Design optimization of a viscoelastic dynamic vibration absorber using a modified
fixed-points theory

W. O. Wong, R. P. Fan, and F. Cheng

Citation: The Journal of the Acoustical Society of America 143, 1064 (2018); doi: 10.1121/1.5024506
View online: https://doi.org/10.1121/1.5024506

View Table of Contents: https://asa.scitation.org/toc/jas/143/2

Published by the Acoustical Society of America

ARTICLES YOU MAY BE INTERESTED IN

Design of a non-traditional dynamic vibration absorber
The Journal of the Acoustical Society of America 126, 564 (2009); https://doi.org/10.1121/1.3158917

Optimal design of a hysteretic vibration absorber using fixed-points theory
The Journal of the Acoustical Society of America 139, 3110 (2016); https://doi.org/10.1121/1.4953069

Practical aspects of design, tuning and application of dynamic vibration absorbers
Proceedings of Meetings on Acoustics 26, 065006 (2016); https://doi.org/10.1121/2.0000231

Robust passive reconstruction of dynamic transfer function in dual-output systems
The Journal of the Acoustical Society of America 143, 1019 (2018); https://doi.org/10.1121/1.5024239

Remote acoustic detection of mechanical changes in a vibrating plate in an unknown reverberant environment
The Journal of the Acoustical Society of America 143, 1093 (2018); https://doi.org/10.1121/1.5024507

Minimization of the mean square velocity response of dynamic structures using an active-passive dynamic
vibration absorber

The Journal of the Acoustical Society of America 132, 197 (2012); https://doi.org/10.1121/1.4714362

*ASA

Advance your science and career
as a member of the

ACOUSTICAL SOCIETY OF AMERICA

LEARN MORE | »


https://images.scitation.org/redirect.spark?MID=176720&plid=1225645&setID=407059&channelID=0&CID=414012&banID=519951227&PID=0&textadID=0&tc=1&type=tclick&mt=1&hc=7e7e30d6798a3241c86931e1e778ab1601dd31fb&location=
https://asa.scitation.org/author/Wong%2C+W+O
https://asa.scitation.org/author/Fan%2C+R+P
https://asa.scitation.org/author/Cheng%2C+F
/loi/jas
https://doi.org/10.1121/1.5024506
https://asa.scitation.org/toc/jas/143/2
https://asa.scitation.org/publisher/
https://asa.scitation.org/doi/10.1121/1.3158917
https://doi.org/10.1121/1.3158917
https://asa.scitation.org/doi/10.1121/1.4953069
https://doi.org/10.1121/1.4953069
https://asa.scitation.org/doi/10.1121/2.0000231
https://doi.org/10.1121/2.0000231
https://asa.scitation.org/doi/10.1121/1.5024239
https://doi.org/10.1121/1.5024239
https://asa.scitation.org/doi/10.1121/1.5024507
https://doi.org/10.1121/1.5024507
https://asa.scitation.org/doi/10.1121/1.4714362
https://asa.scitation.org/doi/10.1121/1.4714362
https://doi.org/10.1121/1.4714362

@CrossMark

Design optimization of a viscoelastic dynamic vibration absorber
using a modified fixed-points theory

W. O. Wong,? R. P. Fan, and F. Cheng
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Hung Hom, Kowloon, Hong Kong Special Administrative Region, China
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20 February 2018)

A viscoelastic dynamic vibration absorber (VDVA) is proposed for suppressing infrasonic vibra-
tions of heavy structures because the traditional dynamic vibration absorber equipped with a vis-
cous damper is not effective in suppressing low frequency vibrations. The proposed VDVA has an
elastic spring and a viscoelastic damper with frequency dependent modulus and damping proper-
ties. The standard fixed-points theory cannot be applied to derive the optimum design parameters of
the VDVA because both its stiffness and damping are frequency dependent. A modified fixed-
points theory is therefore proposed to solve this problem. H ., design optimization of the proposed
VDVA have been derived for the minimization of resonant vibration amplitude of a single degree-
of-freedom system excited by harmonic forces or due to ground motions. The stiffness and damping
of the proposed VDVA can be decoupled such that both of these two properties of the absorber can
be tuned independently to their optimal values by following a specified procedure. The proposed
VDVA with optimized design is tested numerically using two real commercial viscoelastic damp-
ing materials. It is found that the proposed viscoelastic absorber can provide much stronger vibra-

tion reduction effect than the conventional VDVA without the elastic spring.
© 2018 Acoustical Society of America. https://doi.org/10.1121/1.5024506
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I. INTRODUCTION

Low frequency infrasonic vibrations at or below 20 Hz
can come from many sources such as seismic activity, high-
way traffic, airports, HVAC systems of buildings, etc. These
vibrations could travel over long distances from numerous
constant sources through buildings and structures into the envi-
ronment, and they produce problems to sensitive equipment’
while they pass by. Slowly shaking motions of structures and
buildings matching the natural frequency of human internal
organs in the range of 5-8 Hz may cause human discomfort
and health problems.”” Since the inherent damping in many
flexible structures is very low, vibration tends to continue for a
long period of time unless steps are taken to absorb its energy.

