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Abstract

Ultrasonic guided waves are being extensively investigated and applied to nondestructive
evaluation (NDE) and structural health monitoring (SHM). Guided waves are, under most
circumstances, excited in a frequency range up to several hundred kilohertz or megahertz for
detecting defect/damage effectively. In this regard, numerical simulation using finite element
analysis (FEA) offers a powerful tool to study the interaction between wave and defect/damage.
Nevertheless, the simulation, based on linear/quadratic interpolation, may be inaccurate to
depict the complex wave mode shape. Moreover, the mass lumping technique used in FEA for
diagonalizing mass matrix in the explicit time integration may also undermine the calculation
accuracy. In recognition of this, a time domain spectral element method (SEM) — a high-order
FEA with Gauss-Lobatto-Legendre node distribution and Lobatto quadrature algorithm — is
studied to accurately model wave propagation. To start with, a simplified two-dimensional
plane strain model of Lamb wave propagation is developed using SEM. The group velocity of
the fundamental anti-symmetric mode (4,) is extracted as indicator of accuracy, where SEM
exhibits a trend of quick convergence rate and high calculation accuracy. A benchmark study of
calculation accuracy and efficiency using SEM is accomplished. To further extend SEM-based
simulation to interpret wave propagation in structures of complex geometry, a 3-D SEM model
with arbitrary in-plane geometry is developed. 3-D numerical simulation is conducted in which
the scattering of A, mode by a through hole is interrogated, showing a good match with

experimental and analytical results.

Keywords: Nondestructive evaluation; Structural health monitoring; Wave scattering; Spectral

element method; Lamb wave; finite element analysis
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1. Introduction

Guided wave (GW)-based techniques in the field of NDE and SHM are promising to interrogate
and detect structural defect/damage [1-3]. Several advantages of GW, including high sensitivity
to damage, long propagation distance to cover large monitoring area with few sensors, and
ability of system integration into the host structure with little additional penalty, endow the GW-
based techniques with an online and in situ monitoring capability to various structures including

aircraft, spacecraft, nuclear power plant, pipeline, etc. [4-8].

Currently most GW-based techniques rely on the extraction of limited parameters such as Time-
of-flight and signal amplitude to identify damage size and location [2, 9]. In order to make full
use of this technology, a fundamental physical interrogation on interaction of GW with various
defect/damage is essential. Thus analytical analysis, together with numerical modeling, plays
an important role of understanding GW in hope of extraction of more parameters. Nevertheless,
when the geometric structure is complex, analytical analysis may not be applicable, which
leaves the numerical modeling the only available method to accommodate complex geometric
shapes. Among common numerical methods [10-14], finite element analysis (FEA) is
dominantly adopted to analyze wave propagation as FEA has a strong adaptability to complex
geometric shapes. Nevertheless, as conventional FEA uses linear/quadratic interpolation
functions to represent coordinate and displacement, it may be inaccurate to depict the complex
wave mode shape. Moreover, mass lumping technique is often adopted in the explicit time
integration to obtain a diagonalized mass matrix. In this way, the calculation efficiency is

improved, but at the cost of sacrificing calculation accuracy.

To enable a more accurate calculation, time-domain spectral element method (SEM) was

proposed and applied to the modeling of wave propagation. Firstly developed by Patera to solve
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laminar flow in a channel expansion in the mid-1980s, SEM is preferably used in problems
where FEA has a slow convergence rate [15]. Similar to FEA, SEM is also a weighted residual
method and subdivides the whole spatial domain into elements of finite sizes. Two main features
differentiating SEM from FEA are 1) elements in SEM have inner nodes and thus high-order
interpolation functions are adopted, and 2) SEM adopts a numerical integration rule called a
nodal quadrature, where integration points may coincide with nodal points. The first feature of
SEM reduces numerical dispersion errors because high-order interpolation functions present a
better geometric adaption to complex wave mode shapes than linear/quadratic interpolation
functions. The second feature generates a lumped mass matrix intrinsically by the nodal
quadrature without adopting any mass lumping technique. The explicit time integration is
dominantly used to solve the problem of wave propagation in SEM and commercial FEA
software packages. For the purpose of securing calculation efficiency, FEA usually adopts mass
lumping techniques, which force a full mass matrix diagonalized, but these techniques may
undermine the solution accuracy as a result of the approximation. Nevertheless, as SEM
intrinsically achieves a diagonalized mass matrix, the calculation accuracy will not be

compromised.

