi(w, f) = wT
i d0(f), i = 1, 2, ..., N, (1)

where wi = [wi(0), wi(1), ..., wi(L− 1)]T is a coefficient vector consisting of the i-th L−tap FIR

filter, and d0(f) = [1, exp{−j2πf/fs}, . . . , exp{−j2πf(L− 1)/fs}]T .

Denote the room impulse responses (RIRs) characterizing the sound wave propagation from

the space point r = (x, y, z) ∈ Ω to the i-th microphone element as Ri(r, f), which can be

estimated by some room acoustic simulators. In particular, we apply the image source method

[38, 39] which is described in Appendix. Then the beamforming target is to find a group of filter
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coefficients w, such that the beamformer response

G(r, f) =

N∑
i=1

Wi(w, f)Ri(r, f) = RT (r, f)W (w, f), (2)

is as close to a desired response Gd(r, f) from the space point r to the beamformer output point

rout as possible, where R(r, f) = [RT1 (r, f), . . . , RTN (r, f)]T is the frequency domain RIR vector,

and W (w, f) = [W T
1 (w, f), . . . ,W T

N (w, f)]T is the vector of frequency responses.

One simplest mathematic model for the beamformer design is to define a linear system as

follows

RT (r, f)W (w, f)−Gd(r, f) = 0, for all (r, f) ∈ Ω, (3)

where Ω is the space-frequency domain of interest. There are also many other optimization

models have been developed from a framework of minimizing the maximum error between the

beamformer response and desired response for the beamformer design based on the L1-norm or

L2-norm in the literature [13, 14, 15]. Consider the formulated linear system (3), which is a

semi-infinite problem because it is defined in a continuous space-frequency region Ω. In order to

deal with the beamformer design problem numerically, the discretization methods and reduction

based approaches [40, 41, 42, 43] are usually introduced to transform such semi-infinite problem

(3) into some finite numerical problem approximately, and sequences of adaptive meshes can be

applied so that the meshes are refined gradually.

Let a multi-dimensional grid region ΩM be an approximation of the space-frequency domain Ω

with a uniform grid containing M mesh points in each dimension. By merging the RIR vecotors

R(r, f) and vector d0 together into a new vector d(r, f), we can rearrange the beamformer

response as

RT (r, f)W (w, f) = wTd(r, f). (4)

If we expand the complex functions as

d(r, f) = d1(r, f) + jd2(r, f), Gd(r, f) = Gd1(r, f) + jGd2(r, f),

where d1(r, f), d2(r, f), Gd1(r, f) and Gd2(r, f) are the real and imaginary parts of d(r, f) and

Gd(r, f), respectively. Thus, the beamformer design problem (3) can be divided into{
wTd1(r, f)−Gd1(r, f) = 0,

wTd2(r, f)−Gd2(r, f) = 0,
for all (r, f) ∈ ΩM . (5)

In matrix formulation, the above beamformer design problem (5) will be rewritten as a standard

linear equation problem like

Aw − b = 0, (6)
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where A = [d1(r, f) d2(r, f) . . .]T ∈ R2M×NL is the composite matrix for all (r, f) ∈ ΩM and

b = [Gd1(r, f) Gd2(r, f) . . .]T ∈ R2M is the corresponding composite vector, 0 ∈ R2M is a

constant vector with all the entries are 0.

In general, the deviation between the original semi-infinite system and the discrete problem

can be reduced by increasing the number of discretization points, this makes that the linear

equation (6) is over-determined. In order to solve a least squares sense solution, the beamformer

design problem (6) is usually transformed into the following least squares problem

min
w∈RNL

H(w) :=
1

2
||Aw − b||22. (7)

Therefore, the optimal beamformer coefficients can be obtained by solving the above least squares

problem (7), that is

w∗ = (ATA)−1ATb. (8)

3. Smoothing BB-step gradient method for sparse beamformer design

In this section, we study the sparse beamformer design problem. We first formulate the

sparse beamformer design problem as an L2-Lp minimization problem, then, we introduce the

smoothing approximation of the nonsmooth and nonconvex problem, and apply the smoothing

BB-step gradient method to solve it accordingly.