Mounting a dynamic vibration absorber with proper
design and location onto an oscillating structure can provide
a robust solution to suppress its vibration and noise radiation.
The traditional dynamic vibration absorber as illustrated in
Fig. 1(a) is a passive device for reducing vibration of the pri-
mary system. It uses a viscous damping element to damp
down the vibration of the primary system mostly at the pre-
tuned frequency. This model in Fig. 1(a) is denoted as model
A in this paper. Many research reports can be found in litera-
ture about the derivations of the optimum parameters of the
traditional dynamic vibration absorber (DVA). Ormondroyd
and Den Hartog® showed that the DVA has an optimum
damping value for the minimization of the resonant ampli-
tude response of single degree-of-freedom (SDOF) system.
The optimum damping and optimum tuning frequency were
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derived by Brock® and Hahnkamn,® respectively. These for-
mulations can be deduced using the fixed-points theory’
which stated that there are two invariant points in the fre-
quency spectra of the primary mass regardless of the amount
of the viscous damping. The optimal frequency and damping
ratios of the traditional DVA for the undamped SDOF pri-
mary system based on the fixed-points theory were very
good approximation to the exact values derived by Nishihara
and Asami.® Variant designs of DVA using viscous damper
were considered and optimized using the fixed-points the-
ory’™"® for minimizing resonant vibrations of single and
multiple degree-of-freedom systems. However, the com-
monly used viscous damper is not effective for damping low
frequency infrasonic vibrations because the damping force is
proportional to the vibration frequency and it is relatively
small at low frequency. A very big viscous damper would be
required to generate the damping force required in practice if
the primary vibrating structure is heavy. On the other hand,
the damping force of a viscoelastic damper is proportional to
the vibration displacement instead and therefore it may be a
better alternative of the viscous damper for suppressing low
frequency vibrations.

The simplest way to construct a viscoelastic dynamic
vibration absorber (VDVA) is to use a viscoelastic damper
to provide both the resilient and the energy dissipating func-
tions as illustrated in Fig. 1(b). This model in Fig. 1(b) is
called model B in this paper. However, the complex modulus
of viscoelastic material depends on both the vibration fre-
quency and temperature of the material. These features of
the viscoelastic materials cause the coupling of the stiffness
and damping in the design of the VDVA.

© 2018 Acoustical Society of America
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FIG. 1. A damped dynamic vibration absorber as an auxiliary mass-spring-
damper system attached to a SDOF system (a) model A: traditional design
of the absorber using a viscous damper. (b) Model B: dynamic vibration
absorber using a viscoelastic damper for suppressing the vibration of the
mass M excited by a harmonic force f or due to ground motion y.

(b)

Analysis of VDVA often requires an analytical feature of
the rheological characteristics of the viscoelastic damper. There
are different approaches to the analytical modeling of rheologi-
cal behavior of linear viscoelastic materials. The classical
approach is the mechanical model comprising a combination of
linear springs and dashpots.'*"” The mathematical model is
expressed in form of Prony series known as the general
Maxwell or Kelvin model. The fractional derivative model'®>!
has been applied to model the parametric models of viscoelastic
materials by many researchers. Fractional derivatives can model
the broadband behavior of viscoelastic materials with less
parameters compared to the Prony series. In practice, the com-
plex modulus of the damper material can be employed to the
absorber structure whatever the configuration of the absorber is
and the viscoelastic loss factor of the absorber can be obtained
by direct measurement with a suitable experiment.”

J. Acoust. Soc. Am. 143 (2), February 2018

Al-Rumaih®® had designed a VDVA using a commer-
cial viscoelastic damping material and he demonstrated the
effectiveness of his design in suppressing resonant vibra-
tion of heavy structures. Espindola er al.>**> proposed an
optimal design theory based on the concept of equivalent
generalized mass and damping parameters to optimize the
parameters of one or multiple viscoelastic damping absorb-
ers. Their method requires a numerical search of the anti-
resonance frequency of the absorber in order to minimize
the maximum vibration amplitude of the primary system.
The genetic algorithm was explored by Xu et al.® to opti-
mize parameters of multi-dimensional earthquake device
composed of viscoelastic dampers. A direct performance-
based design method was developed by Guo and
Christopoulos®’ to study the seismic design of structures
equipped with non-linear hysteretic material. However,
there is no analytical method to derive an optimized design
of the VDVA in order to minimize the resonant vibration of
the primary vibrating system.

In view of the coupling problem of the stiffness and
damping of the traditional design of VDVA, a new design of
the absorber which allows independent tuning of its stiffness
and damping is proposed. It is named as model C in the fol-
lowing. The standard fixed-points theory cannot be applied
to the VDVA because both its stiffness and damping are fre-
quency dependent. A modified fixed-points theory is pro-
posed for the derivation of the optimal parameters of the
proposed VDVA for minimizing the resonant vibration
amplitude of SDOF system. To the knowledge of the
authors, this is the first research report on the H,, design
optimization of a VDVA leading to analytical solutions of
the optimum parameters of this type of vibration absorber.

The fixed-points theory used in the optimization of the
traditional DVA (model A in the following) is briefly
reviewed in Sec. II. The optimization method of Espindola
et al.® for VDVA applied to SDOF primary vibrating sys-
tem (model B) is reviewed briefly in Sec. III. The mathemat-
ical model of the proposed VDVA (model C) is formulated
in Sec. IV. Approximate “fixed points” are found in the fre-
quency response spectra of the primary mass of the proposed
VDVA. A modified fixed-points theory is proposed and
applied to derive the optimal design parameters of the pro-
posed VDVA for minimizing the resonant vibration ampli-
tude of the primary vibrating system. The effectiveness of
the proposed VDV A optimal design method is analyzed with
two examples using real commercial viscoelastic damper
materials.