When Patera firstly developed SEM to solve the Navier-Stokes equation in fluid dynamics,
nodes follow a Chebyshev collocation, and it is concluded that SEM converges exponentially,
while FEA can only converge algebraically [15]. In 1990s, Komatisch introduced the so-called
Gauss-Lobatto-Legendre (GLL) node collation and Lobatto quadrature in SEM to efficiently
analyze the propagation of seismic wave [16]. Using the GLL-based node collation and Lobatto
quadrature, the mass matrix is intrinsically diagonalized, resulting in a significant improvement
of calculation accuracy. Consequently, less numerical error can be achieved using SEM

compared with conventional linear/quadratic FEA. Recently it is reported that a GPU-based
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SEM was developed to a further speedup of 20 times compared with originally developed SEM
without the GPU acceleration [17]. Other main works about SEM for wave propagation involve
the application to composite [18] and the development of 2-D SEM membrane model and 3-D
SEM model respectively to study the interaction of in-plane waves with cracks [19, 20]. All
these investigations reported a significantly reduced calculation time and computational
resource consumption by using the SEM. Nevertheless, there are few intensive and quantitative
researches about the calculation accuracy of SEM. Zak systematically analyzed several error
sources of SEM while investigating longitudinal waves in the rod structure [21]. The influence
from node distributions, polynomial order and mass lumping techniques, was analyzed to give
an insightful mechanism of error generation and control. Although it is claimed that conclusions
from this work are not restricted only to the longitudinal wave in the rod, there entails more

intensive and quantitative analyses on the Lamb waves in the plate structures.

Another concern is that only the wave propagation in a relatively simple geometry is built and
solved using the current SEM techniques, such as the sphere structure representing the Earth
[17] and a notch representing the crack in a rectangular plate [19]. Lack of adaptation to
complex geometry shapes, the currently developed SEM technique is yet to be brought into a
broad application to practical problem. Addressing this concern, the development of SEM to
accommodate arbitrary geometry shape is of great significance to transform the theory of SEM

into practical technological application.

Addressing the above bottleneck and concern, a quantitative analysis into the calculation
accuracy of SEM, together with a development of 3-D SEM with arbitrary in-plane geometry,
is performed in this paper. Section 2 introduces the general principle of SEM and the

development procedure of a 3-D SEM model with arbitrary in-plane geometry. In Section 3, a



119

120

121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

benchmark study of SEM is performed to quantitatively analyze the relation between
calculation accuracy with model parameters. The 3-D SEM model with arbitrary in-plane
geometry is built in Section 4, with the wave scattering from a through hole as example.

Concluding remarks are remunerated in Section 5.

2. Theory and Principle of SEM

The basic principle of SEM is briefed in this section, with focus on the GLL-based node
collation and Lobatto quadrature. Then the development of 3-D SEM with arbitrary in-plane

geometry is explained.

2.1 GLL-based Node Collation

SEM differentiates from conventional linear/quadratic FEA in its forms of node collation. Two
forms of node collation are dominantly adopted for SEM, i.e., Chebyshev and GLL-based ones,

the latter of which is chosen in this study.

