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Approximation Approaches for Inventory Systems with General
Production/Ordering Cost Structures

Ye Lu * Miao Song Yi Yang *

Abstract

The production/ordering cost structure is fundamental to determining an optimal inventory
control policy. For example, it is well known that a base-stock policy is optimal for inventory
systems with linear production costs, whereas an (s,.S) policy is optimal if both linear and
fixed costs exist. However, many of the cost structures that have arisen from the practice are
quite complex and make the optimal policies too complicated for managers to implement. In
this paper, we propose several easy-to-implement and efficient heuristic policies for inventory
systems with general production costs, which include multiple linear pieces and fixed costs,
suggesting a wide application to many practical problems that were previously difficult to solve.
We establish the worst-case performance bounds on the proposed heuristic policies by using the
concept of K-approximate convexity. Our extensive numerical studies, which are designed to
reflect practical inventory control applications, evaluate the performance of the heuristic policies
and show that the best heuristic policy we propose performs extremely well. We also try to
provide explanations for the performance of different heuristic policies.
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1 Introduction

1.1 Motivation

The fundamental objective of inventory management is to characterize an optimal policy or design
an efficient and easy-to-implement heuristic policy that reduces the mismatch between demand and
supply, such that the total expected cost is minimized. One of the important factors affecting an
optimal policy is the production cost structure. For example, it is well known that a base-stock
policy is optimal for inventory systems that have only linear variable cost, whereas an (s, .S) policy
is optimal when considering both linear and fixed costs. However, in some real applications, firms
face the challenge of complex production costs. To demonstrate this, we provide the following two

examples.
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Motivation I. Labor cost is a key component of operation costs in the manufacturing industry,
which is readily validated by the efforts made to reduce the labor cost. Numerous engineering and
management innovations have attempted to enhance productivity and reduce the labor element
in production costs. The driving force behind increased offshoring is the desire to seize cheap
labor opportunities in developing countries. However, the labor cost is also a battlefield on which
workers’ rights are defended. The Fair Labor Standards Act (FLSA) of 1938 was a milestone in
the protection of workers’ benefits. The FLSA stipulates that “unless exempt, employees covered
by the Act must receive overtime pay for hours worked over 40 in a workweek at a rate not less
than one and a half their regular rates of pay.”! Canada and South Korea have the same regulation
regarding overtime pay as the U.S. In most European countries, the overtime rate is at least 1.25
times to twice the regular pay. In India, if a worker works more than nine hours in a day or more
than forty-eight hours in a week, he or she receives overtime pay of at least twice the regular rate.
China has two overtime rates. The overtime pay for working more than eight hours in a week day
is at least 1.5 times the regular rate, and that for working during a weekend is at least double.
Similarly, in Australia, daily workers get 1.5 times the regular rate for the first two overtime hours
and twice the rate thereafter. Under all of these regulations, the labor cost is a piecewise linear
convex function of the production quantity. The production cost also includes the raw material,
energy, transportation, administrative costs, etc., which we refer to as the non-labor production
cost. It is sufficient to consider the non-labor production cost as a piecewise linear concave function
that reflects economies of scale. Integrating this non-labor production cost with a piecewise linear
convex labor cost usually results in a general piecewise linear production cost, which does not

necessarily follow any structure studied in the literature.

Motivation II. We consider a manufacturer who is equipped with two types of production
equipment or technology and can choose either or both of them to produce the product in each
period. Each unit of the product produced by either equipment type incurs both fixed and linear
costs. Suppose that neither production equipment type dominates in the fixed and linear costs.
Under such a cost structure, there is a threshold point such that if the production amount exceeds
this point, the manufacturer uses the equipment with a higher fixed cost and a lower linear cost;
otherwise, the other type of equipment is preferred. If one equipment type has a capacity, the cost
structure is a piecewise linear function with two jump points, which is neither convex nor concave,
and not even continuous. This structure can also be seen in inventory systems with multiple

suppliers. For example, if a retailer has multiple suppliers with different fixed and linear costs,

'c.f. http://www.dol.gov/whd/overtime_pay.htm



it may face a non-convex, non-concave ordering cost that contains multiple jumps if the suppliers
have the capacities. For any inventory model that considers a less-than-truckload shipping cost in
the ordering cost, the ordering cost can also be modeled as a non-convex, non-concave piecewise

linear function (c.f. Chan et al. 2002 and Li et al. 2004).

These practical applications have motivated us to study a classical periodic-review inventory
system with a general cost structure. In each period, the firm must determine the production
quantity to satisfy the stochastic demand. Any unsatisfied demand is fully backordered with a
backlog cost, while the excess inventory is carried to the next period with a holding cost. Unlike
the previous models in the literature, the production cost is a general piecewise linear function of
the production quantity, which may not be convex or concave or even continuous. The firm aims

to minimize the total expected cost over the entire planning horizon.

Convexity is a desirable property for establishing well-structured optimal policies for various
inventory control problems that can be formulated as dynamic programs. Assuming that the cost-
to-go functions are convex, the optimal policy can be fully characterized and easily implemented.
Unfortunately, under a general piecewise linear production cost, the objective functions may not
have this property, which makes the optimal policies too complicated to characterize. Even for cases
where the structure of the optimal policies is identifiable, the daunting complexity of the optimal
policies often limits their applicability in practice. To address this issue, we use a new tool named
the K-approximate convexity. A function is K-approximate convex if it can be approximated by
a convex function whose maximal distance to the original function is K. Applying this idea to
replace non-convex functions with convex functions, we develop well-structured heuristic policies
that can be implemented in practice. In particular, we propose three approximation approaches,
each of which has a well-structured optimal policy. As the main difficulty arises from the non-
convexity of the production cost, the first approach is to approximate the ordering cost function
with a convex cost function. The second approach is to approximate the cost-to-go function, while
the third is to approximate the sum of the expectation of the cost-to-go function and expected

inventory holding/backlogging cost function.

When designing the heuristic policy, two fundamental issues must be addressed, including the
computational complexity and policy effectiveness. For our proposed approximation approaches,
we need to identify the complexity of obtaining a convex function that minimizes the maximal
distance to the function that is approximated. We show this can be done by computing the
convex envelope of the function. For a piecewise linear function, we provide a very efficient way of

computing its convex envelope. For the effectiveness of heuristic policies, we establish their worst-



case performance bounds, which are linear functions of K (the non-convexity level of the production
cost) and quadratic functions of the number of periods. These performance bounds indicate that a
slight non-convexity (a small K) of the production cost is acceptable because we can still get a well-
structured heuristic policy with good performance. Surprisingly, extensive numerical experiments
demonstrate that the second and third approaches perform extremely well and are close to optimal

under various production cost structures.

Our main contribution is our proposal of efficient and easy-to-implement heuristic policies for
inventory systems with a general production cost, which can be applied to many practical problems
that were previously very hard to solve. The concept of K-approximate convexity provides us with

a framework to construct these heuristic policies and establish their worst-case performance bounds.

The remainder of this paper is organized as follows. We review the related literature in the
rest of this section. Section 2 describes the model and presents some results on K-approximate
convexity. In Section 3, we first fully characterize the optimal policy for the single-period problem
and then propose heuristic policies using the concept of K-approximate convexity. We present our

numerical results in Section 4, and conclude the paper in Section 5.

1.2 Literature Review

The periodic-review, stochastic inventory control problem has been extensively studied since the
1950s. The classical model assumes that the variable production cost is a linear function of the
production quantity. The corresponding optimal policy is a base-stock policy, due to the convexity
of the objective function. It has long been recognized in the literature, e.g., Scarf (1963) and
Porteus (1971), that the variable production cost can take a non-linear form. Efforts to address
this issue have mainly focused on cases in which the production cost is either concave or convex.
For inventory models with concave production costs, Porteus (1971, 1972) was among the first
to prove the optimality of a generalized (s,S) policy under some conditions on the distribution
of demand. Motivated by an inventory system with two suppliers, Fox et al. (2006) studied an
inventory model in which the ordering cost was a piecewise linear concave function with two pieces.
Zhang et al. (2012) extended this model to include a capacity constraint on the supplier with the
lower unit ordering cost, which led to a non-convex, non-concave cost structure. As both Fox et
al. (2006) and Zhang et al. (2012) assumed that the supplier with the lower unit ordering cost
does not charge a fixed cost, the ordering cost was a continuous function of the order quantity.
In contrast, our model can handle an ordering cost structure with multiple jumps caused by fixed

costs and suppliers’ capacities. Karlin (1960) pioneered the stream of research on inventory models



with convex production costs. Henig et al. (1997) studied an inventory model with a piecewise
linear convex ordering cost and used the corresponding total cost to derive the optimal volume in
a supply contract. Lu and Song (2014) studied the optimal policy of an inventory system with
a piecewise linear convex variable cost and a fixed cost K, which was a %—approximate convex
function. Hence, the cost structure studied in this paper is more general than that of Lu and Song
(2014). The heuristic algorithm developed in Lu and Song (2014) used the special structure of
convex variable cost. However, the heuristic algorithm developed in this paper uses the idea of
K-approximate convexity that allows us to solve problems with a more general cost structure. In
some inventory models, although the variable replenishment cost is linear, fixed costs are incurred
once the replenishment quantity in a period exceeds a certain level. This type of model is often
referred to as an inventory model with quantity-dependent variable/fixed costs. Representative
works include but are not limited to Lippman (1969), Iwaniec (1979), Chao and Zipkin (2008), Li
et al. (2009), Huggins and Olsen (2010), and Caliskan-Demirag et al. (2012). Our model obviously
generalizes all of the aforementioned inventory models. A special case of our model is the inventory
control problem with a capacity constraint. Representative studies include Federgrun and Zipkin
(1986), Shaoxiang and Lambrecht (1996), Aviv and Federgrun (1997, 2001), Gallego and Scheller-
Wolf (2000), Ozer and Wei (2004), Shaoxiang (2004), Huh et al. (2011), and Wang et al. (2012)

among others.

The concept of K-approximate convexity was first introduced by Lu et al. (2016). This paper
differs from Lu et al. (2016) in three major ways. First, it focuses on a different problem. Lu et al.
(2016) studied the joint pricing and inventory control problem with incomplete demand information.
In that problem, revenue function is not completely known and may be not concave, while the
ordering cost is a linear function of the ordering quantity. This paper studies the inventory control
problem where the production/ordering cost is a general piecewise linear function. Second, although
the concept of K-approximate convexity is applied to solve both problems, the approximation
approaches are quite different. In Lu et al. (2016), the heuristic policy was based on approximating
a one-period revenue function by a convex function. In this paper, in addition to testing the heuristic
policy of approximating a one-period cost function, which uses the same idea as that of Lu et al.
(2016), we develop two new heuristic policies. One approximates the cost-to-go function. The
other approximates the sum of the expectation of the cost-to-go function and expected inventory
holding /backlogging cost function. We find that these two new heuristic policies perform much
better than the heuristic policy of approximating a one-period cost function. Finally, the method

of computing a convex approximation of a piecewise linear function in Lu et al. (2016) applies only



to a continuous function, while the method in this paper can handle a discontinuous case.

2 Model Description and Preliminaries

In this section, we first describe our model in detail and then provide some preliminary results on

K-approximate convexity that are used in our subsequent analysis.

2.1 Model Description

We consider a finite-horizon periodic-review stochastic inventory control problem with 7" periods.
Let D; denote the demand in period ¢, which is a discrete random variable. At the beginning of
each period ¢, the firm must determine the production quantity to satisfy the stochastic demand.
The production cost ¢(z) in each period is a piecewise linear increasing function of the production
quantity z with ¢(0) = 0 and breakpoints 0 = qp < ¢1 < ¢2 < -+ < @n—1 < @n = +00, i.e., for
z € (¢i-1, i),

c(z) = K; + ¢z, (1)
where ¢; > 0,1 =1,...,n.

We assume that ¢(z) increases in z, which is equivalent to K7 > 0 and K; 4+ ¢;q; < Ki+1+¢it16i
for any ¢ = 1,...,n — 1. Note that we allow K; + ¢;¢; < K;+1 + ¢i+1qi, which implies that fixed
costs may exist at those breakpoints. For the inventory applications considered in this paper, the
piecewise linear assumption is without loss of generality because in practice the inventory level
and demand take only integers, which automatically leads to a piecewise linear cost structure. For
other applications where the state can take continuous values, the cost function does not need to
be piecewise linear. However, there are many ways of approximating a nonlinear function by a

piecewise linear function (Lin et al. 2013).

At the end of each period, any unsatisfied demand is fully backlogged with a unit shortage cost
p > 0, and the leftover inventory is carried to the next period with a unit holding cost h > 0. Let
H,(y;) denote the inventory holding and shortage costs in period ¢, which can then be expressed as
Hi(y:) = E[h(y: — Dy)* + p(y: — D¢)~]. The firm’s objective is to determine a production policy
that minimizes the total expected cost over the whole planning horizon.

Given the initial inventory level z; in period ¢, let Vi(z;) denote the cost-to-go function at the
beginning of period t, which represents the minimal expected costs incurred from period t to the

end of the planning horizon if the firm acts optimally. Denote o € [0, 1] as the discount factor for



any period t. The Bellman equation states that the cost-to-go function Vi(z;) should satisfy

Vilwe) = min {e(ye = 2) + Hi(ye) + aElViia (e — Do)l }. 2)

Yt>Tt

For simplicity, we assume that Vi (zp4q) = hTHx} 1 tpr+17p, and that —pryy < hpyg to
ensure the convexity of Vryi(xry1). To avoid the trivial solution of producing an infinite amount

in any period ¢, we also assume that ¢, + Z;TF:_Ot o'h+ T hp > 0.

For problem (2), it is well known that the base-stock policy is optimal when ¢(z) is a linear
function, whereas the (s, S) policy is optimal if ¢(z) = K1(z > 0) + ¢z, where 1(+) is an indicator
function. Unfortunately, the optimal policy can become very complicated when ¢(z) has multiple
pieces presented by (1). First, the production region can be disconnected in the sense that a
threshold below which it is optimal to produce and above which it is optimal not to produce may
not exist. Second, the optimal produce-up-to level does not have to be a specific level or z + ¢;.

These complications are illustrated by the following example.

Example 1. Consider a two-period problem, i.e., T = 2. The production cost has three linear
pieces with slopes ¢; = 1.2489, co = 1.6021, and c3 = 1.5223. The breakpoints are ¢ = 118
and g2 = 467. The demand distribution follows P(D, = 0) = 0.3183, P(D; = 1000) = 0.3062,
P(D; = 2000) = 0.2053, and P(D; = 3000) = 0.1703 for any ¢ = 1,2. In addition, Hy(y;) =
E[0.1567(y: — D¢)*T +0.2194(y; — Dy) 7] for t = 1,2 and Vyyi(z741) = —0.0385:6;+1 +1.9961z .

The optimal policy in the first period is characterized as follows. For any x1 < 764, the optimal
produce-up-to level is 882. For any x; € [882,1000), it is optimal to produce up to 1000. We should
produce up to 1882 for x; € [1764,1882). For any x; in the intervals [764,882) and [1417,1764), it
is optimal to produce ¢; = 118. It is optimal not to produce if z; € [1000, 1417) or z; > 1882. [

It can be observed from this example that there is no threshold point below which we must
produce and above which we never produce, as it is optimal to produce in two disjointed intervals,
i.e., (—00,1000) and [1417,1882). Even if the structure of the optimal policies is identifiable, the
daunting complexity often limits their applicability in practice. These observations motivate us to

focus on designing efficient and easy-to-implement heuristic policies.

2.2 K-Approximate Convexity

This subsection presents the definition and some properties of K-approximate convexity. We also
construct an algorithm to obtain a convex approximation of a piecewise linear function that may

not be continuous.



Lu et al. (2016) presented the following definition of K-approximate convexity and showed that

it is a generalization of K-convexity.

Definition 2.1. A function f : S — R, where S C R, is K-approzimate convex (concave) if there

exists a convex (concave) function g : S — R such that ||f — gl|co = sup,egs |f(z) —g(z)] < K.

In other words, a function is K-approximate convex if its distance in £, norm to some convex
function is no greater than K. A natural question is how to obtain a convex approximation of a
K-approximate convex function, such that the distance between the two functions in ¢, norm is
bounded by K. Our main idea for obtaining such a convex approximation relies on the convex

envelope of the function, which is defined as follows.