3.1. L2-Lp minimization problem

In the following, we use n = NL to denote the number of total filter coefficients, and use

(w)i to denote the i-th entry of w for the distinction between wi defined in previous. Firstly, we

propose a general framework of sparse beamformer design by using Lp-norm regularization, i.e.,

min
w∈Rn

f(w) := H(w) +

n∑
i=1

ϕ(|(w)i|p), (9)

where H(·) is the L2-norm objective function defined in (7), 0 < p < 1, and ϕ : [0,+∞) 7→
[0,+∞) is a given penalty function satisfying the following assumption.

Assumption 1. ϕ is continuously differentiable, nondecreasing, ϕ′ is locally Lipschitz continu-

ous, and there is a positive constant % such that ∀ t ∈ (0,∞),

0 ≤ ϕ′(t) ≤ %, |ξ| ≤ %, and |ξ|t ≤ %, ∀ ξ ∈ ∂(ϕ′(t)),

where ∂ means the Clarke generalized gradient [44].

Remark 1. To illustrate that the application of Lp-norm regularization in statistics and sparse

reconstruction is not restricted by assumption (1), there are many widely used penalty functions

ϕ summarized in [28, 29], and the references therein, for instance,
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1. soft thresholding penalty function: ϕ1(t) = λt;

2. logistic penalty function: ϕ2(t) = λ log(1 + at);

3. fraction penalty function: ϕ3(t) = λ at
1+at ;

4. hard thresholding penalty function: ϕ4(t) = λ2 − (λ− t)2+;

5. smoothly clipped absolute deviation (SCAD) penalty function:

ϕ5(t) = λ

∫ t

0
min

{
1,

(a− s/λ)+
a− 1

}
ds;

6. minimax concave penalty (MCP) function:

ϕ6(t) = λ

∫ t

0

(
1− s

as

)
+
ds;

where a and λ are two positive parameters, especially a > 2 in the SCAD penalty function and

a > 1 in the MCP function.

The Lp-norm penalization has the power to force some coefficients to zeros and distinguish

from the non-zero ones. There are many results reported in the literature on the use of an Lp-norm

penalty in pursuit of sparse solutions theoretically and numerically [24, 45, 46, 26, 33]. However,

the defined objective function f(w) in (9) is non-Lipschitzian when 0 < p < 1, and many well-

known optimization algorithms are not suitable for dealing with nonsmooth, nonconvex objective

functions.

Smooth approximation methods are effective and efficient techniques for dealing with both

the nonsmooth objective functions and nonsmooth constraints [47, 31, 48, 49, 32, 50, 51, 28, 29].

By using smoothing methods, the optimization problems only have continuously differentiable

functions, and there are lots of theories and powerful solution methods for solving them [50]. It is

guaranteed to find the local minimizer or stationary point of the original nonsmooth problem by

updating the smoothing parameter. However, the efficiency of a smoothing method depends on

the smooth approximation function, the solution method for the smooth optimization problem,

and the updating scheme for the smoothing parameter.

3.2. Smoothing approximation

The definition of smoothing function was proposed in [28] as follows:

Definition 1. Let f : Rn 7→ R be a continuous function. We call f̄ : Rn 7→ R a smoothing

function of f , if f̄(·, µ) is continuously differentiable in Rn for any fixed µ > 0, and for any

w ∈ Rn,

lim
v→w, µ↓0

f̄(v, µ) = f(w).
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Based on the above Definition 1, a class of nonsmooth functions can be defined accordingly

[36, 31, 52]. For the L2-Lp minimization problem (9) on sparse beamformer design, there is a

smoothing function for the absolute value function |·| to construct a smoothing function proposed

in [29]. Given s ∈ R, µ > 0 and w ∈ Rn, we first define

κ(s, µ) = 8%p

{ ∣∣ s
2

∣∣ , if |s| > 2µ,

µp−2, if |s| ≤ 2µ,
θ(s, µ) =

{
|s|, if |s| > µ,
s2

2µ + µ
2 , if |s| ≤ µ;

(10)

and

f̄(w, µ) = H(w) +
n∑
i=1

ϕ(θp((w)i, µ)), (11)

ḡ(w, µ) = [ḡ1(w, µ), ḡ2(w, µ), . . . , ḡn(w, µ)]T := ∇wf̄(w, µ). (12)

From the above definition, we can see that the θ(s, µ) defined in (10) is the smoothing function

of absolute value function | · |. The following lemma shows that the smoothing function θ(s, µ)

also satisfies some interesting properties [29].