Supposing an SEM element in the direction with local coordinate ¢ € [—1,1], Lobatto

polynomial Lo, (§), as the derivative of Legendre polynomial P, ;(£), is expressed as

1 d n+2
2n+1(n+1)! d§n+2

Lo,(&) =P..(5) = [(¢*-D)™]. @

With polynomial order p, Lo, (&) = 0 results in the zero points fé P~ which, together with

two end points -1 and 1, constitute the GLL-based nodes in the & direction with local
coordinates expressed as

fi = {—11 goLopilvl} . (2)
Assuming a 3-D element with the polynomial order p; = 6, p,, =5 and p; = 3 in the three

directions ¢, n and {, the nodes in one SEM element are collated as displayed in Figure 1,
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showing a non-uniform node collation. Lagrangian interpolation is adopted to further derive the

shape function ¥ (€) in the ¢ direction as

@)= T S5 ®

where p is the polynomial order, and i (i = 0,1, ...,p) is the node number. The value of
Lagrangian interpolation with the GLL-based nodes when ps = 6 is shown as Figure 2. It is
displayed that the maximum value of each Lagrangian interpolation is a constant value of 1 at
the corresponding nodes. Following the above procedure, the shape function of D-dimensional
element (D=1,2,3) can be derived through multiplication of Lagrangian interpolation functions

in respective directions.

Figure 1. GLL-based node collation in 3-D SEM element with the polynomial order p; = 6,

py, =5 and p; = 3 in the local coordinate ¢,7n,and { € [—-1,1].
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Figure 2. Lagrangian interpolation with polynomial order ps; = 6 of GLL nodes.

2.2 Dynamic Equation

When the entire geometrical domain is discretized into multiple solution sub-domains and
assembled together, the global dynamic equation in the form of matrix is formed and then solved,

to describe the structural response.

Without loss of generality, for a D-dimensional (D = 1, 2, 3) element with N nodes, global
coordinate x and displacement u can be denoted using the geometric and displacement shape

functions N4($) and Ng(§) in the local coordinate, respectively, as

N

X= Ng,k(‘f)xk

N , (4)
u= z N, (&)u,
k=1

where both shape functions are related with the Lagrangian interpolation in Equation (3). For
the 2-D models analyzed in Section 3, N = M, the element is called isoparametric. While for
the developed 3-D models as illustrated in Section 4, there may be N < M, and then the element

is called subparametric.
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With the above shape function to define coordinate and displacement, together with a series of
deductions involving dynamic equilibrium equation, stress-strain relation, and geometric
equation, the elemental mass and stiffness matrix can be obtained. The single element in the
elemental mass matrix, considering a D-dimensional model (D = 1, 2, 3) with D displacement

degrees of freedom for each node, is expressed as

PN, @©adv, i=j
M =1 p[ Ny, (€N, (€)dV, mod(i—j,D)=0,i = j, ®)
0, mod(i— j,D)=0

where N;., denotes the displacement shape function at the mt" node, mod(i — j, D)
denotes the remainder of i —j to D, and p and V are density and volume, respectively. m =
ceil(i/D), n = ceil(i/D), and o = ceil(j/D), where ceil(X) denotes the operation to round

X to the nearest integer greater than or equal to X.

All the elemental matrices are assembled to form the global dynamic equation expressed as

Mi+Ku=f, (6)

where M, K, and f are global mass matrix, global stiffness matrix, and global force vector,
respectively. The central difference method [22] is predominantly adopted to solve Equation

(6), in which the mass matrix M will be inversed.

In the adopted SEM, mass matrix of the integral form in Equation (5) is calculated numerically

via the Lobatto quadrature algorithm, which is expressed as

1

J f(&)dx=

-1

2 n-1
rmn_D[fG)+f(—D]+g;Nf(é)+Rn, )

where f(&) denotes the function for quadrature, n is the number of quadrature point, w; is

the weighting function, and R,, the residue. When n = p + 1, the collation of quadrature
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nodes coincides with the element nodes. Thus the second term in Equation (5), provided R,, in

Equation (7) neglected, becomes zero. Consequently a diagonal mass matrix is intrinsically

generated, exerting a remarkable influence on the calculation accuracy. As stiffness matrix

cannot be diagonal, Gaussian quadrature is retained in this paper for the calculation of stiffness

matrix in SEM.

2.3 Development of 3-D SEM

To improve the adaptation to complex geometry, a 3-D SEM model with arbitrary in-plane

shape combining ABAQUS®™ and MATLAB® is built as illustrated in Figure 3. The procedure

is as follows.