Definition 2.2. For any function f : S — R where S C R, the function f* : S R is the convex

envelope of f if
fr=sup{f:S—=R| [ is convex and f < f}.

For any K-approximate convex function f, the following proposition shows that the maximum
distance in /o, norm between f and its convex envelope f* is at most 2K. As the convex envelope
f* is always below f, by shifting the convex envelope up by 1||f — f*[|s, we can obtain a convex

approximation of f whose distance from f is at most K.

Proposition 1. For any K -approzimate convex function f : S — R where S C R, || f— f*[|cc <2K
and ||f — flloe < K, where f* is the convex envelope of f and f: S +— R is the convezx function
such that f(z) = f*(2) + 5| f — [*llec for any z € S.

Consider a piecewise linear function W (x) with m pieces, where m > 2. Let —oo = z9 <
T < g < o0 < T < Ty = 400 denote the breakpoints defining the m pieces. For any
j€{0,1,....,m—1}, W(z) is a linear function with slope b; for all € (z;,2;4+1). Thus, the interval

(xj,xj41) corresponds to piece j of W (x) and b; is referred to as the slope of piece j.

Algorithm 1. Obtain a convex approzimation W(x) of a piecewise linear K-approzimate conver

function W(x).
Step 1. For any j € {1,...,m — 1}, define y; = min{W (x;), limgp,; W (), limg ., W(z)}.

Step 2. Apply Andrew’s monotone chain convexr hull algorithm (c.f. Andrew 1979) to obtain the
lower hull of the points in P = {(J:j,yj) cje{l,...,m— 1}} The lower hull of P is

represented by the points in P on the lower hull in counter-clockwise order, i.e.,
{@8 00 @y 9h), s (@ ) | € P
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/
m

where m' is the number of points in P falling on its lower hull, x1 =z} <z < --- < a! ,

/ /
Tm—1, Y1 = Y1, and Ym—1 =Y,/

T

Step 3. If m =2, setl =wu=1. Otherwise, let b; = z%“i_y], forany j € {1,....m' — 1},

J+1T 75
| — 17 @fbll Z b07
max{jE{Z,...,m’}:b}fl <b0}, if b} < by,
{min {j €{l,..,m —1}:0; > bm_l}, if O > b,
u =
m’, if b{m’—l S bm—l-
Define
Jitbole—al),  foranyw <al.
W*(x) = § yj + Vi(z — %), for any x € (2,25 4],7 € {l,l +1,...,u— 1},

yh, + bm_1(x — ), for any x > xl,.
Step 4. Return

W(z) = W*(m)—l—% max {max {W(xj), lim W (z), lim W(x)} - W¥(xy):je{l,...,m~— 1}} .

otz TlT;

Algorithm 1 can be interpreted as follows. Step 1 deals with the discontinuity of W (x). Here,
y; represents the minimum of W(z;) and the values W (z) converges to as x approaches z; from
the left and right. Obviously, y; = W (x;) if W(x) is continuous at x;. Step 2 constructs the
convex envelope of W (x) for any = € (z1,2m,m—1). For a finite set of points in a two-dimensional
space, the lower hull of this set is the part of its convex hull visible from below, which runs from
the leftmost point to the rightmost point in counter clockwise order. Note that the lower hull of
P can be obtained by any convex hull algorithm in a two-dimensional space. Here, we choose the
monotone chain algorithm (c.f. Andrew 1979) whose computational complexity is O(mlogm) in
general. However, as the points in P are sorted according to z;, the monotone chain algorithm
returns the lower hull of P in O(m). Please note that by Algorithm 1, we can obtain the exact value
of K, i.e., K = max {max {W(x;), limgy,, W (), limgye, W(z)} — W*(x;) : j € {1,....m —1}}.

In Step 3, we extend the convex envelope of W (z) from the domain (x1,%;,—1) to the domain
(—00,4+0). To obtain a convex approximation of W (z), as shown in Proposition 1, we shift the
convex envelope W*(z) up by %||W — W*(2)||s0, which corresponds to the function W (z) in Step 4.

Proposition 2 formally proves the validity of Algorithm 1 and analyzes its computational complexity.

Proposition 2. Suppose that W (x) is K -approzimate convex. Algorithm 1 returns W (zx) in O(m).

Moreover, W (z) is a convex function of v and satisfies |W — W s < K.



Lu et al. (2016) proposed a linear programming formulation to obtain the convex approxima-
tion of a continuous piecewise linear function W (x). However, the cost function defined by (1) in
this paper may not be continuous, in which case it cannot be approximated by solving the linear
programming formulation but can be approximated by using Algorithm 1. The computational com-
plexity of Algorithm 1 is only O(m), which is much lower than that of solving a linear programming

problem with O(m) decision variables and O(m) constraints whose complexity is at least O(mg)

The following proposition provides a preservation property of K-approximate convexity, which

will be useful for proving the performance bound of the heuristic policy proposed in Section 3.

Proposition 3. If ¢ : RT — R is K-approximate conver and f : R — R is convex, then g(z) =

ming>.{c(y —z) + f(y)} is K-approzimate convez.

3 Optimality Analysis and Heuristic Policies

In this section, we first characterize the optimal policy for the single-period problem. This serves two
purposes. First, the single-period model formulates the production control problem for a perishable
product whose inventory cannot be carried over periods. Second, inspired by the structure of the
single-period optimal policy, we then develop three practically implementable and efficient heuristic
policies for the multi-period problem using the concept of K-approximate convexity, and compare

their performance.

3.1 The Single-Period Model

Given any initial inventory level z, the single-period inventory problem can be formulated as

V(@) = minfe(:) + Hifw + 2)} = min{e(y — ) + H(w)}. (3)

Define

2*(z) = min {arg min{e(z) + Hy(z + z)}} and y*(z) = min {arg mine(y — ) + Ht(y)}} ,

i.e., for any given initial inventory level x, the optimal production quantity and optimal produce-up-
to level are z*(x) and y*(x), respectively. Obviously, y*(z) = x + z*(x). The following proposition

shows that the optimal production quantity decreases with the initial inventory level.

Proposition 4. (MONOTONICITY OF OPTIMAL ORDER QUANTITY) The optimal order quantity

2*(x) decreases with x.

10



Proposition 4 can be applied to develop a polynomial-time algorithm that solves the single-

period problem.

Algorithm 2. Solve the single-period problem (3) for any initial inventory level x € (—00,+00).

Step 1. Define
St = inf {arg inf ){c@-y + Ht(y)}}

ye(—oo,—i-oo

and '

Ki+cigi + Hi(x + gi), if x <S5 — g,

fiz) = Ki+ Ci(Si —x)+ Ht(Si), if S'—q <x < S — g,

Ki+ cigi1 + Hi(x + qim1), if x> 8" — g1,

for any i € {1,...,n}. Furthermore, set fO(z) = Hy(z) for any x.
Step 2. Let Ty,41 = —00 and &g = oo. For any i = n,...,1, define &; = min{Z;0,Zi1,....Tii-1},

where T; j = inf{x > ;11 : fi(z) < fi(z)} for all j € {0,1,...,i — 1}. Note that we set

T =00 if {& > &1 : fI(x) < fi(x)} is an empty set.
Step 3. Set z*(x) = S™ — x for any v € (—o0, Ty,),

79 ] Ai ) i A’L'a Ai 7SZ‘7 7 ) .
2*(x) = {q i € [Fi1, min{di, max{Ziiy ai}}) for allie {1,..,n—1},

| Si—x, ifz e [min{2;, max{d; 1, 5" — q;}}, &),
and z*(z) =0 for any x € [%1,00).
For any i € {0,1,...,n}, set V(z) = fi(z) for any = € [Ti11,3:).
The following proposition shows that Algorithm 2 solves the single-period problem.

Proposition 5. Algorithm 2 solves the single-period problem (3). If Hy(x) is a piecewise linear

function with m pieces, the computational complexity of Algorithm 2 is O(mn?).
Based on the values S? and &; returned by Algorithm 2, we can define
A={&;:ie{l,..,n+1}} U {min{&;, max{d;1, St —q}rie{l,...,n— 1}}.

Let [ = |A|—1 <2n—1. For any j € {0,1,...,1}, we denote a; to be the (j + 1)th smallest element
in A, ie., A={ap,ai,...,a;} where ag < a3 < --- < a;. Note that ag = Z,,41 = —00 and a; = Z.
Also let s = a;. We obtain the following theorem that characterizes the optimal policy for the

single-period problem.

11



Theorem 1. It is optimal to produce when x < s and it is optimal not to produce when x > s.
There are | < 2n — 1 intervals [aj,aj+1), j € {0,1,...,1}, with —oo =ag < a1 <az < --- < aq =s,
such that for all x € [aj,a;y1), it is optimal to produce either exactly g; for some i € {1,..,n —1}
or up to S for some i € {1,...,n}. Furthermore, for any interval [aj,a;1) where it is optimal to

produce up to S* for some i, the optimal production quantity z*(z) = S* — x € (i1, ¢)-

°
3
= S!
g s
g N
r S3
Q
iy /-
E 56 Pro-
= Produce | Produce | Produce | duce:ProduceProduce/ Produce
E Produce q; uptoS® | uptoS® {uptoi ¢, wptoSt  nothing
a up to S6 52
o »
S¢—q, S§°—gq §*—q, S'-q, K

Inventory Level x

Figure 1: Optimal policy for the single-period problem (3)

Figure 1 illustrates the policy structure described in Theorem 1. The policy has a threshold s
to determine whether to produce. The set over which it is optimal to produce can be divided into
at most 2n — 1 intervals by the parameters a;. In each of these intervals, the optimal production
decision is to produce either up to some S’ or exactly ¢;. Therefore, the optimal policy is a state-
independent policy in the sense that it can be determined by the parameters &; and S? — g; defined

in Algorithm 2. This nice structure only relies on the convexity of Hy(y).

An important observation here is that both Algorithm 2 and Theorem 1 are applicable to
capacitated inventory models. To see this, note that if ¢, is sufficiently large, as Hy(y) is a piecewise
linear convex function, ¢,y + H(y) increases with y and hence S™ = —oo. For example, when
Hi(y) = E[h(y — D)t + p(y — D¢)"], we have S = —oco as long as ¢, > p. As S" = —oo,
the case of producing up to S™ can never exist, and hence Theorem 1 implies that for any initial
inventory level x, there exists some i € {1,...,n—1} such that we should either produce exactly g; or
produce up to S? with the corresponding production quantity in (¢;_1, ¢;]. Therefore, the optimal
production quantity will never exceed the capacity ¢,_1. Consequently, such a policy is optimal
for the corresponding capacitated problem with a production capacity ¢,—1. In fact, Algorithm 2
returns the optimal policy for the counterpart with capacity ¢,_1 as long as we force &,, = —o0 in

Step 2.

Proposition 4 implies that the optimal production quantity z*(x) decreases in the initial inven-
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tory. However, the optimal produce-up-to level y*(z) may not have any monotonicity property.
The following proposition presents a monotonic property of y*(z) under a certain production cost

structure.

Proposition 6. If there exists a constant ¢ > 0 such that c¢(z) is concave for z € [0,q] and c(z) is
convez for z € [q, +00), then there exists a point v < s such that y*(z) increases for any x € (—oo,v)

and decreases for any x € [v,s).

3.1.1 A Special Case: Two Pieces

In this subsection, we characterize the optimal policy when n = 2. This subsection serves two
purposes. First, many applications fall into the case with n = 2. Hence, a clear characterization
of the optimal policy for this special case can benefit those applications. Second, it can help us to

better understand the structure of the optimal policy based on Theorem 1.

Definition 3.1. Given K1, Ko, ¢1 and cs, we define

st =min{z : cjz + Hy(z) < Ky + 1 S* + Hy(SY)};

s> =min{z : Hy(z) — Hi(z + q1) < K1 + c1q1 };

s3 = min{z : cox + H(z + q1) < Ko + 5% —c1qn — K1 + Ht(SQ)};
st = min{z : cox + Hy(x) < Ky + 2S?% + Ht(SQ)};

§0 = min{z : (ca — c1)x + Ht(Sl) < Ko+ 8% — Ky —e1 ST+ Ht(SQ)}.

The following lemma partially identifies the relationships between these threshold points, which

are helpful for characterizing the optimal policy.

Lemma 1. (i) If S' — q1 < st, then s > S' — qp. (i) s> < st (iid) s < S? —qu. (i) If

S? —qp > 5%, then s* < 8% — q.

Theorem 2. Define s = min{S?—q;, max{s?, s'}}, s7 = min{max{s®, S'—q},5%—q}, and s® =
min{s', max{s®, S —q1}}. The optimal policy structure of the single-period problem is characterized

by Table 1.

Theorem 2 implies that there are only four possible strategies: order nothing, order up to S*,
order exactly ¢i, and order up to S2. Once S/, j = 1,2, and s*, i = 1,...,5, are computed, the

optimal strategy is completely determined.
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Table 1: Optimal Policy Structure

Order nothing | Order up-to S* Order exactly gi Order up-to S2
Sl—q<s' &

S2ql<Sl x> st St—q <z<st s$<r<S'—q x < s
Slfql_<sl& 1 - 1 3 oal 1 St—q<z<s,
X o L x>s s'<zx<s min{s>,S" —qi} <x < S —q N
s+q>85>8 z < min{s”,S" —q1}

1 6

s <zx<s
St—q <s' & : o ’
52 q11+ x> s° <z <st min{s®>,S' —q} <z <S'—q| St—q <z<s®

> s

n xz < min{s* S' — ¢}
St—q>s' & 2 3 2 3
- T >S8 empty s <z <s r<s
S —q <$® - B
St—q>s' & s? <z < max{s?*, s>
) = 9 x > max{s?, s?} empty min{s® s} < z < s° - . 3{2’ b
S“—q > s z < min{s”, s°}

3.2 Heuristic Algorithms for the Multi-period Model

In this subsection, we propose three heuristic policies for the multi-period problem. The first, named
as the cost-to-go function approximation (CTGA for short), is mainly inspired by the fact that the
well-structured, single-period optimal policy only depends on the convexity of the inventory holding
and the shortage cost function Hy(y). By applying K-approximate convexity to approximate the
cost-to-go function, the heuristic policy is practically implementable because its structure is the
same as that of the single-period optimal policy illustrated in Figure 1. The second is named as the
cost-to-go function expectation approximation approach (CTGEA), which is inspired by the same
spirit of the CTGA approach. However, unlike the CTGA approach, which directly approximates
the cost-to-go function, the CTGEA approach approximates its expectation. The third, named
as the ordering-cost function approximation (OCA), is inspired by the fact that if the ordering
cost in every period is a convex function, then so is the cost-to-go function. Hence, by applying
K-approximate convexity to approximate the ordering cost function, we can have a well-structured
heuristic policy that shares the same structure as that of the optimal policy for inventory systems
with a piecewise linear convex ordering cost, as shown in Bensoussan et al. (1983). For all heuristic

policies, K-approximate convexity allows us to derive their worst-case performance bounds.

3.2.1 Cost-to-go Function Approximation Approach

Recall that the cost-to-go function Viiq(x441) in (2) may not be convex, which complicates the
optimal policy for the multi-period problem. To restore the nice properties of the optimal policy

for the single-period problem, we use a convex function Wy y1(z41) to approximate V;y1(z441) and
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solve the following optimization problem:

W) = min {e(y — @) + Hi(ye) + 0E[Wes (31 — Do) |- (4)

Yt 2Tt
For any period ¢, the structure of the optimal policy for (4) is the same as that of the single-period
optimal policy because Hy(y) + aE[W;y1(y; — D;)] is a convex function. The key step in the CTGA

approach is to obtain a convex approximation W;(z;) of Wy(xy).

When t = T41, we choose Wy 1(z741) = Vry1(zr41) because Vg1 (x741) is a convex function.
As Wiy1(2441) is convex, Proposition 3 ensures that if ¢(z) is K-approximate convex, then so is
W, (z¢). According to Proposition 2, a convex function W;(z;) such that [|[W; — Wi||sc < K can be
obtained by Algorithm 1. For each period ¢, the CTGA approach consists of two steps, summarized
in Algorithm 3.

Algorithm 3. (CTGA APPROACH) Obtain a heuristic policy for the multi-period inventory control
model (2).