Lemma 1. If θ(s, µ) is defined as that in (10), it satisfies:

(i) |∇sθ(s, µ)| ≤ 1, ∀s ∈ R, µ ∈ (0,+∞);

(ii) µ
2 ≤ θ(s, µ) ≤ µ, ∀|s| ≤ µ;

(iii) 0 ≤ θp(s, µ)− |s|p ≤ θp(0, µ) =
(µ
2

)p, ∀s ∈ R, µ ∈ (0,+∞), p ∈ (0, 1].

Due to the continuous differentiability of functions ϕ and θ, ϕ(θp((s, µ)) is a smoothing

function of ϕ(|(w)i|p) and f̄(w, µ) is a smoothing function of f(w). And from the condition of

Assumption 1 and Lemma 1 (iii), we have

0 ≤ f̄(w, µ)− f(w) ≤ n%
(µ

2

)p
, ∀w ∈ Rn, µ ∈ [0,+∞).

Moreover, based on results from Lemma 1 and Rademacher’s theorem, the smoothing function

ϕ(θp((s, µ)) has the following property.

Proposition 1. For any µ > 0 and s, ŝ ∈ R such that |s − ŝ| ≤ max{ ŝ2 , µ}, the following

inequality holds,

ϕ(θp((s, µ)) ≤ ϕ(θp((ŝ, µ)) + 〈∇ŝϕ(θp((ŝ, µ)), s− ŝ〉+
κ(ŝ, µ)

2
(s− ŝ)2. (13)

Proof. See the details in [29].
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By using the smoothing function defined above, we obtain a smoothing approximation to the

L2-Lp minimization problem (9) as

min
w∈Rn

f̄(w, µ), (14)

where f̄(w, µ) is defined in (11). In order to solve the above smoothing approximation problem

(14) for the sparse beamformer design, we introduce the smoothing BB-step gradient method in

the next section.

3.3. Smoothing BB-step gradient (SBBG) algorithm

One customized numerical method for solving the kind of nonsmooth, nonconvex problem

(9) is the class of smoothing gradient algorithms discussed in [28]. Gradient method using BB

step converges R-superlinearly for two-dimensional strictly convex qudratic functions. However,

traditional gradient method only converges linearly which is worse than the BB method. It has

been observed in many numerical experiments that the BB method is preferable to other gradient

methods. For example, [53, 54, 55, 56].

An efficient gradient-based smoothing method is the smoothing projected BB method for

constrained non-Lipschitz optimization proposed by Huang and Liu [37]. They applied the

projected gradient strategy to solve the smoothing approximation of constrained non-Lipschitz

optimization problem by using the two BB-step sizes alternatingly. Here we adapt the method

for solving the smoothing approximation of the unconstrained nonsmooth, nonconvex problem

(14).

Consider the gradient iteration form

wk+1 = wk − αkdk, (15)

where αk is the step size and dk = −ḡ(wk, µk) is the descent direction. At Barzilai and Borwein’s

suggestion [57], two choices of the step size αk can improve the effectiveness of gradient methods

significantly, they are

αBB1
k =

〈sk−1, sk−1〉
〈sk−1,yk−1〉

, (16)

and

αBB2
k =

〈sk−1,yk−1〉
〈yk−1,yk−1〉

, (17)

where sk−1 = wk −wk−1 and yk−1 = ḡ(wk, µk)− ḡ(wk−1, µk−1). Moreover, the alternating use

of the BB-step lengths (16) and (17) has been reported that it has better numerical performance

[58, 59],

αBBk =

{
αBB1
k , for odd k;

αBB2
k , for even k.