Il. THE TRADITIONAL DYNAMIC VIBRATION
ABSORBER (MODEL A)

Figure 1(a) shows the schematic design of the traditional
dynamic vibration absorber comprising a lumped mass, an
elastic spring and a viscous damper. This vibration absorber
denoted by model A is attached to a single degree-of-free-
dom undamped primary system. Vibration of mass M is
excited by harmonic force f = Fsinwt or due to ground
motion y = ¥Ysinwr. The amplitude ratio |H4(1)| can be
derived as>”’

Wong etal. 1065
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where p=m/M, v, = /k/m, o, =/ K/M, y=w,/w,,
A=wf/w, {=c/ 2+/mk, and X; is the vibration amplitude
of the primary mass M.

The objective function of the H., optimization is to min-
imize the maximum value of |H4(4)|. It may be expressed
mathematically as

max(‘HA (/1’ Yopt_A> éopt_A) |) = mln(n}%x |HA (/“) |) (2)

The procedure to derive the optimum parameters of this
absorber is based on the fixed-points theory by Den Hartog.”
The optimum tuning frequency and damping ratios of this
absorber can be written, respectively, as

k/m 1
YoptA = KM 11z (3)
and
c 3u
oA = = : 4
é’pl_A 2 mik 8(] +,LL) ( )

The approximate maximum amplitude ratio of the primary
mass M derived by Den Hartog’ is written as

2
Ha Dl = [ )

4 [(1 —- (2= - Wzﬂ g (2951 — 22— w2))?

) (1

lll. DYNAMIC VIBRATION ABSORBER EQUIPPED
WITH A VISCOELASTIC DAMPER (MODEL B)

The viscoelastic vibration absorber denoted by model B has
a lumped mass attached to the primary structure through a visco-
elastic damper, as shown in Fig. 1(b). The stiffness of the visco-
elastic damper is modeled by the complex stiffness written as

ky(w) = vG(w) = v(Gs(w) + iGi(w))
= 0Gs(0)(1 + in(w)). (6)

In the above equation, w is the frequency. v is the geometric
factor related to the shape of the viscoelastic damper. G.(w)
is the complex elastic modulus of the viscoelastic material of
the damper. G5(w) and G;(w) are the storage modulus and
loss modulus, respectively, of the viscoelastic material. 7(w)
is the loss factor defined as

n(w) = : )

The complex shear modulus depends on the vibration fre-
quency and the temperature of the material. In the following
analysis, steady state vibrations are assumed and the temper-
ature effect to the viscoelastic damper is assumed constant in
time as well. The moduli of the viscoelastic materials in the
following analysis are therefore shown as functions of the
vibration frequency only.

The vibration amplitude ratio |Hp ()| of model B can be
derived and written as”®

X

\/(“/2 A 2

; ®)

1Hy(1)] = '

Y

FIK

B

where p=m/M, w, =+\/vGs/m, 0, =\/K/M, 7= 0w,/
Wy, and A = o/ w,.

The purpose of the H,, optimization of the model B
is to optimize the parameters of viscoelastic damper for
minimizing the resonant vibration amplitude of mass M to
the exciting force or ground motion. To apply the fixed-
points theory to the VDVA, we may vary the loss factor 5
of the viscoelastic damper by changing the viscoelastic
material used in the VDVA. However, the stiffness vGy
and hence y will also change at any frequency 4 after we

1066  J. Acoust. Soc. Am. 143 (2), February 2018

’ \/(U — 0= 2) —wp2) + (1 - 2= )

change the viscoelastic material. Hence the fixed-points
theory cannot be applied like in the case of model A
before.

Espindola e al.* reported a method to search numeri-
cally the optimum parameters of the viscoelastic damper for
the minimization of maximum vibration amplitude of a
VDVA illustrated as model B in Fig. 1(b). It may be
expressed mathematically as

max(|Hp (4, Yopi_p: Vopt_s)|) = min(max [Hg(2)[).  (9)

]
)V

Wong et al.
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FIG. 2. Variation of the modulus G, and loss factor n with frequency for the
viscoelastic damper from Ref. 25.

A numerical solution of the optimized design of a VDVA
(model B)* is presented in the following for illustration of
their method. The complex stiffness of the viscoelastic
damper of the VDVA as illustrated by model B in Fig. 1(b)
is given by k;(w) = vG.(w), where v is the geometric factor
of the viscoelastic damper of the absorber. The complex
modulus of the viscoelastic damper used in the VDVA was
expressed in terms of the four parameter model below,

10

9

FIG. 3. Frequency response curves |[H4 ()| and |[Hg(A)| of the primary mass
M of the traditional DVA (model A, ----) optimized using the fixed-points
theory, Ref. 7 and viscoelastic damping absorber (model B, —) with
1=0.15, M =100kg, and w,, = 30 Hz optimized using the method of Ref. 25.
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(5.32 x 10°) + (1.048 x 10%)(ibw)*™

GC(CO = )
) 1+ (ibw)0.359

(10)

where b = 7.75 x 1077 % 107(10.l)(T7277.7)/(137+T7277.7)‘ o
and T are the vibration frequency and temperature of the vis-
coelastic damper in the absorber, respectively. T is assumed
to be constant equals to 298 K. The modulus G, and loss fac-
tor n functions of this viscoelastic damper from Ref. 25 are
calculated according to Eq. (10) and plotted in Fig. 2 for ref-
erence. Mass ratio is 0.15 and the primary mass is 100kg.
Natural frequency w,, equals to 30 Hz.