Step 0. Define Wry1(x7y1) = Vra1 (o) for any xr1.
Step 1. Foranyt=1T,...,1,

Step 1.1. solve model (4) by Algorithm 2 to get the heuristic policy and Wi(xy);

Step 1.2. apply Algorithm 1 to get the convex approzimation Wi(xy) of Wi(xy).

Remark 1. Comparing Algorithm 8 with the exact dynamic programming algorithm, we find that
the computational complezity to obtain Wy(x;) by Algorithm 1 is linear in the number of pieces
of Wi(z¢). Model (4) is much easier to solve than model (2) because Wyy1(x) is convex, whereas
Vig1(x) is an arbitrary piecewise linear function. Most importantly, we can create a well-structured
heuristic policy whose structure is the same as that shown in Figure 1, whereas the optimal policy

18 not practically implementable due to its complexity.

Remark 2. This heuristic is optimal for the single-period problem, as W 1(z141) = Vi1 (zr11).
If the production cost c¢(z) is convex, it is straightforward to show that Vi(x;) = Wy(z1) = Wy(ay) for
any t because model (4) implies that Wi(xy) must be a convex function if Wiy1(x4q1) is a convex
function. Thus, the heuristic policy is also optimal for the multi-period problem with a convex

production cost.

Given any inventory level z; at the beginning of period ¢, let V;(x;) denote the total expected
cost from period ¢t to T'+ 1 if the heuristic policy computed by Algorithm 3 is used. The following

theorem provides a worst-case bound on the performance of the CTGA approach.
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Theorem 3. If c(z) is K-approzimate conver, Vy(zy) < Vi(zy) + 2K ZZ Lial for any x; € R and

te{l,..T}.

Remark 3. This performance bound depends only on the number of periods T, the discount factor
a, and the parameter K measuring the non-convezity of ¢(z). It is independent of the inventory
holding and shortage costs. Hence, the heuristic policy is very close to optimal when the inventory
holding cost or shortage cost is large. This bound does not blow up when T goes to infinity. For

any o € [0, 1), Zl Liat = Q(If‘z;;l — Tf‘_T:. Hence, limp_, ZiT:1 il = ﬁ, which implies that

(1 )2 1s the worst-case performance bound of the heuristic policy for the infinite horizon problem.

Theorem 3 provides a theoretical worst-case performance bound for the heuristic policy. Note
that the complexity of Algorithm 1, which constructs the K-approximate function of Wy(x;), heavily
depends on the number of pieces of Wy(z¢). Suppose that the random demand is bounded by a
maximum demand D. The following proposition implies that the number of pieces linearly increases

in the period length.

Proposition 7. Recall that Vi (xpy1) = hTH:E%H +pry12p,, - Let he = h+ ahiyr and pr =
min{c,,p + apit1} for any t =1,...,T. For anyt=1,....T,

pi(—(T —t+ 1B —a) + Wy(—(T —t+1)B) ifaxy < —(T—t+1)B

Wi(xt) = {h _ _ ; Z
((xy — (T —t+1)D) + Wy((T —t +1)D) if o> (T —t+1)D,

where B is a finite positive number defined in the proof.

Proposition 7 shows that W; () is one linear piece when z; < —(T'—t+1)B or 2; > (T —t+1)D.
The explanation behind this insight is as follows. First, when the inventory is high enough to satisfy
the maximum possible demands in the remaining periods., i.e., z; > (T —t + 1)D, it is optimal to
order nothing from period ¢t onward, which leads to the linear form of Vi(x:). Second, when the
inventory is low enough, it is always optimal to order to satisfy the aggregated backlogged demand
by period t. Thus, adding one unit of inventory in this case saves a unit shortage cost. As the
convex hull approximation, Wy (z;) behaves consistently with V;(z;) in both cases. In other words,
all but two linear pieces of Wy(x;) are contained in the interval [—(T —t + 1)B, (T — t + 1)D].
In practice, the domain of Wy (x;) only takes integers because the demand and inventory level are
integral values. Hence, Proposition 7 implies that the number of pieces of W;(x;) is bounded by

(B + D)(T —t+ 1), which is a linear function of T — .
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3.2.2 Cost-to-go Function Expectation Approximation Approach

In this subsection, we introduce another heuristic policy: the cost-to-go function expectation ap-
proximation approach (CTGEA). Instead of approximating the cost-to-go function, the CTGEA
approach approximates the sum of the expectation of the cost-to-go function and expected inven-
tory holding/backlogging cost function. This is an improvement of the CTGA approach developed

in the previous section. The idea is motivated by the following example.

Example 2. Consider a two-period problem, i.e., T'= 2. Referring to the cost structure in (1), we
set the production cost to have three linear pieces with slopes ¢; = 1.2, ¢co = 1.53, and c3 = 1.5.
The breakpoints are ¢; = 30 and ¢go = 50. The demand distribution follows a discrete normal
distribution whose cumulative distribution function is defined as ®(-, u, o) with a mean of x4 and a
standard deviation of . We set 4 = 30 and ¢ = 10. The demand takes a value z from an integer
set of {0,1,...,200} with the probability of ®(z + 1, u,0) — ®(z, u, o). In addition, we set o = 0.9,
Hy(y:) = E[0.2(y; — D)™ +0.9(y: — Dy)7| for t = 1,2, and Vi (2741) = 152, .

In this example, the objective function Vi(z1) is not convex. Actually, one can check that the
difference Vi(x1 + 1) — Vi(z1) is not always increasing in xj, for example, Vi (—25) — V1(—26) =
—1.5 > Vi(—24) — V1(—25) = —1.53. However, after taking the expectation, the function E[V;(y; —

Dy)] is indeed convex. O

In this example, Vi(x1) is not convex. However, E[Vi(y; — D;)] is convex. This observation
confirms that the expectation under some demand distributions may smooth the objective function
in the sense that the gap with the convex approximation function becomes smaller. Proposition 1
in Lu et al.(2016) showed that if f(x) is K-approximate convex, then E[f(z— D)] is K-approximate
convex for any random variable D. Therefore, smoothing by expectation at least does not make

the function become non-convex if it does not make the function more convex.

Because H¢(yt) + aE[Viy1(y: — Dy)] can be more convex than E[Vi41(y: — D;)], we use a convex
function Ry41(y;) to approximate Hy(yq) + oE[Vis1(y — Dy)], and solve the following optimization

problem:

Ry(x) = min {C(yt —at) + Rt+1(yt)}- (5)
Yt =Tt

The structure of the heuristic policy achieved by solving (5) is the same as that of the single-period

optimal policy illustrated by Figure 1 because }A%Hl(yt) is a convex function. This heuristic is

summarized in the following algorithm.

Algorithm 4. (CTGEA APPROACH) Obtain a heuristic policy for the multi-period inventory

control model (2).
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Step 0. Define Rrs1(yr) = Hr(yr) + aB[Vrii (yr — Dr)] for any yr.
Step 1. For anyt=1T,...,1,
Step 1.1. solve model (5) by Algorithm 2 to get the heuristic policy and Ry(xt);
Step 1.2. apply Algorithm 1 to get the convexr approximation Et(yt,l) of
Hy 1(ye—1) + oE[Ri(ye—1 — Di—1)].

Remark 4. As K-approzimation convezity can be preserved by expectation (Proposition 1 in Lu

et al. 2016), Theorem 3 also holds for the CTGEA approach.

3.2.3 Ordering Cost Approximation Approach

If ¢(2) is convex, then the cost-to-go function Vii1(z¢41) in (2) is also convex, which can lead to
a well-structured optimal policy (see Bensoussan et al. 1983). This motivates us to use a convex
function ¢(z) to approximate c(z). This approach is named as the ordering cost approximation

approach (OCA). The optimization problem can be rewritten as

Ui(x) = min {E(Qt —x¢) + Hi(y) + aB[Up1(ye — Dt)]}a (6)

Yt>Tt

with Ury1(xr41) = Vg1 (zr4) for any zp4q.

We summarize this heuristic policy in Algorithm 5.

Algorithm 5. (OCA APPROACH) Obtain a heuristic policy for the multi-period inventory control
model (2).

Step 0. Apply Algorithm 1 to get the convex approximation ¢(z) of ¢(z).

Step 1. Define Upy1(xry1) = Vg1 (zrs1) for any zpiq.

Step 2. For anyt =T, ..., 1, recursively solve model (6) by Algorithm 2 to get the heuristic policy
and Uy(xy).

Given any inventory level x; at the beginning of period t, let ‘A/t(xt) denote the total expected
cost from period ¢t to T'+ 1 if the heuristic policy computed by Algorithm 5 is used. The following

theorem provides a worst-case bound on the performance of the OCA approach.

Theorem 4. If ¢(z) is K-approzimate convez, ‘Z(xt) < Vi(ay) + 2K Z;TF:_ltH i for any vy € R
and t € {1,...,T}.
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Remark 5. The worst-case bound of the OCA approach is slightly worse than that of the CTGA and
CTGEA approaches presented by Theorem 3. In particular, the OCA approach incurs an additional
performance gap in the last period, i.e., period T'. Under the CTGA and CTGEA approaches, the
function W1 (xpy1) = Vre1 (o) is already convex and hence the two heuristics are optimal in

period T. However, under the OCA approach, replacing c(z) with ¢(z) results in a performance

gap.
4 Numerical Study

In this section, we present a set of numerical experiments to test the effectiveness of the three
proposed heuristic policies. The experiments are exercised in two practical settings. In the first
setting, the firm faces a non-convex and non-concave production cost. In the second setting, the

firm has two suppliers with different costs and capacities.

4.1 Non-convex and Non-concave Production Cost

We analyze the weekly labor cost as a function of the weekly production quantity. Suppose that the
workers get a weekly or monthly salary and receive overtime pay if they are asked to work overtime.
Let m denote the number of products a worker can produce in an hour, which can be calculated, for
instance, from the productivity of the machine and the number of machines a worker can operate
simultaneously. Using m and the number of workers a company employs, we can determine the
number of units that the company can produce in a week without overtime work, i.e., in 40 hours,
which is referred to as ¢;. Note that there is a maximum amount of time that a worker can work
in a day. Consequently, even with overtime work, there is a limit to the quantity that the company
can produce during the weekdays in a week, which is denoted as ¢». Similarly, we can obtain a
weekly production capacity, g3, the maximum amount that can be produced in a week when the
workers work overtime on both the weekdays and weekends. Let [ denote the labor cost per unit,
which can be calculated from the salary, the quantity m, and the working hours without overtime
work in a week. If the weekly production quantity is no greater than g;, the workers do not need
to work overtime and the company does not need to pay the workers any extra money besides
their regular salary. The marginal labor cost to produce one more unit is thus zero. We consider a
regulation under which a worker must get an overtime rate that is at least 1.5 times the regular pay
if he or she works more than 8 hours on a weekday, and at least 2 times the regular pay if he or she
works on the weekend. Hence, when the production quantity exceeds g; but is no greater than g2,

the workers must work overtime on weekdays and receive 1.5 times the regular pay. The marginal
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labor cost to produce one more unit is thus 1.5{. If the production quantity is greater than g,
the workers must work on weekends and the marginal labor cost increases to 2[. In summary, the

weekly labor cost that depends on the production quantity is

0 if 2 < qi,
I(z) =14 15l(z—q1)" if g1 <z<q,
L50(g2 —q1)" +2l(z — q2)" if go < 2 < g3,

which is a piecewise linear convex function of the production quantity.

We generate [ uniformly in [0.4,0.8] and ¢; uniformly in [1000, 2000]. We set g2 to 1.3¢; and g3
to 1.6q1, respectively. To capture economies of scale in the non-labor production cost, we uniformly
generate two independent random variables 3, and . in [0.5,1.5] and [0.6,0.8], respectively. The
non-labor production cost is 1 — [ per unit if the production quantity is less than $,q1, and it
decreases to fB.(1 —[) if the production quantity exceeds f4qi. This results in a piecewise linear
concave non-labor production cost. Summing up the convex labor cost and concave non-labor cost,
the production cost ¢(z) is thus a non-convex, non-concave function with four linear pieces, which

is illustrated in Figure 2. The production capacity is 1.6¢;.
A

Bo(1—1) +21
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Figure 2: Variable production costs

We set T' =10 and o = 0.9. We assume that the demand in each period ¢ is identically and
independently distributed and that the support of Dy is set to {500,1000, 1500, 2000, 2500, 3000}.
To verify whether the performance of heuristic policies is sensitive to demand distribution, we test
three different types of demand distributions and generate 100 instances for each type. We report

the average and worst performance of different policies over these 100 instances.

e The first demand distribution has a randomly generated probability mass function. For any

i=1,2,..,6,
) U;
P(D; = 500i) = s (7)
Zi’:l Uy

where U; are i.i.d random variables uniformly generated in [0,1].
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e The second demand distribution is a uniform distribution in {500, 1000, ..., 3000}, i.e., P(D; =
500¢) = 1/6 for any i = 1,2, ...,6.

e The third demand distribution is a discrete normal distribution. We generate p uniformly
in [1500,2000] and ¢ uniformly in [x/4,/3]. The demand distribution is set to P(D; =
500) = ®(750, u, o), P(D; = 5007) = ®(500i + 250, p, o) — ®(500i — 250, p, o) for i = 2, ..., 5,
and P(D; = 3000) = 1 — ®(2750, 1, o), where ®(-, 1, 0) denotes the cumulative distribution

function of a normal distribution with a mean of y and a standard deviation of o.

For each period ¢, we choose Hy(y;) = E[h(y; — D)™ + p(y: — D;)~|, where the unit inventory
holding cost h and the unit shortage cost p are uniformly generated in [0.02,0.2]. The cost incurred
at the end of the planning horizon is Vri1(z711) = pry124.,,, where pryg, the cost to fulfill a

backlogged demand at the end of the planning horizon, is generated uniformly in [1.4,2.2].

For the purpose of comparison, we also consider a heuristic policy that assumes that the unit
production cost is ¢(1.6¢1)/1.6¢; and the production capacity is 1.6q; for any period ¢. That is,
this heuristic linearizes the production cost (OCLA for short). The resulting policy is a capacitated
base-stock policy.

Let V1 denote the total expected cost from period ¢ to 7'+ 1 under a specific heuristic pol-
icy. As the maximum demand in each period is 3000 and the time horizon is 10 periods, we
restrict the state region on [—3 x 10%,3 x 10%] in the numerical experiments. In particular, we use
SUP,, e[—3x 104,3x104] {V#(x4)/Vi(z¢) — 1} to measure the performance of the corresponding heuris-
tic policy for a problem with T'—¢ + 1 periods. As T'= 10, t = 1 implies that there are 10 periods,

whereas t = 9 implies that there are 2 periods.

Table 2 displays the average and worst performance of different heuristic policies over 100 ran-
domly generated instances for each demand distribution. It can be observed that the performance
of CTGEA approach is always bounded by 1.94%, which implies that its cost is at most 101.94%
of the optimal cost. Its average performance over all the tested instances in Table 2 is 100.02%
of the optimal cost. The worst and average performance of the CTGA approach over all of tested
instances are 103.71% and 100.27% of the optimal cost, respectively. For the OCA approach, the
average performance over all of the tested instances is 109.34%, while the worst-case performance
is around 182.51%. Finally, the OCLA approach is on average 126.56% of the optimal cost, and

the worst case exceeds 218% of the optimal cost.