(18)
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In the general non-quadratic case, introducing some nonmonotone line search scheme is nec-

essary to guarantee the global convergence of the BB-step gradient method [53, 54, 60], as well

as the requirements on the lower and upper bounds of the step length,

αk = min{αmax,max{αmin, α
BB
k }}, (19)

where αmax > αmin > 0. Therefore, we introduce the smoothing BB-step gradient algorithm for

solving sparse beamformer design problem (9) as follows:

Algorithm 1. (Smoothing BB-step gradient algorithm)

Step 0: Let λ > 0, 0 < σ, σ1, σ2 < 1, η > 1, αmax > αmin > 0, choose an integer C ≥ 1,

w0 ∈ Rn, µ0 > 0, α0 ≥ 1, and set k = 0.

Step 1: Calculate the search direction with BB step size by

dk = −αkḡ(wk, µk).

Choose the smallest nonnegative integer ck such that the steplength λk = ρck satisfying

f̄(wk + λkd
k, µk) ≤ max

0≤j≤min{k,C−1}
f̄(wk−j , µk−j) + σλk〈ḡ(wk, µk),d

k〉.

And set wk+1 = wk + λkd
k.

Step 2: If ‖ḡ(wk+1, µk)‖2 < σ1µk, choose µk+1 = σ2µk; otherwise, set µk+1 = µk.

Step 3: If 〈wk,yk〉 ≤ 0, set αk+1 = 1; otherwise, compute αk+1 by (19).

Step 4: Set k = k + 1, and return to Step 1.

It is noted that global convergence of the Barzilai-Borwein gradient algorithm with non-

monotone line search have been developed in[53]. Thus, the convergence results of the above

Algorithm 1 can also be obtained.

4. Numerical experiments

In this section, we present a number of examples to illustrate the performance of the proposed

smoothing BB-step gradient (SBBG) method on the design of sparse beamformers.

4.1. Microphone array system

For the first example, we choose a uniform linear array with 7-element microphones to setup

in front of the target region in the space domain. The array spacing is setting as 0.06m that can
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avoid spatial aliasing for the frequency of interest, and an L-tap FIR filter is fixed behind each

microphone element. In particular, we define the passband region as

Ωp = {(r, f) | x = 1m, |y − 4| ≤ 0.4m, z = 1.5m, 0.5kHz ≤ f ≤ 2.0kHz}, (20)

and define the stopband regions as

Ωs = {(r, f) | x = 1m, |y − 4| ≤ 0.4m, z = 1.5m, 2.5kHz ≤ f ≤ 4.0kHz},
∪{(r, f) | x = 1m, 1.5m ≤ |y − 4| ≤ 3.0m, z = 1.5m, 0.5kHz ≤ f ≤ 2.0kHz},
∪{(r, f) | x = 1m, 1.5m ≤ |y − 4| ≤ 3.0m, z = 1.5m, 2.5kHz ≤ f ≤ 4.0kHz}.

(21)

For illustration, the diagram of the above microphone array system is depicted in Fig. 1.
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Figure 1: Layout of microphone array system for the free-field beamformer design.

In addition, the desired response function in the passband region Ωp is given by

Gd(r, f) = e
−j2πf( ||r−rc||

c
+L−1

2fs
)
,

where rc is the center element of the microphone array, which is usually defined as the beamformer

output point too, fs = 8000Hz is the sampling frequency. In the stopband region Ωs, we simply

define Gd(r, f) = 0 to filter out the interference and noise. For the numerical modelling of

beamformer design, we discrete the space-frequency domain of the passband Ωp and stopband

Ωs into a grid of 30 × 30 frames, and use a more density grid scheme 120 × 120 to verify the

beamforming performance.

4.2. Overall performance of the sparse beamformer

In the following, we choose the fixed filter length L = 20 to design different sparse beam-

formers and compare the performance with non-sparse beamformer. We use the soft thresholding

penalty function ϕ(t) = λt to construct our sparse beamformer design model. For simplicity, the

parameters in the proposed SBBG Algorithm 1 are set as

σ = σ1 = σ2 = 0.95, η = 2, µ = 10, β0 = 1, αmax = 108, αmin = 10−8, C = 5, ρ = 0.5.

From the construction of the L2−Lp minimization model, we can see that the solution of problem

(9) should be converged to the solution set of the least squares problem (7) as λ → 0. In other

10



words, the performance of the designed sparse beamformer should be close to the performance

of the non-sparse beamformer when λ→ 0.