1)

2)

3)

The model parameters, including node number in one wavelength (n;) and
polynomial order (pg, p, and p;) of SEM, are confirmed according to benchmark
study in Section 3.

ABAQUS® is introduced to discretize the in-plane structure into 2-D 8-node
biquadratic plane Serendipity elements [23].

MATLAB® is adopted for all the remaining calculation. 2-D in-plane SEM nodes
(see Figure 4) are collated according to ABAQUS® mesh and the polynomial orders
determined in Step 1. The global in-plane coordinate (x;,y;) of node 7 in the SEM

element is calculated as

(XI’yl):ZB:Ng,k(é:HT]I)'(Xk’yk)’ (8)

where Ng (&, 7m,) denotes the shape function of Serendipity element at position with
local in-plane coordinate (&;,7;) corresponding to the specified I* node in the SEM
element. (xi, y,) is the global in-plane coordinate of the kt* node in the ABAQUS®-

generated element.
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4) The coordinate of out-of-plane SEM nodes z; (see Figure 4) is obtained according

to the polynomial order in the thickness direction p; as

h
leagw ©)

where h is the plate thickness, {; is the local coordinate in the thickness direction
corresponding to the specified I** node in the SEM element.
5) Construction of global mass, stiffness and force matrix to form dynamic equation.

6) Solution of dynamic equation using explicit integration algorithm.

ABAQUS
Vo
plane element Uy, 26
& / f\‘% SEM 3D model
&"b /7 @, O O @,
<t
ABAQUS
inp file
ABAQUS/CAE

ABAQUS/CAE MATLAB

Figure 3 Flowchart of development of 3-D SEM.

As the material studied in this paper is isotropic, it is reasonable to set the same in-plane
parameter, i.e. pg = py. MATLAB® R2013a is adopted for the development of 2-D ABAQUS®
mesh into 3-D SEM model and all the calculations. It is noteworthy that since in the in-plane

direction, the geometry shape function is constructed from the initial ABAQUS® mesh
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discretization (see Equation (8)), its polynomial order N = 2. Nevertheless, the displacement
shape function is constructed from the developed SEM node collation and thus the polynomial

order M can be any integer equal to or over 2 (see Equation (4)).

2-D ABAQUS 8-node 2-D plane SEM node 3-D SEM node collation

biquadratic plane element collation (p; = 3,p, = 3) (P =3.py=3.p;=2)

O—0 Oo—0 O—0 o—

o) o oSG o g0

( n o O o O l o e o O <
o—0 o— —0 C— =

: {2 o
Oo—=0 O

Figure 4. Illustration of SEM element built from ABAQUS® plane element (ps =3,pp =
3,p; = 2, the shown element is represented in local coordinate ¢, n and ¢ € [—1,1], and in

the global coordinate the element is usually irregular in order to adapt to complex geometry).

3. Benchmark Study on Calculation Accuracy of 2-D SEM

A 2-D plane strain SEM model is built to simulate the GW propagation, whereby a benchmark
between calculation accuracy and efficiency of SEM in terms of various model parameters is

established in order to guide further modeling of both 2-D and 3-D cases.

3.1 Model Description

A 2-D plane strain SEM model is built with MATLAB® R2013a as illustrated in Figure 5.
To narrow down the frequency bandwidth of loading, a 32-cycle Hanning-window-modulated
sinusoidal signal with a central frequency f. = 100 kHz is adopted as an in-plane force
loading F, at one node close to the left edge. The boundary reflection at the left edge is
eliminated through a symmetric boundary condition. Geometric parameters are listed in Table
1. And material parameters listed in

Table 2 are the same as [24] to perform a quantitative comparison of 3-D model in Section 4.
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Table 3 lists the theoretical phase and group velocities of fundamental anti-symmetric mode
A, (central frequency f. = 20 kHz and 100 kHz) with accuracy up to four decimal point.
Element size and node collation are varied according to three parameters, i.e., node number per
wavelength (n;) and polynomial order ps and p,, in the in-plane and out-of-plane direction,
respectively. The arrival time of GW crossing sections A-B and C-D is recorded to calculate

wave group velocity, which, by comparison with theoretical group velocity, reflects the

calculation accuracy.