These results indicate that both the CTGEA and CTGA approaches are close to optimal and
significantly better than the OCA and OCLA approaches. Moreover, as expected, the CTGEA
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Table 2: Performance of three heuristics and base-stock heuristics for general production cost (%)

Distribution by (7) t=1 t=2 t=3 t=4 t=5 t=6 t=7 t=8 t=9 ¢t=10
CTGEA Average 0.01 0.01 0.01 0.01 0.01 0.03 0.03 0.05 0.09 0
Worst 0.06 0.07 0.08 0.11 0.10 0.15 0.30 0.84 1.94 0
CTGA Average 0.14 0.16 0.17 0.20 0.22 0.24 0.28 0.38 0.41 0
Worst 0.55 0.59 0.66 0.72 0.95 1.31 1.37 2.09 2.74 0

OCA Average 8.72 8.47 8.21 8.03 8.11 8.12 8.73 9.17 10.61 14.01

Worst 66.21 65.05 63.10 60.87 5893 55.26 48.34 46.02 44.17 62.73

OCLA Average 25.83 26.33 28.10 27.84 28.42 29.11 30.25 30.28 28.29 29.41

Worst 70.26 71.81 73.57 72.35 74.36 7862 81.37 83.62 81.98 118.13

Uniform distribution t=1 t=2 t=3 t=4 t=5 t=6 t=7 t=8 t=9 t=10
CTGEA Average 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.02 0.03 0
Worst 0.03 0.03 0.03 0.05 0.05 0.06 0.06 0.18 0.45 0
CTGA Average 0.14 0.14 0.15 0.16 0.18 0.20 0.24 0.27 0.21 0
Worst 0.52 0.57 0.59 0.62 0.86 1.03 1.20 1.44 1.57 0

OCA Average 9.51 9.32 9.27 9.19 9.01 8.82 9.34 9.83 11.75 15.05

Worst 46.17 49.27 51.69 55.94 62.03 63.86 67.15 68.68 67.26 82.51

OCLA Average 26.08 25.81 2598 26.57 27.13 28.81 29.10 29.37 28.95 29.21

Worst 74.87 75.24 74.68 75.25 75.89 76.07 76.12 76.58 76.83 95.53

Discrete normal distribution | t=1 t=2 t=3 t=4 t=5 t=6 t=7 t=8 t=9 ¢t=10
CTGEA Average 0.01 0.02 0.02 0.02 0.02 0.03 0.04 0.06 0.12 0
Worst 0.09 0.13 0.16 0.22 0.27 0.32 0.49 0.78 1.26 0
CTGA Average 0.29 0.31 0.32 0.34 0.42 0.48 0.53 0.66 0.73 0
Worst 1.38 1.56 1.47 1.51 1.64 1.77 1.74 2.48 3.71 0

OCA Average 8.37 8.46 8.35 8.29 8.21 8.36 8.49 8.62 9.50 10.19

Worst 67.52 67.21 65.90 64.05 61.24 58.11 55.25 53.03 51.18 54.74

OCLA Average 21.08 21.51 22.09 22.43 23.89 24.69 26.15 27.27 23.92 23.04

Worst 69.33 70.14 71.07 71.85 70.63 7391 7955 72.67 77.35 76.84

approach performs a bit better than the CTGA approach because smoothing by expectation can
make the objective function more convex. Finally, the performance of both the CTGEA and CTGA

approaches is consistent for all three types of distribution, i.e., not sensitive to demand distribution.
4.2 Two-supplier Case

In this subsection, we conduct a set of comprehensive numerical experiments for the two-supplier
case in which the firm faces two suppliers with different fixed costs, linear ordering costs, and
capacities. For supplier one, we assume that the variable cost ¢; = 1, capacity @1 = 1000, and
fixed cost K is uniformly generated in [50,100]. We assume that supplier two has unlimited

capacity and a higher fixed cost, but a lower variable cost co = 0.8.

In each period, the firm must determine which supplier to choose and how many units of product
to order from each supplier. To cover different cost structures, we assume that the fixed cost of
supplier two K5 takes the values of 100, 200, 300, 500, 800, and 1000. Figure 3 depicts the ordering
cost structures when Ko = 300 and 500. It can be seen that when Ky = 300, the cost includes a

fixed cost and a variable concave ordering cost. However, when Ko = 500, the cost has two jumps
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that lead to a neither concave nor convex discontinuous cost structure. All of the other parameters

are generated in the same way as those in Section 4.1.

- = = K2=300
K2=500 -

I
0 500 1000 1500
Order Quantity

Figure 3: Ordering Costs when K7 = 100 and K2 = 300 and 500

Table 3: Performance of three heuristics for the two-supplier case (%)

Distribution by (7) t=1 t=2 t=3 t=4 t=5 t=6 =7 t=8 t=9 t=10
CTGEA Average 0.48 0.45 0.52 0.57 0.61 0.64 0.66 0.42 0.30 0
Worst 3.77  4.12 475 4.91 5.16 4.83 5.06 5.38 6.15 0
CTGA Average 1.20 1.19 1.15 1.17 1.22 1.25 1.20 1.13 0.71 0
Worst 11.39 11.51 11.78 12.05 12.42 11.04 10.36 10.06 8.61 0

OCA Average 8.84 9.01 8.92 9.16 9.55 10.14 10.38 11.47 12.33 23.57

Worst 47.61 46.32 45.19 43.26 41.43 39.58 36.17 40.22 66.20 89.83

Uniform distribution t=1 t=2 t=3 t=4 t=5 t=6 =7 =8 t=9 t=10
CTGEA Average 0.45 0.47 0.48 0.47 0.52 0.55 0.61 0.43 0.29 0
Worst 2.55 2.47 2.61 2.83 3.28 3.16 2.60 3.74 3.26 0
CTGA Average 1.41 1.39 1.33 1.35 1.37 1.43 1.31 1.24 0.71 0
‘Worst 9.23 9.35 8.86 9.03 8.71 8.74 8.43 7.51 6.32 0

OCA Average 9.42 9.51 9.59 9.60 9.82 10.11 10.73 11.02 11.57 21.33

Worst 48.05 47.17 45.81 44.46 4248 39.13 36.21 31.30 35.10 58.85

Discrete normal distribution | t=1 t=2 t=3 t=4 t=5 t=6 t=7 t=8 t=9 t=10
CTGEA Average 0.51 0.52 0.55 0.60 0.66 0.71 0.73 0.58 0.50 0
Worst 3.28 3.48 3.91 4.15 4.36 4.23 3.37 4.82 6.95 0
CTGA Average 1.21 1.20 1.24 1.25 1.27 1.31 1.30 1.27 0.89 0
Worst 9.78 9.42 9.33 9.58 10.25 10.10 9.92 9.63 8.82 0

OCA Average 11.26 11.33 11.52 11.84 12.05 12.19 12.73 13.21 13.94 28.49

Worst 56.18 54.90 53.67 52.28 49.36 46.81 41.95 37.23 44.35 73.55

Table 3 presents the average and worst performance of three proposed heuristic policies in tested
instances. It can be seen that the overall average (worst) performance of the CTGEA approach
is within 100.48% (106.95%); that of the CTGA approach is within 101.09% (112.42%); and that
of the OCA approach is 112.15% (189.83%). Overall, the CTGEA approach outperforms both
the CTGA and OCA approaches. Note that the average and worst performance reported in each
entry is not only over 100 randomly generated instances, as in the previous section, but also over
6 different values of the fixed cost of supplier two, K2. Hence, for each period ¢ and demand

distribution, those reported values are the average and worst of 600 instances.

We next illustrate how the performance of the CTGEA and CTGA approaches depends on the
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Table 4: Performance of Algorithms 3 and 4 with respect to K (%)
K-Approximation t=1 t=2 t=3 t=4 t=5 t=6 t=7 t=8 t=9 t
CTGEA Average | 0.09 0.09 0.10 0.11 0.12 0.13 0.14 0.08 0.01
Worst 0.85 0.87 0.89 0.89 0.94 1.03 1.10 0.74  0.38
Average | 0.28 0.27 0.27 0.26 0.26 0.29 0.32 0.39 0.02
Worst 1.05 0.98 0.94 0.92 0.99 1.01 1.09 1.15  0.61
Average | 0.18 0.19 0.20 0.23 0.24 0.28 0.33 0.25 0.03
Worst 1.29 1.34 1.47 1.55 1.62 1.85 1.58 1.07 0.71
Average | 0.82 0.72 0.73 0.76 0.78 0.81 0.77 1.03  0.11
Worst 2.14 2.06 1.93 1.89 2.23 2.37 2.19 2.26 1.30
Average | 0.28 0.30 0.33 0.35 0.39 0.41 0.59 0.35  0.06
Worst 1.71 1.68 1.83 1.95 2.04 2.17 2.42 1.70 1.05
Average | 1.06 1.04 1.01 0.99 1.18 0.98 1.02 1.21 0.22
Worst 3.34 3.28 3.13 3.09 3.02 2.98 3.11 3.27 2.24
Average | 0.45 0.48 0.52 0.55 0.68 0.76 0.82 0.41 0.13
Worst 2.57 2.68 2.72 3.10 3.36 3.48 2.75 1.85 1.33
Average | 1.51 1.48 1.45 1.41 1.45 1.50 1.58 1.40 0.90
Worst 4.83 4.55 4.62 4.66 4.81 5.36 5.25 4.58 3.61
Average | 0.92 1.01 1.01 1.06 1.12 1.15 1.09 0.74 0.62
Worst 3.58 3.63 4.05 4.66 4.71 4.70 3.92 3.80  3.20
Average | 2.15 2.13 2.11 2.05 2.17 2.27 2.15 1.60 1.35
Worst 8.60 8.04 7.56 7.63 8.02 7.94 7.83 7.22  5.83
Average | 1.04 1.12 1.15 1.20 1.29 1.33 1.16 1.10 1.35
Worst 4.52 4.81 5.20 5.55 5.87 5.48 5.51 6.03 6.95
Average | 1.91 1.88 1.85 1.89 2.10 2.15 1.89 1.62 1.87
Worst 11.41 1196 12.14 1242 12.33 12.07 10.92 9.66 8.83
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K=500 | CTGEA

CTGA
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approximate value K with respect to the ordering cost. For our tested instances, the value of K
happens to be % Hence, K takes the values of 50, 100, 150, 250, 400, and 500. As we can see from
Table 4, both the CTGEA and CTGA approaches perform slightly worse when K increases, which
is expected. It should be noted that K = 500 (K2 = 1000) is already a very large value in this
application because the maximal demand is 3000 and the unit ordering costs of the two suppliers are
1 and 0.8, respectively. The overall performance of the two approaches is very impressive, perhaps
because the minimal solutions of two functions may be close to each other even if the maximum
distance K between these two functions is large. Our way of approximating a function by its lower

convex envelope makes this scenario likely to happen.

4.3 Comparison of Approximation Approaches

In this section, we try to provide some explanations for why the CTGA and CTGEA approaches
perform much better than the OCA approach. We make two important observations and establish

one proposition.

Observation 4.1. The heuristic policies of the CTGA and CTGEA approaches are optimal for
the single-period problem, while the heuristic policy of the OCA approach is not optimal.
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Figure 4: Structure of the heuristic policy by OCA approach

This observation indicates that the OCA approach loses to the CTGA and CTGEA approaches

in the beginning because it is not even optimal for the single period problem.

Observation 4.2. The structure of the heuristic policies of the CTGA and CTGEA approaches
illustrated in Figure 1 is more flexible than the structure of the heuristic policy of the OCA approach
illustrated in Figure 4, which makes the heuristic policies of the CTGA and CTGEA approaches

closer to optimal.

The OCA approach leads to a piecewise linear convex cost structure. Bensoussan et al. (1983)
showed that the structure of the inventory control policy is that illustrated in Figure 4, where the
produce-up-to level is a continuously increasing function of the initial inventory level. However, we
know that this property does not hold for the optimal policy. This makes the heuristic policy of
the OCA approach restrictive and hence not perform well. In contrast, Figure 1 shows that the
produce-up-to level of the CTGA and CTGEA approaches can be up and down and even have
jumps. This flexibility can make it closer to the optimal policy. For example, for the inventory
control problems in Porteus(1971, 1972), the optimal policies shared the same structure as that

illustrated in Figure 1.

Observation 4.3. If the production/ordering cost is piecewise linear convex, all three of the heuris-

tic policies of the CTGA, CTGEA, and OCA approaches are optimal.

If the production cost ¢(z) in (2) is convex, it is easy to show that the cost-to-go function V;(z)

is convex, which immediately implies that all three of the heuristics are optimal. One may wonder
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what would happen if the production cost is piecewise linear concave. For the stochastic demand
case, it is very difficult to compare their performance. However, under deterministic demand, we
are able to show in the following proposition that the CTGA and CTGEA approaches are always
better than the OCA approach.

Consider a T-period inventory control problem where the demand D; in any period t is deter-
ministic. We assume that the production cost ¢(z) is a piecewise linear concave increasing function
for any z > 0. Note that K7 may be strictly positive, implying that it is possible to have a positive
fixed ordering cost. Suppose that a shortage is not allowed and hence z; > 0 for any period ¢. In
this case, the inventory holding cost in period ¢ and the cost incurred at the end of the planning
horizon are specified by Hy(y¢) = h(y; — Dy) for any y; > Dy and Vg (2711) = hry1opy for any
x741 > 0, respectively. Such an inventory control model is referred to as the dynamic lot-sizing

problem with a concave production cost.

Proposition 8. In the dynamic lot-sizing problem with a concave production cost, for any xy > 0
and t € {1,...,T}, the costs under the CTGA and CTGEA approaches are both equal to Vi(x;) and
are less than the cost under the OCA approach Vi(zy), i.e., Vi(zy) < Vi(zy).

5 Conclusion

We study an inventory control problem with general piecewise linear production costs. We fully
characterize the optimal policy for the single-period problem and propose several practically imple-
mentable and close-to-optimal heuristic policies for the multi-period problem. The worst-case per-
formance bounds of the heuristic policies are established by applying the concept of K-approximate
convexity. We test these heuristic policies on a set of practical applications that were previously diffi-
cult to solve and observe excellent performance. Overall, numerical experiments show that CTGEA
approach outperforms CTGA and OCA approaches. For a lost-sales model, our CTGEA algorithm
still works because we can always get a convex approximation of E[R((y;—1—D¢—1)")]. However, the
worst-case performance bound in Theorem 3 does not hold any more because E[Ry((y;—1 — Dy—1)")]

may not be K-approximate convex even if R;(x) is K-approximate convex.

Given the generality of the cost structure, our model may find many other applications in real-
world problems. Specifically, our method can be applied to solve dynamic programming problems
where the cost-to-go function is not convex, whereas convexity is necessary to have a well-structured
policy to implement in practice. These problems include a finite horizon joint pricing and inventory

control problem with nonlinear ordering cost and a stochastic cash balance problem with fixed costs,
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among others.
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A Online Appendix

Proof of Proposition 1. The K-approximate convexity of f implies that there exists a convex
function g : S — R such that ||f — g|/cc < K. Define h : S — R such that h(z) = g(z) — K
for any = € S. Note that ||f — g|lcc < K implies g(z) € [f(z) — K, f(x) + K| and hence h(x) €
[f(z) — 2K, f(z)] for any x € S. As h is a convex function, the definition of convex envelope yields

f(x) > f*(x) > h(z) > f(z) — 2K for any = € S. Therefore, we have ||f — f*e < 2K.
For any € S such that f(z) — f*(x) < LI = F*[loes we have 0 < f(z) — £*(z) < 31f — F*]loo
and hence
@) = ) = £@) = £@) = 31 = £l € | =51 = £ ler0].
Similarly, for any € S such that f(z) — f*(x) > L[[f — f*[lee, we can obtain 1[[f — f*[ee <
£@) = @) < 1f = £l and

_ 1 1
@) = &) = 1@) = £@) = 31 = £ € (0,515 - £
Consequently, || f — fllo < 3[If — f*llo < K. O

Proof of Proposition 2. We first show that if W (x) is a K-approximate convex function whose
convex envelope is w(x), then 0_w(z*) > by for any 2* < x; and d;w(x*) < by, for any x* > by, —1,
where 0_w(z) and 0yw(z) denote the left and right derivatives of w(z) at x, respectively.

As w(z) is a convex function of z, 0_w(x) and d;w(x) are well-defined for any x € (—o0, +00).
Assume for contradiction that 0_w(xz*) < by for some z* < z7. For any x < x* < x1, we have
W (z) = limggx W(a')+bo(z—2x*) by the definition of W (z). Also, w(z) > w(z*)+0_w(z*)-(x—z*)
by the convexity of w(z). Therefore,

w(z) — W(z) > wz*) — lim W (') + <8_w(x*) — bo) (x — ")

/T

— lim (w(w') - W(x’)) v (8_w(x*) - bo) (- 2%) > —2K + (a_w(x*) - b0> (z — %),

' ta*
where the first equality holds because the convexity of w(x) yields its continuity at 2* and the second
inequality follows from || — w||sc < 2K shown in Proposition 1. It follows that w(z) — W(x) >0

for any » < z* — 170_8277% < z*, which contradicts the fact that w(z) is the convex envelope of

Similarly, we can also show that d;w(z*) < by,—1 for any z* > z,,—;. Furthermore, because
the convexity of w(x) yields 0_w(z1) < 04w (Tm—1), O—w(x1) > by and d;w(zm—1) < bp—1 imply

bo < by,_1, which will be used in the subsequent proof.
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Next, we prove that Algorithm 1 returns a well-defined convex function W (z) in O(m). Suppose
that m > 2. Then we have 2} = z1 < 2,—1 = 2,y in Step 2, which implies m’ > 2. Consequently,
b;- for any j € {1,...,m' —1}, [, and u in Step 3 are all well-defined. In this case, we can show | < u

as follows.

e Suppose that b] > by, which yields I = 1. As u € {1,...,m'}, it is straightforward that [ < u.

e Suppose that b} < by. Recall that by < by,—1. The definition of I yields b;_; < by < bp—1.