In order to verify the convergence, we firstly fix Lp-norm with p = 0.5, and choose different

values for λ = {10−4, 10−3, 10−2, 10−1, 1, 10} to design the sparse beamformers by using the

proposed SBBG method. Then, we compare the performance of the designed sparse beamformers

on the number of zeros, the passband gain, passband ripple and stopband ripple in Fig. 2.

In the figures, we also plot the performance of the non-sparse beamformer derived from the

LS model (7) for comparison. From the results shown in Fig. 2, we can see that: (i). the

number of zeros (zero filter coefficients) in sparse beamformers designed by the SBBG method

are increasing significantly with the growth of the the penalty parameter λ; moreover, there are

fewer nonzeros in the sparse beamformers when λ less than 10−2; (ii). the passband gains of the

sparse beamformers are close to the non-sparse beamformer by LS method when λ is less than

10−1, whereas they have poor performance when λ > 1; (iii). both the passband ripples and

stopband ripples are close to the non-sparse beamformer when λ is less than 10−2.
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Figure 2: Comparison results on the performance of the sparse beamformer by using L2−L0.5 minimization
model v.s non-sparse beamformer by LS method.

We plot the overall performance and the filter coefficients of the non-sparse beamformer and

sparse beamformers designed from the L2 − L0.5 minimization problem solved by the proposed

11



SBBG method in the following Fig. 3 and Fig. 4, respectively. From these figures, we can see

that the sparse beamformer designed by the proposed SBBG method achieves comparable overall

performance as the non-sparse beamformer for smaller λ, but with significant number of zero

coefficients.
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Figure 3: Overall performance of the beamformer designed from the LS-method.
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Figure 4: Overall performance of the sparse beamformer designed from the proposed SBBG method for
solving the L2 − L0.5 minimization problem with λ = 10−1.

4.3. Influence of the selection of Lp-norm

To study the influence of the selection of Lp-norm on the sparse beamformer design, we

choose p = {0.1, 0.3, 0.5, 0.7, 0.9} to formulated different L2−Lp minimization models for the

design of sparse beamformers as proposed in (9). Then, we apply the proposed SBBG method

to solve them accordingly. The comparison results of the performance of the number of zeros in

12



the sparse beamformers, the passband gain, the passband ripple and stopband ripple are plotted

in Fig. 5.
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Figure 5: The comparison results of the sparse beamformers designed by using SBBG-method with dif-
ferent selection of Lp-norms.

From the results shown in Figure 5, we can conclude similarly that the number of zero

coefficients increases as λ increasing for all L2 − Lp minimization models, and the performance

is poorer for very large λ. Moreover, the selection of larger p in the sparse beamformer design

will generate fewer number of zero coefficients, but the designed sparse beamformer has better

performance on the passband gain, passband ripple and stopband ripple.

4.4. Indoor sparse beamformer design

In this subsection, we apply the proposed SBBG method to the sparse beamformer design in

a reverberant environment. A simple rectangular room with 4m×8m×3m is constructed and the

reverberation time T60 = 0.1s is tested. We introduce the fast-ISM room simulator by Lehmann

and Johansson in [39] to estimate the room impulse responses, and setup a uniform linear array

with 7-element microphones in front of the target region in the space domain (see the depiction

in Fig. 6). We define the passband and stopband regions as the same as with the definitions in

(20) and (21), and use a 20-tap FIR filter behind each microphone element.
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We apply the L2 − L0.5 minimization model for the sparse beamformer design by the SBBG

method in the indoor system. The overall performance and the filter coefficients of the non-

sparse beamformer and sparse beamformers designed by the SBBG method with reverberation

time T60 = 0.1s are plotted in Fig. 7 and Fig. 8. From these figures, we can see that the sparse

beamformers can achieve comparable performance as the non-sparse beamformers with much

fewer nonzero coefficients.
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Figure 7: Overall performance of the indoor beamformer designed from the LS-method at T60 = 0.1s.
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Figure 8: Overall performance of the indoor sparse beamformer designed from the proposed SBBG method
for solving the L2 − L0.5 minimization problem with λ = 10−1 at T60 = 0.1s.