The optimum geometric factor voy_p is searched numeri-
cally for the optimum stiffness leading to the optimum fre-
quency ratio ),y g such that the maximum vibration response of
the primary mass is minimized. |[Hp(4)] is calculated using Eq.
(8) and plotted in Fig. 3 to show the optimization result. Double
peaks of equal height of the vibration amplitude of model B can
be observed in Fig. 3. With the same mass ratio, the frequency
amplitude response of model A is calculated using Egs. (1), (3),
and (4) and plotted in Fig. 3 for comparison. It shows that model
B with optimal design has a much higher resonant vibration
amplitude response than model A in this case.

IV. THE PROPOSED DYNAMIC VIBRATION
ABSORBER EQUIPPED WITH AN ELASTIC SPRING
AND A VISCOELASTIC DAMPER (MODEL C)

The proposed viscoelastic vibration absorber denoted by
the model C has a lumped mass connected through a visco-
elastic damper and an elastic spring to the primary structure,
as shown in Fig. 4. The purpose of adding an elastic spring
to the VDVA is to adjust the total stiffness of the absorber
without affecting the damping provided by the viscoelastic
damper in the VDVA. Both the stiffness and damping of the
proposed VDVA can be tuned independently by following a
design procedure as described below. This design method

X2

]

= vG, (141)

X1

K72 7 K72

y

]

FIG. 4. Model C: the proposed dynamic vibration absorber using a visco-
elastic damper and an elastic spring for suppressing the vibration of the
mass M excited by a harmonic force f or due to ground motion y.
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produces a decoupled design of the VDVA according to the
axiomatic design theory.*

The governing equations of the proposed viscoelastic
vibration absorber (model C) in the frequency domain may
be written as follows.

Case 1: Vibration due to harmonic force excitation
(f = Fsinwt, y=0)

~MX 0* + KX + [k 4+ vGy(1 + in)](X; — Xa) = F(w),
(11a)

—mXp* + [k + vGy(1 +in)] (X, — X;) = 0. (11b)

(k + vGs(1 + in) — ma*)F

Case 2: Vibration due to ground motion (f=0,
y = Y sin wt)

~MX,0* +K(X; - Y)

+ [k 4+ vG(1 +in)](X, — X2) =0, (12a)

—mXp* + [k +vGy(1 +in)] (X — X;) =0, (12b)
where X; and X, are the steady state vibration amplitudes
of the masses M and m, respectively. Solving Egs. (11a)
and (11b) for case 1, and Egs. (12a) and (12b) for case 2
yield

casel : X| = , 13a
VTG, (14 K+ in) (K — Mo?) — (K — Ma? +0G(1 + k + in))me? (132)
k 1 +in) — mw?)KY
case2 : X; = (k + vGy(1 4 in) — meo?) : (13b)
vGy(1 +k +in)(K — Mw?) — (K — Mw?* + vGy(1 + k + in))me?
(k4 vGs(1 +in) Xy
land2 : X; = . 13
cases 1 an 2 0Go(1 + ki) — ma? (13¢c)
The amplitude ratio of the primary system in both cases 1 and 2 may be written as
X, X, K2(k + vGy — mw?)* + K2(0Gsn)?
|He(w)| = ‘F/K =l7l.= 5 5 (14)
c c [(K — M?)(k + vGy — mw?) — kma)z] + [nGm(K —Mw? — ma)z)]
Equation (14) may be expressed in the dimensionless form written as
V62 =2 + 0.2
|He(2)] = , (15)

\/((1 (2= 2) - uy2)~2)2 + [p,2(1 =22 - Mz)]zﬂz

where u=m/M, w,=/(k+vGs)/m, o,=+/K/M,
Y= Wq) O, Wgp = \/VGs/M, Y, = Wao/ 0y, and L = /) w,,.
It can be observed by comparing Eq. (15) to Eq. (1) that
the frequency response function (FRF) of the primary system
of the VDVA (model C) is similar but not the same as the tradi-
tional DVA (model A). In the standard fixed-points theory, it
states that all frequency response curves of the primary mass
pass through two invariant points regardless of the amount of
the damping. This is valid for viscous damping’ and hysteretic
damping®® because both the stiffness and damping components
of these absorbers are assumed constant with the vibration fre-
quency. However, if a viscoelastic damper is used in the
absorber then both the stiffness and damping of the absorber
varies with the vibration frequency and therefore the standard
procedure of the fixed-points theory cannot be applied.

1068  J. Acoust. Soc. Am. 143 (2), February 2018

The idea to make it possible to apply the fixed-points the-
ory to this absorber is to keep the total stiffness, k + vGj, of the
proposed VDVA to be constant at frequency w,, i.e., 7 = 1 at
o = w,, while varying the damping of the VDVA by changing
the geometry factor v instead of the loss factor 1. A modified
fixed-points theory is proposed and described in the following
for the H, optimization of model C. The first step is to check
the existence of fixed points in the frequency response spec-
trum of the mass M in model C, a viscoelastic damper in Ref.
22 is chosen for the design of model C. The viscoelastic mate-
rial used in the damper is 3 M-467 viscoelastic tape from the
3 M Ltd. Empirical functions of the stiffness and loss factor are
given in Ref. 22, respectively, as 19838(4 + /)"’ N/m and
1.4¢=0175]10g (f/100)[* a¢ 70 F, where f'is the vibration frequency
in Hz in the frequency range 0 < f < 10* Hz. Variation of the

Wong et al.



stiffness v,Gy and loss factor 1 with frequency for this visco-
elastic damper made with 3 M-467 are shown in Fig. 5 for ref-
erence. v, represents the reference geometric factor of this
viscoelastic damper used in Ref. 22. Assuming the mass ratio
u=0.15, M=100kg, and w, = 10Hz, the relative geometric
factor v/v, of the VDVA can be chosen to be mm,?/v,Gs_,
=047 such that y, = 1 at v = w,. V,G;_e, = 125829 N/m is
the stiffness of the viscoelastic damper at ,,.