T
Ji
o

Left edge A-B and C-D sections for
Symmetric boundary condijtion ng displacement extraction
r Fo A v C
|G|0 9 GO @ @ @ @ @ 0 @ II © o @ o @ IOI @ @ @ @ @ o
| | I | | | | | | | | | | | | | | | |
Hy | I | | | | | Iy I I I I Iy 1] | I |
S Sh A sk e tananh aaR i nshs otk IS (A ot et | AR
I | | |
Lk | I | | | | | Iy I I I I I Iy 1 | I |
||I | I | | | | | || | | | | | 1 | | | | |
||I | I | | | | | | | | I | | III | | | | |
I e om0 - 0gd b [0 0o -0 |0l -dpo b0 [0 - b
I | | |
III | I | | | | | |I | | | | | III | | | | |
p o — & & & & & & & ”]J & bdod o llg i | N NN & | &
rB °

Figure 5. Element discretization and node collation of 2-D plane strain SEM model.

Table 1. Geometric parameters of 2-D plane strain SEM model.

a (mm) b (mm)

¢ (mm)

d (mm)

[ (mm)

1 30

100 1

450

Table 2. Material parameters of both 2-D and 3-D SEM model.

Elastic modulus (GPa)

Poisson’s ratio

Density (kg/m?)

69

0.31

2700

Table 3. Theoretical phase and group velocities of guided wave.

Phase velocity 4y

Frequency (kHz) (ms)
S

Group velocity Ay

(m/s)

Wavelength (mm)

20 435.9975

855.2961

21.8
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Take the displacement field as illustrated in Figure 6 for example, the fundamental symmetric
mode S, arrives earlier, followed by the slower fundamental anti-symmetric mode A,. As the
concerned frequency f. = 100 kHz is far below the cut-off frequency of A; mode, only S,
and A, mode propagate in the plate structure. For brevity, only A, mode is investigated in this
paper. To calculate the wave propagation velocity, the out-of-plane displacements of both the
top and bottom nodes A and B at the same in-plane position of cross section A-B are extracted
and added to isolate the A, mode (Figure 7) expressed as

At B(t
é?s(t) = % (10)

which, through Hilbert transform, converts to the wave packet ejfg. Then the wave arrival time

t( ) | is calculated as

j el (t)-tdt
thp = (11)

tend

j el (t)dt
Likewise, the A, mode at the section C-D is also isolated, whereby the wave group velocity
can be thus calculated as

@ _ c-b
g.c t(a) _t(a) )
cp

AB

(12)

The error between the calculated group velocity (cg?) and theoretical group velocity (C;lt))

(Table 3) is expressed as

(@) _ @)
c®—c
error = ——2— (13)
c
t
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Figure 6. Typical displacement response containing A, and S, modes (the scale of

displacement and coordinate in the in-plane and out-of-plane direction is adjusted for

illustration).
1 x1073
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uuﬂqLa

Uyep

Time (s) <104

Figure 7. Displacement signal and wave packet at sections A-B and C-D to extract time of

arrival ¢ and t{%.

3.2 Results and Discussions

To explore the limit of accuracy using SEM to simulate wave propagation, as well as to provide
a benchmark to associate the accuracy with mesh parameter, several sets of numerical
simulation with varying parameters n, (1~20), pg (1~5) and p, (1~4) are performed using

the model as detailed in Section 3.1.
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Take the case with central frequency f. = 100 kHz as example. In the first set of simulation,
py is setas 1, the relation of calculation error with in-plane parameter is studied. Figure 8 (a)
displays the calculated error of A,, which exhibits a trend of decrease as the increase of n, or
ps. Nevertheless, the minimum error can only reach around 2% despite the dense in-plane node

collation ny = 20 and high polynomial order ps = 5.