Note that b/,

where j € {1,...,m’ — 1}, corresponds to the slope of piece j of the lower hull
of P, which is a piecewise linear convex function. Therefore, b;- is increasing in 7, and hence
b;- <bj_y <bpm—i forany j <1—1. If | =m/, then u = m’ = [. Otherwise, the definition of u

immediately implies u > [ — 1, i.e., I < .

Also note that | = u = 1 when m = 2. Therefore, [ and w in Step 3 always satisfy | < u. Consider
the function W*(x) defined in Step 3.

o If [ = u, then
W (z) = y% + bo(x — ), / for any = < x%,
Y, + bm—1(x —x;), for any x > ),

which is a piecewise linear continuous and convex function as by < b, _1.

e Suppose that I < wu. l,u € {1,...,m'} implies l <m' and u > 1,ie,1 <l <u—-1<m'—1.
The definitions of b’; for all j € {1,...,m'} imply that W*(x) is a piecewise linear continuous
function. According to the definitions of [ and u, we obtain b; > by and b),_; < bp,—1. Recall

that by < by,—1 and b} is increasing in j. It follows that W*(z) is convex in .

As a result, W*(x) in Step 3 and hence W (x) in Step 4 are both well-defined piecewise linear
continuous and convex functions. Furthermore, because the points in P are sorted according to
xj, the monotone chain algorithm obtains the lower hull of P in O(m) (c.f. Andrew 1979). It is
straightforward that the computational complexity of Algorithm 1 is also O(m).

Finally, we show that |[WW — W||. < K through the following three parts.

Part 1 shows that W*(x) > w(x) for any « € (—o0, +00), where w(x) is the convex envelope of
W (x). The convexity of w(z) implies that w(x) is continuous at any x € (—oo,+00). Combining
with w(z) < W(z) for any x € (—o0,+00), we have w(z;) < W(x;), w(z;) = limgp,; w(z) <
limgp,; W(z), and w(x;) = limg,; w(z) < limg ), W(x) for any j € {1,...,m — 1}. The definition
of y; in Step 1 yields w(z;) < y; for any j € {1,...,m — 1}.
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Note that the lower hull of P can be represented by the piecewise linear continuous and convex

function Lp(z) with the domain [z1, Zm—1] = [2], 2], where
/ if ¢ = o/
Lp(x) = {y}’ e ,
y; + bj(aj - :Uj), for any x € (J:j,xj+1],j e{l,..,m —1}.

Let the function Up(z) with the domain [z1, Z,n—1] be the upper hull of P, i.e., the part of P’s convex
hull visible from above, which runs from the leftmost point to the rightmost point in clockwise order.

Then the convex hull of P can be represented as
He = {(2.9) 12 € [o1,2m1] € [Lp(@), Up(@)] }. (8)

Obviously, Up(x) is a concave function of z € [x1,zm—1]. As P C Hp, we have y; < Up(x;) for
any j € {1,...,m — 1}. Recall that w(x) is convex in z and w(z;) < y; for any j € {1,...,m — 1}.

Therefore, we can define the following convex set

Hp = {(x,y) cx € [x1, Tm—1],Y € [w(a:),Up(:(:)]}.

such that P C ”Hp. Note that the convex hull Hp of P is the minimum convex set containing
all the points in P. It is straightforward that Hp C Hp, which, by (8) and the definition of Hp,
immediately yields Lp(z) > w(z) for any x € [x1, Z;,—1]. Applying this property, we can show that

W*(z) > w(x) for any x € (—o0,+00) by considering the following three cases.

e Consider any z € [z}, ] C [z],2] ,] = [x1,Zm—1]. According to the definition of W*(z) in

Step 4, it is straightforward that W*(z) = Lp(x) > w(z).

e For any z < ], we have W*(z) = Lp(z))+bo(x—=]). Recall that 0_w(x) > by for any x < z;.
According to the convexity of w(z), d_w(x) is increasing in z, which implies 0_w(x) > by for
any = € (—o0,+00). Consequently, W*(x) —w(z) is decreasing in z for any = < z]. Applying

W*(z;) = Lp(z;) > w(x]) shown in the previous case, we have W*(z) > w(z) for any z < x.
e Similar to the case with « <z, we can show that W*(z) > w(x) for any « > «,.

Part 2 shows that W*(z) < W(z) for any z € (—o0,400). The following two cases prove

Lp(x) < W(x) for any = € [z1, Tm—1].

e For any j € {1,...,m — 1}, the definition of y; implies y; < W (x;). As Hp is the convex hull
of P, we have (zj,y;) € Hp and so (8) yields Lp(z;) < y; < W(x;).
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e Consider any z € (zj,x;4+1) where j € {1,...,m — 2}, i.e,, z = Ax; + (1 — X\)x;41 for some
A€ (0,1). Then
Wi(z) =\ lifn W(z")+ (1= X) lTim W(z") > Ayj + (1 — XN)yjt1.
x’ X 5 x’ Tj4+1
Note that (2, y;), (xj+1,yj+1) € Hp and Hp is a convex set. We obtain (z, Ay;+(1—A)yj4+1) €
Hp. Again, (8) shows that Lp(z) < Ay; + (1 — N)yj+1 < W(x).

Now consider W*(z) and Lp(z) for any = € [z1, Zm—1]. Note that W*(x) = Lp(z) for any = €
[z}, 73] C [2,2),,] = [21, 2p—1]. 1f 1 > 1, the definition of [ yields b, < by for any j € {1,...,l — 1}.

Recall that both W*(x) and Lp(z) are continuous piecewise linear functions, whose slopes in the

interval [z, 4] are by and b respectively for any j € {1,...,1 —1}. As W*(z}) = Lp(7}) and

b < by, we have W*(x) < Lp(x) for any = € [2,2]] = [z1,7]]. Symmetrically, it can be shown
that W*(z) < Lp(x) for any z € [z;,,2] )] = [2},, £m—1]. Combining with Lp(z) < W(z) for any

x € [21, Tm—1], we obtain W*(z) < Lp(z) < W(x) for any = € [x1, Zpm_1].

For any < x1, we have W (z) = limy/4,, W(2') + bo(z — z1) and
W*(x) = W*(z1) + bo(z — 1) < Lp(x1) + bo(z — 21) = y1 + bo(z — 21),

where the second equality is obtained because Lp(z1) = Lp(2)) = v} = y1. The definition of y;
yields y1 < limgp,, W(2'), and hence W*(x) < W(x) for any = < 1. Similarly, we can prove that
W*(z) < W(zx) for any x > x,,_1, which completes the proof of Part 2.

Part 3 shows that ||W — W||s < K. According Parts 1 and 2, we have w(z) < W*(x) < W(x)
for any x € (—o0, +00). Recall that W*(x) is convex in 2 and w(z) is the convex envelope of W (x).
It is straightforward that w(x) = W*(x), i.e., W*(z) is the convex envelope of W (z). Note that
W*(x) is a piecewise linear function whose breakpoints are a subset of those of W (z). Consequently,

the distance in ¢, norm between W (x) and W*(z) is measured by

max {max {W(xj), lim W (z), lim W(az)} —WH(zy) i j el m— 1}} .

ztx; zlx;
Proposition 1 immediately implies ||[W — W||s < K. O
The following lemma (given in Lu et al. 2016) is useful for proving Proposition 3.

Lemma 2. For any f,g: S — R, if ||f — gllcc < K, then
(a) | mingex f(z) — mingex g(z)| < K for any X C S;

(b) g(x¢) — mingex g(z) < 2K for any X C S, where x5 € argmingex f(z).
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Proof of Proposition 3. As ¢ is K-approximate convex, there exists a convex function ¢ such
that ||¢c — ¢|loc < K. Define g(z) = miny>,{c(y — =) + f(y)}. For any z1,z2 € R, we define
y¥ € ming>,{c(y — x;) + f(y)} for i =1,2. Then for any A € [0, 1],
gAz1 + (1= Nag) < e(Ayr + (1= A)yg — (Azr + (1= A)a2)) + f(hyr + (1 = Ny)

< Ae(yp — 1) + (1= Ne(ya —22) + Af (1) + (1 = ) f ()

= Ag(z1) + (1 = A)g(=2),
where the first inequality follows from Ayj + (1 —X)y5 > Azq1 + (1 — A)x2, and the second inequality
is yielded by the convexity of ¢ and f. Hence, g is convex.

For any fixed z, [[c—¢lloo < K yields [c(y—2)+ f(y) —c(y—2) = f ()| = le(y—z) —ely—z)| < K

for any y > 2. Applying Lemma 2 (a), we have | miny> {c(y—=2)+f(y)} —miny>o {c(y—2)+f(y)}| =
lg(x)—g(x)| < K. As z is arbitrary, we have ||g—g||cc < K. Because g is convex, g is K-approximate

convex. O

Proof of Proposition 4. Let J(z,2) = ¢(z)+Hi(x+z). Then 2z*(x) = min{arg min,>o{J(z, 2)} }.
As Hi(x) is a convex function, J(z, z) is supermodular in z and z. As the constraint is independent

of z, we have by Theorem 8.1 in Porteus (2002) that z*(x) is decreasing in x. O

To prove Proposition 5, we first show that &; defined in Step 2 of Algorithm 2 satisfies the

following inequality.
Lemma 3. #;11 < #; < max{#;11,S° — q_1} for any i € {1,....,n}.

Proof of Lemma 3. Applying the convexity of Hy(y), it is straightforward that f*(z) defined in
Step 1 of Algorithm 2 satisfies

fi(z) = [min ]{Ki +ciz+ Hi(x + 2)} for all i € {1,...,n}. 9)
2€|qi—1,4i

For any = > S* — ¢;_1, we have
fiz) =Ki+cigioa+ Hi(x +qi1) > Kio1 +cio1gio1 + Hi(x + gi—1) > [ (2),

where the two inequalities follows from the monotonicity of ¢(z) and (9), respectively. The defini-

tions of Z; ;1 and &; imply
T < Tji1 = inf{x > Tip1: fiil(x) < fz(:v)} < max{i‘iﬂ, St — qi_l}.

In addition, z; = min{i@o,ii,l,...,:Z‘i,l-,l} > Zip1 as Ti5 > iy for all j € {0,1,...,’i — 1} by

definition. ]
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Proof of Proposition 5. According to the convexity of Hy(y), for any i € {1,...n}, fi(z) in
Step 1 of Algorithm 2 satisfies (9). Recall that ¢(z) = K; + ¢;z for any z € (¢i—1,¢] and ¢(gi—1) <
K; + ¢;qi—1. The single-period problem (3) is equivalent to

V(w)zie{ggif’n}{fi(x)} and Z*(x)zie{gﬁif}m}{zi(x):V(x)Zfi(x)L (10)

where 2%(z) = 0 for any x and, due to the convexity of Hy(y),

Z'(z) = min {3rg min {K; + ¢z + Hy(x + Z)}} =S -z, fS—¢<z<S —q_, (11)

2€[qi-1,9i] . )
qi—1, ifx>S5"—qi_1,

for any i € {1,...,n}. Also note that fi(z), i € {0,1,...,n}, is continuous in (—o0o,00) because
Hy(z) is convex and so continuous in (—00, 00).

Consider #;, ¢ € {0,1,...,n + 1}, defined in Step 2. We would show by induction on ¢ that
2*(x) < ¢ for all x € [&41,00) \ {—oo} and i € {0,1,...,n}. As g, = oo, this is trivially true
when ¢ = n. Now consider any ¢ € {0,1,...,n — 1} and suppose that z*(z) < ¢;11 for all €
[Zir2,00) \ {—00}. AS 11 > Zito, for all x € [T;41,00) \ {—oc}, we have z*(z) < g;+1 and, by
(10),

Vi) = min (F@)  ad 2= min (50 V) = Ple),
Assume for contradiction that z*(u) € (gi,gi+1] for some u € [%i41,00) \ {—o0}. According to
Proposition 4, for all z € [#;41,u] \ {—<}, 2*(z) € (¢i,gi+1] and hence 2*(z) = 21 (x) > ¢ >
qj > Z(z) for all j € {0,1,...,i}. Therefore, f/(z) > fi*1(z) for any j € {0,1,...,i} and z €

[Zi41,u] \ {—o0}. Consider the following cases.

e Suppose that Z;417 > —oo. According to the definition of Z;41, there exists some j* €
{0,1,...,i} such that #;41 = Ziy1,+ = inf{z > 240 ¢ 7 (2) < fiTl(2)} > —oc0. As fI' ()
and fi*1(x) are both continuous functions, f7" (&;,1) < fi*1(&;41), which contradicts f7(z) >

fitl(x) for any j = 0,1,...,i and = € [Z;51,u] \ {—00} = [Zir1,u].

e Suppose that ;41 = —oo, which implies Z;45 = —00 as Z;12 < Z;41. Similarly, there exists
some j* € {0,1,...,i} such that &1 = Z;11 4+ = inf{x : f7"(2) < fF(2)} = —0o. Recall
that f7"(z) > fiTl(x) for any = € [f;51,u] \ {—00} = (—o0,u]. We have inf{z : f7"(z) <

f(z)} > u > —oco, which results in a contradiction.

As a result, we conclude that for any i € {0,1,...,n}, z*(z) < ¢ for all € [Zj41,00) \ {—o0}.

35



Next, we would like to show that
V(z) = fi(z) and z*(z) = z'(x) for any = € [Z;41,%;) \ {—oc} and 7 € {0,1,...,n}. (12)
Note that z*(z) < g; for any = € [Ti11,%;) \ {—00} C [Ti41,00) \ {—0o0}, implying

V(z)= min {f'(z)} and ()= min {Z(z):V(z) = fi(z)}.

§=0,1,....i §=0,1,....3

(12) is trivially true when i = 0, which yields V' (z) and z*(x) for = € [Z1,%0) \ {—00} = [£1,00) \
{—o0} obtained in Step 3 of Algorithm 2.

Consider any i € {1,...,n}. For any j € {0,1,...,4 — 1}, according to the definition of Z;,
T € [Zit1,2:) \ {—oo} yields x < #;; = inf{z > ;41 : fi(z) < fi(x)} and hence f7(x) > fi(z),
which implies (12). According to Lemma 3, for any = € [Z;41, ;) \{—00} and ¢ € {1,...,n}, we have
B <2 < & <max{#11,9° —q_1} = S'—qi_1. To see why max{Z;11,5"—¢;_1} = S*—¢;_1, note
that max{Z;;1, St — gi—1} = Z;4+1 would result in the contradiction that #;11 < &;41. Furthermore,
we have ¢, = oo, implying that S™ — ¢" = —oc0 = #,,41. Combining with the definition of 2*(z) in
(11), it is straightforward to show than V(z) and z*(z) for « € [Zi41,%;) \ {—oc} and i € {1,...,n}
can be computed in Step 3 of Algorithm 2.

To see the computational complexity of Algorithm 2, note that fi(x) is also piecewise linear
function with O(m) number of pieces. Steps 1 and 3 can be both completed in O(mn). Step 2

requires O(mn?) operations as Z; j for any 4,5 can be computed in O(m). O
Proof of Theorem 1. According to Step 3 of Algorithm 2, z*(z) is computed as follows.

e For any x € (—o00,Iy,), 2*(x) = S"—x. Note that —oo = &, 11 < < &,,. According to Lemma
3, Tp, < max{Zn+1, 9" — ¢n-1}. If max{Z, 41,5 —qn_1} = Tn+1, we obtain the contradiction
g1 < < Tp < Tpg1. Thus, max{Zp4+1, 5" — -1} = 5" — qn—1 and = < T, < " — ¢p—1,

implying z*(xz) = 8™ —z > gn,—1 > 0. Also note that z*(x) < ¢, = 0.
e For any = € [#;41, min{Z;, max{Z;41, 5" — ¢;}}) where i € {1,..,n — 1}, 2*(z) = ¢; > 0.

e For any = € [min{#;, max{#;11,5° — ¢;}},2;) where i € {1,...,n — 1}, z*(z) = S — z.
Applying Lemma 3 and an argument similar to that in the first case, we have S — ¢; <
max{#; 1,5 —¢} = min{&;, max{#; 11,5 —¢}} <2 < & <max{#;11,5 ¢ 1} = S —q_1.