In the first case, assume k=0, the vibration amplitude
response |Hc(A)| of the primary mass M is calculated
according to Eq. (15) and plotted in Fig. 6. The idea to show
the fixed points in the frequency spectrum of mass M is to
maintain the total stiffness, £ 4+ vGy, of the proposed VDVA
to be constant at frequency w,, i.e., y =1 at o = w,, while
varying the damping of the VDVA by changing the geomet-
ric factor v. In the second case, consider the reduction of v
by 20% leading to 20% reduction of the stiffness. This
reduction of the stiffness vG;_,, at w, is compensated by the
stiffness k of the added elastic spring, i.e., k=0.2 vG,_,. In
the third case, v is reduced by 40% and the corresponding
reduction of stiffness is compensated by choosing k=0.4
vGs_e,- In the fourth case, v is reduced by 60% and choose
k=0.6 vG,_,,. The respective frequency response curves of
the primary mass M for cases two to four above are calcu-
lated according to Eq. (15) and plotted also in Fig. 6 for
comparison. There appears two intersecting points in the fre-
quency spectra denoted by P and Q in Fig. 6. However,

5

3 10 . . .
oGy,
N/m
25 a
2 L -+
151 1
1 L .
05 . . . . . . .
0 5 10 15 20 25 30 35 40
Frequency, Hz
()
1.4 T T T T T T T
n

0 . . . . . . .
0 5 10 15 20 25 30 35 40

Frequency, Hz
()

FIG. 5. Variation of (a) stiffness v,Gjy, and (b) loss factor n with frequency
for the viscoelastic damper made with 3 M-467 from Ref. 22.
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careful inspection of the intersections of the curves in Fig. 6
reveals that the intersections of the curves are just very close
to the two points P and Q but not truly coincident at points P
and Q. Ap =~ 0.86 and 4y =~ 1.13 are found in this case. The
two points P and Q are therefore named ‘“pseudo fixed
points” in the following. Points P and Q are not exactly fixed
points like those described by the fixed-points theory. This is
because y of the viscoelastic damper varies with frequency
and therefore 7y can only be kept approximately constant at
the two fixed points when we varies the geometric factor v.
7p = 0.97 and y, ~ 1.02 are found in this case. Although we
can keep the stiffness k + vG; constant at frequency y = 1,
k 4+ vG, cannot be kept constant at the frequencies p and Ay
because the variations of vGy at Ap and /p are not the same
when the geometric factor v is varied. It is found that in this
case, 0,G;_p ~ 116 883 N/m and v,G, o ~ 133 898 N/m.

The response amplitude at the pseudo fixed points P and
Q in Fig. 6 are found to be [Hc|p ~ 5.92 and |Hc|, =~ 2.05,
respectively. The variations of |Hc| at the intersecting points
among the four lines in Fig. 6 at those pseudo fixed points P
and Q are found to be about 1%. Noting that yp and y, are
very close to 1, this illustrated that the principle of the fixed-
points theory may be applied for the H,, optimization of the
proposed VDVA (model C) if we assume 7 is constant
around the frequency w,.

The purpose of the H,, optimization of model C is to
optimize its parameters including the geometric factor v of
the viscoelastic damper and the additional spring stiffness k
for minimizing the resonant vibration response amplitude of
the primary mass M to the excitation. It may be expressed
mathematically as

max (|He (2, kopi_cs Vopt_c)|) = min(rr}(a})x |[Hc(A)]).  (16)
In order to apply the modified fixed-points theory as

described before, we assume y to be constant at the pseudo
fixed points. This can be realized approximately by selecting

A

FIG. 6. Frequency response curves |Hc(4)| using the proposed damping
absorber (model C) with u=0.15, M=100kg, and w,=10Hz. y=1 at
A=1 with k=0 (—); k=020G,_,, (---); k=0.40G,,, (=), and
k=0.60G;_g,, (- - -). Pseudo fixed points P and Q are marked with «. The vis-
coelastic damper material used in model C has stiffness and loss factor as
shown in Fig. 5.
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k such that & +vG,_,,, is a constant at the frequency w,.
Equation (15) may be rewritten as

A + Bv?
|He(2)| = \/m» (17

where A= (32 —/%)% B=G 2172/(m , C= (21
(> =) = w??)?,  and D= — wi?)*G? 2/
(mw,?).

It is known that the corresponding frequencies Ap and
/.o of the pseudo fixed points are quite close to each other if
the mass ratio u is small and this is the case for applications
in suppressing vibrations of heavy structures. If we assume
the difference of the modulus of the VDVA at the two
pseudo fixed points is negligible then we may apply the pro-
posed modified fixed-points theory in the optimal design of
the proposed VDVA. To find these two points analytically,
we consider the frequency response curves of Eq. (17) for
v = 0 and v = oo. The curves for v = 0 and v = oo and other
real values of v would “pass through” the points P and Q as
shown in Fig. 6. This may be expressed mathematically as

A_B_A—|—Bv2

e E 18
C D C+Dv? (18)
Substituting v = 0 into Eq. (17), we may write
2 /12 A 1/2
|HC()L)|U:O = ‘ 2 ! 2 2| = (_> :
(1 =2 (2= 22) — w2 C
19)