Another set of simulation ensues, in which p, is set as 4 to guarantee the accuracy in the

thickness direction. Notably, the minimum error decreases drastically to 0.03%, a remarkable

improvement of calculation accuracy compared with p, = 1. Thus it is easily concluded that
the polynomial order p, decides the minimum calculation error that can be achieved. And only
when n; and p; are large enough, the minimum calculation error can be realized. Another
noticeable phenomenon is that when ny = Npg, (N =1, 2), such as ny = 2p; = 8 in Figure 8
(b), and n; = 2p; = 6 in Figure 8 (a) and (b), the error abruptly increases, which is yet to be

explained in the future research.

Following the above similar ideas, p;, is further set as 2 and 3, respectively. Summarizing all
the obtained results, the relation of minimum calculation error with polynomial order in the
thickness direction p,, is obtained in Figure 9, which indicates a monotonous improvement of
calculation accuracy with the increase of p,. This benchmark helps selection of p, given a
pre-required calculation accuracy, which will be adopted for 3-D models in Section 4. The last
point to stress is that the obtained benchmark above can only be applied to the specified scenario
of Ay, mode, which means that if higher modes A; (i = 1,2,3...) or 4, at a much higher
frequency are concerned, the benchmark in the thickness direction should be rebuilt. The

explanation goes as follows: on one hand, taking the fundamental A, for example, when the
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frequency-thickness product increases, the mode shape along the thickness direction gets
distorted, which requires more nodes and higher polynomial order in the thickness direction to
approximate accurately the mode shape; on the other hand, if higher modes are concerned, they
present more severe distortion of mode shape compared with fundamental mode. Contrary to
the rebuilding of the benchmark in the thickness direction, the benchmark in the propagation
direction (Figure 8) holds for all the modes under different frequency-thickness product values,

as the parameters n, and p; are irrelevant to the mode shape in the thickness direction.

(@)

Error
Error

1073
10 : : 107 s .
0 5 10 15 20 0 5 10 15 20
Node number per wavelength Node number per wavelength
(py = Lpr = 1~5) (py =4p; =1~5)

Figure 8. Benchmark study of calculated error of 4, mode using SEM (n, = 1~20,p; =

1~5): (a) p, =1, and (b) p, = 4.
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Figure 9. Benchmark study between minimum calculation error and polynomial order in the

thickness direction p,,.

Besides the calculation accuracy, the calculation efficiency is another important factor for the
evaluation of the feasibility of developed SEM. The calculation efficiency in terms of memory
consumption and calculation time is displayed in Figure 10, in which p,, is fixed as 4, to allow
the variation of ps and n;. The consumed memory is linearly proportional to n, with fixed
pe, which is easily explained as the total node number is linearly proportional to n,. The
increased memory consumption with the increase of pg provided a fixed n; can be attributed
to the increase of nonzero element in the stiffness matrix. The calculation time, however, shows
anearly quadratic dependence to n,, as it is a combined effort of the number of nonzero element
in the stiffness matrix and the number of time step in the entire calculation. The latter is
inversely proportional to the length of each time increment, which decreases as the decrease of
distance between two adjacent nodes. Provided the same n;, the calculation time shows a
nearly linear increase as the increase of pg, as only the number of nonzero element increases,

while the distance between two adjacent nodes remains almost the same.
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359 Figure 10 Comparison of (a) consumed memory and (b) calculation time of A, mode under
360 100 kHz using SEM (n; = 1~20,ps = 1~5 p, = 4).

361

362 4. 3-D SEM Model of Wave Scattering from Through Hole

363 A 3-D model of wave scattering from a through hole, as an example of the developed SEM
364  model allowing arbitrary in-plane geometry, is built in this section to validate the correctness
365 of the 3-D SEM model.