Thus, 2*(z) = S" = € (gi-1,4i] € (0,00).

e For any = € [21,00), 2*(x) = 0.
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Note that —oco = Zp+1 < 2y < -+ < 21 < Zop = o0. The result follows immediately from the

definitions of ag, a1, ...,a; and s = a; = 7. ]

Proof of Proposition 6. Let v = sup{z : z*(x) > ¢} < s. Proposition 4 implies that z*(x) > ¢
for any < v and z*(x) < ¢ for any = € (v, s). According to Theorem 1, z*(x) is right continuous.
Therefore, we have z*(v) < ¢. In other words, y*(x) > = + ¢ for any = € (—o0,v) and z < y*(z) <
x + ¢ for any x € [v, s).

For any x € (—o0,v), as y*(z) > x + ¢, y*(z) should be the solution of the following problem:

y'(e) = min arg min (e(y ~ o) + Hil)}}.

y>a+q
The convexity of ¢(z) in [g, c0) implies that the function c¢(y — z) + H¢(y) is a submodular function
of x and y defined on the lattice {(x,y) : y > x + ¢}. The feasible decision set is ascending in x.
By Theorem 8.1 in Porteus (2002), we have that y*(x) is increasing for any = € (—oo,v).
For any z € (0,q), let ¢(z) denote the left derivative of ¢(z) at z. Define K(z) such that
c(z) = K(2)+d(2)z
and ¢(2) < K(z) + d(2)Z for any Z € [0, ¢|. In addition, for any z € (0, ¢), define

. According to the concavity of ¢(z) € [0, q], it is straightforward that K(z) > 0

S(z)—inf{arg inf ){c’(z)y—i—Ht(y)}}.

y€(—o0,+00
First, we show that S(z*(z)) > = for any x € (v, s). Recall that z*(z) € (0, q) for any = € (v, s).
Assume for contradiction that S(z*(x)) < x. Because ¢/(z*(x))y + Hi(y) is a convex function, the
definition of S(z*(z)) implies that ¢/(z*(x))x + Hi(z) < ¢ (z*(2))y*(x) + Hi(y*(x)) as S(z*(x)) <
x < y*(x). Therefore,
Hy(z) < d(z"(2))y"(z) + Hi(y"(2)) — ¢ (" (@)
< K(2"(@)) + (2" (2))y" (@) + Hi(y" (2)) — ¢ (" (2))z
= K(2"(z)) + (" (2))(y" (2) — 2) + Hi(y"(x))
= c(y*(z) — ) + Hi(y* (z)).
where the second inequality follows from K (z*(z)) > 0 and the last equality is yielded by c(z) =
K(2)4+d(2)z and z*(z) = y*(x) —x. This inequality implies that it is better not to order at x, which
contradicts the definition of y*(x) as the minimum optimal order-up-to level and the property that
y*(z) > x for any = < s.
Next, we show that S(z*(x)) < x+¢ for any = € (v, s). Again, we assume for contradiction that
S(z*(x)) > z + q. According to the convexity of ¢/(2*(x))y + He(y), as S(z*(z)) is the minimum

global minimizer of this function, the function is strictly decreasing in (—oo, S(z*(x))], and hence
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(2 (@) (x + q) + He(z + q) < (2" (2))y*(x) + Hy(y*(2)) as S(2*(x)) > = + q > y*(x). Therefore,
applying the concavity of ¢(q) in [0, ¢], we obtain
c(q) + Hi(z + q) < K(2"(2)) + ¢ (2" (2))q + Hi(z + q)
= K(2"(2)) + ¢ (z"(2)) (@ + q) + Hi(z + q) — ¢ (" (2))z
< K(2"(2)) + ¢ (2"(2)y"(x) + He(y" (x)) — (2" (2))
= c(y*(z) — ) + Hi(y" (2)),
which contradicts that the optimal order quantity is 2*(z) < g.
Assume for contradiction that y*(x) < S(z*(z)). Since S(z*(z)) € (x,x + q), the concavity of
¢(z) in [0, ] yields
c(S(2"(2)) — ) + Hy(S(2"(x))) < K(2"(x)) + ¢ (z7(2))(S(z"(x)) — @) + Hi(S (2" (x)))
= K(2"(z)) + ¢(7(2))S (2" (2)) + Hy(S(2"(2))) — ¢ (z"(x))x
< K(2" (@) + (2" (2))y" () + Hi(y" (2)) — ¢ (" (x))z
= c(y"(x) — 2) + Hi(y"(v)),
where the second inequality follows from the definition of S(z*(x)). Similarly, if y*(x) > S(z*(z))
we can show that ¢(S(z*(z)) — ) + Hi(S(z*(z))) < c(y*(z) — z) + He(y*(x)). As a result, we have
y*(x) = S(2"(x)).
Note that ¢/(z) is decreasing for z € (0, ¢), and hence it is straightforward that S(z) is increasing
for z € (0,q). As z*(x) € (0,q) is decreasing for = € (v, s), the property that y*(z) = S(z*(x))
yields that y*(x) is decreasing for x € (v, s). Also note that y*(z) is right continuous by Theorem

1. Therefore, y*(x) is decreasing for = € [v, ). O

Proof of Lemma 1. (i) From Definition 3.1, we know that s! is the minimal number that satisfies
c1r+ Hy(z) < K1 +c18' + H(SY). Hence, the relationship of S' — ¢ < s! implies that S! —¢; does
not satisfy the above equality. That is, we have c1(S* — q1) + Hy(S* — q1) > K1 + 1St + Hy(S1),
i.e., Hy(S' — q1) — Hy(S') > K1 + c1q1, which implies that s> > S' — ¢; by the definition of s2.

(ii) It follows from the definition of s' that
c18' + Hy(s') < Ky + 1 ST + Hy(SY). (13)
As S! is a minimizer of c1y + H;(y), we have

aSt+ Hy(SY) <ei(st +aq1) + Hi(s' + q1). (14)
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Therefore, we have that

Hy(s") — Hy(s" + q1) < Hy(s") — 18" = Hi(S") + e1(s' + 1)
< K;+ 6151 + Ht(Sl) — 0151 — Ht(Sl) +c1q1

=K + ciq1, (15)

where the first inequality follows from (14), and the second one follows from (13).
By the definition of s2, the inequality (15) implies s? < s!.

(iii) As ¢(z) increases with z, we have Ky + coq1 > Ki + c¢1q1. Therefore, we can obtain

c2(S? — q1) + Hy(S?) < Ko + ¢25% — c1q1 — K1 + Hy(S?). By the definition of s3, s3 < 5% — ¢1.

(iv) As S? — q; > s2, it follows by the definition of s? that H;(S? — q1) — Hy(S?) < K1 + c1q1
which implies that c2(5? — q1) + Hy(5? — q1) < K1 + c1q1 + Hy(S?) + c2(S? — q1) < Ko + coq1 +
Hy(S?) 4+ c2(S? — q1) = Ko + c25? + Hy(S?), where the second inequality follows from the fact that
Ko+ coq1 > K1 + c1q1. Thus, s* < 82 — ¢; by the definition of s?. ]

Define I (z) = ming ¢, >y>z K1 % Lgysqy +c1(y —2) + Hy(y) and [a(z) = ming>,yq, K2 +ca(y —
x) + Hy(y). We first note that when n = 2, the optimization problem (3) becomes

min {IT; (z), a(x) } . (16)

The following lemma presents the expressions of Iy (z) and IIa(x).

Lemma 4. (i) If S' — ¢ < s!, then
Hy(z), if x> s,

y(z) = Ki+c(St—a2)+ Hy(SY) if St —q << st (17)
K1+C1g1+Ht(l‘+Q1) if.’E<Sl—q1.

If S* —q1 > s', then

_ Ht(x)v ifx > 32:
() = { Ki+aq+H(z+q) ifz<s’ (18)
(ii) Ta(x) can be expressed as:
| Ksteoa+H(z+q), ifz>5%—q,
Mz(x) —{ Ko+ ca(S2 — ) + Hy(S?) if v < % — q. (19)

(iii) For any x > S% — q1, I (z) < Ma(x).
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Proof. (i) When z > s', for any y > z, we have

K1+ cy +Ht(y) > K+ 6151 + Ht(Sl)

> c1x + Hy(z), (20)

where the first inequality follows from the definition of S! and the second from the definition of s

and x > s!.

Equation (20) implies that when = > s', it is optimal to order nothing. We next first consider
the case of S —¢; < s'. When S' —¢; < 2 < s', it is clear that ordering up-to S' is optimal. When
x < S — qq, it is worthy noting that if placing an order, then it should order exactly ¢;. Thus, we
only need to compare two decisions: ordering nothing or exactly ¢;. Lemma 1 (i) indicates that
52 > S' — q;. Therefore, by the definition of s2, for any x < S' — q; < s2, ordering exactly ¢ is
better.

We now consider the case of S' — ¢ > s'. Clearly, for any = < s!, it is optimal to either order
nothing or exactly ¢;. Note that Lemma 1 (ii) indicates that s? < s'. When s < z < s!, again by
the definition of s2, it is optimal not to order. Similarly, when x < s2, it is optimal to order exactly
qi-

(ii) The results immediately follow from the convexity of H;(x).

(iii) As c(z) increases with z, we have Ks + caq1 > K1 + c1q1. Therefore, for any x > S? — ¢,
Ia(x) = Ko 4 coq1 + Hiy(x + q1) > K1+ c1q1 + Hi(x + q1) > I (x), where the first equality follows
from (ii), and the second inequality follows from the definition of II; (z). O

Proof of Theorem 2. The policy structure in Table 1 is equivalent to the following description.
(i) If S' — ¢; < s' and S? < S, it is optimal to

(a) order nothing when z > s;
(b) order up-to S! when S! — ¢; <z < s';
(c) order exactly g1 when s3 <z < Slqy;

)

(d) order up-to S? when z < s?;
(i) If S — ¢ < st and s + ¢ > S? > S1, it is optimal to

(a) order nothing when z > s?;

(b) order up-to S' when min{max{s® S' — ¢;},5% — ¢} <z < s';
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(c) order up-to S? when S! — ¢; < 2 < min{max{s®, S' — ¢}, 5% — q1};
(d) order exactly q; when min{s3 S* — ¢} <z < S! — ¢y;

(e) order up-to S? when z < min{s3, S — q1 };
(iii) If S* — ¢; < s' and S? > s! + qi, it is optimal to

order nothing when x > min{S? — ¢, max{s?, s'}};

order up-to S? when s!' < z < min{S? — ¢;, max{s*, s'}};
p

order up-to S? when S' — ¢; <z < min{s!, max{s®, S* — ¢1}};

)
)
(c) order up-to S! when min{s!, max{s° S — q;}} <z < s!;
)
) order exactly ¢; when min{s®, S — ¢1} <2 < S' — ¢i;
)

order up-to S? when z < min{s?®, S* — ¢ };
(iv) If St — ¢; > s! and S? — ¢ < s2, it is optimal to

(a) order nothing when z > s%;
(b) order exactly ¢; when s® <z < s

(c) order up-to S? when z < s3;
(v) If St — g1 > s! and S? — ¢; > s, it is optimal to

order nothing when z > max{s*, s%};

(a)

(b) order up-to S? when s? < z < max{s*, s?}
) order exactly q; when min{s?, s?} <z < s?
)

order up-to S? when z < min{s3, s?}.

We now prove the results from (i) to (v).

(i) We prove the cases (a)-(d).

(a) For any > s' > S' — ¢; > S? — ¢1, Lemma 4 (iii) implies that we only need to optimize

I (z). Lemma 4 (i) shows that it is optimal to order nothing for z > s.

(b) For any s! >z > St — ¢ > S% — ¢;, Lemma 4 (iii) implies that we only need to optimize

II;(z). Lemma 4 (i) shows that it is optimal to order up-to S! for any S* — ¢ <z < s!.
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(c,d)

Similarly, for any S% — ¢; < 2 < S' — q1, we only need to consider II;(x), and Lemma 4 (i)
shows that it is optimal to order exactly ¢;. For any z < S? —¢;, Lemma 4 (i) and (ii) implies
i (z) = K1 + c1q1 + Hy(z + q1) and Tly(z) = Ko + c2(S% — ) + H¢(S?%). By the definition
of s and % < S% — ¢; of Lemma 1 (iii), we know that it is optimal to order exactly q; if

53 <z < 8% — ¢ and up-to S? if z < s3. Hence, we can obtain cases (c) and (d).

(ii) We prove cases (a)-(e).

(a)

(bye)

For any > s! > S? — ¢q; > S' — ¢1, Lemma 4 (iii) implies that we only need to optimize

II;(z). Lemma 4 (i) shows that it is optimal to order nothing for z > s.

For any S' — ¢; < x < s, Equation (17) shows that II;(z) = Kj + ¢(S* — z) + Hy(SY),
i.e., it is optimal to order up to S'. Hence, for any S' — ¢; < S? —¢; < = < s!, Lemma 4
(iii) implies that it is optimal to order up-to S*. For any S! — ¢; < = < S? — q1, Equation
(19) shows that a(z) = K + co(S? — x) + Hy(S?). By the definition of s°, it is optimal to
order up-to S when min{max{s°, S* — ¢}, 5% — q1} <z < S? — ¢ and order up-to S? when

St — ¢1 <z < min{max{s®, S* —q1},5% — q1}.

For any z < S' — ¢i, Lemma 4 implies that II;(z) = K1 + c1q1 + Hi(z + q1) and TIy(z) =
Ko + ¢2(8? — x) + Hy(S?%) because x < S? — ¢; by S > S'. Hence, by the definition of s3,
we can show that it is optimal to order exactly ¢; when min{s®, S' —¢;} <2 < S! — ¢; and

order up-to S? when x < min{s3, S — ¢}.

(iii) We prove cases (a)-(f).

(a,b)

For any = > s', Equation (17) implies that IT; (z) = Hy(x). If 2 > S?—¢qy, Lemma 4 (iii) states
that II;(z) < Ia(z), which implies that it is optimal to order nothing for any = > S? — ¢
because S? — q; > s' . For s!' <z < S? — ¢, Ilx(x) = Kz + co(S? — ) + Hy(S?). The
definition of s* implies that ITy (x) < Ila(z) if and only if z > s*. Hence, it is optimal to order
nothing for min{S? — ¢, max{s*, s!}} <z < 5% — ¢y, and it is optimal to order up-to S? for

st <2 <min{S? — ¢1, max{s*, s'}}, which proves (a) and (b).

For any S' — ¢; < x < s', Lemma 4 implies that II;(z) = K + ¢1(S' — z) + Hy(S') and
Hy(z) = Ko+ c2(S% —2) 4+ H(S?) because s < 5% —q;. By the definition of s°, ITy < Iy(z) if
and only if # > 5. Thus, it is optimal to order up-to S! if min{s!, max{s®, S'—¢;}} < z < s!,

and order up-to S if S' — ¢; < x < min{s!, max{s®, S* — ¢ }}.
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(e.f)

For any = < S! — ¢1, Lemma 4 implies that II;(z) = K1 + c1q1 + Hi(z + q1) and Tly(x) =
Ky + c2(S? — o) + Hi(S?). The definition of s implies that II;(x) < Ila(x) if and only if
x > s3. Thus, it is optimal to order exactly ¢; when min{s3 S — 1} <z < S' — ¢1, and

order up-to S? when z < min{s?, S* — ¢ }.

(iv) We prove the cases (a)-(c).

(a)

(b)

()

(v

(a)

(c,d)

For any = > s? > S? — ¢, Lemma 4 (iii) implies that we only need to optimize II; (). Hence,

Equation (18) implies that it is optimal to order nothing when z > s2.

Lemma 1 (iii) shows that s < S — ¢; < s2. We first consider S? — ¢; < 2 < s? and then
s3<x<8%—q. For 82 — ¢q; < < s?, Lemma 4 (iii) implies that we only need to optimize
II; (), and Equation (18) implies that it is optimal to order exactly q;. For s3 < z < §% — ¢y,
Lemma 4 shows that II;(z) = K1 +c1q1 + Hy(z + q1) and Ia(z) = Ko + c2(S? — x) + Hy(S?).