Substituting v = oo into Eq. (17), we may write

G
-(3) - 0)

Using Egs. (18), (19), and (20), we may write

,))2 _ /"LZ 2 1 2
(1= =) —w222) (1 .y ,u?) '

2y

1

HcA)|,_. =|———
| C( )|v7oc ’1_22_'[122

Taking square root of Eq. (21) and consider the responses at
v = 0and v = oo at opposite phases,”® we may write

it S 22)
(1 =222 = 22) — w222 1 =22 —w*
Equation (22) may be simplified as
Q2+ it =221+ +w?) +29* =0. (23)

The two roots of Eq. (23) expressed as /p and 4o may be
written, respectively, as

14 ( \/1 2yp2

2+

I+ /1)2“/P4

Jp =
(24)
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and

1+(1 +u)yQ2+\/1 — 2997 + (1 + p)*y0*
24+ u '

Jg =
(25)

/p and Ag are the non-dimensionless frequencies of the fixed
points. Ap and 4 in Egs. (24) and (25) have real positive val-
ues if pu and 7y are also real positive values. This shows that
Eq. (23) has real solutions of 4p and /¢ after u and y are cho-
sen for the VDVA. The frequency response amplitudes of
mass M at Ap and Ay can be derived by substituting Egs. (24)
and (25), respectively, into Eq. (17) and written, respec-
tively, as

|Hc(2p)]
B 1
- 1— )Lpz — ,u),pz
_ 2+u
=72 (1+p)* +(1 +u)\/1 =297+ (14 )"
(26)
and
IHc(40)]
_’ !
- D) 2
1 =7 — g
o 24+
L=902(1+p)* — (1 +u)\/1 —270> + (1+p)"0"
(27)

Since /p and /p are closed to 1 when the mass ratio u is
small, yp and 7, may be assumed to be equal. The optimum
tuning frequency can be derived by equating |Hc(Ap)| and
|Hc(4g)| using Egs. (26) and (27) and simplified as

1

Yopt_c = Tru (28)

Equations (3) and (28) shows that the optimum tuning fre-
quencies of the traditional DVA (model A) and the visco-
elastic DVA (model C) are the same. The frequency ratios of
the pseudo fixed points, Ap and Ay can be obtained by
substituting Eq. (28) into Eqgs. (24) and (25) and written as

)2 = V2Ztu f (29)
MO NeEaT
2 V2+p+ /i (30)

T (l+pv2ra
The response amplitude of the mass M at the pseudo fixed
points can be derived by substituting Eq. (29) into Eq. (26),
and Eq. (30) into Eq. (27) and written as
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2+
Helpo == 31

To determine the optimum geometric factor v of the visco-
elastic damper such that points P and Q become the maxi-
mum points on the response curve of mass M, we consider
zero slopes at the two pseudo fixed points, P and Q. We may
therefore write

a'%}fjw e =0. (32)
Rewrite Eq. (15) as

He(2)" = ; (33)
where

S=(" =2+ 00 (34)
and

T=((1-22)0" =22 — w2
+ 3,200 = 22— W) 35)

If O|He(2)|?/04% = 0, then we may write

g (S S'T — ST’
Y2 (T) - (rz ) -0 (30
where §' = 9S/ 9r and T' = ar/ 922,
Using Eq. (36), we may write

S'T — ST = 0. (37)

Differentiating Eqs. (34) and (35) with respect to /2 and then
substitute them back to Eq. (37), we may write

Xp,t+Y =0, (38)
where
X =n*(1= 22— w1+ p) (39)

and
Y=—("=2)(1 =2 — pi?)?
+(1=22+ 7+ ) [(1=2) (P = 2 — iy’
(40)

The optimum geometric factor vey_c at the pseudo fixed
points P and Q may be derived using Egs. (28)—(30) and
(38)—(40) and written, respectively, as

Y 2
"/0471122 = _717
12:;~P27 P=Yopt_c
1 3/‘ Iu2 \/T
o R —\ — (41)
|2 22+m “V2tu
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and

Yn2
”/04'IQ2 = X

=% 1=Top_c
3u 12 1
A .
2 22+ M2tu

Taking the average of 1> and 1,?, and approximating 1
and 7, by n,, , where 1, is the damping of the viscoelastic
damper at ®,,, we may write

1 3u 1
"\ 2 Tern @

2

o
1+’

(42)

. 2
Vo N,

Recalling 7,2 = vG,/mw,
G, o by G,_,,, we may write

VGy_o Mo 1 3 2
S B TV
maw, (1+ ) 2 224w

Using Eq. (44), the optimal geometric factor may be written

as
ma,* 3u w2
bopc = R (45)
T Gy, 1+ 0P\ 2 2240

Having the optimal geometric factor voy_c the designer can
determine the shape and size of the viscoelastic spring of the
VDVA leading to stiffness equals to vopi_c Gs_ey, at 0 = @,
Using Eq. (28) and the definition of y, we may write

kopt + Vopt_c Gs_a, 1
Yopt_C =\/ pt T_—optC = (46)

and approximating G,_p and

ma,? I

Substituting vep_c from Eq. (45) into Eq. (46), the optimum
stiffness kqp; for the elastic spring in model C can then be
derived and written as

mwy> | 1 3u >

= [ . 47
A+’ | a2 22+ @

opt —

If the mass ratio p is small like 0.1 or less, the higher order
term of p in Egs. (45) and (47) may be neglected and the
optimum geometric factor voy_c and stiffness ko, may be
approximately written, respectively, as

mwy> 3u
Vopt.C =————————51\/ =+ (48)
opt Gs_m,,r]w“(l + M)Z 2
and
PLLCT PR ETT 49)
o (14 w)? o, V 2 )
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The resonant amplitude response of the mass M of model C with
optimum geometric factor vey_c of the VDVA and the additional
stiffness kop may be approximately written using Egs. (31) as

2+
IHe s = 1 Tﬂ (50)

Comparing Eq. (5) with Eq. (50) shows that the approximate
maximum vibration amplitude ratios of the optimized tradi-
tional DVA (model A) and the optimized VDVA (model C)
are the same.