5. Conclusion

In this paper, we have formulated the sparse beamformer design problem in a reverberant

environment. Due to the nonsmooth and nonconvex difficulty, we introduced the smoothing

approximation technique and developed the smoothing BB-step gradient method for finding

good beamformer designs. We also conduct numerical experiments to verify the effectiveness

of the proposed smoothing BB-step gradient method. Simulation results have shown that the

proposed smoothing BB-step gradient method can design very good sparse beamformers for both

indoor and outdoor applications.
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Appendix

In this section, we briefly describe the acoustic transfer function for sound wave propagation

and the image source method for the estimation of RIRs. In principle, the acoustic field can

be viewed as a mixture of numerous simple plane waves, and their propagations are governed
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by the Euler’s equation (Newton’s 2nd law applied to fluid) [61]. For a homogeneous medium

undergoing inviscid fluid flow with a point source s(r, t), the wave equation can be written as

∇2p(r, t)− 1

c2
∂2p(r, t)

∂t2
= −s(r, t), (22)

where ∇2 = ∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2
is the Laplacian operator in the Cartesian coordinates (x, y, z), c is

the speed of sound, and p(r, t) is used to denote the sound pressure of position r at time t.

Applying the Fourier transform to the wave equation (22) as

P (r, f)
4
= F{p(r, t)}(f) =

∫ ∞
−∞

p(r, t)ej2πftdt, (23)

we will get the time-independent Helmholtz equation as

∇2P (r, f) + κ2P (r, f) = −S(r, f), (24)

where S(r, f) is the Fourier transform of source s(r, t), and κ is the wave number related to the

angular frequency 2πf and wave length % through

κ =
2πf

c
=

2π

%
.

Given a unit-amplitude harmonic point source at position rs = [xs, ys, zs], the source function

in frequency domain is S(r, f) = δ(r − rs) = δ(x − xs)δ(y − ys)δ(z − zs), where δ(·) denotes

the Kronecker delta function. Then the partial differential equation (24) can be solved by first

solving the inhomogeneous equation as

∆H(r, rs, f) + κ2H(r, rs, f) = δ(r − rs),

where H(r, rs, f) is the Green’s function, or called the transfer function. Specially, in the free

field, the Green’s function related to the ominidirectional point source rs is

H(r, rs, f) =
1

‖r − rs‖
e
−j2πf‖r−rs‖

c . (25)

The transfer function (25) is widely used in the field of acoustic signal processing. But in the

reverberant environment, such as office room, the propagation of sound wave will be changed by

the reflections of walls, ceiling and floor, and the ideal transfer function model (25) is no longer

effective to model the progression of sound wave propagation. There are approaches investigated

for the room acoustic simulation, and the estimation of RIRs. Among them, the image source

method (ISM) firstly proposed by Allen and Berkley in 1979 [38] is a popular technique for

estimating the RIRs. A faster version of the ISM simulator was developed by Lehmann and

Johansson in 2010 [39], where the estimation of reverberation tail have been modelled as decaying

random noise to accelerate the process of simulation.
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For a rectangular room with dimensions L = [Lx, Ly, Lz]
T containing a sound source and a

microphone receiver, the ISM technique for measuring the RIR is to use the image source on an

infinite grid of mirror rooms. The contribution of each image source to the captured signal is

a replica of the source signal delayed by a lag τ and attenuated by an amplitude factor A. In

general, the RIR from rs to rm is modelled as

h(t) =
1∑
µ=0

+∞∑
ν=−∞

A(µ,ν) · δ(t− τ(µ,ν)), (26)

where µ = (µx, µy, µz)
T and ν = (νx, νy, νz)

T are the image sources, β = {βx,i, βy,i, βz,i, i = 1, 2}
are the reflection coefficients for boundary of the room, and A(·) is the amplitude factor defined

as

A(µ,ν) =
β
|xm−xs|
x,1 β

|xm|
x,2 β

|ym−ys|
y,1 β

|ym|
y,2 β

|zm−zs|
z,1 β

|zm|
z,2

4πd(µ,ν)
,

where τ(µ,ν) = d(µ,ν)/c is the time delay of the considered image source, and d(·) represents

the distance between µ to ν. An illustration of the RIR estimated by the fast-ISM simulator is

depicted in Fig. 9.
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Figure 9: Illustration of RIR by ISM simulator.
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