Hence, by the definition of s, it is optimal to order exactly q; when s3 <z < S? — ¢;.

For any z < s3 < S? — ¢ < 52, Lemma 4 shows that II;(z) = K1 + c1q1 + Hy(z + ¢1) and
o(z) = Ky + c2(S? — ) + Hy(S?). By the definition of s3, it is optimal to order up-to S2.

) We prove the cases (a)-(d).

Note that S% — ¢; > s% and Lemma 1 (iv) implies that S? — q; > s*. Hence, max{s*, s} <
S? —¢q1. For any = > S? — q1, Lemma 4 (iii) implies that we only need to optimize II; () and
Equation (18) implies that it is optimal to order nothing. For max{s*, s?} < z < S? — ¢,
Lemma 4 implies that IT; (z) = Hy(z) and [a(z) = Ka + ca(S? — x) + Hy(S?). The definition
of s* implies that IT;(z) < IIy(x) if and only if z > s*. Hence, it is optimal to order nothing

when max{s?, s} <z < S? — ¢.

4. Hence, for any s> < = < s* < 82 — ¢;, Lemma 4

Lemma 1 (iv) implies that S? —q; > s
implies that II;(x) = Hy(x) and Ha(z) = Ko + c2(S? — ) + H(S?). By the definition of s*,
we know that ITy (z) > IIy(x) and hence it is optimal to order up-to S? for any s < z < s%.

If s* < 52, (b) does not exist.

For any # < s? < 5% — ¢, Lemma 4 implies that II;(z) = K; + c1q1 + Hy(r + ¢1) and
Iy(x) = Ko + co(S? — x) + Hy(S?). The definition of s3> immediately implies (c) and (d). O

Proof of Theorem 3. We first show that ||[V; — Wi||e < ZiT:_lt 'K and [|[V; — Wi||oo < EiT:_Ot 'K
for any t = 1, ...,T. Note that WT+1($T+1) = VT+1(=TT+1)- (4) yields that WT(l‘T) = VT(SL'T) for
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any z7. Proposition 3 shows that Wp(xr) is K-approximate convex, and hence |[Wr — Wr| < K

by Proposition 2. Therefore, both results hold when ¢t = T.
Suppose that [|[Vig1 — Witilleo < 21y ' @K for some t = 1,...,T — 1. Consider any z; € R.

For all y; > =y,

aE[Viy1(ys — Dy)] — oB[Wy g1 (ye — Dt)]’ <aFE th+1(yt — Dy) — Wiga (ye — Dt)u

T—t-1 T—t (21)
<« Z O/K:Zo/[(,
i=0 i=1

which yields |Vi(xt) — Wi(zy)| < Zz:lt o'K by Lemma 2 (a). As z; is arbitrary, we obtain ||V} —
Willoo < Zz:lt o'K. Also note that W;(x;) is K-approximate convex by Proposition 3 and hence
Wi — Wi|lso < K by Proposition 2. Therefore, for any z; € R,

T—t T—t
Vilae) — Wilwr)| < Vi) — Wilao) | + [Wila) — Wiz)] €Y o’K+ K =) oK.
i=1 =0

Wrii(zry1) = Vo1 (zry) yields Vo(zr) = V(zr), which implies that Theorem 3 holds when
t = T. Suppose that V,i1(z¢11) < Vis1(2i41) + 2K ZT =Liad for some t = 1,...,7 — 1. Consider

any ¢ € R and

yr(xt) € arg ylfil?t{ c(ye — 1) + Hi(ys) + B[ Wiy (y — Dt)]}-

Then 3 _
Vi(wy) = c(Ge(x) — 20) + He(G(24)) + B[Vig1 (G () — Dy)]
T—t-1
c(Ge(xe) — o) + Hy(Ge (1)) + aE[Vig1(Ge(xe) — Dy)] + 2K Z Tan
i—1

Applying Lemma 2 (b), (21) implies

T—t
c(Ge(we) = we) + Hi(Ge(w1)) + QB[Vig1 (5 () — De)] < Vi(we) +2) 'K
i=1
Therefore, we obtain
Tt T—t-1 Tt
Vi(zy) < Vi(zy) + 2 ZaZK +2K Z i = Vi(zy) + QKZiaZ. O
i=1 i=1 i=1

Proof of Proposition 7. First, note that h; = ZiT:_Ot o'h + T hpyy for any t = 1,...,T.

Recall that hryq satisfies ¢, + Zl -0 tolh + ozT*tHhTH >0,ie,c,+h >0forany t =1,...,7T.
Moreover, —pr4+1 < hryi. Assume by induction that —p;y1 < hyyq for some t = 1,...,T. As
p,h >0, we have —p — apsr1 < h + ahy1 = hy. Combining with ¢, + hy > 0, it is straightforward
that —p; = —min{c,, p + apry1} < hy.
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Next, we define p and p, where p > ¢,, p < +o00, and p + apiy1 € [p,p| U (—o0, ¢y for any

t=1,...,T, based on the following cases.

o If p+ apry1 > ¢y and p + ac, < ¢y, then pr = ¢, and pr = p + api+1 < ¢, for any
t=1,..T—1. Let p=p=p+aprs1 > c,. Forany t =1,...., T, pry1 € {pr+1} U (=00, ¢y)
and hence p + apii1 € [p, p] U (—00, ¢

o If p+ apry1 > ¢, and p + acy, > ¢y, then pp = ¢, for any t = 1,...,7. Let p = p +
amin{c,,pr+1} > ¢, and p = p + amax{c,,pry1} > ¢,. For any t = 1,...,T, py41 €

{pr41,¢cn} and hence p + api i1 € [p, Pl

e Suppose that p+ apri1 < ¢, and p < (1 — o) max{c,, pr4+1}. For any 7 =0,1, ..., let

1— ar+1

pr = ZO/}H-@THPTH = p+a’ppgy = (1—a”) <1—a - pT+1> +pri1- (22)

l—«o
i=0

Alternatively, we have p, = p+ ap,—1 with p_1 = pry1. p < (1 — @) max{c,, pr4+1} implies

pr < (1 —a™ ™) (max{cy, pre1} — pra1) + pre1 < max{c,, pri1}-

Also note that

p+apri1 < ¢, if ¢, < pry1

p+ amax{c,, pri1} = _
" p+acy, < (1 —a)max{cy,pri1} +ac, =c¢, if ¢ > pria.

It is straightforward to verify that p; = pr—; < ¢, for any t = 1,...,T. Consequently, we can

set p = 400 and p = ¢,,.

e Suppose that p + apry1 < ¢, and p > (1 — o) max{c,,pr+1}. Obviously, p, in (22) is
increasing in 7 = 0,1, ..., po = p+ apry1 < ¢y, and lim,; o pr = p/(1 — &) > ¢,. Therefore,
there exists 7" € {1,2,...} such that p;« > ¢, and p, < ¢, for any 7 = 0,1,...,7" — 1.
Foranyt =T — 7"+ 1,...,7, we have T —t < 7" — 1 and hence p; = pr_+ < ¢,. When
t=T—7% p = min{c,,p + apr+—1} = min{c,, pr+} = ¢,. Forany t = 1,...,T — 7 — 1,
pr = min{c,,p + ac,} = ¢,. Note that p + ap; > ¢, only if p; € {pr+—1,¢n}. Thus, let p =
min{p«, pt+ac,} > ¢, and p = max{p.+, p+ac,} > ¢,. We have p+apii1 € [p, p]|U(—00, ¢].

Furthermore, let

_ K, 5—ci)gi — K + K,
B = max{qn_1, '771’ max {(p Cz)Ql it n}} > 07

P —cpi=l,.,n—1

which is finite as p > ¢, and p < 4o00.
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For some t =1, ..., T, assume for induction that

W (z) = Pt (—(T = t)B —x) + W1 (—(T = t)B) if o < —(T —t)
F T hsa (@ — (T — )D) + W (T — )D)  ifa > (T —)D,

which obviously holds when t = T since Wry1(x) = Vry1(x) = hriot + proz™.
Consider the optimization problem (4). Note that K1 > 0 and K; + ¢;¢; < Kiy1 + ¢iy1¢; for
any i = 1,...,n — 1. The definition of ¢(z) yields Wy(x) = min{f}(z) : i = 0,1,...,n}, where
fP(x) = E[Hy(z — D))" + p( — Dy) 7] + aB Wi (z — Dy));

fi(z) = min {KZ +eiz+ fl(x+ z)} foralli=1,...,n
2€[qi—1,45]

For any < —(T'—t)B and D € [0, D], Hy(x — D)* +p(z— D)~ = p(D—z) and Wy1(x— D) =
pei1(—(T —t)B —z + D) + W1 (—(T — t)B). Therefore, for any z < —(T —t)B,
(@) = Elp(Dy — )] + aE[pi41 (—(T = t)B — z + Dy) + Wera (—(T — ) B)]
—(p+ apir1)z + (p + apry1)E[Dy] + aWipr (—(T — t) B) — ape1 (T — t) B.
Similarly, for any > (T’ —t + 1)D,
f{(x) = E[Hy(z = Dy)] + aE[hyy1(z — Dy = (T = )D) + Wya (T — £) D)]
= (h+ ahii1)x — (b + ahy1)E[Dy] + aW 1 ((T — t)D) — ahy 1 (T — t)D.
Thus, we obtain

£(z) = {(p+apt+1)( (T—t+1)B—2)+ fA(—(T —t+1)B) ifz<—(T—t)B

(h+ ahy1)(z — (T —t+1)D) + fO(T —t+1)D)  ifx > (T —t+1)D. (23)

Foranyi=1,..,n—1,as B > g,_1 > ¢, it is straightforward that

fi(z) = min {KZ +ciz+ f(x+ z)}
#€[q;—1,4i]

_ f2(x) + Min, (g, ;g1 + (i —p—app1)z} ife < —(T—t+ 1)B
SP(x) + mingepg, | o {Ki+ (ci+h+ahy)z} ifx> (T —t+1)D.
Let

Sit = inf {arg inf ){Cny + fto(y)}} .

yE(—o0,+00
Note that f2(y) is convex as Wy, 1(z) is convex. Recall that ¢, + h + ahii1 = ¢, + hy > 0. (23)
implies S = —oco if ¢, —p—apir1 > 0 and SP* € [—(T —t)B, (T —t+1)D] otherwise. Consequently,

fi'(z) = min {Kn+cnz+fto(x+z)}

qunfl
fto(x)+Kn+(cn_p_apt+1)Qn—l if x < ( _t+1)
—cpt + Ky + S+ f2(SP) ife<—(T—-t+1)
f2(x) + Kp+ (cn +h+ ahyi1)gno ifz > (T —t+1)D.

Band ¢, —p—api1 >0
B

and ¢, —p — apeyr1 <0

Now we can determine Wy (z) for the following cases.
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e Suppose that 2 < —(T —t+1)B and ¢, — p — apyr1 > 0. Then

Wi(z) = min{f/(z):i=0,1,....,n}

— min fi@), it {ft( )+Ze{2}i?,qi}{Ki+(Ci—p—apm)z}},
ft( )+ Kn + (cn — p — api41)qn-1)
7o), _min @)+ Ki+ (e - p—apn)aia}},
= min ,_min {ft( )+Ki+(ci—p—apt+1)qz‘}},

f( )+ K+ (cn —p — apri1)Gn-1)

@), _min  {f0@) + Kt + (cin — p— aprn)ai} |,

= min ‘ min . {fto(a’,') + KZ + (Ci —p— Oépt+1)‘]i}}7

i=1,....,n—

f2(z) + Ky + (cn — p — aprs1)qn-1)

:min{fto(x), ~ min {fto(x)+Kz‘+(Cz‘—P_aPt+1)Qi}}}

i=1,...,n—1

= f2(z) + min {0, _ min {Kz +(ci—p— apt—l—l)Qi}}} ,

i=1,....n—1

where the second last equality is obtained from K; > 0 and K; + ¢;q; < K1 + ¢i4+1¢; for
i=1,....,n—1.

e Suppose that * < —(T —t+ 1)B and ¢, — p — ap;+1 < 0. Similar to the previous case, we

have

min{f{(z):i=0,1,...,n—1} = f)(z) + min {O, ~ min {KZ +(¢i—p— aptH)qi}}}

i=1,....,n—1

zf?(a;)+min{o, ~ min {Ki+(ci_ﬁ)%}}}a

i=1,..;n—1
where the inequality follows from p+ apiy1 € [p, p|U (—00, ¢,] and ¢, — p — api41 < 0. Recall
that
fiH(@) = —cnz + K + cnSE+ f2(SP) < —cnt + Ky + co(—(T = t)B) + fY(—(T — t)B)
=~y + Ky + c(—(T = 1) B) + f(z) = (p + api1)(—(T — ) B — x)
= (@) + K + (o = p = ape1)(—(T = )B — ) < f(2) + Ky + (en — p — api+1) B
< fi(@) + Kn+ (cn —p)B
< f(z) + Kn+ (cn )max{ K ,  max {(p_cz)z Ki + Ky }}

I‘j_cn

i=1,....n—1

:fg(x)jLKnmaX{Knm max {(pcl)Qle+Kn}}

= f(z) +min {07 ~min {Kz + (¢ _jj)Qi}} :

i=1,....n—1
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where the first inequality is obtained from the definition of S}*, the second equality is yielded
by (23), the second and third inequalities follow from # < —(T' —t+1)B, ¢, — p— api+1 < 0,

and p+api1 € [p, PJU(—00, ¢,], and the last inequality is a result of p > ¢, and the definition
of B. Thus, we obtain
fi(x) <min{fi(z):i=0,1,....,n — 1}

and hence
Wi(z) = min{fi(z) : i = 0,1,...,n} = f7(x) = —cnx + Ky + caSP + f2(SP).

e Suppose that 2 > (T — ¢+ 1)D. Similar to the previous two cases, we have
Wi(z) = min{f/(z) :i=0,1,...,n}
(), _min {f?(fv) b omin {Ki+(ci+ht ahHl)z}} ,

= min i=L,...,n— z€{¢i-1,¢:}
f2(x) + Ky + (cp + b+ ahii1)gn-1)

—ff(m)—l—min{o, ~ min {Ki—i—(ci—i—h—i—ahtﬂ)qi}}}.

i=1,....n—

Based on these results, (23) implies that Proposition 7 holds for W;(x).

Recall that —p; < h;. According to Algorithm 1, we know that W;(x;) and W;(z;) have the
same slope when z; < —(T —t+1)B or x; > (T —t+1)D. This completes the induction proof. [J

Proof of Theorem 4. We first show that ||V; — Uil|eo < ZiT;fH 'K for any t = 1,...,T. Note
that Urq1(z74+1) = Vg1 (zr41). As é(2) is a K-approximation function of ¢(z), |V —Urlle < K.
Therefore, the result holds when t = T'.