Equation (49) shows that the additional stiffness kop is a
positive value if the following condition applies:

3
kopt > 0 = 1, > 7" (51)

To avoid kep to become negative, we should select a visco-
elastic damper material with relatively high damping. For
the sake of illustration, two examples are given in the fol-
lowing to demonstrate how to apply the proposed optimiza-
tion method in the proposed VDVA design. The optimized
design of model C is tested numerically using two real visco-
elastic dampers. The first one is the viscoelastic damper con-
sidered in the previous example with measurement data
provided in Ref. 22 and its variations of stiffness and loss
factor with frequency are plotted in Fig. 5 for reference.
Mass ratio u is 0.15 and the primary mass M is 100kg.
Natural frequency of primary system ,, is 30 Hz. The opti-
mum relative geometric factor vop_¢ /v is determined
according to Eq. (48) to be 0.735 and the stiffness of the
elastic spring kop of model C is determined according to
Eq. (49) to be 230940 N/m. The frequency response function
of the primary mass M is calculated using Eq. (15) and plot-
ted in Fig. 7 for illustration of the proposed optimization
method. Double peaks of the frequency amplitude response
of model C can be observed in Fig. 7 with |H¢|,,, =3.72.

max

0 0.5 1 1.5 2 2.5

A

FIG. 7. Frequency response curves of the primary mass M of the proposed opti-
mized VDVA, |Hc(/)|(model C, —), and the traditional DVA, |H4 (4)|(model
A, ---). u=0.15, M =100kg, and w, =30Hz. The viscoelastic damper used
in model C has stiffness and loss factor as shown in Fig. 5.
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Using the same mass ratio, the frequency amplitude response
of model A is calculated using Egs. (1), (3), and (4) and plot-
ted in Fig. 7 for comparison. It is observed that the peak
response of model C is slightly lower than that of model A
and the double peaks of model C are not of the same height.
These deviations are due to the approximations taken in the
derivation of the optimal values of the geometric factor
Vopt_c and the elastic spring constant kop. This shows that the
proposed optimization method is useful to derive an approxi-
mate optimal design of the proposed VDVA.

Comparing Fig. 7 with Fig. 3 we can see that the mass
M of the optimized model C in this example has a much
smaller resonant amplitude than model B. This shows that
model C may be a better design of VDVA than model B. In
order to check the accuracy of the voy_c /vo and kopt_c using
the proposed method, a numerical search of the minimum of
|[He | oy With & and v/v, as variables have been carried out in
MATLAB to determine the exact minimum of |H¢|,, in this
example. The contours of |H¢|,,, are plotted in Fig. 8 and
the minimum of |Hc¢|,,, from the numerical search result is
3.57. The “exact” kop_c and vop_c /v, found in the numerical
search are 238 000 N/m and 0.74, respectively. It shows that
the error of the minimum of |H¢| . using the proposed opti-
mization method is about 4%.

The second viscoelastic material considered for the pro-
posed VDVA is Sorbothane which is commonly used for
damping structural vibrations. Its modulus is given in form
of a Prony series written as>

max

Gy(w) = 4.121 x 10° + (9.1718 x 10°)

<0.6281 x 0.022?
14 0.02%w?

0.1908 x 0.1819%w? 5
T | N/m?, (52)
14 0.1819“w
1 . . . T . . . \
2
4
09+ 3
v/,
08F v .
. v
07+ 6 .
06 p _
8
05 ,\ 6 1
70
04l \\ \s |
10
\\\ i
03F o — 8
02t 30 20 B
50 30 I— 20
01 . . . L 5g1 . L3
1 12 14 16 18 2 22 24 26 28 3 32
x10°

FIG. 8. (Color online) Contours of |H¢/,,. of model C with different values
of the added stiffness k and geometric factor v. u=0.15, M =100kg, and
w, =30Hz. The viscoelastic damper material used in model C has stiffness

and loss factor as shown in Fig. 5. The minimum of |Hc|,.. is marked with e.

max
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0.6281 x 0.02
Gi(w) = (9.1718 x 10%(#

1 + 0.02%w?
0.1908 x 0.1819w
N/m?, 53
1 +0.1819°w? ) /m (53)
and
n(w) = Gy(0)/G(o). (54)

Variation of the modulus G and loss factor n with frequency
for Sorbothane from Ref. 23 are calculated using Egs.
(52)—(54) and plotted in Fig. 9 for reference. Mass ratio p is
0.02 and the primary mass M is 100 kg. Natural frequency of
primary system ,, is 10 Hz. The optimum geometric factor
Uopt_c 1s determined according to Eq. (48) to be 0.0045m
and the stiffness of the elastic spring koy_c of model C is
determined according to Eq. (49) to be 3399 N/m.