366

367 4.1 Model Description

368  Following the procedure in Section 2.3, a 3-D SEM model of wave scattering from a through
369  hole is built as sketched in Figure 11, which is the same as [24] for a quantitative comparison
370  with both experiments and analytical results. A through hole of »20 mm is drilled on an
371  aluminum plate with dimensions 1000 X 1000 x 1 mm3. An out-of-plane force loading is

372 applied at a point that has a distance of 300 mm to the center of the through hole. Only the left
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half model is built in SEM, considering the symmetry of whole model. Two 10-cycle Hanning-
window-modulated sinusoidal signals with central frequencies f. = 20 kHz and 100 kHz are
acted as the out-of-plane loading respectively, which dominantly generate A, mode. According
to the theoretical wavelength listed in Table 3, it is set that p; = 2, p, = 1 and n; = 10 to
achieve an calculation error around 5%. This setting corresponds to the global mesh size of 0.4
mm and 0.2 mm for f, = 20 kHz and 100 kHz, respectively, in the ABAQUS®™ model. During
signal acquisition, the center of the through hole acts as the origin of a polar coordinate. The
normalized amplitude of the out-of-plane displacement at » = 13 mm from the center of the
through hole is extracted at angle 1 from 0° to 360° at an interval of 5°. Here ‘normalized’

means normalized with the amplitude of the incident wave without crossing the through hole.

— Symmetric plane
1000

Point Ioadin{ Z
y
e 5% x

1/; Through hole

300
1000

350

Unit: mm

Figure 11. Sketch of A, mode crossing a through hole.

4.2 Results and Discussions:

4.2.1 f. = 20 kHz

The out-of-plane displacement amplitude when the incident A, mode of f. = 20 kHz scatters
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from the through hole based on the calculation using SEM is shown in Figure 12, to compare
with the analytical results based on classical plate theory (CPT), whose derivation is explained
in detail [24]. The magnitude obtained based on SEM and CPT at the angle close to 0° shows a
relatively large discrepancy, which can be attributed to differences between simulation and
analytical assumption, i.e., a point force-generated circular wave versus straight-crested wave
and a 10-cycle modulated sinusoidal excitation versus a continuous sinusoidal excitation.
Overall speaking, the good match of the two sources of result at most angles, especially at
angles that face the incident waves, together with experiment measurement result [24], validates

the correctness of the developed SEM model.

180
150 1.5 210

® SEM
——CPT

60 w 300

30 330

Figure 12. Amplitude (normalized) on a circle around the cavity based on SEM (spectral
element method) and CPT (classical plate theory): theta direction: v, radial direction: normalized
amplitude; plate thickness 1 mm, hole radius 7y = 10 mm, signal acquisition at v = 13 mm,

frequency f. = 20 kHz.
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When f, increases to 100 kHz, the wave scattering of incident 4, encountering the through
hole is also analyzed. Although Mindlin plate theory is preferred over CPT for the analysis of
wave with higher frequency in [24] to take the shear and rotatory moment into consideration,
the displayed error between Mindlin plate theory and CPT is small in [24]. Thus CPT is still
adopted here to give analytical result, to be compared with SEM result (Figure 13). The
comparison of the result, together with the experiment measurement in [24] holds the same
conclusion. The magnitude obtained based on SEM and CPT at the angle close to 0° shows a
relatively large discrepancy, which can be attributed to the reasons explained in the Section
4.2.1. Overall speaking, the good match of the two sources of result at most angles, especially
at angles that face the incident waves, together with experiment measurement result [24],

validates the correctness of the developed SEM model.
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Figure 13. Amplitude (normalized) on a circle around the cavity based on SEM (spectral
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element method) and CPT (classical plate theory): theta direction: v, radial direction: normalized
amplitude; plate thickness 1 mm, hole radius 7, = 10 mm, signal acquisition at r = 13 mm,

frequency f. = 100 kHz.

5. Conclusion

A benchmark study of accuracy and efficiency of SEM for modeling propagation of Lamb wave
is conducted in this research. In SEM, the GLL-based node collation, together with Lobatto
quadrature, intrinsically generates a diagonal mass matrix, which sets the roots for the superior
performance of SEM. The obtained error of group velocity using SEM can reach 0.03% for A4,,
proven to be an accurate simulation tool for wave propagation. To bring SEM into a useful tool
to model complex geometry, a 3-D SEM model with arbitrary in-plane geometry is developed,
whose correctness is validated through a model of A, mode scattering from a through hole.
Further development of the 3-D SEM model is on the way to include composite material and

defect such as delamination into consideration.
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