Suppose that ||[Vi41 — Uit1l/eo < Z;TF:_Ot 'K for some t = 1,...,T — 1. Consider any z; € R. For

all yy > x4,

Vi(we) — Ut(xt)‘ < ‘E(Z/t —x) —c(yr — ﬂﬁt)’ + )OZE[VtH(yt — D¢)] — aE[Up41(yt — Dt)]

T—t T—t+1 (24)
§K+QZQ’K: Z o'K.
i=0 i=1

Consider t =T. For any z; € R, we define

Yr(zr) € arg min {E(yT —ar) + Hr(yr) + oE[Uriq (yr — DT)]}-

yr>TT

Note that Upy1 = Vi = ‘/}T+1- By Lemma 2 (b), we have

~

VT(xT) < Vt(.I'T) + 2K.
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Therefore, Theorem 4 holds when ¢t = T'. Suppose that the result also holds for period ¢ + 1,
ie., ‘A/Hl(a:tﬂ) < Vg1 (zpg1) + 2K ZiT:jt ia’. Next, we prove that the result holds for period t. For

any x; € R, we define

Ut(xy) € arg ym>1£1 {E(Qt — ) + Hy(ye) + aB[Up 1 (ys — Dt)]}~
Then, we have

Vile) = o) — x1) + Hy(Ge(x0)) + QB [Visr (G (ae) — Dy)]
T—t

< (i) — xe) + Hi(0(20)) + oB[Vipa (Gu(we) — Di)] + 2K Y i,
i=1
Applying Lemma 2 (b), (24) implies
T-t+1
c(Ge(xt) — ¢) + He(9e(21)) + B[V (Ge(zt) — Dp)] < Vi) + 2 Z a'K.
i=1
Therefore, we obtain
R T-t41 T—t T—t+1
Vi(zy) < Vilwe) + 2K Y o' +2K Y ial = Vy(a) + 2K > ol O
i=1 i=1 i=1

Proof of Proposition 8. First, we show that the CTGA and CTGEA approaches, i.e., Algo-
rithms 3 and 4 are equivalent. Obviously, ﬁTH(y) = Hr(y) + aVpri(y — Dr) = Hr(y) +
aWri1(y — Dr) for all y > Dp. For any t € {1,...,T}, assume by induction that }A%Hl(y) =
Hy(y) + aWyi1(y — Dy) for all y > Dy. Then, for any = > 0,

Rir)= _ min - {cly=n)tRen()f = min  Lely—a)+Hiy) +aWi (y=Do) | = Wil).
Let R; and W} denote the convex envelope of H;_1(y) + aRi(y — Dy—1) for y > Dy_1 and Wy(z)
for x > 0, respectively. Applying the definition of convex envelope, R;(z) = Wy(x) for all x > 0,
and H;—1(y) = h(y — Dy—1) for all y > D;_q, it is straightforward to show that R} (y) = Hi—1(y) +
aW¥(y — Dy_1) for all y > Dy_1. Ry(y) = Hi_1(y) + aWi(y — Dy_q) for all y > Dy_; follows
immediately from

1
Wi(z) = Wi(x) + 5 Sup ’Wt(SC) - Ef(a:)‘ for all x > 0,
x>0

~

* 1 *
Ri(y) = R (y) + B >51[1)p ‘(Ht—l(y) + aRi(y — Di—1)) — R} (y)\ forall y > Dy 4.
YyzUir—1

This completes the induction proof showing the equivalence between Algorithms 3 and 4.

The remaining part of the proof compares the CTGA and OCA approaches, i.e., Algorithms 3

and 5. We start by considering Algorithm 5. Recall that ¢(z) represents the convex approximation
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of ¢(z) obtained in Step 0 of Algorithm 5. As ¢(z) is concave, it is straightforward that there exists
a constant K such that &(z) = K +cpz (refer to the definition of ¢(z) in (1)). Let %;(z) denote the
order-up-to level of the OCA approach (see Algorithm 5). We first show that y;(z) = max{x, D;}

for any # > 0 and ¢ € {1,...,T}. This can be proved by assuming for induction that

(H1) Ug(z) is a convex function in [0, 00) with ¢, + h + @d;U(0) > 0, where 04 f(x) denotes the
right derivative of f at x.

Note that Upiq(z) = Vpgi(x) = hpyix for any x > 0, implying ¢, + h + ad1Ur11(0) = ¢, + h +
ahri1. As hpgq is assumed to satisfy ¢, + h + ahry1 > 0 so as to ensure the existence of a finite
optimal order-up-to level, (H1) holds when ¢t =T + 1.

For any t € {1,...,T}, suppose that U;11(x) satisfies the induction hypothesis (H1). Let 7;(x)

correspond to an optimal solution of

Ut(x) = y>mgl(i{1; Dt}{[_{l + Cn(y — I) + h(y — Dt) + aUt+1(y — Dt)} (25)

Consider the objective function in the above optimization problem. (H1) for U4+ implies that it
is a convex function of y and its right derivative at y = D, is ¢, + h + @01 Ui4+1(0) > 0. Therefore,

it is nondecreasing for any y > D; and we have y;(z) = max{xz, D;}. This result yields
U(z) = K1 + co(Dy — )T + h(z — D) + alUs1((z — Dy) ™),

and hence
—Cp, if 0 <z < Dy

O+ lile) = {h +ad Ui (z — Dy), ifz > Dy
If Dy > 0, then 04U(0) = —¢,. If Dy = 0, then 04U:(0) = h + ad+U+1(0) > —c,, where
the inequality follows from (H1) for Uyyi. Since h > 0 and a € [0,1], ¢, + h + a04+U(0) >
¢n +h —ac, > 0. Furthermore, the convexity of Uzy1(x) in (H1) and the definition of Uz(x) in (25)
implies the convexity of Uy(x), which completes the proof of (H1) for U;. As a result, we obtain

Yi(x) = max{x, D;} and hence
‘71&(%) = c(max{z, D} — ) + h(max{z, D;} — Dy) + thH(max{x, D¢} — Dy), (26)

for any x > 0 and ¢t € {1,...,T}.

To show that Vi(z) < 17,5(:5) for any 2 € R and ¢ € {1,...,T}, consider the following induction

hypotheses.
(H2) Vi(z) < ‘Z(:L’) for any x > 0.
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(H3) Wy(x) is a piecewise linear, continuous, and convex function in [0,00). It has a finite num-
ber of breakpoints denoted by the set B; C [0, D;] with minB; = 0. Furthermore,
01 Wi(X, Di) = Y1y 'h + T hpy .

(H4) There exists a constant v such that Wy(z) = V;(z) + 14 for any = € B; and Wy(x) < Vi(x) + 1y

for any z > 0.
(H5) c(z) > Wy (0) — Wy(x) for any z € B;.

(H2-5) hold for t = T+1 because V1 (z) = Vi (z) = Wry1(x) = Vpyi(x) = by for any o > 0
and B; = {0}. For any t € {1,...,T}, suppose that V;,1, ‘72+1, and W;,| possess the properties in
(H2-5). For any x > 0, the heuristic policy (x) obtained by Algorithm 3 is the minimum optimal
solution to

Wi(z) = y>mg)1(i{r;: - {c(y — )+ h(y — Dy) + oW1 (y — Dt)}. (27)

For any i € {1,...,n}, define
ftz(y) =ciy+ h(y — Dy) + aWii1(y — Dy) and SZ = min {arg ;I>1151 fZ(y)} .
Lt

According to (H3) for Wy 1, f} is a piecewise linear convex function, its set of breakpoints is

T
B? = {x +D;:x € Bt+1} C [DtaZDi] ) (28)

i=t

and the slope of its last piece is

T T T—(t+1)
8+ftl (Z Dy) =c+h+ Oza+Wt+1 ( Z Di/> =c¢+h+a Z o'k + an(t+1)+1hT+1
i'=t i’ =t+1 i'=0
T—t T—t
=c + Z b+ antHhTH >cn+ Z ol b+ antHhTH >0,
i'=0 i'=0

where the first inequality, i.e., ¢; > ¢,, is obtained by the concavity of ¢ and the second inequality
corresponds to the assumption on hry; ensuring the existence of a finite optimal order-up-to level.

Consequently, we have S} € BY.

As shown in Theorem 1, there exists s; such that y,(z) > = if x € [0,s;) and y(z) = =

if © € [s¢,00). Furthermore, the set [0,s;) can be divided into at most m; < 2n — 1 intervals

. mt—l

[al,ad™™), j =0,1,....m—1with0=a) < al <a2 <. <dl < ay"* = s;. For any

j+1
t )

j=0,...,my — 1, either there exists some ¢ such that g,(z) = x + ¢; for all x € [a{, a or there

exists some i such that 7,(z) = S for all # € [a},al™"). According to Porteus (1971), 7(x) is
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nonincreasing in z for any = € [0,s¢). As x + ¢; is strictly increasing in x, we know that for any
j=0,...,my — 1, there exists some i such that g;(z) = S} for all x € [ai, al™), which also implies
that m; < n. In other words, g:(x) for all x € [0, 00) is characterized as follows:

(29)

_ S'g >z, ifze [ai l,a‘g) for some j =1, ..., my,
Ye(x) = -
T, if x € [a}", 00),

where 0 = a) < af < al < --- < a™!

{0,1,...,n}.

As g (x) > Dy for all x > 0, we have s; > D;. Assume for contradiction that s; > Dy. (29)

<a™ =3g,8 €B foral j =1,..my and my €
t t t J

implies Dy < 4:(Dy) € {Sg cj=1,...,m} C BY. As (D) is the minimum optimal solution to
(27), we have

c(Gt(Dt) — Dp) + h(Ge(Dy) — D) + aWip1(5(Di) — Di) < aWii1(0),
ie.,
o (Wer1(0) = Wia (3(De) = D1)) > e(5(Dr) = Do) + h{g(De) = Do) = e(g(Dy) — Do),
which leads to Wiy 1(0)—W;1(7¢(D)—Dy) > c(5:(D¢)—Dy) as « € [0, 1]. According to the definition

of BY, (D) € BY yields 4;(D;) — Dy € Byy1. Therefore, (H5) for W11 implies ¢(;:(Dy) — Dy) <

Wis1(0) — Wig1 (5¢(Dy) — Dy), which results in a contradiction. As a result, we have s; = a;** = D;.

Next, we show that (H2) holds for V; and V;. For any z € [a]"t, 00) = [Dy, ), y¢(x) = x and

Vi(z) = h(z — Dy) + aVipq(z — Dy) < h(z — Dy) + aVip1 (z — Dy) = Vi(),

where the inequality follows from (H2) for V;4; and Vii1 and the second equality is yielded by (26).
Consider = € [a{fl, a{) for some j = 1,...,m;. We have g,(z) = 5{ € BY, which, by the definition
of BY in (28), implies 5{ — D; € Bi;1 and so Vtﬂ(gtj —Dy) = Wtﬂ(gf — Dy) + v41 by (H4) for

W41 and Viy 1. Therefore, we obtain

Vilw) = (5] — ) + h(5] — D)) + aVisa (5] — Dy)
=¢( g ) + h(gf — Dy) + aWtH(S{ — Dy) 4+ avig
< e(max{z, D;} — z) + h(max{z, D;} — D;) + aW;1(max{x, D;} — D) + avii1
<
(

(
c(max{z, Di} — x) + h(max{x, D;} — D) + aV,11(max{z, D;} — Dy)
< ¢(max{z, D;} — z) + h(max{z, D;} — Dy) + aVi1 (max{z, D;} — D) = Vi(z),

where the first inequality is obtained because y;(x) = S’g is an optimal solution to (27), the second
inequality follows from (H4) for W;,1 and V;41, the last inequality follows from (H2) for V;,1 and
TA/tH, and the last equality follows from (26). This completes the proof of (H2) for V; and V.
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Now consider W;. (27) and (29) yield

Wi () (S —z) + h(S) — D))+ aW 1 () — Dy), ifzelal ™', al) for some j =1,...,my,
T) = _
' h(x — Dy) + aWii1(z — Dy), if x € [a)", 00) = [Dy, 00).
(30)

As both ¢ and W, are piecewise linear, W is obviously piecewise linear with a finite number of
breakpoints. Let B; denote the set of the breakpoints for W;. It is trivial that min B; = 0. Also
note that

T

max B; = max{ Dy, max By} < ZDi’
i=t

as BY C [Dy, ZiT:t D;]. This implies that the slope of the last piece of W; is

T T T—(t+1)
O Wy (Z Di) = h+ a0 Wit ( Z Di> = h+a Z ath 4+ oT—WD+1g,
i=t i=t+1 i=0

— Olzh + aT—t+1hT+1 Z O,

i

S

I
=)

where the second equality follows from (H3) for Wy 1.

Furthermore, for any j = 1,...,m;, W;(z) is continuous in [a] ', a}) because g (z) = §/ > x for
all z € [al™',al) and the concavity of ¢ implies its continuity in (0,00). The continuity of W
also suggests that W; is continuous in [a}", 00). Consequently, W; is right continuous in [0, c0).
According to Algorithm 3, Wy(z) = Wi (z) +v} for all x € [0,00), where W7 is the convex envelope
of Wy and v is a constant. The properties of the convex envelope imply that W7 satisfies (H3) due
to the piecewise linearity and the right continuity of W;; so does W.

To prove (H4) and (H5) for W; and V;, we first prove W7 (x) = Wy(z) for all = € By, where B;
represents the set of breakpoints for both W; and W7 (z).

e Suppose that a{ € B;forsome j = 1,...,my. As yy(x) = 5‘,{ > max{x, D;} for all x € [a{_l, ag),
we have S/ > max{a/, D;} and the definition of W; in (27) yields
Wi (al) < e(S) — al) + (S — Dy) + aWy 1 (S) — Dy)

S hm 40(2’) + h(gt] — Dt) + OZWt+1(Stj — Dt)

257 —a]
= lim (S} — z) + h(S) — D;) + aWy i1 (S) — Dy) = lim Wy(x),
:cTaf xTai

where the second inequality is obtained from the property of ¢, while the last equality follows

from the value of W in (30) and the continuity of W;,1 by (H3). As a{ € B;\ {0}, Algorithm
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1 implies

Wi (al) = min {Wt(ag), lim W (), lim Wt(x)} = min {Wt(ag’), lim Wt(x)} = Wy(al),

xTai a:J,aZ a:Tai

where the second equality is yielded by the right continuity of W.
e a =0 € B; and, by the right continuity of Wy, W;(0) = min{W;(0), lim,/ |, Wy(2')} = W;(0).
e For any x € B; such that = € (a{fl,ag) for some j =1,...,m; or x > a;™,
Wi (z) = min {Wt(az), h’ITn Wy ('), h,]in Wt(:z:’)} = Wy(z),
where the two equalities follow from Algorithm 1 and the continuity of W; in the corresponding
interval, respectively.
To prove (H4) for W; and Vi, let vy = avyyq + v. For any x € [0, 00),
Wi(z) = Wi(z) +v; < Wi(z) + v = c(Gie(2) — @) + h(Gi(z) — Di) + aWir1 (Ge(x) — D) + 14
< e(fi(x) — x) + h(Ge(x) — Dy) + aVipa (Ge(x) — Dy) + awpyr + v = Vi(z) + 1,
where the two inequalities follows respectively from the definition of the convex envelope and
(H4) for Wiy 1 and V1. For any = € B;, we show Wy(x) = Vi(x) + 14, which is equivalent to
Wi(x) = Vi(x) + avyq since Wy(x) = Wi (x) + v, through the following cases.

e Suppose that x € [0,a;") and x € B;. We obtain
Wi(z) = Wiz) = c(i(x) — ) + h(G(x) — Dy) + aWii1 (Ge(z) — Dy).

z € [0,a™) implies gy (x) € {S/ : j = 1,..my} C BY. The definition of BY in (28) shows
yi(z) — Dy € Byy1. According to (H4) for Wiyq and Vi1, we have Wi (5i(x) — Dy) =
Vi1(5i(z) — Dy) + 1441 and hence

Wi(z) = c(Gi(z) — @) + h(Gi(z) = Di) + aVi1 (§e(2) — Dy) + avipr = Vi) + avegr.
e Suppose that z > @™ and z € B;. We have W;(z) = Wy(x) and the value of W; in (30)

yields
EI(IL') = Wt(.fC) = h(CC — Dt) + OéWH_l(.I — Dt)
fez=a"=D,z—D=0¢€ Bt+1, which is the set of breakpoints of Wt+1. If x > Dy,

Algorithm 1 implies that x is a breakpoint of W}, so we also have x — D; € Bt+1 by the value
of Wy in (30). (H4) for Wy, 1 and Vi;1 then yields

Wi(x) = h(z — Dy) + aVig1(x — Dy) + avpyq = Vi(x) + avgya,

where the second equality follows from g;(x) = x for > a;"* shown in (29).
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For any = > 0, we have g;(z) > max{x, D;} > max{0, D;}. Therefore, the definition of W; in
(27) yields
Wi(0) < e(@(2)) + h(Ge(x) — Di) + aWisa (5e(w) — Dy).
Also note that
Wi(x) = c(@e(z) — 2) + h(Ge(x) — De) + aWipa (5ie(x) — Dy).

We obtain

Wi(0) = Wi(z) < e(@i(2)) — c(me(@) — a7) < c(x),

where the second inequality follows from the concavity of ¢ and ¢(0) = 0. Note that W;(z) =
Wi(z) + v for all x >0, Wi (z) = Wy(z) for all x € By, and 0 € B;. Thus, for all z € B, we have

Wi(0) = Wi(z) = W5 (0) = Wi () = Wi(0) — Wi(z) < (),

which proves (H5) for W;. m
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