The frequency response function of the primary mass M
is calculated using Eq. (15) and plotted in Fig. 10 for illustra-
tion of the proposed optimization method. Double peaks of
same height of the vibration amplitude of model C can be
observed in Fig. 10. With the same mass ratio, the frequency
amplitude response of model A is calculated using Eqs. (1),
(3), and (4) and plotted in Fig. 10 for comparison. The fre-
quency amplitude response of the optimal design of model B
in this case is searched numerically according to Eq. (9) and
also plotted in Fig. 10 for comparison. It can be found that

5
12 90 ; : : ; ; :
GS’
N/m?
10 1
gl i
6l i
4 . s s s s . ‘
0 5 10 15 20 25 30 35 40
Frequency, Hz
()
0.4 . .
n 0.3 b
0.2 b
0.1
0 ‘ . . . . . .
0 5 10 15 20 25 30 35 40

Frequency, Hz
(®)

FIG. 9. Variation of (a) the modulus G, and (b) loss factor  with frequency
for Sorbothane from Ref. 23.
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FIG. 10. Frequency response curves of the primary mass M with the opti-
mized traditional DVA, |H4(4)|(model A, —-), and the optimized model B,
|Hp(2)|(model B, - - -), and the proposed optimized VDVA, |H¢()|(model
C, —). u=0.02, M=100kg, and w,=10Hz. The viscoelastic damper
material used in model B and model C has modulus and loss factor as shown
in Fig. 9.

|Hp|,,.x = 15.5 which is much larger than |Hyl,,, and
|Hc|,ax- The theoretical dimensionless resonant response
can be determined using Eq. (52) as |H¢|,,,, = 10.0 while the
maximum value of the curve for model C in Fig. 10 is found
to be 9.77. In order to check the accuracy of the voy_c and
kopt_c using the proposed method in this case, a numerical
search of the minimum of |H¢|,,,, With k and v as variables
have been carried out in MATLAB to determine the exact mini-
mum of |H¢|,,, in this example. The contours of |H¢|,,, are

ploted in Fig. 11 and the minimum of |H¢|

max

max irom the
numerical search result is 9.75. The “exact” kop_c and vop_c
found in the numerical search are 3560 N/m and 0.0043,

respectively. It shows that the error of the minimum of

I !
0 1000 2000 3000 4000 5000 6000

FIG. 11. (Color online) Contours of |H¢/,,, of model C with different values
of the added stiffness & and geometric factor v. u=0.02, M =100kg, and
w, = 10Hz. The viscoelastic damper material used in model C is has modulus
and loss factor as shown in Fig. 9. The minimum of |Hc|, .. is marked with e.

max
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FIG. 12. Possible forms of model C in Fig. 4 when & is negative. (a) The spring is replaced by an actuator to provide the “negative” spring force. (b) The spring

is replaced by a passive device having negative stiffness.

|HC|max
0.2%.

Both the theoretical prediction from Eq. (52) and the
numerical tests on the maximum vibration amplitude
response of the primary mass M of model C show that model
C can be used as an alternative design of the traditional
DVA (model A). Model C is especially useful for the sup-
pression of the resonant infrasonic vibration because the vis-
cous damper force in model A is proportional to the
vibration frequency and it is relatively small at low vibration
frequency. Model C is also suitable to be applied on heavy
structures such as tall buildings or bridges because the mass
ratio u in those applications are usually small so it is easier
to satisfy Eq. (51) such that the additional stiffness &
required would not become negative.

If one applies the proposed optimization method to the
numerical example in Sec. III using the viscoelastic damper
from Ref. 25, then k would be found to be a negative value.
To solve this problem, a viscoelastic damper with higher
damping can be used such that Eq. (51) can be satisfied.
Another solution to this problem is to replace the elastic
spring in model C by an actuator to apply a force f, equal to
k(x; — x2) to masses M and m as illustrated in Fig. 12(a) or
by a structure with negative stiffness®” equal to —|k| as illus-
trated in Fig. 12(b). The major advantage of using the design
of model C instead of model B is that the resonant vibration
of the mass M would be reduced significantly. Using the
numerical example in Sec. III considered in Ref. 25 with
modulus and loss factor as shown in Fig. 2, the maximum
dimensionless response amplitude of the primary mass M as
shown in Fig. 3 is [Hp|,,, ~ 9. If model C is used in that
example, then following the proposed optimization method
we can derive |Hcl|,.. =/ (2+p)/pn=3.8 leading to
about 58% reduction of the resonant vibration amplitude of
the primary system.

using the proposed optimization method is about

V. CONCLUSION

A VDVA is proposed for suppressing infrasonic vibra-
tions of heavy mechanical or civil structures. The stiffness
and damping of the proposed VDVA can be decoupled such
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that both of these two properties of the absorber can be tuned
independently to their optimal values by following a speci-
fied procedure. The standard fixed-points theory cannot be
applied to the VDVA with frequency dependent stiffness
and damping. A modified fixed-points theory is therefore
proposed to solve this problem. H,, design optimization of
the proposed VDVA have been derived analytically for the
minimization of resonant vibration of a SDOF system
excited by harmonic forces or due to ground motions.
Simple analytical expressions of the optimal additional stiff-
ness and geometric factor of the proposed VDVA are
derived using the modified fixed-points theory. The proposed
VDVA with optimized design is tested numerically using
two real commercial viscoelastic damping materials. It is
found that the proposed viscoelastic absorber can provide
much stronger vibration reduction effect than the conven-
tional VDVA without the elastic spring. The proposed opti-
mal design methodology of dynamic vibration absorber may
help engineers to suppress infrasonic vibrations of heavy
structures and the proposed VDVA may be considered as an
alternative design of the traditional DVA as well.
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